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Abstract. We study an Appell hypergeometric system FEg of rank four
which is reducible, and show that its Schwarz map admits geometric inter-
pretations: the map can be considered as the universal Abel-Jacobi map of a
1-parameter family of curves of genus 2.

Introduction.

Schwarz maps for hypergeometric systems in single and several variables are studied
by several authors (cf. [Yo]) for more than hundred years. These systems treated were
irreducible, maybe because specialists believed that reducible systems would not give
interesting Schwarz maps.

We study in this paper Appell’s hypergeometric system FE5 of rank four when its
parameters satisfy a —c € Z or a — ¢’ € Z. In this case, the system FE3 is reducible,
and has a 3-dimensional subsystem isomorphic to Appell’s E; (Proposition 1.3). If
a—c,a—c € Z then E3 has two such subsystems. By Proposition 1.5, the intersection of
these subsystems is equivalent to Gauss’s hypergeometric equation E. As a consequence,
we have inclusions on Es, two F;’s and F (Theorem 2.4).

We give in Theorem 3.10 the monodromy representation of the system E5 which can
be specialized to the case a —c,a—¢ € {0,1,2,...}. As for explicit circuit matrices
with respect to a basis Ay, ..., Ay, see Corollary 3.12.

We further specialize the parameters of the system E5 as

in Section 4. In this case, the restriction of its monodromy group to the 2-dimensional
invariant subspace is arithmetic and isomorphic to the triangle group of type [3, 0o, o0].
We show in Theorem 4.1 that its Schwarz map admits geometric interpretations: the
map can be considered as the universal Abel-Jacobi map of a 1-dimensional family of
curves of genus 2.

The system Fs is equivalent to the restriction of the hypergeometric system
E(3,6;az1,-..,a6) to a two-dimensional stratum in the configuration space X (3,6) of six
lines in the projective plane. In Appendix A, we study a system of hypergeometric differ-
ential equations in three variables which is obtained by restricting F(3,6;a1,...,as) to
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the three-dimensional strata corresponding to configurations with only one triple point.
The methods to prove Proposition 1.3 are also applicable to this system under a re-
ducibility condition. In Appendix B, we classify families of genus 2 branched coverings
of the projective line, whose period maps yield triangle groups.

In a forthcoming paper [MT], we study this Schwarz map using period domains
for mixed Hodge structures. Moreover, we explicitly give its inverse in terms of theta
functions.

1. Some generalities on Appell’s systems F5 and F;.

We first review Gauss’s hypergeometric series F', Appell’s hypergeometric series
Fy and F5 together with their integral representations and their systems of differential
equations.

Gauss hypergeometric series

o0 . .
. _ (CL, Z) (ba Z) %
F(a,b,c,x) = ;WJT )
where (a,i) =a(a+1)---(a+1i— 1), admits an integral representation:

L(a)T'(c—a)

cr) = ! a—1 _ 4\c—a—1 —tr —b
P b.e) /Ot (1= £)==1(1 — tz)~tdt

1
= constant x / (1 =) (@ — ) Pdt.
oo

The function z = F' is a solution of the hypergeometric equation
E(a,b,c;x) : P(a,b,c;z)z =0,

where

P(a,b,c;x) = D(c—1+ D) —z(a+ D)(b+ D), D:x%.

The collection of solutions is denoted by S(a, b, ¢; x).
Appell’s hypergeometric series

(ai + )bV ),

Fi(a,b,b ¢ =
1((17 9 acawvy) Z (C,’L-i—j) Z']' Ty

1,j7=0

admits an integral representation:

F(a)r(c_a) a ! o _ ! a—1/1 _ p\c—a—1/7 _ T —brq _ -
SO A e = [T -0 ) - )

The function z = Fj is a solution of the hypergeometric system
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(D(c=1+D+D")—z(a+D+D")(b+D))z=0,
Ei(a,b, V', c;x,y) :
(D'(c=14+D+D")—yla+ D+ D" +D"))z=0,
where D = x0/0x, D’ = y0/0y. They can be written as
Pi(a,b,V,c;x,y)z = Q1(a, bV, c;x,y)z = Ry(a,b, b, c;z,y)2 = 0,
where
Pi(a,b,b,c;z,y) = 2(1 — 2)0pz + y(1 — 2)0py + (¢ — (a + b+ 1)x)d, — byd, — ab,
Q1(a, bV, c;2,y) =y(1 — y)Oyy + (1 — y)Oys + (¢ — (a + V' + 1)y)d, — V'xd, — ab’,
Ri(a, bV, c;x,y) = (x — y)Dyy — b/ 0y + by,

and 0, = 0/0x, etc. The last equation Ry(a,b,b’,c;x,y)z = 0 is derived from the
integrability condition of the first two equations. The collection of solutions is denoted
by Sl(a7 ba b/u T, y)

Appell’s hypergeometric series

(a,i+j)(bai)(b,vj)xi J

Fya,b,b . c,c; =
2(&, ) 7C’C7I’y) Z (c,i)(d,j) 7! j'

§,j=0
admits an integral representation:

T(b)T(H)D(c — HT( — )
)L()

I(c
1 1 ’ / ’
= / / STV — )T (1 — )¢ Y (1 — sz — ty) T dsdt.
o Jo

F2(a7 ba b/a c, C/; 1‘,?})

The function z = F; satisfies the system
Ex(a, b,V e,c52z,y): Pa(a,b, b c,dsm,y)z = Qa(a, b, b, c,dsx,y)z =0,
where
Py(a,b,b',c,c52,y) = D(c—1+ D) —xz(a+ D+ D")(b+ D),
Q2(a,b, b, c,d;z,y)=D'( =14+ D')—yla+ D+ D" + D").
The collection of solutions is denoted by Ss(a, b, ¢, ;s x,y).

1.1. Reducibility conditions for E5; and E;.
As for the reducibility of the systems Ey and Ej, the followings are known:

Fact 1.1 ([Bod]). Appell’s system Eaz(a,b, V', c,c') is reducible if and only if at
least one of



566 K. MatsumoTo, T. SASAKI, T. TERASOMA and M. YOSHIDA
a, b, v, c—b, =V, c—a, d—a, c+c —a

18 an integer.

FacT 1.2 ([MS]). Appell’s system F1(a,b,b',c) is reducible if and only if at least
one of

b+b —c b b, c—a, a
18 an integer.

1.2. System E3(a,b,b’,c,c’) under a = ¢'.
The system Es(a,b, b, c,c) is reducible when a = ¢’ (see Fact 1.1). In fact, we see
that the system Fj(b,a — ', b, ¢) is a subsystem of Fy(a,b, V', ¢, a); precisely, we have

ProrosiTION 1.3.
(1 - y)_b/S2 (a7b7 b/,c,a;:v, _1yy> D) Sl(b>a‘ - b/,b/7c;$7$(1 - y))

We give three “proof”s: one using power series (Subsection 1.2.1), one using in-
tegral representations (Subsection 1.2.2), and one manipulating differential equations
(Subsection 1.2.3). The former two are valid only under some non-integral conditions
on parameters, which we do not give explicitly. Though the last one is valid for any
parameters, it would be not easy to get a geometric meaning.

1.2.1. Power series.
The following fact explains the inclusion in Proposition 1.3.

Fact 1.4 ([B, p.80]).
(1 - y)iblFQ (a7b7 b/7ca a; T, 13?/) = Fl(ba a— b/7b/5 C;xv‘r(l - y))

1.2.2. Integral representation.
We consider the integral

= // 1Y =11 — g)e=b=1(1 _ )¢V 1(1 _ g3 — ty)~adsdt,

which is a solution of the system Es(a,b,V,c,c¢';x,y). We change the coordinate ¢ into
T as

pt

= — =1—-y— sz,
1—sz—uyt b 4

T

which sends
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The inverse map is

1—sx
t= T, q=yT +Dp.
q
Since
1— 1- 1-
1_t:w, l—sm—ty:ﬂ7 dt:%cﬁﬂ-*d&
q q q
we have

7= // Sb71(1 N S)cfbfl(l N Sm)b’fapc’fb'fa ~Tb,71(1 N T)c'fb'fl . qaiC/deT.

