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Abstract. In the present paper hypergroup structures are investigated
on distinguished dual objects related to a given hypergroup K, especially to
a semi-direct product hypergroup K = H Xo G defined by an action o of
a locally compact group G on a commutative hypergroup H. Typical dual
objects are the sets of equivalence classes of irreducible representations of K,
of infinite-dimensional irreducible representations of type I hypergroups K,
and of quasi-equivalence classes of type II; factor representations of non-type
I hypergroups K. The method of proof relies on the notion of a character of
a representation of K = H xo G.

1. Introduction.

To investigate hypergroup structures on spaces of representations of a hypergroup is
a challenging but also promising task. In general not even the duals of arbitrary locally
compact groups admit a hypergroup structure. There are, however, various classes of
commutative hypergroups K such that the space K of hypergroup characters is again a
commutative hypergroup. In particular the space GP of B-orbits, where G is a locally
compact group and B is a relatively compact subgroup of Aut(G) containing Int(G) have
a hypergroup structure, as Hartmann, Henrichs and Lasser have shown in [6]. Also, the
double coset hypergroups G//H for Riemanian symmetric pairs (G, H), where H is a
compact subgroup of G, admit a dual hypergroup.

Dual hypergroup structures occur in a natural way within the classes of polyno-
mial and of Sturm—Liouville hypergroups, for which double dual hypergroups have been
studied by Zeuner in [18]. See also [2]. In the non-commutative situation we just know
that the group dual CA{ i.e. the space of equivalence classes of irreducible representations
of a compact group G, is a discrete commutative hypergroup. In the present paper we
establish hypergroup structures for dual objects within three different settings.

In Section 3 we discuss a hypergroup structure for the set K of equivalence classes
of irreducible representations of a non-commutative finite hypergroup K. In fact we
show that the character set IC(H/xSa\G) of a semi-direct product hypergroup H x, G
is a commutative hypergroup if and only if the action « defining H x, G satisfies a
certain regularity condition. One notes that there is a finite hypergroup K for which no
convolution can be introduced in K(K).
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Section 4 is devoted to discussing a hypergroup structure on the set K of equiv-
alence classes of infinite-dimensional irreducible representations of a hypergroup K of
type I. There are two situations, for which it can be shown that the space IC(I?O\O) is a
hypergroup which coincides with an orbital hypergroup. In both situations K is of the
form H X, G, where H is a commutative hypergroup. In the first situation a compact
Abelian group G acts on H, in the second one G is chosen to be a locally compact Abelian
group such that for the stabilizer G(x) of x € H, G/G(x) is compact.

Finally, in Section 5, we are coricgrned with the case of hypergroups of non-type
1. The object of interest is the set KT of quasi-equivalence classes of type II; factor
representations of a non-type I hypergroup K = H %, G. Under the condition that
H is a commutative hypergroup of strong type @g that a countably infinite discrete
Abelian group G acts on H, the character set (K1) can be identified with an orbital
hypergroup. Through the three Sections we provide illuminating examples.

2. Technical preparations.

In order to make precise some of the notions on representation theory we choose the
more general framework of normed involutive algebras preferred by Dixmier in [3]. As
a necessary reference to von Neumann algebras the seminal monographs [3] of Dixmer
and [16] of Takesaki are proposed.

2.1. Representations of normed involutive algebras.

Let A be a normed involutive algebra. By a representation m of A with representing
Hilbert space H(m) we mean a continuous homomorphism into the algebra B(#H(w)) of
bounded linear operators on #H(w). Given representations 7; and 7o of A with repre-
senting Hilbert spaces H(m1) and H(mw2) respectively, m is said to be equivalent to 7,
in symbols m; = 7o if there exists an isomorphism ¢ from H(m;) onto H(ms) such that

¢(mi(2))¢~" = m2(2)

for all z € A. This definition gives rise to the notion of equivalence classes of represen-
tations of A. In the sequel we apply the convention

m(A) = {m(x):x € A}

for a representation 7 of A.

A representation 7 of A with representing Hilbert space H () is said to be irreducible
if one of the following equivalent conditions are satisfied:

(i) The only closed m(A)-invariant subspaces of H () are {0} and H(7).

