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Abstract. A notion of convergence of excursion measures is introduced.
It is proved that convergence of excursion measures implies convergence in
law of the processes pieced together from excursions. This result is applied
to obtain homogenization theorems of jumping-in extensions for positive self-
similar Markov processes, for Walsh diffusions and for the Brownian motion
on the Sierpinski gasket.

1. Introduction.

In the previous work [22], the author obtained homogenization results of jumping-in
extensions for diffusion processes on the half line. The proof was based on the con-
struction of a sample path from excursions using Itd’s excursion theory [11] and the
time-change method. The key to the proof was to prove convergence of time-changed
paths of the Brownian excursion based on the results of Fitzsimmons—Yano [8].

The aim of this paper is to establish a general limit theorem (Theorem 2.5) which
asserts, roughly speaking, that

n, — Ny implies X, law, Xoo) (1.1)

where n,,’s are excursion measures and X,,’s are the processes pieced together from
excursions. For a given Hunt process for which the origin is regular for itself, the excursion
measure away from the origin characterizes the law of the Hunt process. Hence it may
be natural that (1.1) should hold. But in what sense is “n, — ns"?

We introduce a notion of convergence of excursion measures as an analogue to Sko-
rokhod’s a.s.-convergence realization of weak convergence of probability measures. We
roughly say that n, — mn. if all n,’s can be realized as the pullbacks of a common
1. where ®,’s are measurable mappings which take
values in the functional space of cadlag paths equipped with the Skorokhod topology
and which satisfy ®,, — ®,, v-a.e. The key to the proof of (1.1) is to realize X,,’s from
a common Poisson point process and to construct random time-changes which establish
the convergence ®,, — ®,, in the Skorokhod topology.

o-finite measure, say n,, = vo ®
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We apply the general theorem to obtain homogenization theorems of jumping-in
extensions. Let S be a Borel subset of R? containing 0 and H° = {X, (P%),cs} be a
Hunt process stopped upon hitting 0. Let S’ be a measurable space and let {n,},cgs
be a kernel such that for each v € S’ the measure n, is the excursion measure of
an extension of H%. A jumping-in extension is the process X, ; pieced together from
excursions corresponding to the excursion measure defined by

mos= [ pldom+ [ o (1.2)
s S\{0}

for some finite measure p on S’ and some o-finite measure j on S\ {0}. (The excursion
measure of any extension of H° may admit a representation of the form (1.2); see It6 [12,
Section 7].) Let ¢ > 1 be a fixed constant. For v > 0, we define the scaling transformation

(P w)(t) = ¢ Tw(et). (1.3)
For certain constants o > 0 and v > 0, we study the following scaled objects:

nfjfj) ="y 0 (Uh) 7, Xg;) =V X, (1.4)

We shall provide sufficient conditions for the following two types of convergences:

n (1.5)

() {np*g in the jumping-in vanishing case,
 —
P

ng;+ in the jumping-in dominant case

for some p* and j*. Thanks to the general theorem (1.1), the convergence (1.5) leads to
the corresponding convergence in law of the scaled process X;Z- ,
a homogenization result. In particular, we take up positive self-similar Markov processes,
Walsh diffusions, and the Brownian motion on the Sierpinski gasket.

Let us give a remark on earlier works about jumping-in extensions. Jumping-in ex-
tensions of diffusion processes were discussed by Feller [6] in his study of determination
of all possible boundary conditions for the generator of a diffusion process with acces-
sible boundaries. Such processes appear in the study of population genetics; see, e.g.,
Hutzenthaler—Taylor [9]. The sample path construction of the jumping-in extensions was

which can be regarded as

first established by It6—McKean [13] for Brownian motions using time-change method in-
volving an independent Poisson process. Itd [11] established his theory of Poisson point
process of excursions to construct a sample path by piecing together from excursions
produced by a Poisson point process. Yano utilized Itd’s method in [22] to obtain ho-
mogenization results of jumping-in extensions for diffusion processes on the half line and
in [23] to determine possible jumping-in extensions of diffusion processes on an interval.