This implies, if a = ¢/, then the double integral above becomes the product of the Beta
integral

/Tbl*l(l — T)Cl*b/fldT
and the integral
J= /sb_l(l — )l - sx)b,_apc,_b/_ads

—b
=(1-y /sb*1(1 —§)e (1 — sz)¥ e <1 1 i ys) ds,

which is an element of the space (1 —y)~"'S1(b,a — V', ¥, ¢;z,2/(1 —y)). This shows

SQ(a7b7 b',qa;x,y) > (1 - y)_blsl (b7a - b/,b',c;x7 1$> 9
-y

which is equivalent to

(1— y)_b/Sg (a,b, b,c a;z, 1 y ) D Si(bya =V, c;x,x(1 —y)).

The bi-rational coordinate change (s,t) — (s,7) is so made that the lines defining
the integrand of the integral [[---dsdt may become the union of vertical lines and
horizontal lines in the (s, 7)-space. Actual blow-up and blow-down process is as follows
(see Figure 1). Name the six lines in the st-projective plane as:

by :5=0, ly:t=0, l3:5s=1, ly:t=1, l5:1—sx—ty=0, Lg: 0.
Blow up at the 4 points (shown by e)
62065, [40[5, 61063066:0:1:07 £2ﬂ£4ﬂ£6:13020,

and blow-down along the proper transforms of the line /45 and two lines:
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13 25 45/ 6
\ \ \
136 :
4 \
\
\
\\”’,
""\
\
2
5
25 45 246
1 3 25 45 246 136
5
2
4

Figure 1. Birational map (s,t) — (s, 7).

25": 1—sx=0 and 45 : p=1—y— sx;

these three lines are dotted. This takes the st-projective plane to P!(s) x P}(7) . In the
figure, lines labeled 1,2, ... stand for ¢1,/s,..., and the lines labeled 25,45,246 on the
right are the blow-ups of the intersection points £o N l5, €4 N L5, fo Ny N Lg, Tespectively.
The line obtained by blowing up the point £ N¢3N¥fg =0 :1:0 is the line defined by
q = y7 + 1 — y — sz, which should be labeled by 136.

1.2.3. System of differential equations.

A proof of the inclusion in Proposition 1.3 that is valid for any parameters is done
as follows. Let z be a solution of the system Ej(a,b,b’,c;x,y). Then, the system Ej :
Pz = Q1z = R1z = 0 yields C(z,y)-linear expressions of z,, 25y and zy, in terms of
Zz, %y and z. Substitute these expressions into the system Fy : Poz = Q22 = 0. Then,
we get two linear forms in z,, 2, and z. We now have only to see their coeflicients vanish
for the given parameters after a change of coordinates and a change of the unknown by
multiplying a simple factor. We do not here present the actual computation, because if
we put 22 = 0 in the proof of Proposition A.1 in Subsection A.3, manipulating differential
equations, it gives essentially a proof of Proposition 1.3.

1.3. System E3(a,b,b’,c,c’) under a =c=¢'.
When a = ¢ = ¢, applying Proposition 1.3 also for a = ¢, we see that the system
Es(a,b,b,a,a) has two subsystems isomorphic to F;. The intersection of the two Ei’s
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would be the Gauss’s hypergeometric equation. In fact, we have the following proposition.

PROPOSITION 1.5.

_ v xy
SZ(CL, b7 b/7a7 a; ‘T7y) ) (1 - J?) b(l - y) b S <b7 blv a; ) .
(1—2)(1-y)
Similar to the argument of the previous Subsection, we can give three “proof”s: one
using power series, one using integral representations, and one manipulating differential
equations. We give a sketch of them in the following.

1.3.1. Power series.
The following identity explains the inclusion above.

Fact 1.6 ([B, p.81]).

_ Y Ty
Fy(a, bt a,a;z,y) = (1 —2) "1 —y) " F (b,b',a; > .
(1-=z)(1-y)
1.3.2. Integral representation.
We continue the argument in Section 1.2.2. In the integral J in Section 1.2.2 above,

change the coordinate from s to o as

1—
S:%a 02%7 M=zo+1-2x
sending
s=0,1, — to o0=0, 1, oco.
x
Since
1— _ _ _ ) —
1_S:M7 TP ek L _ (=2 -y) Yo
M M 1—y (1-y)M
we have

TYyo

J=(1-a) " (1—y) " /ab—lu — o)t (1 ol Gy > N M*~*do.

This implies, if a = ¢, then

J=(1-2)"1-y " /ob71(1 — )bt (1 - %) B do.

This shows

(1 - y)iblsl (bva - b/a b/a a; T, 1iy> 2 (1 - 1,)76(1 - y)ibls <ba b/a a; xy) )
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which of course implies the inclusion relation in Proposition 1.5 by combination with
that in Proposition 1.3.

1.3.3. System of differential equations.

Put
z=(1—-2)"%1 - _b/ut, tZL.
We have
Zp = (1 _ x)_b(l _ y)_blu/ti b, 2y = (1 _ x)_b(l _ y)_b’u//(tI)Q 4o,

and so on. Assume that u(t) € S(b,V',a;t). The equation P(b, V', a;t)u(t) = 0 gives a
linear expression of v’ in u’ and u. Substitute these expressions into

Py(a, b,V a,a;2,y)z = 2(1 — 2) 25y — TYZay + -+,

then we get the product of (1 —z)(1—y)~* and a C(z, y)-linear combination of u and
u’. The coefficients vanish if a = ¢. If we do the same for Q2(a,b, V', a,a;z,y)z, then we
find that it vanishes when a = ¢’.

2. Solutions expressed as indefinite integrals.

We show that some indefinite integrals solve the system Fs(a,b,b’,a,a). We begin
with some well-known facts.

LEMMA 2.1.

P(a,b,¢;2)® = b 2 (<1—>¢,> ,

Os \ x—s
where
P(a,b,c;z) =D(D4c¢—1)—x(D+a)(D+b), &=s5""%1—-s°z—s)"
ProOOF. Note that

c—a—1

(D+Ds+

This implies

Since
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po= "o Divp=——0 bp.+1=2s
] ] s
we have
PO — <D8+(c—a—1)s 1) bx —ac(Ds—l—C a—1+1) bs }<I>
1-s T—S — T —S
1
=bx(Ds; +1) °
x—s

0 (s(l—ys)

br— O
0 <m—s )

LEMMA 2.2.  The indefinite integral
u= / dds, D =s""°1-s) " t—57" pe{0,1,t 00}
P

solves Eq(a,0,b,¢;s,t). In particular, S1(a,0,b,c;s,t) D S(a,b,c;t).

PROOF. Since us; = ®, we have

B b—c c—a-—1 -b B —b
tss = s 1—s5 t—s )t Ut T s

Lemma 2.1 leads to

P(a,b,c;t)u = bts(t1 —9) Us.

