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Analytic continuation of multiple Hurwitz zeta functions
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Abstract. We obtain the analytic continuation of multiple Hurwitz zeta
functions by using a simple and elementary translation formula. We also locate
the polar hyperplanes for these functions and express the residues, along these
hyperplanes, as coefficients of certain infinite matrices.

1. Introduction.

For any integer » > 1, let U,. denote the open subset of C" consisting of all r-tuples
(s1,...,8,) of complex numbers satisfying the conditions

Re(sy + - +s8;) > forl1 <i<r.

For any real numbers ay,...,a, € [0,1), the multiple Hurwitz zeta function of depth r
on U, is defined by

C(S1yevySp5a1, .. ap) = Z (n1+a1)™ " (np +ap) % (1)

ny>-->n.>0

It is holomorphic on U, as the series on the right hand side of (1) is normally convergent
on any compact subset of U,..

When a; = 0 for all 1 < i < r, the multiple Hurwitz zeta function of depth r
equals to the multiple zeta function of depth r. Now it is natural to ask whether the
multiple Hurwitz zeta function of depth r has analytic continuation to the whole C".
This question was first considered by Akiyama and Ishikawa in [2] where they proved, by
generalizing an argument of Akiyama, Egami and Tanigawa [1], that the multiple Hurwitz
zeta functions of depth r can be meromorphically continued to C" by applying the Euler—
Maclaurin summation formula to ny, the first index of the summation, in (1). Murty
and Sinha [12] prove the meromorphic continuation using the binomial theorem and a
theorem of Hartogs, while Kelliher and Masri [8] obtain it using the Mellin transformation
of meromorphic distributions. Analytic continuation of a more general class of multiple
zeta functions, using Mellin—Barnes integrals, has been given by Matsumoto [10].

The meromorphic continuation of multiple zeta functions using the translation for-
mula
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C(Sl + 52 — 17 53, .- '7ST) = Z (81 - 1)(k is]_l)'—’— i 1)<(Sl + ka827 ey S’l‘) (2)
k>0 ’

is recently given by Mehta, Saha and Viswanadham [11]. It is inspired by the work of
Ecalle [4], [5] and based on an idea of Ramanujan [13] in the case of Riemann zeta func-
tion. A similar method has been used by Essouabri [6] to give the analytic continuation
of a family of zeta functions associated to Pascal’s triangle mod p.

The formula (2) can be generalized to the multiple Hurwitz zeta functions as follows:

C(Sl+52713537"'757’;(127"'7@?”)

=2 (k+1)!

Ap(ar,a2)C(s1 + kys2,...,85a1,...,a.), (3)
k>0

where Ay (ay,az) denotes ((1 —ag + ay)* ! — (a; — az)**1). We call (3), the translation
formula for multiple Hurwitz zeta functions which is proved in Section 2. We obtain, by
means of (3), the meromorphic continuation of multiple Hurwitz zeta functions which is
the first goal of our paper. This so far seems to be the simplest proof of this fact, to the
best of our knowledge.

While considering the meromorphic continuation, the natural and immediate task
is to investigate the poles of multiple Hurwitz zeta functions and to compute residues at
these poles. A possible list of polar hyperplanes for the multiple Hurwitz zeta functions
was given by Akiyama and Ishikawa ([2, Theorem 1]), and they were able to give the
exact list of these in some special cases without mentioning about the residues along
these poles. Kelliher and Masri ([8, Theorem 1.1, 1.2 and 1.3]) gave a possible list
of polar hyperplanes and gave formulas for the residues along these hyperplanes. We
proceed with this paper, in Section 3, by expressing our translation formula as a product
of certain infinite matrices. We conclude the paper by giving the complete list, in some
special cases, of the location of polar hyperplanes for multiple Hurwitz zeta functions
and express their residues (see Section 4) along them as coefficients of these matrices.
The method we use here to obtain the meromorphic continuation of multiple Hurwitz
zeta funtions, to locate the singularities and to compute residues at these singularities is
same as in [11].

REMARK 1. Forr>1and 0<a; <1,1<i<r,onecan also define the multiple
Hurwitz zeta function of depth r on U, in the following way:

M(siynnysman,...,a,) = Z (n1 +ay) ™ - (n, +a,) 75", (4)
ny>-->n,.>0
However, one has

1

S
apSr

CH(Slv"'vsr;ala"'vaT) = 4(517"'557’;0417"'7047“) + C(Sla'"asr—l;alv'-'7a7‘—1)~

Hence, the analytic continuation of ¢("'(sy,...,s,.;a1,...,a,) can be obtained from the
analytic continuation of {(s1,...,8;a1,...,a.).



