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Abstract. We introduce a class of minimal submanifolds M™, n > 3,
in spheres S"12 that are ruled by totally geodesic spheres of dimension n — 2.
If simply-connected, such a submanifold admits a one-parameter associated
family of equally ruled minimal isometric deformations that are genuine. As
for compact examples, there are plenty of them but only for dimensions n = 3
and n = 4. In the first case, we have that M3 must be a S!'-bundle over a
minimal torus 72 in S5 and in the second case M* has to be a S2-bundle
over a minimal sphere S2 in S6. In addition, we provide new examples in
relation to the well-known Chern-do Carmo—-Kobayashi problem since taking
the torus 72 to be flat yields minimal submanifolds M3 in S® with constant
scalar curvature.

Introduction.

In several directions, this paper should be considered as a continuation of our work
in [8] where a new class of minimal ruled submanifolds M™ of Euclidean space R"2,
n > 3, were studied. These submanifolds lie in codimension two and may be metrically
complete regardless the dimension. The rulings are of codimension two in the manifold
whereas the rank, that is, the complement of the index of relative nullity, is p = 4 (unless
n = 3 = p) along an open dense subset. If simply-connected, the submanifolds admit
a S'-parameter family of genuine isometric deformations. Hence, this class of examples
should be seen as a new addition to the possible, local or global, classification of Euclidean
submanifolds in codimension two that admit genuine isometric deformations; see [8] for
a discussion of that open problem.

In this paper, we consider a similar construction but for the round sphere as ambient
space. We obtain minimal submanifolds M™ in S"*2, n > 3, with similar properties as
the ones in the Euclidean space. Notice that being ruled now means that the submanifold
carries a foliation by (open subsets of) totally geodesic spheres in S"*2 of dimension n—2.
If the manifold is simply-connected, by taking the cones in R**3 of the components in
the associated family in S**2 we obtain a new class of genuinely deformable Euclidean
submanifolds in codimension two but, of course, these are not complete.

New examples of minimal submanifolds in spheres are certainly welcome since the
explicitly known ones are usually quite elaborate and certainly less abundant than in the
Euclidean space. Frequently, they are spheres of constant sectional curvature or products
of them. On the other hand, the submanifolds here introduced can only be complete, or
even compact, for dimensions n = 3 or 4. If compact and according to the dimension, the
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submanifold must be topologically either a S'-bundle over S' x S! in S° or a S?-bundle
over S? in S°.

The compact examples in the case of the torus are of particular interest by two
quite different reasons. First, if we replace the torus by its universal cover we obtain a
three-dimensional manifold that is not longer compact but has an S'-parameter family
of isometric minimal deformations. But the compact submanifold itself only admits, at
most, a finite set of isometric minimal deformations. The second reason, has to do with
the well-known Chern-do Carmo—Kobayashi problem [5] that concerns compact minimal
submanifolds of the sphere with constant scalar curvature. We show that if the torus
considered is flat, and these were all parametrically described by Miyaoka [12], then M3
has constant scalar curvature.

1. The results.

This section is devoted to state the results of the paper while proofs are left for the
following one. Up to the last two results, the other theorems in this paper can be seen as
the “spherical version” of the results obtained in [8] for submanifolds in Euclidean space.

Let g: L? — S"*2 denote a substantial oriented minimal surface. As already recalled
in [8] the normal bundle Ny L of g splits along an open dense subset of I? as

NyL=N}&N§{®---® N, m=][n+1)/2]

where each subbundle N¢, 1 < s < m, is spanned by the corresponding (s + 1) -
fundamental form a;“: TL x ---xTL — NyzL and has rank two except possible the
last one that has rank one if n is odd.

If L? is simply-connected, there exists a one-parameter associated family of minimal
isometric immersions. In fact, for each constant § € S' = [0,7) consider the parallel
orthogonal tensor field

Jog = cosOI +sin6J

where [ is the identity map and J the complex structure determined by the metric and
orientation. Then, the symmetric section ay(Jp-,-) of the bundle Hom(T'L x T'L, N,L)
satisfies the Gauss, Codazzi and Ricci equations with respect to the same induced normal
connection; see [6] for details. Therefore, there exists an isometric minimal immersion
go: L? — S"*2 whose second fundamental form is

gy (X,Y) = ¢pag(JpX,Y)
where ¢g: NgL — Ny, L is the parallel vector bundle isometry that identifies the normal

bundles as well as each normal subbundles N7 with N¢° for any 1 < s < m.