— S

Let P1,Q; and R; be the operators generating the system Fj(a,0,b,c; s,t):
Pi(a,0,b,¢;8,t) = s(1 — 8)0ss +t(1 — 8)0st + (¢ — (a + 1)s)0s,
Q1(a,0,b,¢;8,t) =t P(a,b,c;t) + s(1 — t)Ds; — bsOs,
Ri(a,0,b,¢;8,t) = (s — t)0st — bOs;

refer to Section 1. Note that ¢t71P(a,b,c;t) = t(1 — ¢)dy; + ---. By using the above
identities, we have

Riu= (s —t)ust — bus =0,

and

plu_s(l@(bccal b)us+t<ls> Mt (e~ (at D)s)us =0,

s 1—s t—s s —

Qiu = bts(tl _ss)us + (S(sl—_tt) — bs) ugs = 0.

Furthermore, for z € S(a,b,c;t), the forms of operators above imply that z lies in
S1(a,0,b,¢;s,t). O
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We now use the following fact:

Facr 2.3 ([B, p.78)).

Fi(a, bt c;m,y) = (1 —2)""F, b=V — L)
1(@7, 7C7$7y) ( :C) 1(@,0 5 707171‘7171'

From this fact we get, when ¢ = b+ V',

—a —XT — X
Si(a,b, b, b+ b5 2,y) = (1—2)7S (a,O,b’,b+b';1_g;»?_a;>.

If we put

then

Thus we have

52(aa ba b/7 a7a;l’7y) ) (1 - y)_blsl (b7a - b/7 bla Qa; T, 1I>
)

_ _oN=b _ )0 | " a —T zy
=0 (b0 L )

S(A—y) (1 —2)ts (b, v, a; (1—;?1—9)) .

This agrees with the inclusion in Proposition 1.5. In particular, by the inclusion

— NP (1 — b ! . g Y
(1 y) (1 l’) 52(a7babaa,a7xay)DS1 <b’0’b’a’1—x’(1—w)(1—y))

and Lemma 2.2 we get a solution of Ey(a,b,b',a,a;z,y)(1 —y)? (1 — x)? represented by
the indefinite integral:

fii= / s T ay —s) Vs, w= oy =
0

The starting point of the path of integration can be any point p € {0,1,¢,00}, so we
choose p = 0, just for simplicity. By exchanging the role of x and y, we get an inclusion

1— )" (1 —2)"Sa(a,b,¥, a, a3 b.b,0,a; Ll —
( y) ( iL’) 52(a7 ’ aava,xay)351< ) aoaav (1—1‘)(1—:(/)’1—:(/

and another solution of (1 — y)b,(l —2)"Ey(a,b,b,a,a;x,y) represented by the indefinite
integral:
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y ’
/ sP71 = 8)2 7 Y ay — s) " ds.
0

After the change s — xy/s, it can be also expressed as

fo = (zy) 2Tt / 1 = 8) P (wy — 5)* Y s
0

Thus, we have:

THEOREM 2.4. We have the following inclusions of the spaces of solutions:

1—y)¥ (1 —2)"S2(a,b,¥/, a, a; b0, 0 T e
( y) ( IZ’) 52(047 ) ,a,a,a:,y) :)Sl ( ’0’ ' & 1 —Jj’ (1 —.’17)(1 _y)
U U

Ty -y Ty
S1(V,0,0,a; , )D S(b,b’,a;).
( I-2)(1-y)1-y (1-2)(1-y)
Moreover, the collection of solutions (1 — y)b/(l —2)S5(a, b,V ,a,a; x,y) is spanned

roo Ty
by flaf? and S (babaaa (1 —(E)(]. _y)) .

This will play a key role to understand the Schwarz map of a system FEs with specific
parameters, which will be introduced in Section 4.1.
3. Monodromy representation of E,.

In this section, we study the monodromy representations of local systems associated
with Ea = Fs(a,b,b,c,c’). Though it is assumed in [MY] that the parameters satisfy
the irreducibility condition in Fact 1.1:

a, by, c—b, -V, a-—c—¢, a—c,a-c ¢17Z,
in this section, we only assume the weaker condition
a, b, b, c—b, —b,a—c—c ¢7Z. (3.1)

We modify Theorem 7.1 in [MY] so that the statements remain valid for these parame-
ters. We will apply the result of this section in Section 4.4.

3.1. Twisted homology groups and the intersection form.
Let

X ={(z,y) € C?* | z(z — Dy(y — 1)(z +y — 1) # 0}

be the complement of the singular locus of F5. For each (x,y) € X, we consider a
multi-valued function

=101 =) T (1 = 1) Y TN =ty — tay)
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on

Ty = {(t1,t2) € C* | t1(1 — t1)t2(1 — t2) (1 — tyz — tay) # 0}

As in Section 1.6 and Section 1.7 of Chapter 2 in [AK], we define the twisted homology
group H(T,.,,v) associated with ¢ and locally finite one HX(T, ,,v). Under some
genericity condition, the integral of ¢ over a twisted cycle gives a solution of Fj.

If a—c, a—c ¢ 7Z, then the natural map 1 : Ha(T} . ) — HY (T, ) is bijective,
and the inverse map reg : HY (T} ,,%) — Ha(Ty 4, %) is called the regularization. In
general, the map + : Ho (T}, 1) — HY (T} ,, 1) is neither injective nor surjective, however
we still have the isomorphism

reg : Im(e) = Ho(Ty,y,¥)/ ker(e).

Under the condition (3.1), thanks to the vanishing theorem of cohomology groups
in [C], the ranks of HY (T, ,,v) and H2(Ty,,v) are equal to the Euler characteristic
X(Ty,y) =4 of T, ,, and the bilinear form—the intersection form—

3: HY(Tyy,¢0) X Ho(Tyy, 0™t — C

is non-degenerate.

3.2. Monodromy representation.
Under the condition (3.1), we consider the monodromy representations of the local
systems

HiW) = | HY(Toyv), Ho( )= |J Ho(Tuy, v ™)

(I7y)€X (I,y)GX

over X. By adding the condition
a—ca—c ¢{-1,-2,-3,...}, (3.2)

we can identify the local solution space to E3 on a small simply connected domain
U C X with the trivial vector bundle J, , ¢ HY(T,,,v) via the Euler type integral
representation of solutions to E5. In this case, the monodromy representation of Fj is
equivalent to that of the local system HY (¢)). However we do not assume (3.2) in this
section.

We fix a small positive real number ¢, and let (g,£) be a base point in X. Denote
the germs at this point of the local systems HY (1)) and Hz(p~1) by

H;f(Tﬂb)? Hz(Tﬂb_l), T:Te,67
respectively. Let

M* 7y (X, (g,€)) 3 p = ME € GL(HS (T, ),

M1 mi(X, (e,€)) 2 p s M, € GL(Hy(T, "))
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be the monodromy representations of HY (1) and Ha(¢~!) with respect to (e,e). MH

and M;“ are called the circuit transformations along p.

PROPOSITION 3.1. (1) The image Im(2) of the natural map v : Ha(T,v) —
HY(T,v) is invariant under the monodromy representation M*".

(2) The kernel ker(:') of the natural map o' : Ho(T,yp~™1) — HY(T, 1) is invariant
under the monodromy representation M™H,

PrOOF. (1) It is clear that the space Ha(T, ) is invariant under the monodromy
representation MV”, which is the monodromy representation on Ho(T),1) (replacing 1"
as ). Since the map ¢ commutes with small deformations, the space +(Ha(T, 1)) is
invariant under M*.

(2) Since the map ¢ commutes with small deformations, ker(:') is invariant under Mn,
O

REMARK 3.2. We will see that if a — ¢ € Z or a — ¢ € Z, then both of Im(2)
and ker(+') are proper subspaces. Thus monodromy representations M*# and M™# are
reducible in this case.

LEMMA 3.3. (1) Let A and A be elements of HY(T, %) and Ho(T, 1), respec-
tively. Then we have

IME(A), M (A)) = 3(A,A).