Note also that Lambert—Simatos [15] proved (1.1) in a certain sense which is different
from ours. They gave a general condition for convergence of regenerative processes
assuming the convergence of excursions bigger than e in some given functional, which
are called the e-big excursions, for all ¢ > 0.
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This paper is organized as follows. In Section 2, we give basic facts about the piecing
procedure of excursions and state the general limit theorem. In Section 3, we state the
homogenization theorems for jumping-in extensions in a rather general framework. In
Section 4, we discuss three examples of the homogenization theorems: the positive self-
similar Markov processes, the Walsh diffusions and the Brownian motion on the Sierpinski
gasket. Section 5 and Section 6 are devoted to the proofs of the general limit theorem
and the homogenization theorems, respectively.

ACKNOWLEDGEMENTS. The author thanks Naotaka Kajino for his valuable sug-
gestions on Lemma 4.6. The author also thanks the referee for pointing out an error of
earlier versions.

2. General limit theorem.

2.1. Notations about excursions.

Let d > 1 and let D = Dga denote the set of all functions w : [0, 00) — R¢ which are
cadlag, i.e., right continuous with left limits. We say w,, — w uniformly on compacts, or
simply wy, — w ue, if sup,e(g 4] [wn(t) —w(t)] — 0 for all ty > 0. We equip D with the
Skorokhod topology; we say w, — w in D if there exists a sequence of time-changes {I,, }
of [0,00) such that each I,, : [0,00) — [0, 00) is bijective, continuous and increasing and

I,—1I— 0ucand w, —wol, — 0 uc, (2.1)
where I(t) = t denotes the identity time-change. It is well-known that D is a Polish space.

We write B(D) for the o-field generated by all open subsets of D. Let X = (X(¢))>0
denote the coordinate process on D, i.e.,

X(w)(t) = X(t)(w) = w(?t). (2.2)
For z € R%, we denote the hitting time of x by
T, (w) =inf{t > 0: w(t) = z}, (2.3)
where we adopt the usual convention inf ) = co. We denote
|lw|| = sup |w(t)] for w e D. (2.4)
>0
Paths stopped upon hitting 0 are called excursions away from 0. The set of all excursions
away from 0 will be denoted by
D° = {w € D :w(t) = w(tATy(w)) for all t > 0}. (2.5)
We write o € DV for the path o(t) = 0. Note that, for w € D°, we have Tp(w) = 0 if and

only if w = o.
For t € [0, 00), we define the shift operator 6; : D — D by
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Orw)(s) =w(t+s), s>0. (2.6)

We denote FY = o(X(s) : s <t) and set Fy = (Voo Fere-

2.2. The process pieced together from excursions.

We denote #{-} by the number of elements of the set {-}. For a o-finite measure v
on a measurable space E and a measurable functional f on E, we write v[f] for [ p fdv
whenever the integral is well-defined.

We first recall the usual notion of a Poisson point process; see, e.g., [10, Section 1.9]
for the basic facts about it. Let v be a o-finite measure on a measurable space E. We
call {(p(l))lep(p),P} a Poisson point process on E with characteristic measure v if the
random measure IN; for [ > 0 defined by

Ni(A) =#{s e D(p)N[0,1] : p'¥ € A}, A e B(E) (2.7)

satisfies that for any non-negative measurable functional f on E the process (N;[f])i>o0
is a Poisson process with intensity v[1 —e™/].

We second introduce an auxiliary notation modifying the usual notation of a Poisson
point process. Let m be a o-finite measure on D such that n({o}) = 0. We call {p =
(p(l))lzo,]P’} a Poisson point process on D outside o with characteristic measure n if
{(PD)1ep(p), P} for D(p) = {l > 0: p(») # o} is a Poisson point process on D \ {o} with
characteristic measure n|p\ ;3. Note that a Poisson point process (p(l))lep(p) on D\ {o}
can always be extended to a Poisson point process on D outside o by putting p®) = o
when [ ¢ D(p).