In the sequel, let g: L2 — S"™2, n > 2 be a substantial 1-isotropic surface. This
means that ¢ is minimal and that the ellipse of curvature (of first order) at any point is
a circle. Let Ly be the open subset of L? where dim N{(p) = 2. It was shown in [7] that
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L? \ Lg consists of isolated points and that the vector bundle N7|., smoothly extends
to a plane bundle over L?, that we still denote by N7.

Let m: A; — L? denote the vector bundle of rank n — 2 whose fibers are the or-
thogonal complement in the normal bundle NyL of g of its extended first normal bundle
N{. Then F,: M™ — S"™2 is the submanifold of S"2 associated to g constructed by
attaching at each point of the surface g the totally geodesic sphere S"~2 whose tangent
space at that point is the fiber of Ay, that is,

(p,v) € Ag = Fy(p,v) = expy(y) v, (1)

while dropping the singular points whenever they exist, i.e., points where the induced
metric is singular. By definition Fy is an (n — 2)-ruled submanifold, that is, there is an
integrable tangent distribution of dimension n — 2 whose leaves are mapped diffeomor-
phically by F, onto open subsets of totally geodesic (n — 2)-spheres of S"*2.

For simplicity, it is very convenient to do computations in terms of the cone of M™
in S"*2 ¢ R"*3, and then view M" as the intersection of that cone with S"*2. More
precisely, we consider the map Gy: R x A, — R""3 given by

Gy(s,p,v) = sg(p) +v (2)
and set Sg = {0} x (A%(p) ~ {0}) where
Ay(p) ={(p,v) € Ag : v L Ni(p)}.

In the next section, we show that the set of singular points of the metric induced by G|
consists of the vertex V' = (0,p,0) and the set Sg. Set

N" =R x Ay (VU Sg)
and denote G = G4|yn+1. Thus, we have
M™ ={(s,p,v) ERx Ag\ 55 : s° + ||v]* = 1}

and Fy, = G|y~ where M™ is endowed with the induced metric. Observe that M™ is
complete (respectively, compact) if and only if g is complete (respectively, compact) and
S is empty. Notice also that Sg can only be empty for n = 3, 4.

In the sequel, we denote by H the tangent distribution orthogonal to the rulings.
An embedded surface j: L? — M™ is called an integral surface of H if j.T,L = H(j(p))
at every point p € L2.

THEOREM 1. Let g: L2 = S*"*2, n > 3, be a 1-isotropic substantial surface. Then
the associated immersion Fy: M™ — S""2 is an (n — 2)-ruled minimal submanifold with
rank p = 4 (unless n = 3 = p) on an open dense subset of M™. Moreover, the integral
surface L? of H is totally geodesic and unique up to the one obtained by composing with
the antipodal map.

Conversely, let F: M™ — S"2 be an (n — 2)-ruled minimal immersion with n > 4
and p =4 (unless n =3 = p) on an open dense subset of M™. Assume that H admits a
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totally geodesic integral surface j: L? — M™ which is a global cross section to the rulings.
Then the surface g = F o j: L? — S™*2 s 1-isotropic and F can be parametrized as Fy.

The existence of genuine deformations is considered in the following result.

THEOREM 2. Let g: L?> — S"*2,n > 3, be a simply-connected 1-isotropic substan-
tial surface. Then Fy allows a smooth one-parameter family of minimal genuine isometric
deformations Fp: M™ — S"+2, 0 € S, such that Fy = Fy and each Fy carries the same
rulings and relative nullity leaves as Fy.

The relation between the second fundamental forms of members of the associated
family is given next, for simplicity, in terms of their cones.

THEOREM 3. Let g: L? — S"2.n > 3, be a simply-connected 1-isotropic sub-
stantial surface. Then G allows an associated smooth one-parameter family of minimal
genuine isometric immersions Gg: N1 — R"*3 9 € St such that Gy = G and each
Gy carries the same rulings and relative nullity leaves as G.

Moreover, there is a parallel vector bundle isometry Uog: NgN — Ng,N such that
the relation between the second fundamental forms is given by

ag, (X, Y) = Uy (R_gaG(X, Y) + 2K sin(0/2)6(j_9/2X, Y)) (3)

where Ry is the rotation of angle  on NgN that preserves orientation, K is the radius
of the ellipse of curvature of g and B is the traceless bilinear form defined by (17).

A substantial surface in even codimension g: L2 — S"*2 is called pseudoholomorphic
when the ellipses of curvature of any order are circles at any point. In odd codimension,
the surface is called isotropic when the ellipses of curvature of any order but for the last
one-dimensional normal subbundle are circles at any point.