(2) Suppose that W = HX(T 1)) is decomposed into the direct sum of the eigenspaces
Wi, ..., Wy of MY of eigenvalues Ay,...,Ar. Then W = Hy(T,%~1) is decom-

posed into the direct sum of the eigenspaces Wl, oW of Mv;” of eigenvalues

)\fl, ..., A L The eigenspace WZ 1s characterized as
W, = ﬂ WjL, le ={we W |J(wj,w) =0 for any w; € W;}.
1<j<r

Proor. (1) The intersection number J(A, A) is stable under small deformations
of A and A.

(2) Take a basis wy, . .. w, of W consisting of eigenvectors of MZE. Since the intersection
form J is non degenerate, there exist wi,...,w, € W such that J(w;, w;) = d;; (Kro-
necker’s symbol). By (1), w; is an eigenvector of the reciprocal of the eigenvalue of w;.

These bases of W and W imply the assertion (2) in this lemma. O

3.3. Twisted cycles.
Let O; (¢ =1,...,6) be locally finite chains shown in Figure 2. We specify a branch
of 1 on each chain by the assignment of arg(f;) on it as in Table 1, where

flztlv f2:1_t17 f3:t27 f4:1_t27 f5:1_t1$_t2y7
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>
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Os
{ y— /D2
453\51 Os
p— s >t
gJ
0 ‘ ‘ 0y %

Figure 2. 2-cycles.

Table 1. List of arg(f;) on ;.

fi=ti| fo=1-t1 | fa=ta| fa=1—ta| fs=1—t1m—tay
h 0 0 0
) s 0 ™ 0
s —T 0 0 0 0
[y 0 -7 0 0
U5 0 ™ 0
s T 0 0

and load 1 to get the locally finite twisted cycles Dj’ € HY(T,v). Tt will be shown that
A = Dllp, VAV DZ’ form a basis of Hi(T,) in Corollary 3.6.
We choose elements in Hy(T,9~1) as

1

A =reg(Dy ), Ay =reg(dy ),

&3 = (u125 — l)reg(D,ébi ), 54 - (,u'345 - 1)I‘eg(|:|zf7 )7
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Figure 3. Exponents around the line at infinity.

where fi;5... = ppt; - - and

— 6271'\/—117 27/ —1(c—b) _ 6277\/—11)/ 2my/—1(c'=b") —27y/—1a

M1 y U2 =€ y M3 y He =€ y M5 = €

Note that in terms of p;’s the irreducibility condition in Fact 1.1 is
pi(i=1,...,5), 12345, H125, M3as # 1,
the condition (3.1) is
pi(i=1,...,5), pi2zas # 1,
and (see Figure 3)
c—a€Z puos=1, ¢ —a€Z <& a5 =1,

and that (a,b,V',¢,c) = (4/3,2/3,2/3,4/3,4/3) satisfies (3.1) and p;j, = 1 for any 1, j, k.
Explicitly, A3z and A4 can be written as:

et [T )< =N
S [ QECESH x +[6,1-0] - ,
(hras >[<M1251 Y pyt -1 pat =1 [ | pyt =1

o o o 1 o5 \1°
(Yo

where § is a small positive real number, [—1/§, —4] and [, 1 — §] are closed intervals, OF
is the negatively oriented circle of which radius, center and terminal are 1/4, 0 and —1/4,
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Oqi (¢ = 0,1) is the positively oriented circle of which radius, center and terminal are 0,
q and g £ 6.

Notice that the definition of the twisted cycles A, (i =1,...,4) makes sense even in
the case a—c € Z or a— ¢’ € Z. Indeed, this specialization gives no harm to A, (i=1,2),
and thanks to the above expression, when p125 = 1 and pg45 = 1, we have

—1

N + - ¥
Ra= o x (g o - )|
p —1 g —1
< of o v
A4={<_1°+[5,1—5]—_11>x@;] ,
py 1 Ho =1

respectively.

REMARK 3.4. Suppose that a — ¢, a — ¢ € Z. Then the twisted cycles z’(ﬁg)
and 7/(Ay) are homologous to 0 in HY (T, 1), since they are the boundary of locally
finite 3-chains given by the replacement O — © in their expressions, where ® is the
annulus {t € C | 1/§ < |t|}. They belong to ker(2'). By Proposition 3.5, it turns out that
Im(2) is spanned by A; and As.

3.4. Intersection matrices.
PROPOSITION 3.5.  The intersection matriz H* = (J(A;,4A;))

A, ..., Ay € HYT, ¢) and Ay, ..., Ay € Ho(T, ™) is given by

1<iji<a JOT

(p12 = 1) (pza — 1) 1 i (pza — 1) (125 — 1) p3(pi2 = 1) (pza5 — 1)

(1 = D(p2 — D(ps — 1)(pa — 1) (H2 = 1)(pa — 1) (i =Dz = D(ua — 1) (= Dp2 — (ps — 1)
Ho4 Hoas — 1 0 0
(p2 = 1)(na = 1) (2 = 1)(pa — V(s — 1)
_ pag —1 0 pa(psa — 1)(pos — 1) H3(pizas — 1)
(= D(ps = 1)(pa — 1) (= D(ps — 1) (pa — 1) (1= D(ps —1)
_ paz —1 0 pa(pzs — 1) H3(pa2 — 1)(pas — 1)

(11 = 1) (p2 — 1) (us — 1) (1 = 1)(ps = 1) (1 — 1) (p2 — 1) (us — 1)
Its determinant is

p123a(ps — 1) (12345 — 1)
(11 = 1) (p2 — 1)% (s — 1)?(pa — 1)’

which does not vanish under the assumption (3.1).

ProOF. Follow Section 3 of Chapter VIII in [Yo] for the computation of the
intersection numbers. By a straightforward calculation, we have its determinant. O

Proposition 3.5 yields the following corollary.

COROLLARY 3.6.  The twisted cycles Aq,...,Ay and 31, e Ay form a basis of
HY(T, ) and that of Hy(T,1), respectively.

We express the twisted cycles Dg and DZ’ as linear combinations of A;.
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LEMMA 3.7. We have

-1 -1

Df,f _ Hapls H345 As,
ps — 1 ps — 1
-1 -1

Dg’ _ M2 s H125 As.
ps — 1 ps — 1

PROOF.  Set
4
OF = %A= (n,-7) (At A),
=1

and compute the intersection numbers j(Dg’, El) Then we have

(91,72, 73, 7)) H" = (305, Ay), ..., 3(0F, Ag))
_ ( —pa(papie — 1) —(paps — 1) pipea(pizs — 1) 0)
(=) (p2 = D)(pa — 1) (2 = )(pa — V(s — 1) (1 — D(pa — 1)/

Thus the vector (v1,72,73,74) is given by the right multiplication of the inverse of H*
to the last term.
Since

(j(Dg)v El)a LRRE 3(52/)’ 84))

_ ( —p2(p3ps — 1) —(pops — 1) 0. Hets(pass — 1) )
(2 = 1) (s = 1)(pa — 1) (p2 — 1)(pa = (s — 1) 7 (2 — 1)(pz — 1)/

we have the expression of Dg. g

REMARK 3.8. In [MY], we take a basis Ay, Ao, Dg and Elg of HY(T ). If
a—c,a—c €Z, then each of Dg’ and Dg’ is a scalar multiple of A; by Lemma 3.7.

Similar to Lemma 3.7, we have the following.