(ii) The commutant m(A)" of m(A) in B(H (7)) reduces to scalars.

(iii) The double commutant w(A)"” of w(A) coincides with B(H(r)).
If a representation 7 of A is finite-dimensional in the sense that dim#(w) < oo, then 7
admits a direct decomposition of the form

n
™= E Tk,
k=1
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where 7y is an irreducible representation of A for each k € {1,2,...,n}.

Now let m; and my be representations of A, A(m) and A(mz) the von Neumann
algebras generated by 71 (A) and w2 (A) respectively. 71 and mo are said to be quasi-
equivalent, in symbols m ~ 7y if there exists an isomorphism ¢ from A(m) onto A(ms)
such that

¢(mi(x))

ma(z)

for all x € A.

Again one can speak of quasi-equivalence classes of representations of A. A repre-
sentation m of A is called a factor representation provided A(7) is a factor in the sense
of von Neumann algebras, i.e. provided A(w) N A(m) = C - 1.

Clearly every irreducible representation of A is a factor representation, and on the
space Irr(A) of all irreducible representations of A of type I the equivalence relations &
and ~ coincide. From the theory of von Neumann algebra we know the classification by
types. In what follows we need to apply the types I and II;. A representation m of A is
said to be of type I if A(m) is of type I and to be of type II; if A(w) is of type II;.

2.2. Representations of hypergroups.

We adopt the axiomatics of a (locally compact) hypergroup K from our previous
publications as it has been set up in Jewett [11] and Bloom-Heyer [2]. For the reader’s
convenience we repeat a few basic definitions and facts from the analysis on K. Given a
locally compact space X the space of bounded measures on X will be denoted by M?(X),
its subspace of probability measures is symbolized by M!(X) and the space of bounded
continuous functions on X is denoted by Cy(X). The space M?(X) is equipped with the
weak topology i.e. o(M?(X),Cy(X))-topology. For each z € X, &, denotes the Dirac
measure of X. There is a natural notion of homomorphism between hypergroups.

Let Aut(K):= AutM®(X) stand for the set of automorphisms of K which together
with the weak topology derived from the weak topology of M?(X) becomes a topological
group. We call a an action of a locally compact group G on a given hypergroup K if a is
a continuous homomorphism from G into Aut(K). We also need the notion of an action
[ of a hypergroup K on a locally compact space X defined by the following requirements:

1. B is a continuous Banach algebra homomorphism from M?(K) into the Banach
algebra B(M?(X)) of bounded operators on M*(X).

2. For k € K and z € X, B(0;)6, is a measure in M'(X) with compact support.

Occasionally we abbreviate the image 3(Jx) under 8 by 5(k) for k € K. For every x € X,

Orb(z) := | J supp(B(k)s.)

keK

denotes the orbit of z under the action 8. We also write O(x) instead of Orb(z). Moreover
we apply the notions of smooth, irreducible and absorbing actions as introduced in [9].

Representations 7 of K with representing separable Hilbert space H(7) are intro-
duced as x-homomorphism from M°(K) into B(H (7)) such that 7(J.) = 1 and such that
for £, n € H(w) the mapping
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por (m ()€ m)

is continuous on M(K).

A short excursion to the case of a locally compact group seems to be in order. We
recall the profound work of Tatsuuma [17] and Takesaki [15] on a duality theorem for
general locally compact groups. We recall that a locally compact group G is said to be
of type I if the von Neumann algebra A(w) = 7w(G)"” is of type I for every representation
7w of G. Among the groups of type I we just mention Abelian groups, compact groups,
Heisenberg groups, connected semi-simple Lie groups, connected nilpotent groups. Dis-
crete group are of type I if and only if they possess an Abelian normal subgroup of finite
index. By the way, Glimm showed in [4] that a second countable locally compact group
G is of type L if and only if the dual G of G is smooth with respect to the topology derived
from the Jacobson topology of the primitive space PrimC*(G). This fact indicates that
studying duals for type I groups is more promising. See also Mackey [14].

A simple example of a non-type I group is a discrete Mautner group G = C %, Z,
where « is the irrational rotation of Z on C (See Baggett [1]).