Analytic continuation of multiple Hurwitz zeta functions 1433

2. Translation formula and meromorphic continuation.

In this section, we obtain the meromorphic continuation of the multiple Hurwitz
zeta function. First we show that it satisfies the translation formula (3).

THEOREM 1. For anyr > 2, ay,...,a, €[0,1), and s1,...,s, € U, the following
formula holds for multiple Hurwitz zeta functions:

C(s1+82—1,83,...,8:50a2,...,a,) (3)
s1—=1)---(s1+k—-1
ZZ( - )(kill)' )Ak(a17a2)<(51+ka527~~'7sr§a17~~~aar)7
k>0 ’
where Ay (ay,az) denotes ((1 — as + a1)* ! — (a1 — ag)*+1).

PrROOF. The meromorphic continuation of multiple Hurwitz zeta functions can
be obtained by using the following formula remaked by Mehta, Saha and Viswanadham
([11, Remark 4]). For any n; > 2, we have

(ny +ag — 1)1_‘(’1 —(n1 + (12)1_51

. (81—1)'~'(S1+k—1)
_Z (k+1)!

(’I’L1 + al)_sl_kAk (al, ag).
k>0

Taking summation on both sides over n; from no + 1 to co, we get
o0

B 1) (s k-1 e
(ng + ag)'™% = E: Z o )(k —isll)l )(”1 +ay) " Ay (a1, a0)
ni=nao+1 \ k>0 ’

Multiplying both sides by [];_,(n; +a;)~% and taking summation over n, from 1 to co,
over n,_1 from n, + 1 to co and so on up to over ny from nz + 1 to oo, we get

C(Sl+52_1a537'"7ST;a27a37"'aa’r)

—1)--- +k—1 e s
-y Yol ) Auar, az) (s +a1) "7+ (ny +a,)~"
(k+1)!
ny>-->n,.>0 k>0

Hence it is enough to prove that the family of functions

<(511)(81+k1)
(k+1)!

Ak(al, ag)(m + al)islik s (717« + CL,«)ST)
N> >n,.>0, k>0

is normally summable on any compact subset of U,..
Let C be any compact subset of U,., and ¢ be the maximum of |s; — 1| in C. If we
denote the supremum of a complex valued function f on C by || f]|¢, then we have

(s1=1)---(s1+k—-1)
(k+1)!

Ak(al,ag)(nl + al)_sl_k cee (nT + ar)_ST

C
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is bounded above by

cle+1)---(c+k)
2F(k+1)!

|Ak(a1,a2)| H(nl + al)—sl A (nr + ar)—s%

c*

We know that the family (||(n1 +a1) "% -+ (n, +a,) " ||¢) is summable. Now the claim
follows since |Ax (a1, az)| < b**! for some b < 2 and the series

clet+1)--(c+k) (D"
D (k+ 1)! (2)

k>0

converges. This completes the proof the theorem. O

In the theorem below, we show that the multiple Hurwitz zeta function of depth r
extends meromorphically to the whole C".

THEOREM 2. Letr > 2 be an integer. Then for any ay,...,a, € [0,1), the multiple
Hurwitz zeta function of depth r, ((s1,...,8y;a1,...,a.), is a meromorphic function on
C" and satisfies the translation formula:

C(Sl+82_17837~-~7S7‘;a27"'uar)

B (s1—=1)---(s1+k—1)
_Z : (k+11)!

Agp(ar,a2)C(s1+ Kk, 82, .., Sp3a1, ..., ar), (5)
k>0

where the series of meromorphic functions on the right hand side converges mormally,
except for finite terms, on any compact subset of C".

PrROOF. We prove this theorem by induction on the depth . When r = 2 the left
hand side of (5) is a meromorphic function since it is the Hurwitz zeta function and we
know that it is a meromorphic function on C. For r > 3 it is a meromorphic function by
the induction hypothesis since it has depth r» — 1.

For any N > 0, let U,.(IN) denote the open subset of C" defined by

Re(sy+---+s;)>i—Nfor1<i<r.

We prove, by induction on N, that ((s1,...,$;a1,...,a,) is meromorphic in U, (N) for
each N > 0, which concludes the theorem.