If g: L? — S"*2 is pseudoholomorphic, then taking a rotation of angle € S!
that preserves orientation in each N¢, s > 2, induces an intrinsic isometry Sp on M".
The next result says that Fj is equivariant with respect to the one-parameter family of
intrinsic isometries Sy.

THEOREM 4. If g: L? — S"*2 is pseudoholomorphic, then Fy o S_g is congruent
to Fy for any 0 € S'.

We have that F,: M3 — S° or F,;: M* — S° is compact if and only if L? is compact
and g is regular. The latter condition means that L is empty and that NJ has constant
dimension. According to a result of Asperti [1] any compact regular substantial minimal
surface in S° is a topological torus and in S® is a topological sphere. For both cases,
there are plenty of 1-isotropic examples. In fact, the tori in S® include the flat ones
described parametrically by Miyaoka [12] and those that are holomorphic with respect
to the nearly Kaehler structure of S® considered in [3], [10] and [11]. Other examples of
l-isotropic surfaces in S® are the Legendrian surfaces given in [13].

Minimal 2-spheres in spheres have been investigated by Calabi, Barbosa and Chern
among others. From their work, we know that these surfaces must be substantial in even
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codimension and pseudoholomorphic. It was then shown by Calabi [4] that any such
surface in S is regular if its area is 247. Then Barbosa [2] proved that the space of these
surfaces is diffeomorphic to SO(7,C)/SO(7,R), where SO(7,C) denotes the set of 7 x 7
complex matrices that satisfy AA* = I and det A = 1.

Concerning the set of genuine minimal isometric deformations of compact subman-
ifolds constructed from tori we have the following result.

THEOREM 5. Let g: L? — S® be a regular substantial isotropic surface. Then, the
set of all equally ruled minimal isometric immersions of M3 into S° as Fy: M3 = S° s
finite or parametrized by a circle S*. If L? is compact then the set is necessarily finite.

As discussed in the introduction the last result is of independent interest.

THEOREM 6. Let g be a flat 1-isotropic torus in S°. Then F,: M?® — S° is a
compact minimal submanifold with constant normalized scalar curvature s = —1/3.
2. The proofs.

In this section, we provide several proofs for n > 4 but similar arguments take care
of the case n = 3.

First we have already discussed the set of singular points of Fj,.

PROPOSITION 7. Let g: L? — S"2 n > 4, be a substantial oriented minimal
surface. Then, the set of singular points of the map G: R x Ay — R"™*3 given by (2)
consists of V.= (0,p,0) and Sg.

PRrROOF. Fix (so,po,v0) € R x Ay~ {V}. Choose a smooth orthonormal frame
{e5,...,enta} of Ay on a neighborhood U of py and set

Vo = Z ai€i+a(po).

i>1

Consider the projection IT: Rx Ay — L? and parametrize II~! (U) via the diffeomorphism
h: U x R*~1 - TI71(U) given by

h(p7 satla cee ’tn—2) = <87p7 Ztiei+4> .
i>1

That (so, po,v0) € Sg means that there exists a non-zero vector

Z =X +X0/0s+ > _ X0/0t; € ker(G o h).(po, 50,01, - .., An—2)

i>1

where X € T}, L. Thus,

X0g(po) + 509+(P0) X + Y aiVeiya(po) + Y Ni€ira(po) = 0.

i>1 i>1
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Since Z # 0, we obtain that A\ =0, sg = 0, X # 0 and

Y aiVxeira(po) + Y Nieira(po) = 0.

i>1 i>1
It follows that
(v0, Vx£€)(po) = 0
for any £ € N{. We easily conclude that vg L N3 (pg). The converse is immediate. [

In the sequel, we argue for an open set of L? where all the normal subspaces N¢’s of
the substantial oriented minimal surface g: L? — S"*2 have constant dimension. Choose
local positively oriented orthonormal frames {e;,e2} in T'L and {es, e4} of N{ such that

agler,er) = kes and ag(er,ez) = peq

where k, it are the semi-axes of the ellipse of curvature. Take a local orthonormal normal

frame {es, ..., ent2} such that {easy11, €2, 12} is positively oriented spanning N¢ for every
even r. When n = 2m + 1 is odd, then es,,4+1 spans the last normal bundle. We refer to
{e1,...,enta} as an adapted frame of g and consider the one-forms

wij = (Vei,e;) for 1<i,j <n+2,
where V denotes the Riemannian connection in the ambient space. Using that
a3(er,er,e1) +ad(er, e, eq) =0
g\t1, €1, €1 g\€1,€2,€2

we easily obtain

1 1
Wys = *X * W35 and W46 = *X * W3e (4)

where A = p/k and * denotes the Hodge operator, i.e., *w(e) = —w(Je). Here J is the
complex structure of L? induced by the orientation. We denote by