Let (n,<) be the pair consisting of a o-finite measure n on D such that n({o}) =0
and a non-negative constant ¢. Let p = (p(l)) 1>0 be a Poisson point process on D outside
o with characteristic measure n. Noting that p) € D for all I > 0, we have

To(pY) = inf{t > 0: pW(t) = 0}. (2.8)
Let ¢ > 0 be a constant and for [ > 0 we define

n(l) = n(p,s;1) =<l + Y To(p'). (2.9)

s<l

We introduce the following conditions on the pair (n,<):

(N0) X € D% and 0 < Ty < o0, m-a.e.;
(N1) n[To A 1] < oo;

(N2) either ¢ > 0 or n(D) = oo;

(N3) n(||X]|| > r) < oo for all r > 0.

If the conditions (NO) and (N1) are satisfied, we see that p() € DO for all I > 0 and that
To(p®) = 0 for all but countably many 1.

LEMMA 2.1.  Suppose that the conditions (NO) and (N1) are satisfied. Then
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m))iz0 = (n(p,s;1))i>0 is an increasing Lévy process with Laplace transform
Efe V] = exp { —lcA —In[l —e 0]}, A >0. (2.10)

If, moreover, the condition (N2) is satisfied, then it is strictly increasing.

Lemma 2.1 is well-known, and so we omit its proof.
The following proposition enables us to piece a process together from excursions.

PROPOSITION 2.2.  Suppose that the conditions (NO)—(N2) are satisfied. Define

L(t) = L(p,s;t) =inf{i > 0:n(l) > t}, ¢t>0 (2.11)
and
D (4 —p(l— ; _
p(t—n(l=)) ifnll-) <t<n(l) for somel >0,
X(t) = X(p,s;t) = , (2.12)
otherwise.
Then it holds that
t

/0 Iix(s)=01ds = cL(t). (2.13)

If, moreover, the condition (N3) is satisfied, then the process X (p,s) = (X (p,<;t))e>0 15
D-valued. If n(D) = oo, the converse is also true: if the process X (p,s) is D-valued then
the condition (N3) is satisfied.

The proof of Proposition 2.2 will be given in Section 5.1.

2.3. General limit theorem.

For real-valued measurable functions f1, fo,... and fo, defined on a measure space
(E,&,v), we say that f, — fo, v-almost uniformly if for any £ > 0 there exists A € £
such that v(A) < e and sup 4e | frn, — foo| — 0. Imitating the Skorokhod representation of
almost sure convergence, we introduce the following notion of convergence.

DEFINITION 2.3. Let ny,mno,... and ny be o-finite measures on D. We say that
N, — N if there exist a Polish space F, a o-finite measure ¥ on F and measurable
mappings @1, Py, ..., P, from E to D such that the following conditions hold:

(G1) np, = (vo®,")|p\(o} for n=1,2,... and oo;

(G2) ®,, » P in D, v-a.e;

(G3) | Pyl = [|Pooll, V- almost uniformly;

(G4) Ty(P,) — To(Poo), v-a.e.;

(G5) there exists N € N such that v[1Asup,sy To(Pn)] < oc.

We shall see in Lemma 5.4 that Condition (G3) can be replaced by the following:
(G3)" v(U,Z; {l|®nll = r}) < oo for all r > 0.
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REMARK 2.4. Condition (G2) does not imply Condition (G4). This is because
the functional Ty : D — [0, 00] is not continuous; for instance, the sequence of functions
wy, € Dg defined by

1 ifo<t<l,
wa(t) =4 1/n f1<t<2, (2.14)
0 ift>2,

satisfies that w,, converges to we in Dg, while To(w,) =2 /A 1 = To(weo ).

THEOREM 2.5. Let ni,na,... and Ny be o-finite measures on D. Let 1,62, ...
and S5 be non-negative constants. Suppose that the following conditions hold:

(A1) for each n € NU {oo}, the pair (n,,s,) satisfies Conditions (NO)—(N3);
(A2) n, — nuo;

(A3) X(Tyo—) =0, ne-a.e;

(A4) Sn — Sco-

Forn € NU {oo}, let p, be a Poisson point process on D outside o with characteristic
measure n,. Denote 1n,(1) = n(pn,sn;l) and X, (t) = X (pn,sn;t). Then it holds that

law

(XnaL’mnn) B <X007L00777<>o) as n — oo, (215)

where the convergence is in the sense of law on D x Dg X Dg.

The proof of Theorem 2.5 will be given in Section 5.3.