LEMMA 3.9. We have

P paps —1 < 1 N
reg((dy ) =— Ay — 4,
° pia(ps — 1) pispa(ps — 1)
- 1 -~ 1 -
reg(Dlﬁ[) 1) — M2 s A

_ L
po(ps — 1) pa ez (s — 1)

3.5. Circuit transformations.

3.5.1. Generators of the fundamental group.

We give generators of the fundamental group (X, (¢,¢)). Let p1 (and ps, ps) be a
loop in

L, ={(z,e) €eC? |z #0,1—¢,1}
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starting from (z,y) = (&,¢), approaching to the point (z,y) = (0,¢),(and (z,y) = (1 —
g,€), (1,¢)) with Im(z) > 0, turning once around the point positively, and tracing back
to (e,€). Let pa (and p4) be a loop in

Ly={(e,9) e C* |y #0,1—¢,1}

starting from (z,y) = (¢, ¢€), approaching to the point (z,y) = (¢,0), (and (z,y) = (¢,1))
with Im(y) > 0, turning once around the point positively, and tracing back to (g,¢). By
van Kampen’s theorem, it is seen that the loops p1,..., ps generate 71 (X, (¢,¢)). The
circuit matrices of M* and MH along p; will be denoted as

M= ME MH =M (i=1,...,5).

3.5.2. Expressions of the circuit transformations.
THEOREM 3.10.  Under the assumption (3.1), the circuit transformations MY €
GL(HY(T,v)) (i=1,...,5) are given as

Mlli(A) = ,u1_21A - (:ul_Ql - 1) (3(Aa 31)’ j(Aa 34)>Hf4_1 <21> ) (3'3)
ME(A) = iz A = (' = 1)(3(A,80),3(A, &) ) HY ™ (i) :

3

MEA) = A— =125 57 R,y)A,,

I(Ag, As)
1 — paas X
MY(A)=A — ————T(A, A145)A145,
! I(Auss, Avas)
1 = 1o ~
Mg(A) =A Hass j(Av A235)A235a

I(Aass, Aass)

where A is any element of HX (T, 1), H{‘J (j = 3,4) is the submatriz of H* consisting of
the (1,1), (1,7), (4,1) and (4,4) entries of H*, and

Aqgs = Ao + D‘f, Agzs = Ay + Déﬂ
~ ~ 1 ~ ~ -1
A145 = Ag + reg([lg) ), A235 = AQ —|— reg(Dg )

PRrROOF. Under the condition ¢, ¢ Z, the linear transformation MY} satisfies the
assumption of Lemma 3.3 (2). In fact, a fundamental system of solutions can be given
by the hypergeometric series F5 multiplied by the power functions

1 xl—c yl—c/ xl—cyl—c'
Thus the eigenvalues of M4 are 1 and e=2"V~1¢ = ;1! and each of the eigenspaces is
two dimensional. It is easy to see that the locally finite chains [J; and s are invariant
under the deformation along p;. Hence the twisted cycles A; and A4 span the eigenspace
of MY of eigenvalue 1. Similarly, we can show that the twisted cycles Ay and A4 span
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the eigenspace of MV;“ of eigenvalue 1. By Lemma 3.3 (2), the eigenspace of MY of
eigenvalue pj, is

(Ar, At ={A € HY(T,¢) | 3(A, A1) = 3(A,Ay) = 0}
It is easy to see that the right hand side MY of (3.3) satisfies
MED) =8y, j=1,4,  M{A) = pp A, Ae (A At

By Proposition 3.5, Ag,...,A, form a basis even in the case ¢ € Z or ¢ € Z. Thus
the representation matrix M}" of M/ with respect to this basis is continuous on the
parameters a,b, V', c,¢’. On the other hand, the expression M/ is also continuous since
the factor 12 — 1 in the denominator of

(pa — D)(pas — 1) (pa — 1)(p3a5 — 1)

(HE)! = (1 —1)(p2 — 1) pa(ps — 1) fraps — 1)
1 p12 — 1 pg — 1 p3a — 1
paalps — 1) p3a(ps — 1)

cancels with the factor M1_21 — 1 in the righthand side of (3.3). Similarly, we have the
expression of Mj.

To study M¥, we work temporarily under the condition 235 # 1. We decompose
ps into ps - pg - ﬁgl, where ps is the approach to x = 1 and pg is the turning path.
We trace the deformation of the triangle (o35 made by s and g along ps. After the
deformation, this becomes a small triangle near the point (¢1,¢2) = (1,0). We see the
argument of fy = 1 — t2 on this triangle. Since y = ¢ and Im(z) > 0 in ps, t; > 1 in this
triangle, and

17t2:(€71)t2+zt1

on the line 05 : f5 = 0, f4 = 1 —t5 varies negative to positive via the upper-half space, i.e,
arg(f4) decreases by 7 along ps. Note that this change is compatible with our assignment
of arg(fy) on Oy and g in Table 1. Thus the twisted cycle Agzs = Ag + Dg’ plays the
role of a vanishing cycle as the line ¢5 approaches the point (1,0). Since pg corresponds
to the move of f5 turning around the point (1,0), the cycle Asgs is an eigenvector of
ME of eigenvalue po35. We can similarly show that 8235 is an eigenvector of Mvg“
of eigenvalue pgy. On the other hand, we can find three chambers not affected by
the move of the line ¢5 along p2. For example, O3, {(t1,t2) € Ry | t; < 0,t2 < 0}
and {(t1,t2) € Ry | t1 > 1,82 > 1}. Hence MY has a three-dimensional eigenspace of
eigenvalue 1. Lemma 3.3 (2) yields that this eigenspace is expressed as

(Agss)t = {A € HY(T, ) | 3(A, Agzs) = 0}

So MY has desired eigenvalues and eigenspaces. Since the factor

L—po3s o H23s — 1 _ B o B
3(Aazs, Aggs) t M%S)/ ((l@ = 1) (ps — 1) (u5 — 1)) (2 = Dloss = L)lss = 1)
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is continuous on pogs at 1, the expression of MY is valid even in the case paszs = 1.
Similarly, we have the expressions of M4 and M}. O

COROLLARY 3.11.  Under the assumption (3.1), the circuit transformations .//\/lvl_“ €
GL(Hy(T,y~Y)) (i =1,...,5) are given as

i@ - 053 (3
i@ = (3,3) (2
3

o~ o~ ~ —_ 71 ~ ~
Mo#A) = A — L= F2i5 500, RYA,,
3(Ag, Ay)

— ~ ~ 1 — l’[’_l ~ o~
MMA)=A - ——5F(Ay5, A)Ayys,
! I(Aas, Ass)

— ~ ~ 1— //[/71 ~ o~
MH(A) = A — ——25 _5(Agz5, A)Aoss,
g J(Asss, Aass)

where A is any element of Hy(T, 1),

3.5.3. Circuit matrices.

Let M/ and M, " (i = 1,...,5) be the circuit matrices along the loop p; with respect
to the basis *(Aq,...,Ay) of H¥(T,4), and to (Ay,...,Ay) of Hy(T,y1), respectively.
That is, we have transformations

Aq Ayq
: ’—)M” s (51,...7£4)'—>(&1,...,54)]/—\%—”
Ay Ay
by the continuation along p;.