V= aye; + ag€2, W = b1€1 + bgeg, Y = c1e1 + cae2 and Z = d1€1 + d262
the dual vector fields of wss,wsg, wss and wae, respectively. Then (4) is equivalent to
Y L JV and Z 1 JW,
= —— an = ——
A A ’
and hence
/\Cl = ag, /\CQ = —ay, )\dl = bQ and /\dg = —b1. (5)
Clearly, we have that G: N"t! — R"*+3 is an immersion and

Tispy N =R @ T )Ag = RO H (p,v) & V(p,v)
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where R = span{d/ds} and H¢ is the orthogonal complement of V in TA,4. Moreover,
V denotes the vertical bundle of 7: Ay — L? given by V = ker m,.

Fixed (p,v) € Ay, let 6, be the normal vector field defined in a neighborhood of p
by

Su(q) =D (v, e;(p))es(q). (6)

Jj=5
Let 8;, 1 < i <2, be the curves in A, satisfying £;(0) = (p, v) given by
Bilt) = (ci(t), 6u(ci(t)))
where ¢;(t) is a smooth curve in a neighborhood of p satisfying ¢;(0) = e;(p). Set
Yi = B1(0) € TpuyAg, 1< < 2. (7)
Let G;, H; € C*(Ay), 1 <1 <2, be the functions
Gi = tawgg + tawsy + tawss, H; = —tiwse + tawgy + tawgs
where wfj = w;j;(ex) and t; € C°(A,) is defined by
g w) = (wega(@) 1< <4

It is clear that G.(s,p,v)V = (N{(p))* C NyL(p) holds up to parallel identification
in R™"*3. The vector bundle V can be orthogonally decomposed as V = V! @ V° where
V! denotes the plane bundle determined by

G.(s,p,0)V! = N3 (p).

Let {E3, E4} and {FEs,..., E,} be local orthonormal frames of V! and V°, respectively,
such that

G*Ej = €542 for 3 S _j S n.
LEMMA 8. The vectors X1, Xo € Ty, )y defined as

X, =Y, +G;Fs+ H,E, — Z (V;JU, 6]'>Ej_2 (8)
i>7
satisfy that X1, Xo € HE(p,v) and that

1 1
G. X, = sg.e1 — p1e3 — 5 P2€4; G X2 = sg.«e2 — pae3 + 3 Prea

where p; = ta; +t3b; and tg.) =t;(p,v). Moreover, the space NoN (s,p,v) is spanned by
€= g.(1}V(p) + 5W (p)) + ses(p), 0= g.(1]Y (p) +t5Z(p)) + sea(p).

In particular, if g is 1-isotropic then
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[ X1l = Q@ = || Xof| with (X1, X5) =0 and |[£]| = Q= |n]| with {§,n) =0
where Q% = s + ||tV (p) + t3W (p)||?.

PrROOF. On one hand,

G.Y; = sguei(p) + > (V&0 €5)(p)e;(p), 1<i<2,
>3

gives

G = S (VEb0 ) (DG B2 = sg.eilp) = 3 (Vier.8)(Dex(D).

j>5 3<k<4

On the other hand,

(Ve,0u,e5)(p) = —thwis(p) — t3wis (p) — twis(p) = —Gi(p,v),
<VL5v7 e6)(p) = 1W56 (p) — t3W67(p) t4W68( ) = —H;(p,v),
(V2 .€3,00)(p) = t9whs (p) + towis (p) = t1ai(p) + t5bi(p),
(Ve e4,6,)(p) = tlwis(p) + thwig(p) = t1ci(p) + t5di(p).
Hence,
G.X; = sg.e; — (ta; +19b;)es — (t%¢; +19d;)es, 1 <i <2
The remaining of the proof is straightforward using (5). O

LEMMA 9.  The following equations hold:

£,0/0s = ez, n.0/0s = ey, (9)
§&Bs =g.V, &Ey=g W and & =0 on)°, (10)
B3 = .Y, 1.Es=g.Z and 1, =0 on )", (11)

Xy = g ((el(gpl) —sk)er +e1(pa)es + wiQJ(t[l)V + th) + GV + H1W)
+rp1e3 + (5W31,4 + Akpa)es + sares + sbieg — 19, (12)

& Xo = g (e2(p1)er + (e2(p2) + sk)ez + wi J(IV + 3W) + GoV + HoW)
—Kpaes + (swiy + A1 )es + sazes + sbaeg — pag, (13)

7. X1 = g (e1(¥n)er + (e1(¥2) — sAK)es + owi,(B)V + IW) — 0G1 IV — o H JW)
—(swiy — KW1)es + Akthaey + soages + sobyes — 1 g, (14)

n:X2 = g ((e2(¥1) — sAkw)er + ea(vh2)ex + 0wy (OV +t5W) — 060G JV — oHyJW)
7(8&)34 —+ I‘ﬁ,[)g)eg —+ Ali’(/)164 — S0a1€5 — SO’b166 — 1/}2g (15)
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where o = 1/X\ and ¢; = t9¢; +t3d;, j =1,2.