A class of hypergroups that will be central to our studying dual objects related
to hypergroups will be the class of semi-direct product hypergroups introduced in [9].
Given a hypergroup H = (H, o), a locally compact group G and action « of G on H.
Let K := H x G be the set product of H and G such that

MY(K) = M°(H) ® M°(G)

as Banach x-algebras, where the cross norm of the tensor product is given by

> k(fp2n(g)
k=1

| ||=sup{

for p = Y )1k @ pog € MP(H) ®q1, M*(G). One defines a convolution of Dirac
measures in M*(K) by

cfEC(H), || f o< 19 € CQ),] g [l0o< 1}

E(h1.g1) ¥or E(ha.g2) = (Ehy © oy, (hy)) @ Ogigs
with unit element
E(e,e) = Ee ® Oe,
where e denotes the unit element of H as well as of GG, and an involution
(1 ®0y)" = a, (1) ©@dg1 = oy (1) @Gy

for (h1,91), (h2,g2) € K, g € G, p € MY(H). Tt turns out that (K,*,) is in fact a
hypergroup.
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3. Duals related to finite hypergroups.

Let K be a finite hypergroup. For an irreducible representation 7 of K its character
ch(r) is given by

ch(m) : tr(m(k))

- dimm
for all £k € K. We consider the character set
K(K) := {ch(n) : 7 € K}.

We shall say, that the dual K of K admits a hypergroup structure if lC(K ) is a hypergroup
with respect to the product of functions on K. Clearly, the dual G of a finite group G
always admits a hypergroup structure.

Let a be an action of a finite Abelian group G on a finite commutative hypergroup
H of strong type in the sense that the dual H of H has a hypergroup structure. Then a
semi-direct product hypergroup K = H %, G can be defined as in Heyer-Kawakami [9]
(See also subsection 2.2 above). Let & be the induced action of G on the dual H of H,
given by

wheregEG,XGI:IandheH. Let
Gx)={9€G:ag(x) =x}
be the stabilizer of x € H under the action a. Now, let
H:= {xos X1, X}
where x( denotes the trivial character of H.

DEFINITION. The action « is said to satisfy the regularity condition (or is called
regular) provided

G(xk) D Glxi) N G(x;)
for all xi € H such that
Xk € supp(Xix;) := supp(dy,; #dy; )
whenever x;, x; € H and & symbolizes the convolution on f[, k,i,j €{0,1,...,n}.

LEMMA 3.1.  If the action « satisfies the reqularity condition, then the character set

K(H x4 G) of the semi-direct product hypergroup H %, G is a commutative hypergroup,
i.e. H X G admits a hypergroup structure.

PrOOF. This fact is shown in [12] and [7], but we add another distinguished proof
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for consistency with the present paper. Let {O(x0), O(x1),--.,0(xn)} denote the set of
orbits in H under the action & of G such that O(xo) = {xo0} and xx € O(xx) for all
k=0,1,...,n. For each orbit O(xx) we set

1 . 1
p(O(Xk)) = @ Z ag(Xk) = m Z o.

geqG a€0(xx)

Then the orbital hypergroup

K°(H) = {p(0(x0)), (O(x1)); .- -, p(O(xn))}

carries the convolution
p(O(x:))p(O(x;)) = Zaij(O(Xk))y
k=0

where afj >0 for all 4,4,k € {0,1,...,n} and >_}_, afj = 1. Now we specify

supp(p(O(x:))p(O(x;))) = {O(x) : aj; # 0 for k =0,1,...,n}.

