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Abstract. We show the existence of a weight filtration on the equivari-
ant homology of real algebraic varieties equipped with a finite group action, by
applying group homology to the weight complex of McCrory and Parusinski.
If the group is of even order, we can not extract additive invariants directly
from the induced spectral sequence.

Nevertheless, we construct finite additive invariants in terms of bounded
long exact sequences, recovering Fichou’s equivariant virtual Betti numbers in
some cases. In the case of the two-elements group, we recover these additive
invariants by using globally invariant chains and the equivariant version of
Guillén and Navarro Aznar’s extension criterion.

1. Introduction.

In [4], P. Deligne established the existence of the weight filtration on the rational
cohomology of complex algebraic varieties. A real analog of this filtration was intro-
duced by B. Totaro on the Borel-Moore Zs-homology of real algebraic varieties in [16].
Using an extension criterion for functors defined on nonsingular varieties by F. Guillén
and V. Navarro Aznar ([7]), C. McCrory and A. Parusiniski showed in [14] that this
weight filtration for real algebraic varieties can be induced from a functorial (with re-
spect to proper regular morphisms) filtered chain complex, defined up to filtered quasi-
isomorphism. Considering the associated spectral sequence (that does not collapse at
level two, contrary to the complex framework), they highlight the information contained
in this invariant. In particular, McCrory and Parusinski extract from the real weight
spectral sequence their additive virtual Betti numbers ([13]). Furthermore, they realize
the weight complex from the chain level, using resolution of singularities ([8]). On the
real algebraic varieties, this geometric filtration coincides with a filtration defined on
the category of AS-sets ([9], [10]) and continuous proper maps with AS-graph, using
Nash-constructible functions ([12], [14]).

In [15], we considered real algebraic varieties equipped with a finite group action.
By taking advantage of the functoriality of the weight complex, we equipped it with
the induced group action. We then used an equivariant version of the extension crite-
rion of Guillén and Navarro Aznar (Theorem 2.4) to show the uniqueness of the weight
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complex with action, with respect to extension, acyclicity and additivity properties, up
to equivariant filtered quasi-isomorphism (Theorem 2.3). Focusing on its realization by
the Nash-constructible filtration, we obtained a filtered version of the Smith short ex-
act sequence for an algebraic involution (Theorem 2.6). Furthermore, in the case of an
involution acting without fixed point on a compact real algebraic variety, we related by
a filtered isomorphism the invariant filtered chains and the filtered chains of the arc-
symmetric quotient (Proposition 2.7).

In this paper, we apply a functor (Definition and Proposition 3.4) to the weight
complex with action (Definition 3.15) in order to induce a weight filtration on the equiv-
ariant homology of real algebraic varieties equipped with a finite group action. We show
the uniqueness of the equivariant weight complex, with respect to extension, acyclicity
and additivity properties, similarly to the previous frameworks (Theorem 3.16). Never-
theless, some significative differences appear between the induced spectral sequence and
the weight spectral sequence. In particular, the equivariant weight spectral sequence is
no longer left bounded (Corollaries 3.19 and 3.20). As a consequence, the long exact se-
quences of additivity provided by the equivariant weight spectral sequence are not finite
in general. Moreover, the equivariant weight spectral sequence of a compact nonsingular
variety does not degenerate at level two in general (Proposition 3.23). This prevents us
to recover some additive invariants directly from the page two of the equivariant weight
spectral sequence, unlike the non-equivariant set-up.

In the final part of this work, we identify finite additive invariants in terms of
bounded long exact sequences of spectral sequences, provided by bounded double com-
plexes which extend the additivity of the Nash-constructible filtration and of the weight
spectral sequence, and are related to the equivariant weight spectral sequence. In the
case of the two-elements group, we use the Smith Nash-constructible exact sequence to
identify additive invariants involving the geometry of invariant chains and the geometry
of the fixed points set. We then show that they coincide with G. Fichou’s additive equiv-
ariant virtual Betti numbers ([6]) in some cases (Theorem 4.8). After having recovered
the equivariant virtual Betti numbers for G = Z/27Z by using the equivariant extension
criterion (Theorem 2.4) on invariant chains, we finally highlight sufficient conditions for
the Nash-constructible filtration to compute them.

We begin this paper by recalling the principal definitions and properties from [15]
about the weight complex with action that we will need. In particular, we give the
equivariant extension criterion and the Smith Nash-constructible short exact sequence
for an algebraic involution.

In Section 3, after some reminders about group cohomology and homology, we define
a functor computing group homology and equivariant homology. Showing the compat-
ibility of this functor with filtered categories, we apply it to the weight complex with
action to obtain the equivariant weight complex. We then study the induced spectral
sequence. We give also some examples for the computation of the equivariant weight
filtration, and justify that the odd-order group case is the simple case.

Finally, in Section 4, we explain how we obtain additive invariants from double
complexes induced by the Nash-constructible filtration and group cohomology. In some
cases, we recover the equivariant virtual Betti numbers. In the last paragraph, we recover
all of these for G = Z /27, considering the invariant chains.
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2. Weight complex with action.

In this section, we recall the important results from [15], in particular the existence
and uniqueness of the weight complex with action (Theorem 2.3) and the exactness of
what we called the Smith Nash-constructible short sequence for an involution (Theorem
2.6).

For the reader’s convenience, we first recall the definition of the complex of semial-
gebraic chains with closed supports, before equipping it with a group action.

2.1. Semialgebraic chains with action.

We recall the definition from [14], Appendix, of the semialgebraic chains with closed
supports of a semialgebraic subset X of the set of real points of a real algebraic variety.
Here, a real algebraic variety is a reduced separated scheme of finite type over R.

DEFINITION 2.1.  For all k > 0, we denote by Cj(X) the quotient of the Zs-vector
space generated by the closed semialgebraic subsets of X of dimension < k, by the
relations

o the sum A + B is equivalent to the closure clx (A + B) in X (with respect to the
strong topology) of the symmetric difference of A and B,
e the class of A is zero if the dimension of A is strictly smaller than k.

A semialgebraic chain with closed supports of dimension k is by definition an equivalence
class of Ci(X). Any chain c of Cj(X) can be written as the class of a closed semialgebraic
subset A of X of dimension < k, denoted by [A].

The boundary operator 9, : C(X) — Ci_1(X) is defined by dxc = [0A],if ¢ = [A] €
Cr(X), where 0A denotes the semialgebraic boundary {z € A | A14(X) =1 mod 2} of
A (A is the link on the constructible functions, cf. [12]).

Consider now a group G acting on X by semialgebraic homeomorphisms. By functo-
riality of the semialgebraic chains with closed supports, an action by linear isomorphisms
is induced on the complex C,(X).

The complex C,(X) equipped with this action becomes a G-complex, that is the
induced action of G on C.(X) commutes with its differential. Moreover, the semial-
gebraic chains with action are functorial with respect to equivariant proper continuous
semialgebraic maps, and the operations of equivariant restriction, closure and pullback
are equivariant.

For more details about semialgebraic chains, we refer to the appendix of [14], and
for their equivariance, to the second section of [15].

2.2. Weight complex with action.

Let G be a finite group.

We give the steps that led us to the construction and the uniqueness of the weight
complex with action in [15], notably an equivariant version of the extension criterion [7,
Théoreme 2.2.2] of F. Guillén and V. Navarro Aznar (Theorem 2.4).
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The next definition is about notations for the equivariant categories we are working
in.

DEFINITION 2.2.  We denote by

) Schf(R) the category of real algebraic varieties equipped with an action of G
by algebraic isomorphisms—we call such objects real algebraic G-varieties—and
equivariant regular proper morphisms,

. Regg)mp(R) the subcategory of compact nonsingular G-varieties,

e V& (R) the subcategory of projective nonsingular G-varieties.