When N = 0 this is nothing but Theorem 1. Now assume that the multiple Hurwitz
zeta function of depth r can be extended to U,.(N — 1) meromorphically. Hence all the
terms on the right hand side of (5), except possibly the first one, are meromorphic in
U,(N) and the terms with £ > N are holomorphic in U,(N). In order to show that the
series

Z (81—1)(81+k—1)

Tt 1) Ap(ar,a2)C(s1 + k,s2,...,85a1,...,a.) (6)

k>N

is a holomorphic function on U, (N) it suffices to show that it is normally convergent on
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any compact subset of U,.(N). As a consequence ((s1,...,S.;a1,...,a,) is a finite sum
of meromorphic functions and hence it is a meromorphic function on U, (N).

As in the previous theorem, let C' be a compact subset of U,.(IN) and ¢ be the
maximum of |s; — 1| in U,(N). Then we have for any k > N

is bounded above by

(s1—=1)--(s1+k—1)
(k+1)!

Ak(al,ag)(nl + al)_sl_k S (nr + ar)_sr

C

clc+1)---(c+ k)

Sy Ak a2l a) =N ()™ e

We have the family (||(n1 + a1)™** ™" -+ (ny + @) " ||¢)ny>.->n, is summable, since
(s1+ N,s2,...,8:) € Uy, and the series >, - v %Mk(al, as)| is convergent as

|Ar (a1, az)| < bFF! for some b < 2. O

REMARK 2. Let e(z) denote e?™*. For any a1, ...,a, € [0,1) and Aj,...,\, € R,
the multiple Lerch zeta function of depth r on U, is defined by

Z e(Aing + -+ A\pnye)
(nl —+ al)sl e (nr —+ aT‘)ST

ClS1yeeey 831y ey A AL,y ey Ap) =
N> >n,.>0

and it is a holomorphic function on U, as the series on the right hand side above is
normally convergent on any compact subset of U,.. The analytic continuation of these
functions can be obtained by the following version of the translation formula.

C(81+82—1,837...,ST;G/2,...7GT;A1+)\2,)\3,...,)\T)

s1—1)---(s1+k—1
:Z( ! )(kill)' )Ak()\17a1;a2)g(81+ka325-"75T;a17"'aa7‘7)\1a"'7)\7’)’
k>0 ’
(7)

where Ag(A1,a1,a2) = e(=A1)(1 — ag + a1)*** — (a1 — az)**1. The formula (7) can be
deduced from the following formula.

6()\1(711 — 1))(711 + ag — 1)1781 — 6()\177,1)(7),1 + 042)1751

=3 e 1)(.k- i811)'+ -y (n1 +a1) ™ F Ap (A1, ar, az). (8)
k>0 '

Analytic continuation of a more general class of multiple Hurwitz—Lerch zeta functions
using certain integrals has been given by Komori ([9, Theorem 3.14]) along with a de-
scription of the set of its possible singularities. The analytic coninuation and singularities
of multiple Lerch zeta functions, using a variant of translation formula, is studied by Gun
and Saha [3] and the results are included in the thesis work of Saha [14].
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3. Matrix representation of the translation formula.

We can view the translation formula as the first one in an infinite family of relations,
each obtained successively by applying the translation s; — s;+1 to both sides of (5). By
viewing the translation formula in this way, we can express this infinite family of relations
in terms of infinite matrices. More precisely, we can write this family of relations as

Z(s14+82—1,83,...,8502,...,a;) = M(s1—1)Z(81,...,8r;01,...,0), (9)

where Z(s1,...,8p;a1,...,a,) is the infinite column vector given by
C(81,82...y8p;a1,a2,...,0a,)
C(s14+1,89...,8:50a1,a9,...,a,)
Z(81yeeeySp3Q1, e, Qp) = C(s142,80..., 85 a1,a2, . ar) | * (10)
and

tAg t(t2+!1)A1 t(t+1§!(t+2)A2

M(t) = 0 ¢+ Ao A, (11)
1o 0 (t+2)4 - |

In the definition of matrix M we denoted Ag(ay,as) by A for simplicity. Observe that
M (t) can be written as a product of two matrices D(t) and G(t) as

M(t)=G(t)D(t) = D(t)G(t + 1), (12)
where
A LA t(t+1)A .
t 0 0o --- 0 1411 T3 2
ot+1 0 --- 0 A (t;—.l)z‘h
Dt)=19 o0 t4+2 ... |,»GH)= ' (13)

0 0 Ao
Let B(t) denote the following matrix:

B(t) =

00 t4+1 ---
00 0 (14)

Then we can write G(t) = g¢(B(t)), where ¢(t) is the formal power series
(elmr=a2)t(et — 1)) /t. Let h(t) be the formal power series which is inverse of g(t), i.e.
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t@(aQ*al)t tn
h(t) = ﬁ = ZBn(ag — al)

m ’
n>0
where B,,(z) denote the nth Bernoulli polynomial.