By the Mackey machine (Theorem 7.1 of [9]) each irreducible representation 7 of
H x, G is of the form

7 =rlT) = indgizg(x)(x ©T)

for some y € H and 7 € CT(;)7 where
(x©7)(h,g) = x(h)7(9)
for h € H, g € G. Moreover, from [10] we deduce that
ch(x7)(h, g) = p(O(X))(R) - 7(9) - La(n (9)-
The structure of the convolution of IC(H/NQ\G) is described as follows:

O(Xi))Tz'lG(x,:)P(O(Xj))Tj La(y)

ch(rxo™))eh (X0 mi)) = p
p(O(xi)) PO NTiTila( Lakg)

> alip(O0)Timilannain)-
k=0

For O(xx) € supp(p(O(x:))p(O(x;))) we put

—

A(k) == A(xw, 7ij) = {7 € G(xx) : 7(g) = Ti(g9)7j(g) for all g € G(x:) N G(x;)}-

Now it is easy to see that the character ch(m) of the representation



Hypergroup structures arising from certain dual objects of a hypergroup 1185

> or

TEA(k)
takes on the form
1
ch(a) = W Z TlG(Xk) = TileG(Xq,)ﬂG(Xj)'
I ( )‘ TeA(k)
As a consequence we obtain that
1
Ch(W(X“”))Ch (X4> 7';) Zaljp W Z Tla ()
AW 2,
Xk))TlG(Xk)

4?

Z
k=
Z Z (le‘r))
k=0T1e€A(k

and this shows the existence of a convolution on IC(H/N'Q\G). Among the axioms of a
hypergroup for IC(H %, G) we only mention the existence of an involution, namely

ch(m) T = eh(z (7))
foralleI:I,TECT(;). O
The converse of the statement in Lemma 3.1 is the content of

LEMMA 3.2. Let IC(H/><1?G) be a commutative hypergroup, where a is any action
of G on H. Then this action « satisfies the regularity condition.

PROOF.  Let ¢ symbolize the trivial character of G(x) for y € H. Given s, Xj € H
there exists a decomposition

200 g 7O Z@%

where 7(X:t) 7(x5:t) are the irreducible representations introduced in the proof of the
previous Lemma and 7, € H X, G. Since K(H %, G) is assumed to be a hypergroup,
the equality

ch(mXe)eh(x (a0 Zamch k) (%)

holds, with aj; > 0 and Zk ca=1,14,7€{0,1,...,n}. For each xi € supp(xix;) we
have
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O(xk) € supp(p(O(xi))p(O(x;))),
hence there exists m such that

T = W(X’wT)

o —

for some 7 € G(xk). Now we assume that

Gxx) 2 Glxi) NGlx;)

does not hold. Then there is a g € G(x;) N G(x;), but g € G(x). For this element g of
G and the unit hg € H we obtain

ch(mX)eh (7% (ho, g) = p(O(x:)) (ho)p(O(x3)) (ho) La(xnc) (9) = 1.

On the other hand,

4
> afieh(mi)(ho, ) <1,
k=1

since
ch(my)(ho, g) = ch(x™7))(ho, g)
= p(O(xx)) - 7(9) - La(x) (9)
=0.
This contradicts the above equality (x), and the proof is complete. O

As a summary we state

THEOREM 3.3. The character set IC(H/N-Q\G) of the semi-direct product hypergroup
H %, G is a commutative hypergroup if and only if the action o of G on H satisfies the
reqularity condition.

Now we look at the semi-direct products
D(4) =74 XNo Lo,
and
W(4) = (Za X Z3) x5 Zs

with § being the flip action. We remark that D(4) = W(4) as a group. Considering
g-deformations of D(4) and of W (4) we have the following.

EXAMPLE 1. Dq(4) = Zq(4) Xa Z2 = {ho,hl,hz,hg,g, hlg,hzg,hgg} (0 <q < 1)
The structure of Dy(4) is given by the equalities
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59 °© 59 = 5’129 °© 5h29 = Ohy»

q I—q
6}119 o 5h1y = 5h3g ° 6h3g = 9 5h1 + q5h2 + T(shsa

_ 1—gq
2 2
Oh1g © Ohag = Ohag © Ohgg = Ohyg: Ohgg © Ohag = Ohag © Ohyg = Ohyg-

q
5h1 + q6h2 +

5h19 o 5h3§ = 5h3g ° 5h19 = Jhsv

EXAMPLE 2. W,y(4) = (Z¢(2) x Zq(2)) xg Zo = {ho,h1, he, hs, g, h1g, hag, hsg}
(0 < g <1). The structure of W,(4) is given by the following equalities.
0g 00 = Ong,
Oh1g ©Oh1g = Ohag © Ohyg = Ong,
Ohag © Ohag = @°0no + (1 — q)6n, + q(1 = q)0n, + (1 — q)?6p,,
Ohig © Onag = ¢Ony + (1= q)0n,,
Ohag © Ohyg = qOhy + (1 — q)0n,,
Ohig © Ohyg = Ohag © Ohyg = @O, + (1 — q)0n,,
Ohsg © Ohyg = Ohag © Onyg = @O, + (1 — q)0p,.
The quaternion group Q(4) is interpreted as a twisted semi-direct product group as