We denote also by

e CC the category of bounded G-complexes of Zo-vector spaces equipped with an
increasing bounded filtration by G-complexes with equivariant inclusions—we call
such objects filtered G-complexes—and equivariant morphisms of filtered com-
plexes,

e DY the category of bounded G-complexes and equivariant morphisms of complexes.

By an action of G by algebraic isomorphisms on a real algebraic variety X, we mean
an action by isomorphisms of schemes such that the orbit of any point in X is contained
in an affine open subscheme.

For any real algebraic G-variety X, we will denote by C\ (X)) the semialgebraic chain
G-complex of the set of real points of X.

In [15, Théoréme 3.5], we defined the weight complex with action of G on the
category of real algebraic G-varieties, by equipping McCrory—Parusinski’s weight complex
([14, Theorem 1.1]) with the action induced by functoriality:

THEOREM 2.3 ([15, Théoréme 3.5]).  The functor
FenC, : VE(R) — HoCY% X s FO"C,(X)
admits an extension to a functor
“WC, : Sch(R) — HoC®

defined for all real algebraic G-varieties and all equivariant proper regular morphisms,
which satisfies the following properties:

1. Acyclicity: for any acyclic square

—_—

X
| iﬂ (2.1)

HX

<<=

in Sch®(R) (that is a commutative diagram (2.1) of objects and morphisms of
Sch€(R) such that i is an equivariant inclusion of a closed subvariety, Y = 71 (Y)
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and the restriction = : X \ Y — X \Y is an equivariant isomorphism), the simple
filtered complex of the O -diagram in C¢

CWC, (V) —= CWC,(X)

i |

SWC,(Y) —= CWC,(X)

is acyclic (i.e. isomorphic to the zero complex in HoC%).
2. Additivity: for an equivariant closed inclusion Y C X, the simple filtered complex of
the O -diagram in C

SWCL(Y) — “WC, (X)

is isomorphic to WC,(X \ Y).

Such a functor “WC, is unique up to a unique isomorphism of HoCS.

The filtration F°*" is the canonical filtration of bounded chain complexes (see [3]
and also [14]) and HoC® denotes the category C% localised with respect to equivariant
filtered quasi-isomorphisms, that we will sometimes call quasi-isomorphisms of CY, i.e.
the equivariant filtered morphisms between filtered G-complexes that induce an equiv-
ariant isomorphism at the level E' of the induced spectral sequences.

In order to show the uniqueness of the weight complex with action “WC,, we
used an equivariant version of the extension criterion [7, Théoréme 2.2.2] of Guillén
and Navarro Aznar (that McCrory and Parusiriski used to show the uniqueness of their
weight complex, see [14, Theorem 1.1]), which justifies the restriction to the case of a
finite group, for which there exist an equivariant compactification, an equivariant Chow—
Hironaka lemma and an equivariant resolution of singularities in the category Schf(R)
(by [5, Appendix]):

THEOREM 2.4 ([15, Théoréme 3.5]). Let A be a category of cohomological descent
and

F:VSR) — HoA

be a contravariant ®-rectified functor verifying

(F1) F(0) =0, and the canonical morphism F(X UY) — F(X) x F(Y) is an isomor-
phism (in Ho A),
(F2) if X, is an elementary acyclic square of V& (R), then sF(X,) is acyclic.

Then, there exists an extension of F' to a contravariant ®-rectified functor
F,:Sch®[R) — Ho A

such that:
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1. if X, is an acyclic square of Sch® (R), then sF.(X,) is acyclic,
2. if Y is a closed subvariety of X stable under the action of G on X, we have a natural
isomorphism (in Ho A)

FA(X\Y) 2 s(F.(X) - Fu(Y)).

Furthermore, this extension is unique up to a unique isomorphism.

REMARK 2.5. e For every real algebraic G-variety X, we have an equivariant
isomorphism H,,(WC,.(X)) = H,,(X) for all n € Z.

e The weight filtration and the weight spectral sequence are equipped with the action
of GG induced by the G-action on the weight complex.

e McCrory and Parusiniski’s geometric/Nash-constructible filtration on real algebraic
varieties ([14, Sections 2 and 3]), equipped with the action of G induced by func-
toriality, realizes the weight complex with action.

e If X is a compact nonsingular G-variety, “WC, (X) is isomorphic to F°*"C,(X)
in HoC®%, and the same goes for all the realizations of the weight complex with
action, in particular for the geometric/Nash-constructible filtration with action.

For more details about the weight complex with action, we refer to [15, Section 3].
In the following, the weight complex with action will be simply denoted by WC, if
the context is explicit.

2.3. The Smith Nash-constructible exact sequence in the case G = Z/27Z.

In the last paragraph of this section, we recall a result from [15, Section 5]: one can
use the Nash-constructible filtration to implement a notion of regularity into the Smith
short exact sequence of a real algebraic variety equipped with an involution.

More precisely, let X be a real algebraic variety equipped with an algebraic involution
o, then any invariant chain can be split with some regularity into two parts exchanged
by the action of G := {1,0} = Z/2Z (modulo the restriction to the fixed points set of
X):

THEOREM 2.6 ([15, Théoréme 5.5]). Let ¢ € (NoCr(X)) be a chain of X of
dimension k and of index o with respect to the Nash-constructible filtration. Then there
exists ¢ € Not11Ck(X) such that

c=cxc+ (1+o0)d

(the restriction ¢|xc is in NoCi(X9)).
Consequently, for all «a, the short sequence of complexes

0— NCo(XD) @ (14 0)TMHX) = NoCo(X) — (1 +0)NLCo(X) — 0,

where TP (X) = {¢ € Not1Cr(X) | (1 + 0)e € NoCr(X)}, is exact. We call this
sequence the Smith Nash-constructible exact sequence of X of indez «.
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The last property we recall is an interpretation of the Smith Nash-constructible
exact sequence when the variety X is compact and the action of G is free. In this
case, the quotient of the set of real points of X, denoted by X, by the action of G is an
arc-symmetric set and the invariant chains of X correspond to the chains of the quotient:

PROPOSITION 2.7 ([15, Proposition 5.6]).  Let X be a compact real algebraic variety
equipped with a fized-point free action of G = Z/27Z. Then the morphism of filtered
complezes

NCL(X))® = NC.(Xr/G),

induced by the quotient map 7 : Xgp — Xgr/G, is a filtered isomorphism (recall that by
definition NC.(X) = NC.(XR)).

3. Equivariant weight filtration for real algebraic G-varieties.

Let G be a finite group.

In this section, we construct a weight filtration on the equivariant homology of real
algebraic G-varieties defined by J. van Hamel in [17], applying on the weight complex
with action some functor which computes this equivariant homology when applied to the
complex of semialgebraic chains with closed supports (Definition and Proposition 3.4,
Definition 3.11).

Significative differences will appear between the equivariant weight complex and
the weight complex. In particular, unlike McCrory and Parusinski’s weight spectral
sequence ([14, Section 1.3]), the equivariant weight spectral sequence may not be bounded
(Example 3.24) and may not degenerate at level two in the compact nonsingular case
(Proposition 3.23, Example 3.13).

Nevertheless, equivariant homology will provide us other spectral sequences (trivial
in the non-equivariant case) useful to understand the equivariant geometry involved in
the equivariant weight spectral sequence (Proposition 3.17).

3.1. Group (co)homology and the functor L.

In the first paragraph, we recall the basic background about group (co)homology
with coefficients in a module and a chain complex, which we will use to define the
equivariant homology of a real algebraic variety with action.