Since G(t) and D(t) are upper triangular matrices whose diagonal elements are
invertible, we have G(t) and D(t) are invertible. If we denote the inverse of M(t) by
N(t), then we have

Nt =Dt 'GH) ' =Gt +1)"'D()~ . (15)

Since G(t) = g(B(t)) and h(t) is the inverse of g(t), formula (15) can be equivalently
written as

N(t) = D(t)"*h(B(t)) = h(B(t + 1))D(t)"". (16)
Hence we have
1 Bl(azfal) (t+1)Bz(a27a1) (t+1)(t+2)B3(a27a1)
t 1! 2! 3!
O 1 Bl(a2—a1) (t+2)Bg(a2—a1)
1 i 21
N(t) = N(tara) = [0 0 7 Pl
1
0 0 0 3
(17)
From the above description one may be tempted to express the column vector
Z(81,...,8r;01,-..,a.) as a product of N(s1 — 1; a1, as) with the column vector Z(s; +
so—1,83...,8:;a9,...,a,). However, this does not seem to be possible as the entries of
the formal product of the matrices N(s1—1;a1,a2) and Z(s1+s2—1,83...,8:;a2,...,0a;,)

are not convergent series. To overcome this hurdle, in view of (15), we express formula
(9) as

D '(sy —1)Z(s1 +s0—1,...,8:509,...,a,) = G(51)Z(s1,...,8:;01,...,a,). (18)

We now choose an integer K > landlet I={neN:0<n< K-1},and J={neN:
n > K}, where N denotes the set of integers n > 0. With these notations we can write
infinite matrices as block matrices, for example

_ (Gri(s1) Grs(s1)
G(Sl)_( IOIJI ij(sl)).

From (18) we have

ijl(sl —1)Zi(s1+s2—1,83,...,85a92,a3...,a,)
=Grr(81)Z1(81y -y Srsa1y .oy ar) + Gry(s1)Z5(S1, ooy S5 a1,y vy Qp). (19)

Hence we deduce that



1438 J. MEHTA and G. K. VISWANADHAM
Z1(S1ye ey SpiQ1,y .. ap) = Gjll(sl)Dfll(sl —1)Zi(s1+s2—1,83...,8:;a2,...,a;,)
- Gfll(sl)GU(sl)ZJ(sl, ey Sp ATy, Ay). (20)

The entries in the product of the matrices in the first term of the right hand side of (20)
are meromorphic in C" and the entries of the product

Gl Gri(s1)Zs(s1,- . 8001, ., ar) (21)

are holomorphic in U,.(K). Comparing the first entry of the column vectors of both sides
of (20) we get

C(81yv ey Spia1, ..y ap) = . 1((31+52—1,53,...,sr;a2,...,ar)
L —
K—2
1) k—1
+Z;) 51 81+ k+(18)1'+ )B;.H_l(ag—al)C(sl—1—32+k,83,...,sr;a2,...,ar)
(517 787“70'17"'7a7")7 (22)
where £k (s1,...,8r;a1,...,a,) is a holomorphic function in U,.(K). This is what we get

by applying the Euler—-Maclaurin summation formula to ny, the first index of summation,
in (1) as obtained by Akiyama and Ishikawa (see [2, Section 3]), except here we have a
more precise error term.

4. Poles and residues.

In this section, we obtain a list of possible polar hyperplanes of the multiple Hurwitz
zeta function and express their residues, along these hyperplanes, as matrix coefficients.
For any j > 0, let Z<; denote the set of all integers n such that n < j.

The following theorem gives a list of possible singularities of multiple Hurwitz zeta
function:

THEOREM 3.  The multiple Hurwitz zeta function of depth v has at most a simple
pole along the following hyperplanes

s1=1, si+sy+--+s5 €%y fori=2,3,...,m, (23)
while it is a holomorphic function on C" outside the union of these hyperplanes.

PrROOF. We prove the theorem by induction on the depth r. Since the Hurwitz
zeta function is a holomorphic function on C except at s = 1, where it has a simple pole,
the theorem holds when r = 1.