follows:
Q(4) = Zy %E Zo, where the 2-cocycle ¢ : Zg X Zy — Z4 is given by

cle,e) =c(e,g) = c(g,e) = ho, ¢(g,9) = ha.
We define the g-deformation Q,(4) of Q(4) as a twisted semi-direct product hypergroup.

EXAMPLE 3. Qq(4) = Zy(4) x& Zy = {ho, h1, ha, hs, g, h19, hag, hsg}. The struc-
ture of Q4(4) is given by

6h29 o 5h29 = Ohys

0g 00y = Op,,
l—q 1—¢q
5h19 o 5h19 = 6h39 o 5h3g = T(Sfu + q0n, + T(shsv
1-— 1-—
6h19 o 5h39 = (Shsg o 5’119 = 9 q6h1 + qon, + ?q(shsv

Oh1g © Ohyg = Ohsg © Ongg = Onygs

5hag o 5h2g = 6h29 (e] 5h1g = 5h3g~

RESULTS.

—

1. W,(4) does not admit a hypergroup structure if ¢ # 1, since the action 3 of Zy on
Z4(2) X Z4(2) does not satisfy the regularity condition.

—_— —

2. Dy(4) and Qq(4) admit hypergroup structures in the sense that IC(D,(4)) and

o

q
K(Qq(4)) are hypergroups respectively. Moreover we see that
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—_—

K(Dq(4)) = K(Qq(4)),
although D,(4) is not isomorphic to Q4(4) as a hypergroup. For more details we
refer to [13].
4. Duals related to hypergroups of type I.

Let K = H x,, G be a semi-direct product hypergroup of a commutative hypergroup
H of strong type by a smooth action « of a locally compact Abelian group G. There is
the action & : G — Aut(H) induced on H by

forall ye H, ge H, h € H. For x € H let

G(x) =19 € G:da4(x) = x}

be the stabilizer of .
Assume that for y € H such that x is not the trivial character yo of H

G(x) =D,

where G/D is compact.
Given an irreducible (infinite-dimensional) representation 7 of K which by the
Mackey machine (Theorem 7.1 of [9]) is in the form

7 =rleT) = indgizg(X oT)
for some x € H and 7 € D, where

(x ©1)(h,g) = x(h)7(9)

whenever h € H, g € GG. Under the assumptions made there exists an &-invariant
probability measure 1 on H supported by the orbit O(x) = Orb(x) of x. We note that
the orbit O(x) is compact and O(x) = G/G(x).

Let 7 € G be the extension of 7 € CT(;) to G. Then the representation 7 is realized
on L2(O(x), i) as follows:

For € € LA(O(x), 1)

(m(h, 9)6)(0) = o (R)7(9)§(éy ' (o))

for all o € O(x), h € H, g € G. Now we choose & € L?(O(x), i) such that &y(o) = 1 for
all o € O(x) and consider the spherical function 9 := (") on K associated with &,
ie.

1/1(h7 g) = <7T(ha g)&)v £0>
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- / o ()7 (9)6ol; (0)E ()il do)
O(x)

- ( / U(h)u(d0)> #(g)
O(x)

whenever h € H, g € G. With the definition

we see that
¥(h,g) = p(O0))(h)7(g)
and
U(h, 9)lEx.p = p(O(X))(R)T(g)

for all h € H, g € G. We denote the set {tp(x7) : y € H, e ﬁ} by IC(I?O\O)
Since the orbital hypergroup K¢ (I:I ) can be written as

K*(H) = {p(0(x)) : x € H},
we obtain
THEOREM 4.1.
K(K>) = K%H) x D.
In the special case that D = {e} one has
K(K>=) = K%(H).