3. Homogenization theorems.

3.1. Excursion measures.

Let S be a Borel subset of RY containing 0 and let H® = {X, (P%),cs} be a Hunt
process stopped upon hitting 0. A Hunt process H = {X, (P, )zes} is called an extension
of HY if the law of the stopped process X (t A Tp) under P, coincides with PV for all
x € S. We introduce the following set of conditions for an extension H of H?:

(B1) H is a conservative Hunt process with values in S;
(B2) the state 0 is regular for itself, i.e., Po(To = 0) = 1;
(B3) the state 0 is recurrent, i.e., P, (Tp < co) =1 for all z € S.

Let H be an extension of H satisfying Conditions (B1)—(B3). Then the following
assertions hold:

(1) there exists a positive continuous additive functional L = (L(¢))¢>0 such that
fooo Lix(s)20ydL(s) = 0 (the process L is called the local time of 0 for X);
(i1) if A = (A(¢))i>0 is a non-negative continuous additive functional such that

fooo Lix(s)20ydA(s) = 0, then A(t) = kL(t) for some constant k.

For the proof of these facts, see, e.g., [4, Theorem V.3.13].
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We fix L for a choice of the local time of 0. We then see that there exists a constant
¢ > 0 such that

t
/ 1{X(s):0}d5 =gL(t), t>0. (3.1)
0

The constant ¢ is called the stagnancy rate. Denote
n(l) =inf{t >0: L(t) >1}, 1>0. (3.2)

For | > 0, we define p = (p((¢));>0 € D by

S0 (1) = {X(n(l—) +t) i 0 <t <n(l) —n(-), (33)

0 if t > n(l) = n(l-).

The point process p = (p(l))lzo thus obtained will be called the point process of excursions
for {X,Py}. Tt is then known (see [12, Section 6]) that {p, Py} is a Poisson point process
on D outside o. Its characteristic measure will be denoted by n and called the excursion
measure. We now see that

L=L(p.<), n=mnp<) and X =X(pq) (3.4)

THEOREM 3.1 (Itd). Let (n,s) be as above. Then the following assertions hold:

(i) (n,s) satisfies Conditions (NO)—(N3);
(ii) for anyt >0, any A € F;, and any A" € B(D), it holds that

n({To >t} NANG; T A") = n[PS ) (A); {To > t} N 4], (3.5)

provided that n({Tp >t} N A) < co.

For the proof of Theorem 3.1, see It6 [12, Section 6] and also Salisbury [19].
We also have the strong Markov property for n stated as follows.

THEOREM 3.2.  For any stopping time T, any A € Fr and any A’ € B(D), it holds
that

n({To > TYNANO;'A') = n[PS 1) (A); {To > T} N A], (3.6)
provided that n({Ty > T} N A) < co.

From this theorem we obtain the following corollary.

COROLLARY 3.3.  For any x # 0 and any A € B(D), it holds that

n({T, < To} N 07" A) = n(T, < To)PL(A). (3.7)
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Proor. By Condition (N3), we have
n({T: <To}) < n(||X]| = |z|) < oo (3-8)

Hence we may apply Theorem 3.2 for T = T,,. Since X (T,) = x, we obtain (3.7). O

3.2. Scaling property.
Let H be an extension of H? satisfying Conditions (B1)-(B3). Let ¢ > 1 be a fixed

~

constant. For v > 0, we define transformations ¥, and ¥, of D by

~

(T, w)(t) = c wlet), (V,w)(t) =c  w(ct). (3.9)

We introduce the following set of conditions:
(S0) ¢>1,a>0,0<k<1/aand ¢ *S C S;
(S1) {UoX, Py} 2 {X,Poee,} for all z € S,
(82) {WanL,Po} = {L,Po}.

We need the following lemma.

LEMMA 3.4.  Suppose that Conditions (S0)—(S2) are satisfied. Then the stagnancy
rate of the process { X, Py} is necessarily equal to 0.

The proof of Lemma 3.4 will be given in Section 6.1.
Condition (S2) is equivalent to the scaling property of the excursion measure as
follows.