COROLLARY 3.12.  The circuit matrices are expressed as
Ml = NIy — (A — DHPRy(RH'R;) 'Ry (i = 1,2),
MF =1, — (1= X)) H*F(ry H*7) " 'ry (5 =3,4,5),

. 1 1 _ ~
Mt = ;14 - ()\_ - 1) Ri(R;H" 'R))"'R;H" (i=1,2),

—~ 1 _ .
M]‘_M = ‘[4 - (1 - )\) Tj(erurj)_leru (.7 = 3743 5))

J

where

M =1, Ao =p3l, A3 =fopaps, A= pipaps,  As = papsis,
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1000 1000
R, = . Ry— s =(0,1,0,0),
' (0001) ’ (0010) 3=l )
5 — 1 -1 5 — 1 =—1
ry = (_lhm 1,0, _ M345 ) . rg = (_I’LQO ’ 7_M12o 70> 7
ps —1 ps —1 ps — 1 ps — 1
—(pa5 — 1) —(p25 — 1)
prapis — 1) pa(ps — 1)
~ ~ - 1 - 1
Ri="'Ri, Ry= 'Ry, T3="'r3, Tu= 0 ;T = 1
~1 piz(ps — 1)
paa(ps — 1) 0
Their explicit forms are
1 0 0 0
(1 —1)(paps —1) 1 o (= D(uses — 1)
P — pa (ps — 1) [11 2 pa(ps — 1)
1 — )
— —1 1
(2 ) 0 0
12 H1p2
0 0 0 1
1 0 0 0
(s = Dlpops = 1) 1 (us = Dues =1
MY = pa(ps — 1) H3ha ps(ps — 1) 7
0 0 1 0
— —1 1
(p1a ) 0 0
3 a M3l
1 s — 1 00
0 0 0
M?f‘ _ H245 :
0 0 1 0
0 0 01
1 — p1 + pass —p1(ps —1) 0 p1(p3as — 1)
—(p1 — 1) (paps — 1) —(p1 — 1)(p3a5 — 1)
M/:, _ M1 0
4= ps —1 ps — 1 )
—(paps — 1) ps—1 1 —(psa5 — 1)
0 0 0 1
1 — p3 + poss —p3(ps — 1) ps(pi2s — 1) 0
) —(ps — 1) (pops — 1) s —(ps = D(mzs —1)
My = ps — 1 ps =1 ’
0 0 1 0
—(p2ps — 1) ps — 1 —(p25 — 1) 1




584 K. MatsumoTo, T. SASAKI, T. TERASOMA and M. YOSHIDA

—(p1 — 1) (paps — 1)

1 p1(p2 — 1) (p12s — 1) 0
pia(pis — 1) ( 3
—~ 0 0 0
M;" = HLk2 7
0 0 12 0
(-1
papra(ps — 1)
—(p3 —1)(pops — 1)
1 0 p3(pa —1)(p3as — 1
p2(ps — 1) ( ) )
. 0 0 0
M;H _ M3 4 ’
—(us — 1)
0 T 1 0
pap2(ps — 1)
0 0 0 3 g
1 0 00
— —1 1
. (1s — 1) 00
M;" = M5 H245 )
0 0 10
0 0 01
1= paps + puas - (o = D(paps — 1) (paps = D(pzs — 1)
1145 pipia(ps — 1) Hhafts
. ps — 1 1 —(ps — 1)(p125 — 1)
u Lt B =
M, "= H1ls 251 M5 )
0 0 1 0
-1 pr—1 pios — 1 1
K134 ft5 p134(ps — 1) H345
1= piops + poss (s = D(paps —1) - (paps — 1)(pzas — 1)
H235 papis(ps — 1) Haps
. ps — 1 1 0 —(p5 — 1) (pzas — 1)
Mo * = J3tis s 1o
-1 ps — 1 1 p3as — 1
H123H5 pa23(ps — 1) H125
0 0 0 1
They satisfy
MFHMM " = H* (i=1,...,5).
Under the additional condition (3.2), M!', ..., MY are regarded as circuit matrices of

Es(a,b,b'c,c).

ProoF. We identify

4 4
A=>"zA € HY (T, W), A=Y ZA; € Hy(T,y™)

i=1 i=1
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with the row and column vectors

22(217'“72:4)7 = ’

respectively. Note that
J(A,A) = zH'Z.
Theorem 3.10 yields these expressions. We have
MPHFM " = H* (i=1,...,5)
by Lemma 3.3 (1). O
REMARK 3.13.  As a result, M/ (i = 1,...,5) coincides with the circuit matrix
with respect to the basis Ay, ..., Ay by Theorem 7.1 in [MY].

4. Schwarz maps for £ as the universal Abel-Jacobi maps.

In this section, we introduce a system &, and describe its Schwarz map, which is the
main result of this paper.

4.1. The system &: a restriction of the system FE(3,6;1/3).

We introduce in this subsection a system &£, which is a system FEs; with specific
parameters, and mention a reason why this system is of special interest.

Let X (3,6) be the configuration space of six lines #1,...,4s in general position in
the projective plane P2 = {p: ¢ : r}. We identify the space X (3,6) with

101 2zt 22 0
01 1 2% 2* 0| no3x3- minors vanish p ,
001 1 1 1

where /g is the line at infinity in the pg-plane given by r = 0. The system
E(3,6;a), a=(ai,...,a), a1+---+as=3

is generated by the linear differential equations which annihilate functions on X (3,6)
defined by the integral

5
// 11 fitx:ip, @)% dp A dg fi=p, fo=q¢ fa=p+tatl,
a cycle I\ s f4=x1p+$3q+1, f5 =$2p+x4q+1

j=1

The Schwarz map of the system F(3,6;a) is studied (cf. [MSY], [MSTY]) in two cases
a;=1/2 and a; =1/6 mod Z. We have been interested in the case a; =1/3 mod Z.
On the other hand, let X5 be the 2-dimensional stratum defined by z? = 2% = 0,
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which is the space of six lines such that the three lines {{;, {3, s} meet at a point, the
three lines {¢1, %2, 05} meet at another point, and nothing further special occurs. It is
known ([MSY]) that the restriction of F(3,6;a) onto X is the Appell’s hypergeometric
system Fj3, which is projectively equivalent (multiplying a function to the unknown) to

Es(a1,1—as, 1 —ag,2 —as —as,2 —az — ag; v,y), = =1/2% y=1/z"

Setting a = (4/3,1/3,1/3,1/3,1/3,1/3), we define

4 2 4 2 2 2 4 4 4
=By (=, 2,5 here S =(2,2), 2= (2.3
g 2(373737‘T7y>1 where 3 (3a3>73 (373)

We believe that the study of the system & will be the first step of understanding the
system E(3,6;a), a; = 1/3 mod Z.

The Schwarz map of a system is defined by the ratio of linearly independent solutions.
The main object of this paper is the Schwarz map of the hypergeometric system &.
The system £ admits solutions stated in Proposition 2.4. The next subsection gives a
geometric background of understanding these solutions.

4.2. A family of curves of genus 2.
Consider a family of curves of genus 2 given as triple covers of P!:

Cy: 8% =5%(1—s)(t—s)? t: parameter,

branching at four points {0, 1,¢,00}. We choose two linearly independent holomorphic
1-forms:

wi=wi(t) = s (s = 1) (s — )7 ds = %,
wy = ws(t) = 5*1/3(8 _ 1)72/3(8 — 1) /344 — s(s ;;)ds’

and put

prlst)= [t pasit) = [ w.
0 0
For a fixed t, the Abel-Jacobi map for the curve Cy is a multi-valued map
Ci 35— (p1(s,t), @a(s,t)) € C2.

It is a single-valued map to its Jacobian C2/L, where L is a lattice generated by its
periods: integrals over possible loops with base s = 0:

((pl (07 t)? 902(07 t)) .

4.3. The Schwarz map of &.
Proposition 2.4 for a = ¢ = ¢ =4/3,b = b = 2/3 implies that after the coordinate
change
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—r —y
, z=wxy, where y=-—"—

1—vy’

and the change of unknown: u — (1—y)2/3(1—x)%/3u, two linearly independent solutions
of
2 4
E .
(357)

/ §T23(1— 5)7 V3 (2 — 5)"2/3ds, z_1/3/ T3 (1= 5)73(z — )"V /3ds
0 0

and the two indefinite integrals

form a set of fundamental solutions of €.