If M is a Z|G]-module, the n*"" group of cohomology of the group G with coefficients
in M is given by

H"(G,M) := ExtQ[G] (Z, M) = H"(Homgg(Fs, M)),

where F, is a projective resolution of Z by Z[G]-modules.

REMARK 3.1. e Forn <0, H"(G,M) = 0.
o If k is a ring and if M is a k[G]-module, then for all n € Z,

H"(G, M) = Exty;q(Z, M) = Extyq (k, M),
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by an isomorphism of k-modules. In the rest of this paper, we will be considering
Zo-vector spaces equipped with a linear action of G, so there will be no difference in
considering a projective resolution of Z by Z[G]-modules or a projective resolution
of Zy by Zs|G]-modules.

EXAMPLE 3.2 ([1]). Let G be a finite cyclic group of order d generated by o. Then,
if we denote N ==}, ;4 o', a projective resolution of Z by Z[G]-modules is given by

- — 76 T zia) Y zjg) &Sz — o,

and the cohomology of G with coefficients in a Z[G]-module M by

MG/NM if n is an even positive integer,
H™"(G,M) = < ker(M o, M)/(c —1)M if n is an odd positive integer,
M if n=0.

ExampLE 3.3. If G = Z/2Z and if M is a Z3|G]-module, the cohomology of G
with coefficients in M is

MC if n=0,
H"(G,M) = MC .

— 0.

(It o)M un >

For more details and background about group cohomology, see for instance [1] or
[2].

Now we define the homology of G with coefficients in a chain G-complex of Z,-
vector spaces, using a functorial operation denoted by L. We denote by D_ the category
of bounded above chain complexes of Zs-vector spaces, and HoD_ the category D_
localised with respect to quasi-isomorphisms.

DEFINITION AND PROPOSITION 3.4. Let K, be in DC. Let --- — Iy Az, F R

Fy — Z — 0 be a resolution of Z by projective Z|G]|-modules.
Then the complexr L.(K.) is defined as the total complex associated to the double
complex

(Homg(F,W Kq))p,q€Z~
The operation L : D¢ — D_ ; K, — L.(K.) is functorial.

REMARK 3.5. For G = {e}, considering --- - 0 — 0 — Z Y7 - 0asa
projective resolution, we obtain L,(K,) = K.

The homology of the group G with coefficients in a G-complex K, is then defined
as the homology of the complex L,(K,) and denoted by H.(G, K.).
The two spectral sequences associated to the double complex (Hom(F_,,Cy))p qez
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converge to this homology:

(B2, = HP(G, Hy(K.

)

HE;,qZH_p(G7Kq) } - Hp+q(G7K*)'
The first spectral sequence is called the Hochschild—Serre spectral sequence associated
to the group G and the G-complex K,. Notice that, in particular, since the group
cohomology with coeflicients in a module does not depend on the considered projective
resolution (of Z by Z[G]-modules or of Zs by Zs[G]-modules), neither do the group
homology with coefficients in a G-complex of DY and the functor D¢ — HoD_ ; K, —
L.(K,) (also denoted by L for convenience).

The Hochschild—Serre spectral sequence also allows to prove that L preserves quasi-
isomorphisms:

PROPOSITION 3.6. An equivariant quasi-isomorphism f : K, — M, induces an
isomorphism H.(G,K,) — H.(G, M,).

PROOF. The equivariant quasi-isomorphism f induces an isomorphism from the
level {E? of the induced Hochschild-Serre spectral sequences, which converge to the
homologies of G with coefficients in K, and M, respectively. O

We also denote by L the induced functor HoD% — HoD_.

Furthermore, we show that if we apply the functor L to a complex of C%, we can
obtain a filtered complex, and that this operation preserves filtered quasi-isomorphisms.

Let C_ denote the category of bounded above complexes of Zy-vector spaces equipped
with an increasing bounded filtration, and morphisms of filtered complexes.

PROPOSITION 3.7.  Let (K., J) be in C¢. The equivariant increasing bounded fil-

tration J of the G-complex K, induces an increasing bounded filtration J on the complex
L.(K.), defined by

ToLi(Ks) = Li(JaKs).

In HoC_, the couple (L«(K,),J) is independent from the chosen projective resolu-
tion.

PrROOF. We show that two projective resolutions induce quasi-isomorphic filtered
complexes in C_.

Let (F}); and (F}); be two resolutions of Z or Zy by projective Z[G]-modules, respec-
tively Zz[G]-modules. We denote by J L. (K.) and J'L/ (K.) the respectively associated
filtered complexes, and by E" and E’" the respectively induced spectral sequences.

We have

o _ Tolpra _ DatpmprgHoma(Foa, JpKy) - @ Homg< - JKb)

P jp—le+q a ®a+b:p+q HomG(F—aa‘]p 1Kb Jp 1Kb

a+b=p+q
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because the G-modules F; are projective. Then we have Eg’* = LPH(JPK*/Jp,lK*) and
E;?* = Ly (JpKy/Jp-1K,) for all p € Z. The homologies of these two complexes give
the homology of the group G with coefficients in the complex J,K,/J,—1 K., inducing
an isomorphism between E! and E'!. O

We use this computation to show that the functor L preserves filtered quasi-
isomorphisms:

ProPOSITION 3.8.  The operation L induces a functor
HoC% — HoC_ ; (K., J) (L.(K.),J),

that we also denote by L.

Proor. Let ¢ : K, — M, be a quasi-isomorphism in CS and J and I be the
respective filtrations of K, and M,. We have

K. * * — M.
B0 = L, (BpS)) and BOGE-O0D) = 1, (B)UE).

) p,x—p p,x—=p

But, for all p € Z, the morphism ¢ : K, — M, induces an equivariant quasi-isomorphism
pOK) 0.

P*—p px—p
conclude. g

and then we use the fact that L preserves quasi-isomorphisms to

We then apply L to the canonical filtration. The induced spectral sequence coincides
with the Hochschild—Serre spectral sequence:

LEMMA 3.9. Let (K., 0.) be a G-complex equipped with the canonical filtration
Feon . We consider the induced filtered complex F" L, (K,), and denote by E the induced
spectral sequence.

Then we have, for all p,q € Z,

El =H?"79(G,H_,(K.)),

p,q

and, for allr > 1,

_ r+1
Epg=1E2p1q,p
Proor. Let (Fi,A.) be a projective resolution over Z[G] of Z. Let p € Z.
By a direct computation and using the fact that the F;’s are projective Z[G]-modules,
one can see that the complex Eg,*_p is the mapping cone of the morphism

¢ : Homg (F—(p+*)a K_p,41/ ker 8,p+1) — Homg (F—(p+*)7 ker a,p).

On the other hand, because the F;’s are projective Z[G]-modules, the short sequence of
complexes
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0 — Homg (F,(p+*), K_ 41/ ker ZL,,H) — Homg (F,(H*), ker (“),p)
— Homg(F_(,H_*), H,p(K*)) — 0

is exact.
Considering now the induced long exact sequences in homology and using the five
femma, we obtain that, for all p,q € Z,
E),=Hy (B, ) = Hyrq(Homg(F_ 1y, H_p(K,))) = HP79(G, H_(K,)).
The spectral sequence FE and the Hochschild—Serre spectral sequence are then natu-
rally isomorphic (modulo reindexing) because of the naturality of the above isomorphism

and because the differentials of both spectral sequences are induced by the same mor-
phisms. O

We end this paragraph with an essential point: the functor L commutes with the
operation which associates to any cubical diagram in C% (resp. C_) its simple filtered
complex. For the definition of a cubical diagram and the associated simple filtered
complex, see [14, Section 1].