Let » > 2 and assume that the theorem is true for multiple Hurwitz zeta functions
of depth <7 — 1. Choose an integer K > 1. As earlier, let I be the set of all integers n
such that 0 <n < K — 1, and J be the set of integers n such that n > K. Then by (20)
we have

Zi(81y. oy Spa1, ... ar) = Npp(s1 — Lyar,a0)Z1(s1 4+ s2 — 1,83,...,8r;a2,...,a;)
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— ijl(sl)G[_](sl)ZJ(sl, ey Spy ATy, Gy).

The entries of the column vector GI_I1 (s1)Gry(s1)Zs(s1,...,8r;01,...,a,) are holo-
morphic on U,(K). Hence the polar hyperplanes in U,(K) of the first entry of the
column vector on the left hand side, which is ((s1,...,8,;a1,...,a,), are the union of
polar hyperplanes of the first row of Nyj(s;1 — 1;a1,a2) and the entries of the column
vector Z7(s1+ 82— 1,83,...,85;02,...,a45).

All the entries of the first row of the matrix Ny;(s1—1; a1, az2) are holomorphic except
the first entry where it has a simple pole at s; = 1. By the induction hypothesis the

polar hyperplanes for the entries of the column vector {(s1,...,s.;a1,...,a,) in U, (K)
are

si+--+s;=n, where —(K—-1)+i<n<i and2<i<r. (24)
Since U,.(K) is an open covering of C”, the theorem follows. O

We define the residue along the hyperplane given by the equation s;+---+s; =i—k
to be the restriction to this hyperplane of the meromorphic function (s; +---+s; — i +
k)C(s1,---,8r;a1,...,a.). To verify if a hyperplane listed in the above theorem is indeed
a polar hyperplane, we compute the residue of the multiple Hurwitz zeta function of
depth r along that hyperplane.

THEOREM 4.  The residue of the multiple Hurwitz zeta function along the hyper-
plane sy = 1 is the restriction of the function ((sa,...,Sr;a2,...,a,) to the hyperplane
s1 = 1. The residue along the hyperplane sy +---+s; =i—k,2<i<r and k >0, is the
product of the (0, k)" entry of the matriz HZ_:11 N(s1+ -+ 8q—d;aq,aq+1) by the re-
striction of the function ((Si41, ..., Sr;Qit1,- .., ar) to the hyperplane sy +---+s; = i—k.

PrROOF. To prove the first assertion, consider the function

C(Sl+52717537"'757';@2’"'704“)
81—1 '

C(81yevy 831, ey Q) — (25)

We can see by (20) or (22) that the function above has no pole along the hyperplane

s1 = 1. Hence the residue of the function ((s1,...,s,;a1,...,a,) is restriction of the
meromorphic function ((s; + s2 — 1,s3,...,8-;a2,...,a,) to s = 1 which is same as
C(S27' sy Sp3 A2, .. 7a7‘)'

To prove the second assertion, let s +---+s;, =i —k, 2 < i< randk >0
be the given hyperplane. Let K be an integer such that K > k. Since the entries of
the second term on the right hand side of (20) are holomorphic along the hyperplane
s$1+ -+ 8 =i — k, this term itself can be neglected. Hence by iterating the formula
(20) i — 1 times we get
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Zi(81ye ey Sp3Q1, ..y Qp)

i—1
= HNU(S1+"'+Sd—d;ad7ad+1)Z1(81+"'+Si—i+1,8¢+17-.-7Sr;ai,-~~7ar)~
d=1

(26)

The entries of the matrix H;;ll Nir(s1+ -+ sq — d;aq,aq+1) have no pole along the
hyperplane s1 +- - -+ s; = i — k since they are rational functions in s, ..., s;_1. The first
k—1 entries of the column vector are ((s1+--++8; =i+ 147, Sit1, -y Sr; Qi Qig1y .-, ),
(0 < j < k—1) and the entries with index > k are ((s1 + -+ s; — i+ 1+
JoSickly e vy SriQiyQig1y ... ar), (j > k). Hence these entries have no pole along the
hyperplane sy + -+ + s; = @ — k (by Theorem 3). Hence only the kth entry of
Zi(s1 + -+ s; —i+ 1) possibly has a pole along the hyperplane s; +---+s; =i — k.
Hence the residue of {(s1,...,8,;a1,...,a,) along the hyperplane is the product of the
(0, k)" entry of the matrix Hzl_:ll Nir(s1 4 -+ sqa — d;agq,aq41) by the residue of the
function ¢(s1 +---+s; —i+ 1+ k,Sit1,.-.,8ai,...,a.). By considering the function