PrOOF. We compute at (s,p,v) € N" L. Let v(t) = (s,p,v(t)) be a curve in
N™! such that v(0) = v, and thus 7/(0) € V(p,v). We have that

&7'(0) = (Dv/dt(0), e5(p)) g+ V (p) + (Dv/dt(0), es(p)) 9: W (p),
or equivalently, that
&7'(0) = (G (0), e5(p)) gV (p) + (G (0), e6(p)) 9 W ().

From this we obtain (10). Similarly, we have (11).

To obtain (12) to (15) one has to use Lemma 8 and the Gauss and Weingarten
formulas for g. We only argue for (12) since the proof of the other equations is similar.
We have from (8) and (10) that

&Xi =&Y+ GiglV + HigW, 1<i<2.
In view of (7) and since
€0 Bi(t) = 9.V (cilt)) + t39.W (ci(#)) + ses(ci()),
we obtain in terms of the connection in L? that

g*y; = t? (g*velv + ag(eiv V))(p) + tg (g*vezW + ag(ei, W)) (p)
+(=1)"sk(p)gsei(p) + sV es(p),

and (12) follows by a direct computation. O
LEMMA 10.  The second fundamental form of G in terms of the orthonormal frame
Eoza/aS, EZZXZ/Q7 i:1,2, and G*Ej:6j+27 SSJSH,

vanishes along V° and restricted to span{Ep} & HE & V' is given by

0 D1 D2 0 0 0 P2 -1 0 0
©1 hi+k ho 1 S1 P2 ho kK—hy 72 S9
A= @2 hy —hi—kK 12 82|, Ay=|—¢1 K—h1 —hy —11 —51
0 T 00 0 T2 - 0 0
0 S1 So 0 O 0 S9 —51 0 0

where @;Q2 = p;, 1,0 = —sa;, s, = —sb; and

S

(t1(6i(a1) — agB; — biwig) + ta(ei(by) — baB; + ajwis)
+ t3(arwhy + biwhy) + ta(arwis + blwés))

with B; = wiy +wh,, i=1,2.
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PROOF.  Since g is 1-isotropic, then (12) to (15) hold for ¢4 = @2 and 2 = —¢;.
On the other hand, a straightforward computation shows that the Ricci equations

<RL(€1,62)€O“€B> =0
for « = 3,4 and 8 = 5,6 are equivalent to

€2 (11) -+ a131 + a2B2 — bQWé6 + b1W§6 - 07

e1(az) — ez

e1(ba) — ea(b1) + b1 By + b2 Bs + aswig — ajwzg = 0,
ei1(ar) + ez(az) — as By + a1 Bs — blwéﬁ - bgwgﬁ =0,
e1(b1) + ea(ba) — ba By + b1 By + alw;‘)(; + agw?)G =0,

and for a = 3,4 and B = 7,8 are equivalent to

1 2 1 2
aswyy; — a1wgy + bawgy — biwgy =0,

1 2 1 2
QQWE)S - alUJ58 + b2w68 - b1w68 = 07

1 2 1 2
al(&)57 + angfr + b1w67 + b2w67 - 07

a1wag + aswis + biwgs + bawdg = 0.
We thus have that
(AcE Bj) = —(G.E,6.E}) and (A By B}) = —(GuEn.Ey), 0<i,j <n,
and the result follows by a straightforward computation. O

PROOF OF THEOREM 1. We first prove the converse. If F: M™ — S"2 n > 4,
is an (n — 2)-ruled minimal immersion with rank p = 4 everywhere, then the tangent
bundle splits as TM = H @V, where H is orthogonal to the rulings. Moreover, we have
that V splits as V = V! @ V° with the fibers of V° being the relative nullity leaves.