ExaMPLE 1. Let K = M(2) = C x, T be the two-dimensional motion group,
where the action a of T on C is given by

for all ( € T, z € C. Any infinite-dimensional representation of K has the form
™ = ind&x* (A > 0),
where
YMz) = efRe0r),

the reason for this being the fact that

G(x) = {1}
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for any A > 0. It is easy to see that in this situation

p(OOXM)(2) = Jo(Al=])
for all z € C, where Jy denotes the Bessel function of order 0. Hence
K(K>) = K%(C)
coincides with the Bessel-Kingman hypergroup BK (Jp) of order 0 (See [2]).
EXAMPLE 2. Let K = C x4 R, where the action « of R on C is given by
ag(z) =€ 2

for all 8 € R, z € C. In this case

for x (A > 0),

and
K%(C) = BK(Jy),
as we saw in Example 1. Consequently

K(K>) = K%C) x D= BK(Jy) x T.

5. Duals related to hypergroups of non-type I.

In this section we assume given a countably infinite discrete Abelian group G, a
commutative hypergroup H of strong type and an action o of G on H. By Heyer—
Kawakami [9] the semi-direct product hypergroup K = H X, G is defined. As before we
have the induced action & of G on the hypergroup dual Hof H given by

for all g € G, x € H and h € H. The stabilizer of y € H under the action & of G is
again symbolized by G(x). For the subsequent discussion the following Assumptions are
made:

1. The action & of G on H is free, i.e. G(x) = {e} for all y € H except the trivial
character xp.

2. Every orbit in H under the action & of G is relatively compact.

We note that in this case the action & of G on H is non-smooth.
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Under these assumptions K = H X, G has a type II; factor representation and represents
a hypergroup of non-type I.

Now, let I' denote the set of closures of orbits in H under the action & of G. For
O € T such that O # O(xo) and an &-invariant ergodic probability measure p on O such
that supp(i) = O, the canonical type Iy factor representation 7© of K = H x, G is
defined on the space L?(O, 1) ® £?(G) in the following way:
For ¢ € L?(0, p) ® £*(G)

(79 (h, 9)€) (x, k) := x(h)&(d, ™ (x), kg)
whenever h € H, g € G and x € H, ke G. Since

{z(h,9):h € H,g € G} = L*(O,n) x4 G,

79 is a type II; factor representation of K.
Given a type II; factor representation 7 of K we introduce the character ch(w) of 7

by

for all k € K, where 7 denotes the unique trace of the type II; factor 7(K)” (See [3] or
[16]). -

The dual object to be considered in this section will be the set KT of quasi-
equivalence classes of type II; factor representations of the (non-type I) hypergroup K.
We are interested in studying the character set

K(KT) = {ch(r) : 7€ KL} U {1p).
For a type II; factor representation 7w of the hypergroup K = H X, G we write
p = Resgym
and

u := Resgm.

o

Indeed, for the canonical type II; factor representation 7 we have for the restrictions

p© and u© that

(P2 (h)€)(x, k) = x(R)E(x, k)

and

(U8 (x. k) = &(a, (x), kg) (g€ G, x € H,k € H)

respectively.
The von Neumann algebra p(H)” generated by p(H) is commutative, hence isomor-
phic to L>®(O, ) for O € T, O # Oy and an é-invariant ergodic probability measure
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w=: p™ with supp(p™) = O. The corresponding imprimitivity relation
ugp(fluy = p(ag ' (f))

holds, whenever f € L>*(O, u™).

LEMMA 5.1.  Let w be a type II; factor representation of the hypergroup K = Hx,G
with representing Hilbert space H such that p™ = /ﬂo. Then 7 is quasi-equivalent to 7©.

ProOF. For any Hilbert space H we denote by B(#H) and U(H) the spaces of
bounded and unitary operators on H respectively. Since the measure p” is ergodic, we
may assume that

H = L*(0,n) ®Hi, p"(H)" = L=(0,n) @ C
and
p"(H)" = L>(0,p) ® B(M1),
where = p™ = u”o.