C(Sl+"'+8i_i+1+k78i+15-~-a37';ai7"'7aT)
C(51+~~+5,;+17i+k,si+2,...,sr;ai+1,...,ar)
s14+-+s;i—i+k

we can see that the residue of ((s1 + -+ 8 — @i+ 14+ kK, Sig1,- -y 8 Ay i1,y ..., Q)
along the hyperplane s; + -+ +s; = ¢ — k is the restriction of the function
C(Siq1sveySpi@it1y ... ap) to 81+ -+ 8; =i — k, from which the theorem follows. O

Now, using Theorem 4, we deduce the exact list of polar hyperplanes for multiple
Hurwitz zeta functions of depth r in the case when a; 1 —a; (1 <4 < r—1) are rationals.
The lack of appropriate information about the real zeros of Bernoulli polynomials restricts
us to this particular case. To obtain the exact list of polar hyperplanes, we rule out the
hyperplanes listed in Theorem 3 for which the computed residue is 0.

THEOREM 5. Letr > 2, and assume that a;41 —a; € QN (—1,1) for1 <i<r-—1.
The precise list of the polar hyperplanes for the multiple Hurwitz zeta function of depth
r is the following:

s1=1
s1+s2=2—k (k>0) ifand only if By(az —ay) # 0;
si1+--+s;=i—k (i>3 and k >0).

PrOOF. Since the residue of ((s1,...,s,;a1,...,a,) along the hyperplane s; = 1
is ((sa2,...,8,;a2,...,a,) which is a non-zero meromorphic function, the first assertion
follows.

The residue of ((s1,...,8y;a1,...,a,) along the hyperplane s; + s5 = 2 — k is
the product of (0, k)" entry of the matrix N(s; — 1;a1,a2) by ((3,...,8:;a3,...,a,).
The matrix N(s; — 1;ai,a2) has (0,0)" entry as 1/(s; —1) and the (0,k)*"
entry as (s1---(s1+k—2)Bi(az —aq))/(k)!. By using this and the fact that
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C(s3y...,8r;0a3,...,a,) is a non-zero meromorphic function, the second assertion also
holds.

Let i« = 3. Since ((s4,...,87;04,...,a,) is a non-zero meromorphic function to
prove the theorem in this case it suffices to prove that the (0,k)" entry of the matrix
N(s1—1;a1,a2)N(s1+52—2; ag, az) is non-zero. Observe that, when k is even, By (as—as)
is non-zero, and when k is odd, either By (as—ay)Bj—1(az—asz) or Bi_1(az—a1)By(az—as2)
is non-zero. This follows from the fact that even Bernoulli polynomials does not vanish
at rational numbers, and both as — aj, as — as can not be equal to 1/2. Thus in any
case, one of the summand of the (0, k)" entry of N(s; — 1;a1,a2)N(s1 + s2 — 2;a2,a3)
is non-zero. Hence we are done in this case.

Let i > 4. Since ((Si41,---,8:;i11,---,0a,) I8 a non-zero meromorphic function
to prove the last assertion it suffices to prove that the (0,k)! entry of the matrix

;_:11 N(s1+ -+ +8q—d;aq,aqs1) is non-zero. The entries of the first row of the matrix

2;21 N(s1+---+sq—d;aq,aq41) belong to Q(s1—1,81+82—2, ..., 81+ +8;_2—(1—2)).
We have that the first two entries of the matrix HZ_:21 N(sy 4+ -+ 84 — d;agq,a4+1)
is non-zero which can be observed by induction. The entries of the kth column of
N(s1+--+s;—1;a;,a;+1) belong to Q(s1+- - -+s;—1). Those which are not equal to zero
are linearly independent over Q(s1—1,s1+s2—2,...,81++-+8;—2—(i—2)). Since one of
By(x) and Bj,_1(z) is non-zero we have at least one of the first two entries in this column
is not zero. This implies that the (0, k)" entry of Hfi;ll N(s1+-++ 84— d;aq, aq+1) is

non-zero, which concludes the proof. O

REMARK 3. Since the residues of ((s1,...,$;a1,...,a,) depend on the values of
Bernoulli polynomials at a;,11 — a;, (1 < i < r — 1), in general, the exact list of polar
hyperplanes of ((si,...,8:;a1,...,a,) cannot be given. However, once ay,...,a, are

given, this seems easily possible by the method of Theorem 5.

REMARK 4. Whether a given hyperplane is indeed a polar hyperplane or not
depends on the zeros of Bernoulli polynomials. The later is studied by many authors,
for example see Inkeri [7].
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