PROPOSITION 3.10.  If K is a cubical diagram of type O in CE, then s(L.(K)) =
L.(sK) (in C_ if we consider the same projective resolution on both sides).

PROOF. Direct computation. O

3.2. Equivariant weight complex.

Applying the functor L to the weight complex with action (Theorem 2.3), we obtain
the equivariant weight complex which will induce a weight filtration on the equivariant
homology we define in Definition 3.11 below.

DEFINITION 3.11. Let X be a real algebraic G-variety. We denote C%(X) :=
L.(Cy(X)) and, for n € Z, we associate to X

H,(X;G) = Hy(G, Cu(X)) = Ho(CF (X)),

its n'" equivariant homology group, where C,(X) is the G-complex of semialgebraic
chains with closed supports of the set of real points of X.

REMARK 3.12. e The Hochschild—Serre spectral sequence
IEZQ),q = H_p(Gv Hq(X)> = Hp+q(X§ G)

allows one to understand this equivariant homology from a geometrical point of
view: it involves the geometry of the considered real algebraic G-variety, the ge-
ometry of the action and the geometry of the group G itself.

e This equivariant homology is the same as J. van Hamel’s equivariant homology
defined in [17, Chapter III Definition 1.2] (at least for compact real algebraic
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G-varieties).
e For G = {e}, H,(X;G) = H,(X).

ExAMPLE 3.13.  We use the Hochschild—Serre spectral sequence to compute the
equivariant homology of the 2-dimensional sphere X given by the equation z2+3%422 = 1
in R?, equipped with the action of G = Z/2Z given by o : (x,y) — (—z,y).

The page 1E%(X) is

Lol X] - Lo[X]  Zo[X]
0 - 0 0
Zol{po}] -+ Zal{po}] Z2[{po}]

where pg is a point of X, that we choose in the fixed points set X¢. Then, since the
differentials of the rows of the double complex inducing the spectral sequence are 1+ o,
we have 1F?(X) = {E>®(X) and

Zs| X if k=1or2,

Hy(X;G) = {
Zo| X]® Za[{po}] ifk<O.

If we consider now the fixed point free G-action on X given by o : (z,y) — (—z, —y),
the page 1E?(X) is the same (with pg being any point of X), but the differentials d® are
not trivial (we have d3([{po}]) = [X]). Consequently, with respect to this action, the
Hochschild-Serre spectral sequence degenerates at page 1E*(X):

0 0 Zo[X] Zo|X] Zo[X]
0 0 0 0 0
0 0 0 0 0
and
Zo|X] ifk=0,10r2,
Hi(X;G) =
0 if k<.

The second spectral sequence
nE, = HP(G,Cy(X)) = Hpiq(X;G)
associated to the equivariant homology can also be useful, as in the following case:

LEMMA 3.14. Let G = Z/27Z. Then, for all real algebraic G-varieties X and all
kez,

Hy(X;G) = (ker k) /0p1 (Cra(X))9) & @ Hi(XY).
i>k+1
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PROOF. The equivariant homology is the homology of the total complex associated
to the double complex

- Cy(X) 1+o Ca(X) I+o Ca(X)
Oq o2} Oa

< Camr(X) =7 Caa(X) <27 Cya (X)
3d—1 ad—l 8d—1
0o 02 02

~——Gi(X) C1(X) <7 Cy(X)
31 81 81

1+o

1+o

~— Co(X) =——Cp(X) =— Co(X)

where d is the dimension of X. Using the Smith short exact sequence

0— CoXND(1+0)Cu(X) = Co(X) = (140)Cu(X) =0

we compute the level one of the spectral sequence 11E:

Ca(XY9)  Ca(XP)  (Ca(X))

(o} Oq o2}
© Ca1(XG) Cya(XC) (Can(X))€
Oq_1 Oq—1 Od—1

N O o)
Ci(X%)  Ci(X9)  (Gi(X)¢

o1 o1 o1
Co(XY%)  Co(XP)  (Co(X))¢

The page 1 E? is

Hy(X%)  Hg(X%) (ker 94)¢

Hy y(X€) Hyo(X6) (ker84-1) /0a((Ca(X))C)

Hl(;XG)
Ho(X%)

Hl(:X'G)
Ho(X%)

(ker 01)C /9 ((Ca(X))E)
(Co(X))E Jn((C1(X))O)
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and the differentials ;d"” for 7 > 2 all vanish because any element of 1 E} , with p < 0
and 0 < ¢ < d can be represented by a cycle. Consequently, the spectral sequence 11 FE
degenerates at level two and, since it converges to the equivariant homology of X, we
have

Hy,(X;G) = (ker ) /0a((Cha (X)) & @ Hi(XY)
i>k+1

for all k € Z. O

In Definition 3.15 below, we define the equivariant weight complex. Recall that the
weight complex with action has values in the localised category HoC®. As a consequence,
we can apply the functor L : HoC® — HoC_.

DEFINITION 3.15. Let X be a real algebraic G-variety. We denote
QCY(X) := L. (WC.(X)) € HoC_,

and we call this filtered complex the equivariant weight complex of X.

For any real algebraic G-variety X, we denote F"C%(X) := L,(F*"C,(X)). The
equivariant weight complex is the unique acyclic and additive extension to Schf(R) of
the functor Fe"CE : VE(R) — HoC_, in the following meaning:

THEOREM 3.16.  The operation
QC% : Sch®(R) — HoC_ ; X — QC%(X)
s a functor, which extends the functor
Fercl : VI(R) — HoC_ ; X — F"CY(X),

to Schf (R) and verifies the following properties:

1. Acyclicity: for any acyclic square (2.1) in SchS(R), the simple filtered complex of the
O -diagram in C_

QCE(Y) —= QC¢(X)

L

QCF(Y) —= QCF (X)
is acyclic.
2. Additivity: for any equivariant closed inclusion Y C X, the simple filtered complex of

the O0f -diagram in C_

QCC(Y) — QC%(X)
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is isomorphic to QCY (X \'Y) in HoC_.

Furthermore, any other functor Schf(R) — HoC_ wverifying these three properties is
isomorphic to QCY in HoC_, via a unique quasi-isomorphism of C_.

PRrROOF. The equivariant weight complex QC¢ is the composition of the weight
complex with action “WC, with the functor L : HoC® — HoC_. In particular, it is
an extension to Sch®(R) of the composition of the functors Fe**C, : V¢(R) — HoC%
and L : HoC% — HoC_.

Moreover, it verifies the acyclicity and additivity properties because so does the
weight complex with action (Theorem 2.3) and because the functor L commutes with
the operation s (Proposition 3.10).

Now, we show the uniqueness of the equivariant weight complex with respect to
these properties, using the Theorem 2.4 applied to the category C_ and the functor
FeanCG . VE(R) — HoC_.

Indeed,

e The category C_ is a category of homological descent ([7, Propriété (1.7.5)]).

e The functor F°"C% : VG(R) — HoC_ is ®-rectified because, fixing a projective
resolution of Z by Z[G]-modules (of Zs by Zz[G]-modules), it is defined on C_.

e It verifies condition (F1): the functor F"C, : V¢(R) — HoCC% verifies (F1) in
HoC% and, for any bounded G-complexes K, and M,, we have L,(K, @ M,) =
L, (K,)® L.(M,).

e It verifies condition (F2): the functor F"C, : VE(R) — HoC® verifies (F2) in
HoC% and the functor L commutes with s. O

The homology of the equivariant weight complex of a real algebraic G-variety X
is the equivariant homology of X. Indeed, let us consider the forgetful functor of the
filtration C_ — D_, which induces a functor ¢_ : HoC_ — HoD_. We have

©_0QCY = Lo (%0 “WC,)

(where % : HoC% — HoD% is the functor induced by the forgetful functor C% — D).