On the other hand, the integral representation of the Gauss hypergeometric equation
given in Section 1 asserts that the integral above along any closed path gives a solution of
E(2/3,4/3). Thus we find that the Schwarz map of £ is the totality of the Abel-Jacobi
map of the family {C;} after a slight modification (multiplying t~1/3
coordinate).

Thus we get

to the second

THEOREM 4.1.  If we change the coordinates (x,y) of € = E2(4/3,2/3,4/3;x,y)
as

s(=x) = —° , t(=z)==zy, where y= i

1—y’

the Schwarz map of the system & is equivalent to the projectivization of the family of the
Abel-Jacobi map of the family {C:} of curves of genus 2, explicitly given as

Sy : U Cy 3 (s,1) — @1(0,8) 1 t7305(0,8) - @1(s, 1) : t730,(s,t) € P5.
teC—{0,1}

The latter two @1 (s,t) and t=/3py(s,t) are fi and fo in Section 2. The map by means
of the former two

Sy : P —{0,1,00} 3t 1(0,1) : t_1/3<p2(0,t) e P!

is the Schwarz map of the hypergeometric equation E(2/3,4/3). Its image is a disc, and
the inverse map of S1 is a single-valued automorphic function on the disc with respect
to the triangle group of type [3, 00, 00]; in other words, the disc is tessellated by Schwarz
triangles of type [3, 00, 00].

The image under Sy admits a structure of a fiber bundle over the image of S1, whose
fiber at t is identified with the Jacobian variety of Cy.

A triangle of type [p, q,r] is a hyperbolic triangle with angles 7/p, 7/q and 7 /r; the
above triangle has angles 7/3,0 and 0. The triangle group of type [p, ¢, r] is the group
consisting of the even products of the reflections with the sides of the triangle of type
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[p, ¢, 7] as axes. It is known that the triangle group of type [3, 00, 0c] is conjugate to the
congruence subgroup

I'i3) = {(a Z) €SLy(Z) |a—1,d—1,c=0 mod 3}.

C

For arithmetic triangle groups, see [T].
Other than this family of curves, there are two families of curves of genus 2 branching
at four points in P'; see Appendix 2.

4.4. Monodromy group of £.

From monodromy side, Theorem 4.1 can be understood as follows. Note that the
parameters of € = F»(4/3,2/3,4/3) satisfy the conditions (3.1) and (3.2). Define M;
and M; (i = 1,...,5) by substituting jy = --- = ps = w? = (=1 —/=3)/2 into Ml
and ]\AJJ;“ defined in Section 3.5.3, respectively. They are the circuit matrices for £ with

t(/ wgdtldtQ,...,/ wgdtldtg)
|:|1 D4

and those for £V = Ey(—4/3,-2/3,—-2/3,—4/3,—4/3) with respect to

(/ wgldtldt%...,/ 1/)gldt1dt2),
0, 04

respect to

where
_ 1
Yl —t)te(1—to)(1 — iz — tay)t

Ve

COROLLARY 4.2. We have

1 0 0 0 1 20+1 0 O
—2w—-—1 —w-1 0 0 ~ 0 0 0
Mlz ~ “ ) Ml_ “ )
—2w-—1 0 —w—1 0 0 0 w 0
0 0 0 1 0 w+1 01
1 0 0 1 2w4+1 0 0
—2w—-—1 —w—-1 0 —~ 0 0 0
M2: “ “ ) M2_ “ y
0 0 1 0 w+1 1 0
—2w —1 0 0 —w-—1 0 0 0 w
1 —w—-2 00 1 000
0 1 00 ~ w—1 1 0 0
Mg— ) M3— ’
0 0 10 0 010
0 0 01 0 0 01
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w+3 -2w-1 0 0 —w+2 w+2 0 0
M, — —w+1 —w—-1 00 ’ ]TL— 20+1 w 0 0 ,
—w+1 —w—-2 10 0 0 10

0 0 01 —w 1 01

w+3 —2w-—1 00 —w+2 w+2 0 0

M, = —w+1 —w—-1 00 ’ M5: 2w+1 w 0 0
0 0 10 —w 1 10

—w+1l —w—-—2 01 0 0 01

They satisfy

1 w 0 0

—~ 1| —w—-1 0 0 0

M;HM; =H, (i=1,....5), H=_—|"

3 | —-w—-1 0 v=3 0

—w—1 0 0 v—=3

By Proposition 3.1 and Remark 3.4, the subspace spanned by solutions | fDl Yedtidts
and [ sz Yedtidts is invariant under the monodromy representation. In fact, the top-left
2 x 2 block matrices M} of M; (i = 1,...,5) act on this space. Note that M| = M,
Mj = M{. Let G be the group generated by M7, M} and M{. The group G is isomorphic
to the triangle group [3, 00, o0, and is contained in the unitary group

{9 € GLy(Z[w)) | gH" 'g = H' = <W+11 0w> }

1 1
P = ,
(0 2w>

the Hermite matrix H' and circuit matrices M/ (i = 1, 3,5) are transformed as

By a matrix

_ 0 1
PH’tP:\/—3< ! o)’

-2 1 11 4 3
PM{P™' =w , PMP~!' = , PMIP™'= :
31 0 1 -3 -2

Hence the projectivization of G is isomorphic to the congruence subgroup I'y (3) of SLy(Z)
and the ratio fflill edtidts/ fsz edtidty can be regarded as the map S; in Theorem
4.1 and as an element of the upper-half space.
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Appendix A. Restriction of the system FE(3,6;a) on a 3-dimensional
stratum.

Let X3 denote the stratum defined by 22 = 0 and let us restrict the system E(3, 6;a)
to this stratum, which is the space of six lines such that the three lines {¢1, ¢3, £g} meet
at a point, and nothing further special occurs. This system is denoted by E(3,6;a)| X3
or FX3. Little is known about this system.

Before stating the proposition in this section, we briefly recall the Appell-Lauricella’s
system E(DB) (a,b1, b, b3, c;yt,y%,y3)

6:(0 4+ c— u —y*(6; + b;)(6 + a)u = 0,
y'(8; + bi)bju — y (8; + bj)diu = 0,

where (y!, 42, y%) are variables, and §; = y'9/0y" and § = §; +J+03. This is a 3-variable
version of the Appell’s E;. It admits solutions given by a power series

(@, n123) (b1, n1) (b2, n2) (b3, n3)
(¢, m123)n1!n2In3!

FD(avblab2ab3ac;y17y23y3) = Z (yl)nl (y2)n2(y3)n37

ni,n2,n3

where n123 = ny + no + ng, and by an integral
1
/ 27— )TN (1 — YT (1 = ty?) T2 (1 — tyB) bedat
0

The collection of solutions is denoted by Sg)(a, b1, ba, b, ¢yt %, v3).
In this section, we prove the following proposition.

PROPOSITION A.1.  Ifas+as+as = 1, then the system E(3,6;a)| X3 is reducible and
has a subsystem isomorphic to the Appell-Lauricella’s system ES’) = EJ(DS) in 3 variables
with 4 free parameters. More precisely, the collection of the solutions of E(3,6;a)| X3

mcludes

3_ .1

. —x
(1-— :z:l)fazSg’) <a3,a4, 1 —ag,as,1 + as — as; 23, z*, % T > .
—x

Here note that ay + --- + ag = 3.

If we apply the proposition under the further restriction 23 = 0, we find a subsystem
isomorphic to Fy in Fs, which is equivalent to Proposition 1.3.

We give three “proof”s: one using power series, one using integral representations,
and one manipulating differential equations.