PROPOSITION 3.5.  Suppose that Conditions (S0)—(S1) are satisfied. Then Condi-
tion (S2) is equivalent to the following condition:

(S2) mnoW ! =c"%n,.

3.3. Homogenization theorem for jumping-in extensions.
In addition to Conditions (B1)—-(B3), we introduce the following set of conditions:

(B4) excursions leave 0 continuously, i.e., X(0) = 0, n-a.e.;
(B5) excursions hit 0 continuously, i.e., X (Top—) = 0, n-a.e.

If Conditions (B1)—(B5) and (S0)—(S2) are satisfied, then we see, by Condition (S2)’,
that it also satisfies

o(c %) =c*"o(x) forxzesS. (3.10)

Let H° be a Hunt process stopped upon hitting 0 and let ¢ > 1, a > 0 and 0 <
k < 1/a be fixed. Let S’ be a measurable space and let {n,},cs’ be a kernel on D. We
introduce the following condition:

(B) for each v € S’, the measure n, is the excursion measure of an extension H, =
{X, (PY)zes} of HY satisfying Conditions (B1)—(B5) and (S0)—(S2).
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For a finite measure p on S’ and a o-finite measure j on S\ {0}, we define

i(dw) = V)1, (dw j(da)PY(dw). .
() = [ ptaomau) + [Pl (3.11)

For a triplet (p, j,¢), we introduce the following condition:

(C1) the pair (n, ;,¢) satisfies Conditions (NO)—(N3);
(C2) there exists a measurable map ¢ : S\ {0} — S’ such that, for j-a.e. z € S\ {0},
Ty () > 0 and Y(c™*"z) = ¢(z) for all n € NU {oo}.

For a triplet (p, j,¢) satisfying Condition (C), let {p, j,P} be a Poisson point process on
D outside o with characteristic measure n, ;. We write

Xpi(t) = X(Ppj,s5t),  Lpjc(t) = L(pps,<it),  Mpjc(l) =n(ppj,5;1) (3.12)

and call {X, ; ., P} a jumping-in extension of the minimal process H".
For a scaling exponent 7 > 0, we define

n( = i, o (W)Y, () = (g (3.13)
and
XM =wrX, ., LU o=wrL, e gl =0, (3.14)

Let H° be a Hunt process stopped upon hitting 0 and let ¢ > 1, @ > 0 and 0 < k <
1/ be constants. Let {n,},ecs be a kernel satisfying Condition (B). Denote

op(z) =n,(T, < Tp) forves. (3.15)

Let (p, j, <) satisfy Conditions (C1)—(C2). In order to handle various examples together,
we give the following two auxiliary theorems.

THEOREM 3.6 (Jumping-in vanishing case).  Suppose the following condition:

(C3) Toang — 0, nyz)-a.e. for j-a.e. x € S\ {0}
(C4) (mp+0,0) satisfies Conditions (NO)-(N3), where p* is the finite measure on S’
defined by

. Jj(dz)
o =p+/ IR (3.16)
s\(0} Tua) (@) VY

where § denote the Dirac delta. Then, for the scaling exponent v = ak, it holds as n — oo
that

I L (3.17)
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and
n n n law
{(Xiaj)ﬁ’L£’7J>7§7n£7]>7§>7p} - (Xp*10’07LP*»O’O7,’7P*7010)’P}' (318)

THEOREM 3.7 (Jumping-in dominant case).  Suppose the following condition:

(C5) there exist a o-finite measure p on a measurable space S, measurable mappings
Ip 8" —= S\ {0}, J*: 8" — S\ {0}, and a constant 3 € (0, k) such that

COCB" ]((1737) ). ) = "
/S\{O} %(m(c*a”x)f (¥(=), ) / ) f(7Y), Jay) - (3.19)

for all n € N and all non-negative measurable function f on S’ x S and
T1y = Tyey and X(Tyey—) = X(Tjey), gy -a-e. for p-a.e. y € S”; (3.20)

(C6) (mo,;-,0) satisfies Conditions (NO)—(N3), where j* is the o-finite measure on S\{0}
defined by

Jjt= /S“N(dy)aw((l*y)(J*y)éJ*y (3.21)