Since the von Neumann algebra 7(K)"” is not type I, H; must be infinite-dimensional.
Then we may further assume that

Hi = éz(G)
and
H = L*(0, ) ® *(G).

By applying

and

for f € L*>®(O, u) we see that
ud (u$)* € L®(0, )" = L=(0, p) @ B(*(G)).
Therefore there exists a U (£2(G))-valued 1-cocycle ¢ = ¢(x, k) of G on H satisfying
ug€(x, k) = e(x, k)ud&(x. k) = c(x, k)¢ (a, " (x), kg).-

The cocycle condition reads as

C(X’ k1 kQ) = C(X> kl)c(d];l (X)’ k2)
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for y € H, k1, ks € G. If we take ky = k, ky = k1, then
c(x, kk™) = e(x, k)e(a; (x), k™)
and
c(x, k1) = clx,e) = 1,
where I denotes the identity operator. Consequently,
c(x, k)e(dy (), k™) =1
and
c(ér(x), k)e(x, k1) = 1.
Let W be an operator in U(L*(O, u) @ ¢*(G)) given by
(WE)(x, k) == c(ar(x), k)E(x; )
for £ € L?(O, u) ® 3(GQ). Clearly,
(W) (x, k) = cx. k™E k)
for all Y € H, k € G. Now we obtain that
Wu V" = u?.

Indeed, for &€ € L2(O, 1) @ 12(GQ), x € H, k€ G

(WugW*E)(x, k) = W (ugW*E)(x, k)

= c(ar(x), k) (

= c(@r(x), k)eO ) W*E) (a5 (x), kg)

= c(an(x), k)elx, 9)eldy H(x), g~ ke, (x), kg)

= c(@r(x), k)elx, 9)eldy  (x), g~ el k= HE(a, ! (x), kg)
= c(dr(x), k) Ie(x, k™ HE(6y " (x), kg)

= I¢(, " (x), kg)

This means that the representation u of G is unitarily equivalent to u©, i.e. the repre-
sentation 7 of K is quasi-equivalent to 7©. O

Finally, let L be a compact Abelian group and G a countably infinite discrete sub-
group of L which is dense in L. Suppose that the action & of L on H is free.

LEMMA 5.2.  Under the assumption just stated any G-invariant ergodic probability
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measure p with supp(p) = Orbg(x) = Orbr(x) ezists and it is unique.

PROOF.  Since the action & of L on the orbit O(x) of x in H is smooth and free,
there exists uniquely the ergodic probability measure g on O(x) under the action & of L,
which is equivariant to the normalized Haar measure of the compact group L. The action
& of L on the orbit O(y) induces the continuous action & of L on the C*-algebra C(O(x))
consisting of continuous functions on O(x) with the uniform topology. For f € C(O(x)),
suppose that p(éy(f)) = p(f) for all g € G. Then for any ¢ € L one can take a sequence
91,92, - gn, - - - in G such that

w(de(f)) = lm p(dy, (f)),

n— o0

since GG is dense in L. Hence we have

for all £ € L. This implies f = c-1p(y), c¢ € C. Therefore the measure y is also ergodic
under the action & of G. Let v be an arbitrary ergodic probability measure under the
action of G supporting the orbit O(x). Then this measure v is ergodic under the action
of L so that v = p.

Hence the desired conclusion is obtained. 0

In summary we obtain

THEOREM 5.3.  Keeping the assumptions preceding Lemma 5.2 @\d considering
the semi-direct product hypergroup K = H %, G the character set JC(K) becomes a
commutative hypergroup isomorphic to the orbital hypergroup ICL(]:I) of H under the
action & of L.

ExaMPLE 1 (Discrete Mautner group). Let K =C x,Z C C x, T. Then
[(C)={0":AeRy}

where O = {z € C : |z| = A\}. For each A € R, a type II; factor representation 7 is

defined and
TNK)" = L®(0*) x4 Z
is a type II; factor whenever A\ # 0. Moreover,
ch(m*)(z,n) = Jo(Al2]) - Lo} (1)

for all z € C, n € Z, and IC(I?H\I) is isomorphic to the Bessel-Kingman hypergroup
BK (Jy) of order 0 (See [2]).
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