Since the functor goG o GWC, is quasi-isomorphic to C, in DE (see Remark 2.5
and [15, Remarque 3.9]), the complex p_(QCY (X)) = L.(p%(EWC.(X))) is quasi-
isomorphic to L,(C.(X)) = CF(X) (the functor L preserves quasi-isomorphisms) and,
for all n € Z,

Consequently, the equivariant weight complex induces a filtration on the equivariant
homology of real algebraic G-varieties, that we call the equivariant weight filtration. We
denote it by €.

3.3. Equivariant weight spectral sequence(s).
The equivariant weight complex induces a spectral sequence, that we call the equiv-
ariant weight spectral sequence and denote by {“E", “d"}, which converges to the equiv-
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ariant weight filtration. We reindex it, setting, as in [14, Section 1.3],

/

p=2p+q, ¢=-p =141,

and we denote by GE;,, . the reindexed equivariant weight spectral sequence.

As in the non-equivariant framework, we can read the acyclicity and additivity
conditions of the equivariant weight complex on the equivariant weight spectral sequence:
for example, if Y C X is an equivariant closed inclusion, we have a long exact sequence

<= OB (V) = OB} (X) = OB, (X \Y) = 9E;_,

Y)—--- (3.1)

for all ¢ € Z (the proof runs as in the non-equivariant case: see [14, Section 1.3]). Never-
theless, there are some significative differences between the weight spectral sequence and
the equivariant weight spectral sequence. In particular, the equivariant weight spectral
sequence is not left bounded (as a consequence, the additivity long exact sequences are
not bounded either) and, on compact nonsingular varieties, it does not degenerate at
level two in general (Proposition 3.23 and Example 3.13).

In Proposition 3.17 below, we express the level two of the equivariant weight spectral
sequence as the homology of the group G with coefficients in the weight spectral sequence.
From this fact, we deduce bounds for the equivariant weight spectral sequence (Corollary
3.20) and equivariant weight filtration (Corollary 3.21). Furthermore, one can then
extract from the equivariant weight spectral sequence two other spectral sequences. We
will recover finite long exact sequences of additivity from one of these in Section 4.

PROPOSITION 3.17.  For all p, q in Z,
G2 _ 1l
Ep,q - HP (G’ E*ﬂ)'

Proor. We have GE]}W =H,., (GEO ) and

P*—p
Gr0 _ (L. (WC.(X))) _ 0(WC. (X))
Epsp=Ep"p = L. (B, ),
then “E} = Hy (G, EJ, ). O

This allows one to consider the two spectral sequences
92 _ pr— 2
1Eas=H (G E5,),
1 - 1
Ii]Ea,ﬁ - H « (G, Eﬁ,q)
which both converge to GE§+ﬁ’q = H,15(G,EL,).

REMARK 3.18.  The spectral sequence [{E depends on the chosen representative
of the weight complex with action at the chain level.

Let X be a real algebraic G-variety of dimension d. We take a look at the terms of
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the d*™ row of the reindexed equivariant weight spectral sequence:

COROLLARY 3.19. For allp € Z,
°p2,=H"(G,E},).
PrROOF. We consider the spectral sequence
‘g2 ,=H (G E3%,) = °E 4,
We have E% 4 = 01if 8 # 0 ([14, Section 1.3]), therefore the spectral sequence collapses
at ¢FE? and

GEZ%vd - @ ?Eivﬁ — H_p (C‘;’7 Eg,d) [:l
a+B=p

In particular, notice that, in the general case, there is an infinity of non-zero terms in
the row ¢ = d of the reindexed equivariant weight spectral sequence. Even if the reindexed
equivariant weight spectral sequence is not left bounded, we have the following bounds:

COROLLARY 3.20. For all v > 2, p,q € Z, if GE;yq # 0 then 0 < ¢ < d and
pt+qg<d.

ProoF. For all ¢ € Z, we have the spectral sequence
a2 _ - 2 G2
1Bas=H (G Ej,) = “Eaipg

If « >0, H %G, -) = 0 and, according to [14, Section 1.3], for all § € Z, if Eéq #0
then 8 > 0, ¢ > 0 and 8+ ¢ < d. We conclude by noticing that if p + g > d, for all
«, B € Z such that « + § = p, we have a + + ¢ > d and then 4+ ¢ >dora>0. O

The equivariant weight filtration is bounded but the smallest non-trivial index de-
pends only on the dimension of the considered variety, which is different from the weight
filtration case.

COROLLARY 3.21.  The equivariant weight filtration on the equivariant homology
of X is a bounded increasing filtration

0= Q,dlek(X;G) C Q,de(X;G) c---C QoH}C(X;G) = Hk(X,G)

PROOF. One can prove QoH(X;G) = Hp(X;G) and Q_y_1Hi(X;G) = 0 using
the equalities

Qp Hy, (X;6G) = @ GEI:jjrpfqﬁ(pftI)
q=>0

and the previous Corollary 3.20. (]
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REMARK 3.22. The fact that the weight spectral sequence is left bounded is a key
tool to extract additive invariants from its level two, namely the virtual Betti numbers
(see [14, Section 1.3]). In the equivariant framework, the equivariant weight spectral
sequence’s long exact sequences of additivity are not finite and furthermore, the condi-
tion of compactness-smoothness does not imply the collapsing of the equivariant weight
spectral sequence at level two.

PROPOSITION 3.23.  Assume X to be compact and nonsingular. Then the equivari-
ant weight spectral sequence °F of X coincides, from level two, with the Hochschild—Serre
spectral sequence

1B} (X) = H (G, Hy(X)) = Hpiq(X;G)

associated to X and G.

ProoF. If X is compact nonsingular, the weight complex with action “WC, (X)
is quasi-isomorphic to F°@"C,(X) in C%. Since the functor L preserves filtered quasi-
isomorphisms, the equivariant weight complex QC¢ is quasi-isomorphic to Fe*"C¢ =
FeomL,(Cy) in C— on compact nonsingular real algebraic G-varieties (the same goes for
any realization of the equivariant weight complex in C%).

Then we use Lemma 3.9 to conclude that, after reindexing, the equivariant weight
spectral sequence of X is isomorphic to the Hochschild—Serre spectral sequence of X from
level two. O

In particular, even in the case of a compact nonsingular variety, the equivariant
weight spectral sequence may not degenerate at level two: see Example 3.13.

Below, we compute the equivariant weight spectral sequences and equivariant weight
filtrations of a singular real algebraic variety equipped with two different algebraic invo-
lutions.

EXAMPLE 3.24. Let X be the real algebraic curve given by the equation y? =
22 — 2% in R2.

1. We counsider the action of G = Z/2Z on X given by the involution o : (z,y) — (—z,y).
The page E?(X) of the reindexed weight spectral sequence is given by

Zs[X]
Za[{po}] Z2[Xi]

where po = (0,0) is the unique point of X being fixed under the action of G, and X;
and Xy are the two 1-cycles of X, exchanged by the action.
We have
o CE2, = H7(G,E3,) = Z,[X] if p < 0, and 0 otherwise.
e the terms GEIQ)VO(X ) are given by the Hochschild—Serre spectral sequence associated

to the G-complex Ei,O(X ): the level two of this spectral sequence is
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ZQ[Xl] ZQ[Xl] ZQ[Xl]
Za[{po}] -+ Za2[{po}] Z2[{po}]

and since the differentials are trivial, we have

Z2 [Xl] lfp = ]-7
B2 ) (X) = { Zo[X1] © Za[{po}] ifp <O,
0 otherwise.
Consequently, the page “E2(X) is
Zo[X] Zo[X] Zs[X]
Lo[X1] ® Zal{po}] -+ Zo[X1] @ Zo[{po}] Za2[X1]® Za[{po}] Z2[Xi]
and the page “E3(X) is
0 - 0 ZyX]
Zs[{po}] -+ Za2[{po}] Za2[{po}] 0O

because “d?([X1]) = 0 @ (1 + o)([X1]) = [X] and “d?([{po}]) = 0.