The normal space of the surface g = F o j at « € L? is given by

NyL(z) = F.(j(x))V & Np M (j())-
Being j totally geodesic, we have
Oég(X,Y) = ap(j«X, j:Y) (16)

for all X,Y € T'L. This and our assumptions imply that g is minimal.
Let m: A, — L? denote the subbundle of the normal bundle of g whose fiber at
x € L% is F.(j(x))V. We consider the cone CF: R x M™ — R"*3 given by

CF(t,p) = tF(p).
Observe that

CE(t,p) = CF(u(t,p),j(x)) = CF(t,p) — u(t,p)g o w(p) € Fi(j(z))V
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for any p € M™, where z = 7(p), since p and j(x) belong to the same leaf of V and

u(t,p) = t/(F(p),gom(p)).

Since CF maps locally diffeomorphically the leaves of V onto affine subspaces, it follows
that the map T: R x M™ — R x A, given by

T(t,p) = (u(t,p), =(p),CF(t,p) — u(t,p)g o 7(p))
is a local diffeomorphism. Clearly the immersion G = CF o T~ satisfies
G(s,z,v) = sg(x) + v,

ie, G = Gy is of the form (2). Identifying locally R x M™ with R x A, via T, we have
that CF = G, = G and j is the zero section of Ay, i.e., we have the parametrization
given by (2). The horizontal and the vertical bundles satisfy

Guls,p,0)V = (N7 (p))* C NyL(p), Guls,p,0)HE C g.T,L & (Ag(p))*,
NGN(Svpa U) - g*TI)L D (Ag(p))J—

and now (16) yields Ny = A
It remains to see that g is 1-isotropic. For an adapted frame {ej,...,e, 2} of g set

9ij = <G*X17G*X]>
and
b5 = (6.X:,G. X)), bl = (0. X, G.X), i,j=1,2.
Using Lemma 8 and Lemma 9, we find that

g11 =8+ @1 + 0703, 12 =(1—0%)p12, go2 =5+ 5+ 091,

and
by = s(e1(v1) — wigths + 0Graz + o Hibs) + swiypr — k(011 + patha),
by = s(e1(¥2) — p+ wiyty — 0Gray — o Hiby) + swiups + K(p11h2 — patb1),
b3, = s(e2(¥1) — 1t — wiytho + 0Gaas + o Haby) + swiyp1 + k(@112 — p2t1),
by = s(e2(th2) + wirty — 0Gaar — o Haby) + swi,pa + K191 + 021)2).
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From our assumptions, we have
g11b55 — g12(b55 + b3) + gaob§y = 0 and g11b%y — gr2 (b, + b)) + gasbly = 0.
Viewing these as polynomials where the coefficients of ¢{,t3 and ¢3¢ must vanish gives
(A = 1)(af +a3)(af —a3) = 0= (A* = 1)(b7 + b3)(b] — b3)
and
(A% = Daraz(ai +a3) = 0= (A\* — 1)byba (b7 + b3).
Hence \ = 1 since, otherwise, we would have that wss = wsg = wys = wee = 0, and that

is a contradiction.

We now prove the direct statement. Since F; = G|y, we obtain that g = Fj 0 j
where j: L? — M™ is given by j(z) = (£1,z,0). Clearly, we have that j is an integral
surface of the distribution orthogonal to the rulings that is totally geodesic and a global
cross section to the rulings. Up to uniqueness of the integral surface the proof follows
from Lemma 10.

Assume that there exists a second integral surface j: L2 — M™. Set § = F, o7 and
let T: R x M™ — R x Aj be the local diffeomorphism given by

T'(t,p) = (u(t,p), m(p), CF(p) — u(t,p)g o m(p))

where
u(t,p) =t/(F(p),gom(p)).
Then To T ': R x Ay — R x Ay is given by
To T (s,z,v) = (3, 2,v + sg(z) — 53(x)),

where T~ (s, z,v) = (t,p) and § = a(t,p). Hence A, and A can be identified by parallel
translation. Using that sg(z) — 5§(x) € Ay(z), we obtain that g = £g. O

The vertical bundle V of the submersion 7 given by V = ker 7, can be orthogonally
decomposed as V = V! @ VY on an open dense subset of L?, where V! denotes the
plane bundle determined by NJ. In fact, this holds if Ny and N are subbundles, which
we can assume without loss of generality. In the sequel, we consider the orthogonal
decomposition of the tangent bundle of N"*! given by

TN = span{d/ds} & HE &V

where we identify isometrically (and use the same notation) the subbundle V tangent
to the rulings with the corresponding normal subbundle to g. Then, it follows from the
proof that the relative nullity leaves of G are identified with the fibers of span{d/ds}®V°.

Let J denote the endomorphism such that J|ye : HE — HE is the almost complex
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structure in H determined by the orientation and restricted to span{d/ds} @ V is the
identity and set

Jo = cosOI +sin6J.