Then, for the scaling exponent v = a3, it holds as n — oo that

n" = mngse, <M =0 (3.22)
and
n n n law
{(X/E,j)’ng(p,j)’ga77;)]‘)5>7P} = {(Xo,5+,0, Lo,j+,0:M0,5+,0) , P} - (3.23)

4. Examples.

4.1. Positive self-similar Markov processes.

Let « and k be positive numbers such that 0 < k£ < 1/a and let ¢ > 1 be an
arbitrary number. Let {X, (P;);>0} be a Hunt process with values in S = [0, 00) such
that (B1)—(B5) and (S0)—(S2) hold and

T,, — 0, n-ae. ifz, —0,
(4.1)

T, — Ty, n-ae ifz, —2>0,

where n denotes the excursion measure away from 0 according to a particular choice of
the local time at 0. Let PY denote the law of X (¢t A Tp) under P,. Then Condition (B)
is satisfied for S’ = {0}, H® = {X, (PY),~0} and ng = n.

Such a process can be obtained in the following manner. Let {Z, (Q,).cr} be a Lévy
process which satisfies the following conditions:
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(P1) Z drifts to —oo;

(P2) Z is spectrally negative;

( every point is regular for itself;
(

every point is accessible.

P3
P4

— N —

By (P1) and (P2), it is known (see, e.g., [14, Section 8.1]) that there exists a unique
constant k > 0 such that the following Cramér condition is satisfied:

Qo[ exp(kZ(u))] =1 for all u > 0. (4.2)

We recall the Lamperti transformation following Lamperti [16] as follows. Let a be a
fixed constant such that 0 < oo < 1/k. Define

T(u) = /Ou exp(Z(s)/a)ds (4.3)
and

ex 71 or T(00
Yo - { P(Z(r71(1))) for 0 <t < 7(c0), )

0 for t > 7(0).

For z > 0, we write PY the law of Y under Qiog, and let H° = {X, (PY),~0}. By the
theorem obtained by Rivero [17], [18] and Fitzsimmons [7] independently, we see, thanks
to the Cramér condition (4.2), that there exists a unique a-self-similar recurrent extension
of H® whose excursions leave 0 continuously, which we will denote by {X, (P;);>0}. Then
we see that (B1)—(B5) and (S0)—(S2) are satisfied. Since z — T,1(Z) is a subordinator
and has no fixed discontinuity, we see that PO(D \ {T},, — T.}) = 0 for any sequence
{z,} converging to © > ¢ > 0. Using Corollary 3.3, we see that T, — T,, n-a.e. for
any sequence {z,} converging to x > 0. Since {X,n} has cadlag paths and has no
positive jumps, we further see that T, — 0, n-a.e. for any sequence {z,} converging
to 0. Consequently we have verified that (4.1) is satisfied. We have thus obtained
{X, (Ps)z>0} as desired.
Since (3.10) holds for any ¢ > 0, we see that

o(z) =n(T, <Tp) =0z " (4.5)
for 6 = n(Th < Tp). We need the following.
LEMMA 4.1.  There exist positive constants ¢y and co such that
c1(zF A1) <PUTy A1) < co(x® A1) for all z > 0. (4.6)
PrROOF. For x > 1, we see by the scaling property that

0<PY(Ty > 1) <PY(Ty > 2 /) =PYUTy > 1) <PYTy A1) < L. (4.7)
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By Corollary 3.3 and by (4.5), we have
PUTo A1) =6t "n[Tyobr, AL, T, < Tp). (4.8)

For 0 < x < 1, we see by (P2) that {T1 < To} C {T, < Ty < Ty}, n-a.e., and hence we
obtain

0< n[TooﬁTl AT < To} < TL[TOOHTl ANLT, < To} < n[To/\l] < Q. (49)

The proof is now complete. O

We identify a measure p on S’ = {0} with a positive number p({0}). By Lemma
4.1, we see that, a pair (n, ;,<) satisfies (NO)-(N3) if and only if the following conditions
are satisfied:

(CP1) p is a non-negative constant;
(CP2) j satisfies f(o ooy (&7 AN 1)j(d) < 005
(CP3) any one of the following holds: p > 0, j((0,00)) = oo and ¢ > 0.