As a consequence, the equivariant weight spectral sequence GE(X ) collapses at
CE3(X) and the equivariant weight filtration of X with respect to the action of o is
given by

Q_lHl(X, G) = Q()Hl(X, G) = ZQ[X]
and
0= Q_lHk(X, G) C QOHk(X7 G) = ZQ[{po}]

for k <0.
. If now we consider the action of G given by (x,y) — (z,—y), we obtain the same
terms for the page “F?(X):

Zo| X] Zo| X] Zo| X]

Zo[Xa] ® Zo[{po}] -+ Zo[X1] © Zo[{po}] Zao[X:1] © Za[{po}] Za[Xi]

However, here, GJZ([Xl]) = 0 because the cycle X; is globally invariant under the
action. As a consequence, the differential G42 is trivial and the equivariant spec-
tral sequence of X degenerates at GE'Q(X ). The equivariant weight filtration on the
equivariant homology of X is then given by

ZQ[X] = Q_lHl(X,G) C QoHl(X,G) = ZQ[Xl] @ZQ[XQ]
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and
Zo[X] = Q1 Hy(X;G) C QoHy(X;G) = Zo[X1] ® Zo[Xa] © Za[{po}]

for k <0.

3.4. The odd-order group case.

If the order of the group G is odd, the equivariant weight spectral sequence corre-
spond to the elements of the weight spectral sequence being invariant under the action of
G, allowing one, in particular, to extract additive invariants. This is because the chains
we consider have coefficients in Zs: if the order of G is odd, the ring Z3[G] is semi-simple
according to Maschke theorem (see for example [2, Theorem 2.1.1]).

Consequently, every Zs[G]-module is projective (and injective). Then

= 0—Zy —Zs—0 (3.2)

is a projective resolution of Zy over Zs[G] and the cohomology of G with coefficients in
a Zy|G)-module M is H"(G, M) = Homg, g|(Z2, M) = M for n =0, and 0 otherwise.
Furthermore, the semi-simplicity of Zy[G] is equivalent to the condition that ev-
ery short exact sequence of Zy[G]-modules is split. In particular, the functor I'® that
associates to any Zs[G]-module the set of its invariant elements is exact.
Let G be a group of odd order. Choosing the trivial resolution (3.2) of Zs as a
projective resolution over Zs[G], in the double complex associated to the functor L, the

column p = 0 is the only one which is potentially non-zero and then, for any G-complex
K.,

L.(K.) = (K.)°
and

H.(G, K.) = Hy(Lu(K.)) = Hy((K.)) = (Ha (X)),

(the functor I'“ is exact on the category of Zs[G]-modules).
Finally, the spectral sequences {F and 11 E associated to a G-complex K, coincide
and collapse at level two:

(Hy(K))® = Hy((K)%) ifp=0,
0 otherwise,

H,((K.)%) = (Hy(K.))% ifp=0,

0 otherwise.
Now, if we consider a real algebraic G-variety X, we have

H.(X:G) = H.((C.(X)%) = (H.(X))°,
Q0P (X) = WCL(X))%, CB(X) = (E(X))°.
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In particular, the non-zero terms of the reindexed equivariant weight spectral se-
quence of X are bounded into the triangle of vertices (0,0), (0,d) and (d,0) (if d is the
dimension of X'). Consequently, we are able to recover the equivariant virtual Betti num-
bers (see [6] and Section 4 below) from the equivariant weight spectral sequence when
the order of the group G is odd.

PRrROPOSITION 3.25. Let G be a finite group of odd order. For all real algebraic
G-varieties X and all ¢ € Z, the ¢ equivariant virtual Betti number of X ([6]) is the
alternating sum of the dimensions of the terms of the row q of the reindexed equivariant
weight spectral sequence:

BS(X) = (~1)Pdimg, “E2 .

p=>0

PRrROOF. In this set-up, for ¢ € Z, the additivity long exact sequence for an equiv-
ariant closed inclusion (3.1) is finite and gives us the additivity of the right-hand side
expression. Moreover, if X is compact nonsingular, “E2 = (E2 )¢ =0if p # 0 and

9EZ, = (B2,)C = (H,(X))% = H/(X;G). 0

4. Additivity.

In previous Section 3, we could not extract finite additive invariants from the equiv-
ariant weight spectral sequence in the general case. In this Section 4, we construct
bounded double complexes kC , for all k € Z, which extend the additivity of the Nash-
constructible filtration and of the weight spectral sequence it induces (Remark 4.1 and
Proposition 4.2). For each k € Z, the columns of one of the spectral sequences induced
by kC are the columns of spectral sequences [ E, the ones which converge to the level
two of the reindexed equivariant weight spectral sequence (see Subsection 3.3). We show
that these columns provide finite additive invariants in terms of bounded long exact
sequences.

We then consider the other spectral sequence the double complex kO induces, focus-
ing on the case of the two-elements group, for which we have the Smith Nash-constructible
exact sequence that enables its computation. The abutment of this spectral sequence in-
volves the geometry of invariant chains and the geometry of the fixed points set and each
of its columns also yields additive invariants in terms of bounded long exact sequences.
Furthermore, we prove that the Euler characteristic of this spectral sequence coincides
with the k*® equivariant virtual Betti number in some cases. The equivariant virtual
Betti numbers are the unique additive invariants defined on the category of real alge-
braic G-varieties that equal the dimensions of equivariant homology groups on compact
nonsingular varieties (see [6]).

We finally discuss the relation of these additive invariants with equivariant virtual
Betti numbers in general case for G = Z/2Z. The extension Theorem 2.4 can provide a
filtered complex inducing a spectral sequence from which we can recover the equivariant
virtual Betti numbers. If the invariant semialgebraic chains equipped with the Nash-
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constructible filtration realized this filtered complex, the spectral sequence induced by
the double complex *C would compute the equivariant virtual Betti numbers.

4.1.
Let G be a finite group

The double complex ¥C.

Let X be a real algebraic G-variety. For the sake of readability, we simply denote

C.(X) by C,.

The group cohomology of G is functorial and each exact sequence 0 — N,_1Cg —
NoCs — NoCs/Ny—1Cs — 0 induces a long exact sequence in group cohomology,
compatible with the boundary operator of C. Therefore, we can construct the following

bounded double complex

<—H*’<*(a71)(c N"—lcﬁ+1) < H*k*a(c NaCpt1 ) W H*’Cf(aﬂ)(G Na+105+1>
* No—2Cg41 " Na—1C3+1 » " NaCgii
al dl al
0 0
_ —k—(a—1) Na—lcﬁ> @ —k—a( NaCp ) d —k—(a+1)( Na+1%)
H (G’ Na—2Cg " G, Ne—105) = H G, NaTp ) S
al dl dl
Ney_1C d0 NaC d0 Nay1C
—k—(a—1) a—1 ;3—1) 7k:7a( aCg_1 ) 7k7(a+1)( a1 [3-1)
H (G’ Na—2Cp_1 H G, Na—1Cp_1 H G, NaCpg_1

that we denote by (kCA'aﬁ(X))(a”g)eZXZ. The differentials d* are induced by the boundary
operator of C, and the differentials d° are given by the following commutative diagram

)

a—lcﬁ

H -+ D(G N1 Oy) —= H+=(a=1) (G, /J\\//

a—2Kp
/
NoCpg
«-1Cp

T

HH=(G N ) Hok 4 (@,

Hhe (G,

).