ProOF OF THEOREM 3. For each # € S' consider the submanifold Gy: N**1 —
R"*3 defined by

Ge(sapa ’U) = Sgg(p) + ¢9U

where ¢g: NgL — Ny, L is the parallel vector bundle isometry that identifies the normal
subbundles of g and of gg.

In the sequel, corresponding quantities of Gy are denoted by the same symbol used
for G marked with 6. That Gy is isometric to G is immediate. Since the tangent frame
{e1, e2} has been fixed, we have for the adapted frames of gy that

eg = ¢g o Ryes and e = ¢p o Riey
where Ré is the rotation of angle § on Ny. We complete the adapted frame choosing
el =pej, 5<j<n+2.
Clearly, it holds that w§, = wss and wf; = wy; for i,j > 5. Moreover,
wg5 = cos Bwss — sin 0 * w35 and ng = cos Bwsg — sin O * wsg.
Hence, the dual vector fields of wis and w§, are given, respectively, by
Vo =J_gV and Wy = J_gW.
Thus,

a(f =aycosf + assin b, ag = agcosf — ajsinb,
bY = by cos@ 4 bysin®, b = bycosh — by sin 6.
It follows from (6), (7) and (8) that
X=X, i=1,2.
By Lemma 8, the normal bundle of Gy is spanned by
& = go.J_o(t1V + taW) + 59 0 Rpes, 19 = —gp. Jrj2—o(t1V + t2W) + s¢g o Rgey.
A straightforward computation yields that the map Wy: NgN — Ng,N given by

Vo =& and Wgn =g

is a parallel vector bundle isometry. The shape operators of Gy vanish on V° and re-
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stricted to span{d/0s} ® HY & V! and with respect to {Ej, ..., E,} they are given by

0 ¢l @ 00 0 ¢ —¢f 0 0
Py M4k hy ol s Py hs  m—hy g s
Age =1¢5 ny —hl—k 1§ 5|, Aze =|-¢f k—nhf —n§ - -5
0 00 o B = 0 0
0 s 9 0 0 0 59 - 0 0
where p/Q = ¢ rQ = —sa?, s9Q = —sb?, i = 1,2, and

<p§) = (1 cos + o sin b, <p§ = —18inf + g cos b,
hY = hycos@ + hysinf, h§ = —hysin + hsy cosb.

Let Lo: TN — TN be such that Lg|span{a/asjev = 0 and Lg|yc : HE — HY is the
reflection given by

—sin(6/2) cos(0/2)

Lolye = cos(6/2) sin(6/2)

with respect to the tangent frame {FE;, Fs}. Tt follows easily that

A?pef = Ap,e —2rsin(0/2)Ly and A?I,M = ARyy — 2ksin(0/2)J o Ly.

By direct computation, we obtain
2k
ag,(X,Y) = \DQ(R,eaG(X, Y) = o sin(0/2)(LeX, V)€ + (LoT X, Y)n)).

Now let § be the symmetric section of Hom(TN x TN, N N) with nullity V given by

BB, Br) = o€ = ~B(Ez, Ba), B(Ey, By) = — m, a7)

T2
and the proof of (3) follows easily.
Finally, that the isometric deformations Gy of G are genuine is immediate from
Lemma 10 since the shape operators of G have rank four for any normal direction along
an open dense subset of N™+1. O

PROOF OF THEOREM 2. Given 6 € S, denote Fy = Gy|ar where

Gg(S,p,U) = Sgg(p) + ¢9’U-

That F, allows a one-parameter family of minimal isometric immersions Fp: M™ — S"+2,
0 € S, such that Fy = F, and each Fj carries the same ruling and relative nullity leaves
as I is a consequence of Proposition 3. O

PROOF OF THEOREM 4. It is completely analogous to the proof of Theorem 6 in
[8]. O



A class of minimal submanifolds in spheres 1211

PROOF OF THEOREM 5. Let F': M3 — S° be a ruled isometric minimal immersion
with the same rulings as F,; and set § = F o j. From the proof of Theorem 1, we have
that the surface g is isometric to g and isotropic. Hence, the set of all minimal isometric
immersions of M? into S® with the same rulings as F}, can be identified with the set of
all isotropic immersions of L? into S°. The proof now follows from the results in [9]. [J

ProOOF OF THEOREM 6. Using Lemma 8 and Lemma 10, we have that the squared
length of the second fundamental form of G is given by

4
lacl? = s (1~ B0 4 6 + 3 4.2 0424 8).
i=1,2

It follows that

S

4 2
lac!*(s,p, ) = m(z — K+ R+ R+ S (IVIE + WP - 1)). (18)