A.1. Power series.
It is known that the system E(3,6;a)|x, has a solution given by the series

i (CL/5, ’I’ng)(aé, n4)(a27 77,1)((13, n34) xl)nl (xS)ng (x4)n4
(a2 + as + a4, n134)n1!n3!n4! ’

Fx,(a2,a3,a4,a5,a6; ) :=

ni,n3,nge=0
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where x = (21,23, 2%), n13 = n1 +n3, N34 = ng+n4, N1z = n1 +nz+ng,al = 1—as,af =

1 — ag; refer to [MSY, p.47]. A computation shows that the identity

3.1
R 1\—as (3) 3.4
Fx,(a2,a3,a4,as5,a6;0) = (1 —2" )" Fy" ( as,a4,1 —ag,a2,1 +az —as;2°, g

holds if and only if as + a4 + a5 = 1.

A.2. Integral representation.
We manipulate the integral

//pal*lq“rlr%*l(p +q+7r) N p+ z1q + 23r)Hp 4 247) Hdp A dg.
The three lines
b1:p=0, fl3:7r=0, flg:p+x4r=0
meet at 0:1:0. Introduce a new coordinate @

(p+az3)(p+1)Q
D b

q= D:=x(p+1)—p—z3—21(p+1)Q,

which send ¢ = 0,—p — 1, —(p + x3) /21 to @ = 0,1, 00. Since

+N@Q -1 +23)N

q+p+1:(p )D(Q )’ $1q+p+x3:_(p lﬂ)cs) 7
- +1)Nd

dq:—(p 563)(;2 ) Q+*dp7 N:(l—zl)p+m3—z1,

we have

f== [[p o+ m)e+ QY+ V@~ Dy
x {=(p+2z)N}* " Hp+20)™ (p+23)(p+ 1N - DI =" dp A dQ,
where asys = ao + a4 + as. If
agys =1 (note :{2,4,5} ={1,...,6} —{1,3,6}),
then the double integral above becomes the product of the Beta integral
/Qa2—1(Q —1)-14Q
and the integral

/palfl(p + 1)t (p 4 2g) 2T (p 4 2) T (1 — 20)p + @5 — @1},

which can be written as
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Cay
r3 — T
(1 —aq)" " /palil(p+ 1)7%(p+a3) % (p+ag)® " <p+ 3 1) dp

1— I
On the other hand, the integral

/pb1+b2+b3—c(p _ l)c_a_l(p _ yl)—bl (p _ y2)—b2( —uy ) bgdp

solves E! )(a, b1, b, b3, c;yt, y2, y3). By solving the system

a1—1:b1—|—b2—|—b3—c7 —a5:c—a—1, —(L4:b1, 6—1:b2, —a2:—b3,
we complete the proof of Proposition A.1

A.3. System of differential equations

We manipulate the Appell-Lauricella’s system Eg’) = Eg’) (a,b1,ba, b3, c;yt, y%, y3)
and the system E X3 (given in [MSY, p.24]):
(0 + agszq — 1)01w — 2 (0, + 03 + 1 — a5) (01 + az)w = 0
(0 + agszq — 1)03w — 23(01 + 03 + 1 — a5) (03 + 04 + az)w = 0,
(0 + agzs — 1)0sw — x*(04 + 1 — ag) (03 + 04 + az)w = 0
300 + 05 +1 —as)0yw — 2 (0, + 1 — ag)fsw =0
(01 + a)03w — 2303 + 04 + az)01w = 0

where 0 = 210/0x', 03 = 230/023, 0, = 2*0/0z*, and 0 = 01 + 03 + 5. We show that
the system ES) is a subsystem of E X3 when as + a4 + a5 =1
Change the unknown w of E X3 into u by

w=(1-2z""Pu,

and the variables (z!, 23, 2*) into (z,v, 2) as

5 . 23 _ ol
=", y=x", z=

1—at"
Then FX3 can be written as L;u =0, 1 <7 <5, where

1
Ly = <5x+5y+1_ 8- +h+a234—1> (fo- +h)
r—z

g (6w+1 °5. +h+1—a5) (f0. + h+az),
1—
L2 = (5x+5y+1_z(sz+h+a234_l) (6m+géz)

1-—
(5 +— 5 +h+1—a5>(5x+5y+g5z+a3)

1—
L3 = (5Z+5y+1_;52+h+a2341) 6y
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—y(0y +1—a6)(5 + 6y + gd. +a3),

Ly ::x( >6y—y(5y+1—a6)(51+g(52),

Ly = f%j(faz o+ hta2)(0, + g8.) — a(6; + 8, + g0 + as) (0. + ),
C(r=2)(1—2) x(l—-2)
/= 2(1—z) 7 g_z(l—m)'
Write the system E](:)) as Fyyu =0,...,F,,u=0, where

Egy = 03y — (boydy — bi2dy)/(x — y),
E.. =0y, — (b320, — b12d,)/(x — 2),
Ey. =6y, — (bszdy, — bayd.)/(y — 2),
Epy =0z + 0y + 0. — (((a+b1)x +1 =)0y + b12(0y + 0. +a)) /(1 — ),
Eyy = 0yy + 6ay + 6y: — ((a+ b2)y + 1 — )by + bay(0z + 6. +a))/(1 - y),
E..:=0. 405+ 0y — (((a+b3)z+1—¢)0. + b32(0z + 0, +a))/(1 — 2).

Eliminating the second derivatives in L; by using F,., we see that L; are linear combi-
nations, over C(z,y, z), of the E,,’s if and only if

ast+as+tas=1 (& c=a+b+0bs3),
and
p=ua, a=asg, by =ay, by=1-—ag, bg=a, c=1+as—as.
This completes the proof of Proposition A.1. O
REMARK. Actually we have, under the condition ¢ = a + by + b,

<L17L2a L5> = <E1,J:; Ea:z; Ezz>7

ConGy) p ey

(L, La) = By = S 7= oy = 5 Bes B = 57—y — g P

Appendix B. Families of curves of genus 2.

We encountered a family of curves Cy of genus 2 given as triple covers of P'. This
is the Case 3 in the following Proposition.

PROPOSITION B.1. A cyclic cover of P! branching at four points is of genus 2 only
in three cases:

Case 3 : 3 fold cover with indices 3, 3, 3, 3,
Case 6 : 6 fold cover with indices 2, 2, 3, 3,
Case 4 : 4 fold cover with indices 2, 2, 4, 4.
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PROOF. Note that the n-fold cyclic cover C of P! branching at four points with

indices k1, ..., k4 has the Euler characteristic
Ln

2n — —(k; — 1).

n Z;@( )

If the genus of C' is two (the Euler characteristic of C' is —2), we have
I
— ki
We may assume that k1 < ko < k3 < k4. We show that k3 > 3. In fact, if ky = ko =

ks = 2 then the degree n is an even number 2m. Thus the cyclic covering C' is expressed
as

=2, 1.C.H1.(k11,...,]€4)=n, ki>1 (i:1,...,4).

3\1\9

S = M (1 —8)™(t —s)™

Since C' is irreducible, m is equal to 1 and C' is of genus 1. This contradicts to the
assumption on the genus.
By using k3 > 3, we have

SR SRS SN N DO U U SO SO B
2 3 3 n 3 n

which implies n < 6. We can check that there are only three possibilities for (ki, ..., ks)
given in this proposition. These three cases can be realized by the following families of
curves:

Case 3: C’t(?’) 193 =s%(1—s)(t—s)%,  t: parameter,
Case 6 :Ct(6) 86 = s%(1—s)4(t —s)%, t: parameter,
Case 4:C™ 164 = 2(1 —s)%(s—t), t: parameter.

Note that the double cover of the base space of Case 6 branching at the two points of

index 2 is equivalent to Case 3. g
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