REMARK 4.1. For G = {e}, the double complex (kéa,g)(a,ﬁ)emz is reduced to the

column o = —k and the homology of this column provides the row ¢ = k of the page two
of the reindexed weight spectral sequence of X. In particular, the Euler characteristic of
the homology of the column a = —k is the k" virtual Betti number.

Consider the induced spectral sequence I{“E, computed by first taking the homology
of d':
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—k—« NaC* _ —ar2
IIE B = Hp (H (G, 70 )) = HEa+k,a+B'
a—1%Vx%

Each column of the page I{“E 1is additive in the following meaning:

PROPOSITION 4.2.  LetY C X be an equivariant closed inclusion in Schf(R), For
any q and i in Z, there is a finite long exact sequence

- Ii]EiQ,j(Y) - IfEiz,j(X) qu (X \Y)— I?Eu 1Y) — -y

where IIE .= H; ( ”(G,Ei?q)), i,j € Z, is the page two of the spectral sequence ({E
induced by the Nash-constructible filtration (see Paragraph 3.3).

PrROOF. From the exactness of the equivariant short sequences
0— Nka(Y) — /\/'ka(X) — J\/ka(X \Y)—0 (4.1)

([14, Proof of Theorem 3.6] and [15, Remarque 3.9]) follows, by a diagram chase, the
exactness of the equivariant short sequences

0—E),(Y)— E) (X)— E) (X\Y)—0 (4.2)
which then induce the long exact sequences in group cohomology

- — H"(G,E} (Y)) — H*(G,EY (X))
— H"(G,EY (X \Y)) — H*Y(G,EQ (Y)) -

Since, for any k and p in Z, the short exact sequence (4.1) is split by the closure morphism
c € NpCrp(X\Y) — ¢ € N,C(X), which is an equivariant morphism by [15, Proposition
2.4], so is, for any p,q € Z, the short exact sequence (4.2) by the induced equivariant
morphism EJ) (X \'Y) — E) (X), and the short sequence of complexes

0— H*(G,E) (Y)) = H"(G,E (X)) — H*(G,EJ (X \Y)) =0

is exact (by functoriality of H*(G, -)). We obtain the result by considering the induced
long exact sequences in homology. O

If all the spaces Ifﬁl (or equivalently all the spaces IfEE ; such that g 4+ = k) are
finite-dimensional, we can define the quantity

Bk (X) = I{CEl Z Z )’ dimg, 11E2 (X)

q+i=k j>0

and, as a consequence of the previous Proposition 4.2, we have
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THEOREM 4.3.  The invariants BS () are additive on real algebraic G-varieties on
which they are well-defined.

REMARK 4.4. The additivity of the spectral sequences {E and of the invariants
B& strongly depends on the choice of the Nash-constructible filtration to realize the
weight complex with action.

EXAMPLE 4.5. 1. Let X be the real algebraic curve defined by the equation y? =

22 — 2% in R? and consider the Z/2Z-action given by (z,y) — (—z,y). Keeping the

notations of Example 3.24, we have

75 X] ifg=1,7<0and j =0,
Zg[Xl] 1fq:0,z§0andj:1,
Zo|{po}] ifqg=0,i<0andj=0,

0 otherwise,

a2 c 1 if k<1,
IIEi,j(X) = and By (X) =

0 otherwise.

2. Take the same variety X and equip it with the action given by (z,y) — (z, —y). We
have

Z3[X] ifg=1,i<0andj=0,
IE? (X)) = Za| X1] ifg=0,i=0andj=1, and
1I~4,5 Zo[{po}] ® Zz[{p1}] ifq¢=0,9i<0andj=0,
0 otherwise,
1 ifk=1,
o 2 ifk=0,
BE(X) =13 if k<0,
0 otherwise,

(where p; is one of the two points being invariant under the action besides py).

REMARK 4.6. In each case and for all k € Z, BS(X) is equal to the k*® equivariant
virtual Betti number 3(X) of X (see [6, Example 4.6]).

In the next paragraph, we study the other spectral sequence induced by the double
complex *C, focusing on the case G = Z/27. We use the Smith Nash-constructible exact
sequence (Theorem 2.6) to compute it and extract additivity from this spectral sequence
as well.

4.2. The case G =7/27.

We fix G :=7Z/2Z.

Let X be a real algebraic G-variety and let k be an integer. We compute the
spectral sequence {“E(X) induced by the double complex (kéa,ﬁ)(a,ﬁ)erZ by first taking
the homology of d°. We use the Smith Nash-constructible short exact sequence (Theorem
2.6) to show that
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NaCﬂ(XG) .
./\/70(7105()((;) if —k—a>1,
FEL 5= (NaCp)@
I~a,8 ap N _
70\/.&710@6: if —k—a=0,
0 otherwise,
and consequently, the page {CEQ is given by:

I\ NG 0L (XE) 1\ N0 (X0 o)) P, 10)
m(eowa) o m(vnene) ()
P\ Nar CL(XE) AN -2 CL(XE) N 1C.)8
)
)

G G
Hﬁl( NaCp1(X€) ) o Hy I(Nk 10 (X

No1Cy1(X9) ) He- (M)

(the first non-zero column from the right side is the column « = —k). In particular, the

N_jp—2Cu(XC

spectral sequence (f@, ’“5) degenerates at level two and one can compute the homology
of the total complex associated to the double complex kC.

Indeed, let w be an element of {@iﬁ = Hs(NoCu(X9) /No—1Co (X)) with a < —k.
It can be represented by a chain ¢ € N,Cs(X%) such that dc € N, 105 1(X%).
In order to compute the image of the element w by *§2, we first apply the differen-
tial d* to its representative ¢ in *C, 5 = HF%(G, NyCs/Ny_1C3), where ¢ denotes
the class of ¢ in H *=%(G, NyCs/Na_1C3). Then d*(¢) = dc = 0 € *Cop_y =
H=F=(G,NoCp_1/No— 105 1), since dc € N 1C5_1(XY) € Ny_1Cs-1(X). There-
fore, the zero element ¢ = 0 of ¥Cy i1 4.1 is such that d'(¢) = d°(c'), and finally
di(d)=0¢€ Caﬂﬁ,g is a representative of 5% (w) € kE a+1,5—2- Asaresult, k§2(w) = 0.

Furthermore, we read additive invariants on each column of the page {VE2: the
columns o < —k are rows of the page E2 (X %) of the reindexed weight spectral sequence
of X% and the split short exact sequences (4.1) also induce long exact sequences of
homology of the pairs ((N,C.)€, (N,C.)%).

When all the vector spaces Hg((N_;Ci)¢/(N__1C,)%) are finite-dimensional, we
can consider the Euler characteristic of the page fEQ and this defines an additive invariant
on the category of real algebraic G-varieties on which it is well-defined. When the involved
quantities are well-defined, we have the following formula:

PROPOSITION 4.7.  For G = Z/2Z, for all k € Z and all real algebraic G-varieties
X for which the following quantities are well-defined, we have

50 = Con (i ((22955)) + )

q>k+1

PROOF. When all the spaces Hg((N_xC.)/(N_k_1C.)%) are finite-dimensional,
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we have

A~ G et
x(FE?) = (-1)’“%&(%)) + (D)X (Ear.,—o(X9)
a<l—k—1

and, for all o € Z, X(EELH?,Q(XG)) = (—=1)*B_a(X%) by [14, Section 1.3]. We conclude
by recalling that the Euler characteristics of two spectral sequences converging to the
same homology are equal from the level where they are well-defined (see for example
[11]). O

We list below cases where the quantity X({“E2) is well-defined and coincides with the
kM equivariant virtual Betti number of X ([6]).