By Corollary 4 in [15] any 1-isotropic torus in S is regular, hence M3 is compact.
On the other hand, we have that g is O(6)-congruent to a holomorphic curve in the nearly
Kaehler sphere S%; see [10] or [15]. Choose local orthonormal frame {ej, ez, €3, €4, €5}
such that

agler,er) = v/1/2es3, ag(er,e2) =/1/2eq,

ag(elvelael) = KR1€s5, 02(61,61,62) :07

where k1 = 4/1/2 by Theorem 5 in [15]. Hence, we have that V' = e;. From Lemma 6
in [14] we obtain hy = hy = 0. Now (18) gives

8 8
2 __———
||aG|| (S,p,’l]) - 02 52 +t%»

and hence [|ap|? = 8. O

References

[1] A. Asperti, Generic minimal surfaces, Math. Z., 200 (1989), 181-186.

[2] J. Barbosa, On minimal immersions of S2 into S2”*, Trans. Amer. Math. Soc., 210 (1975), 75-106.

[3] R.Bryant, Submanifolds and special structures on the octonians, J. Differential Geom., 17 (1982),
185-232.

[4] E. Calabi, Minimal immersions of surfaces in Euclidean spheres, J. Differential Geom., 1 (1967),
111-125.

[5] S.S. Chern, M. do Carmo and S. Kobayashi, Minimal submanifolds of a sphere with second
fundamental form of constant length. 1970 Functional Analysis and Related Fields, Springer,
New York, 59-75.

[6] M. Dajczer and D. Gromoll, Real Kaehler submanifolds and uniqueness of the Gauss map, J.
Differential Geom., 22 (1985), 13-28.

[7] M. Dajczer and Th. Vlachos, The associated family of an elliptic surface and applications to
minimal submanifolds, Geom. Dedicata, 178 (2015), 259-275.

[8] M. Dajczer and Th. Vlachos, A class of complete minimal submanifolds and their associated
families of genuine deformations, to appear in Comm. Anal. Geom.


http://dx.doi.org/10.1007/BF01230280
http://dx.doi.org/10.1090/S0002-9947-1975-0375166-2
http://dx.doi.org/10.4310/jdg/1214436919
http://dx.doi.org/10.4310/jdg/1214436919
http://dx.doi.org/10.4310/jdg/1214427884
http://dx.doi.org/10.4310/jdg/1214427884
http://dx.doi.org/10.4310/jdg/1214439718
http://dx.doi.org/10.4310/jdg/1214439718
http://dx.doi.org/10.1007/s10711-015-0056-x

1212

(9]

[10]
(1]

(12]
(13]
(14]

(15]

M. DAJCZER and T. VLACHOS

M. Dajczer and Th. Vlachos, Isometric deformations of isotropic surfaces, Arch. Math., 106
(2016), 189-200.

J. H. Eschenburg and Th. Vlachos, Pseudoholomorphic Curves in S® and the Octonions, preprint.
H. Hashimoto, T. Taniguchi and S. Udagawa, Constructions of almost complex 2-tori of type (III)
in the nearly Kaehler 6-sphere, Differential Geom. Appl., 21 (2004), 127-145.

R. Miyaoka, The family of isometric superconformal harmonic maps and the affine Toda equations,
J. Reine Angew. Math., 481 (1996), 1-25.

F. Urbano, Second variation of compact minimal Legendrian submanifolds of the sphere, Michigan
Math. J., 51 (2003), 437-447.

Th. Vlachos, Minimal surfaces, Hopf differentials and the Ricci condition, Manuscripta Math.,
126 (2008), 201-230.

Th. Vlachos, Exceptional minimal surfaces in spheres, Manuscripta Math., 150 (2016), 73-98.

Marcos DAJCZER Theodoros VLACHOS
IMPA University of loannina
Estrada Dona Castorina, 110 Department of Mathematics
22460-320 Rio de Janeiro, Brazil 45110 Ioannina, Greece

E-mail: marcos@impa.br E-mail: tvlachos@Quoi.gr


http://dx.doi.org/10.1007/s00013-015-0857-z
http://dx.doi.org/10.1007/s00013-015-0857-z
http://dx.doi.org/10.1016/j.difgeo.2004.03.003
http://dx.doi.org/10.1515/crll.1996.481.1
http://dx.doi.org/10.1307/mmj/1060013206
http://dx.doi.org/10.1307/mmj/1060013206
http://dx.doi.org/10.1007/s00229-008-0174-y
http://dx.doi.org/10.1007/s00229-008-0174-y
http://dx.doi.org/10.1007/s00229-015-0792-0