THEOREM 4.8. Let G =7/27Z and X be a real algebraic G-variety. We have

X(FE?) = B (X)

k <0 and X is any real algebraic G-variety,

e X is a compact real algebraic G-variety equipped with a fized-point free action, for
allk € Z,

dim X =d and k = d (X is any real algebraic G-variety),

e X is a 1-dimensional real algebraic G-variety, for all k € Z.

ProoF. 1. If k < 0, we have x(FE?) = Dkl By (XE) = > >0 By(X). If now
we assume X to be compact nonsingular, then the fixed points set X is also compact
nonsingular and X(fEQ) = > 4>0dimz, H,(X%) = dimg, H,(X;G), since k < 0, by
Lemma 3.14.

2. To show the second point, suppose X is a compact real algebraic G-variety equipped
with a fixed-point free action and let &k € Z. Then Xg/G is an arc-symmetric set
and, by Proposition 2.7, there is an isomorphism of complexes (N_;,C,(X))¢ =
N_;C.(Xg/G).  Then all homology groups Hz((N_rC.)¢/(N_1_1C.)E) =
Hg(N_;C(Xr/G) /IN_-1C(Xr/G)) = E3k+g,k(XR/G) are finite-dimensional and,
since X = (), we have

X(GE?) = (=1)F > (=1)" dimg, E? ., 5 (X /G) = Bi(Xz/G).
B

The formula B¢ (Xg/G) = B¢ (X) of [6, Proposition 3.15] provides the result.
3. If d is the dimension of X, we have

Hﬂ(((N—dC*(X))G )

(N_aCa(X)C ifn=d,
N_a-1C:(X))¢

0 otherwise.
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Then x(~¢E2) = dimg, (N _4Cq(X))C = dimg, (Egyd(X))G (recall that N,C3(X) =0
for a < —d) and, if X is compact nonsingular, (N_qCq(X))¢ = (kerdy)¢ =
Hyi((Cu(X))%) = Hy(X;G) (see Lemma 3.14).

4. Finally assume X to be a 1-dimensional real algebraic G-variety. Then

(ker@l)G
C.(X))C >: (V1O (X)€

. ( ] ifn=1,
n((N—lcl(X))G Ho((C.(X))¢) ifn=0,

0 otherwise,

and X(?E2) is well-defined (Ho((C,(X))%) is a subspace of Hy(X; G) by Lemma 3.14).
Furthermore, if X is compact nonsingular, we have (NV_;C;(X))¢ = (kerd;)¢ and
X(?Ez) = din’lZ2 Ho((C* (X))G) + dimzz Hl (XG) = dimz2 }I()()(7 G) O

Below, we use the extension criterion Theorem 2.4 to show the existence of a filtered
complex and a spectral sequence from which we can recover the equivariant virtual Betti
numbers. This will allow us to establish sufficient conditions for the Euler characteristics
X({“EQ) to be well-defined and to coincide with the equivariant virtual Betti numbers in
general case.

PROPOSITION 4.9.  The functor VE(R) — HoC which associates to every projec-
tive nonsingular G-variety the filtered compler (F¢"C,(X))¢ = Fe™(C, (X)) admits
an extension to a functor

WO, : SchS(R) — HoC

which verifies acyclicity and additivity properties. Furthermore, cWC, is unique up to
a unique isomorphism of HoC with these extension, acyclicity and additivity properties.

PROOF. We use the extension Theorem 2.4. Since the functor V¢(R) —
HoC ; X + (F"(C, (X)) factorizes through C, it is ®-rectified and, if X and Y are two
real algebraic G-varieties, we have (F"C, (X UY))% = (Fe"C,(X))¢ @ (Fe"C.(Y))%
therefore it also verifies the condition (F1) of Theorem 2.4.

The verification of condition (F2) runs as in [14, Proof of Theorem 1.1], replacing
the homology of the chains by the homology of the invariant chains. Indeed, the short
sequences for an equivariant blowing-up

0 — Hy((C-(Y)?) = Hi((C.(Y))%) @ Hi((C+(X))¥) — Hy((C.(X)9) = 0

are exact (by Lemma 3.14, for every G-variety Z, Hp((C.(2))¢) = Hp(Z;G)/
@iszrlHi(ZG) and the short sequences for H,(-) and H(-;G) are exact: see [13,
Proof of Proposition 2.1] and [6, Lemma 3.6]). O

If X is a real algebraic G-variety, we have H,(¢cWC, (X)) = H.((C.(X))%) (because
the short exact sequences of semialgebraic chains for an equivariant closed inclusion and
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an acyclic square in Scth(R) are split by equivariant morphisms) and we can read the
acyclicity and additivity properties of gWC, on the induced spectral sequence, denoted
by ¢ E. We recover the equivariant virtual Betti numbers from the spectral sequence g E
together with the virtual Betti numbers of the fixed points set:

THEOREM 4.10.  For every real algebraic G-variety X, if we reindex the spectral
sequence o E as in Section 3.3, we have

BE(X) = (-1)PdimgE} (X)+ > Bi(XY)

p=>0 i>q+1
forallq e Z.

PROOF. First, if X is a G-variety of dimension d, the terms GE§7q(X) are finite-
dimensional and bounded in a triangle with vertices (0,0), (0,d) and (d,0). This comes
from the isomorphism between the spectral sequence GE(X ) of a compact G-variety
X and the spectral sequence associated to an equivariant cubical hyperresolution of X,
which is analog to the one considered in the Section 1.3 of [14] (see Proposition 1.8 and
Corollary 1.10 of [14]), replacing the semialgebraic chains by the invariant semialgebraic
chains.

Now fix ¢ € Z. The additivity of the right-hand side expression above is deduced
from the additivity property of ¢WC,, as in [14, Section 1.3], and the additivity of
virtual Betti numbers. If now we consider a compact nonsingular G-variety X, the filtered
complex gWC,(X) is quasi-isomorphic in C to (F°*"C,(X))¢ (the inclusion of categories
VY R) — Reggmp(R) has the extension property and the functor X s (F¢C,(X))%

is additive and acyclic in Reggmp(R)) and

D (=DPdimgE (X)+ Y Bi(XY)

p>0 1>q+1

= dimgz, Hy((C.(X)%) + Y dimg, H;(X©)
i>q+1
— dimg, Hy(X;G)

by Lemma 3.14. 0

Consequently, if the Nash-constructible filtration realized the functor ¢ WC,, we
would have, for all real algebraic G-varieties and all k € Z,

B = o (. () ) ¢ 3 s

i>k+1

=S (1P dimgE2(X) + Y B:(x€)

p=0 i>k+1

= By (X).
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We already know that the functor Sch(R) — HoC ; X — (NC.(X))C verifies
acyclicity and additivity properties at the chain level thanks to the equivariant splittings
of the short exact sequences of additivity (4.1) and of the analog short exact sequences
of acyclicity (this is true for any finite group G). It remains to decide whether the
equivariant filtered quasi-isomorphism NC,.(X) — F“"C,(X) for X a compact and
nonsingular real algebraic G-variety (see [14]) is preserved by the functor I'® or not.
The clear identification of the behaviour of invariant chains under this morphism should
require precise techniques of equivariant Nash geometry.

If the double complex kC' does not realize the equivariant virtual Betti numbers,
this means we identified new additive invariants on real algebraic G-varieties in terms
of finite long exact sequences. The spectral sequences induced by the double complexes
kC , which are natural invariants of the equivariant geometry of real algebraic G-varieties,
should be paired with the equivariant weight spectral sequence to which they are related.
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