COROLLARY 4.2 (Jumping-in vanishing case). Let (p,j,<) satisfy (CP1)—(CP3).
Suppose, moreover, that

1
pi=p+ 5 o )x”j(dx) < 0. (4.10)

Then the same assertions as Theorem 3.6 hold.
Corollary 4.2 is an immediate consequence of Theorem 3.6, and so we omit its proof.

COROLLARY 4.3 (Jumping-in dominant case). Let (p,j,s) satisfy (CP1)—(CP3).
Let 8 € (0,k) and jo > 0 be constants. Suppose, moreover, that

§((2,00)) ~ joxr™? as x — oco. (4.11)
Define a o-finite measure 7* on (0,00) by
§*(dx) = jofr P 1da. (4.12)

Then the same assertions as Theorem 3.7 hold.

PROOF OF COROLLARY 4.3. We define a function J : (0,00) — (0,00) by

1
J(y) = inf {x>0: 5 s%j(ds) >y}. (4.13)
(O7Ij|

In the same way as J we define J* with j being replaced by j*. Set S” = (0, 00),
p(dy) = dy and J,y = ¢ °"J(c*=A)ny). By (4.11), we see that
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- s%j(ds) ~ ———a"F = s"7*(ds) as x — oo, (4.14)
0 J(0,2] 5(k — ) 0 J(0,a]
which shows that (C5) and (C6) are satisfied. We can thus apply Theorem 3.7. O

4.2. Walsh diffusions.

Let us take up the Walsh diffusions, which have been first introduced in Walsh [20,
Epilogue] and developed in Barlow—Pitman—Yor [1]. A Walsh diffusion is a diffusion
process with values in R? whose stopped process starting from = # 0 and stopped at 0
takes values in the ray R(z) := {ra : r > 0}. In this paper we confine ourselves to the
case where the stopped processes are Bessel ones.

Let 0 < a < 1 and ¢ > 1 be fixed. Let B ={X, (Q;),>0} denote the (d/dm)(d/dx)-
diffusion process for m(z) = x'/*~! which takes values in [0, 00) and which has 0 as the
reflecting boundary. Let np denote the excursion measure of B away from 0 according
to a particular choice of the local time at 0 which we will denote by L. Then (S0)—(S2)
holds for S = [0,00) and x = 1 (see, e.g., [5]). Let Q! denote the law of X (t A Tp) under
Q;. By the same argument as the proof of Lemma 4.1 (see also [11, Example 6.1]), we
see that

a(rnl) <QpToAl] <cofrAl) foralr>0 (4.15)

holds for some positive constants ¢; and cs.
Let S = R? and let S’ = S = {v € R? : |v| = 1}. Define ¥ : R? \ {0} — S! by
Y(x) = z/|z|. We define (n,),es1 and (PY),cpr2\ (o} by

nU:/ np(dg)ds and [P’g:/ Q?w‘(dq)éqd,(m), (4.16)
Dio,c) Dio,c0)

where for ¢ = (q(t))i>0 € Djo,00) We write qu = (q(t)v)i>0 € Dgz2. Since np(T, < Tp) =
dr=! for all r > 0 with § = np(Ty < Tp), we see that

Ny (Te < To) = 6z|~!, = €R?*\ {0}. (4.17)

For v € St and for {z,,} C R(v), we easily see that

T,, — 0, ny,ae ifz, —0,
(4.18)

T, — Ty, ny,ae. ifz, —x#0.

Forv € St and x € R(v), we define P? = fD[o Q2((dg)dgy. Forv e S and z ¢ R(v), w

define PY as the law of the process which is obtalned as X (tATo(X))+ X ((t—Tp(X)) \/O),
where {X,P%} and {X, ]P’o} are independent processes defined on a common probability
space. Then H, = {X, (PY),cg2} is an extension of HY = {X, (PY),cr2} and m, is the
excursion measure away from 0 of H,. It is immediate that (B) holds for x = 1.

For measures p on S and j on R?\ {0}, we define n,, ; on Dg2 by (1.2). By (4.15),
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we see that a pair (n, ;,<) satisfies (NO)-(N3) if and only if the following conditions are
satisfied:

(CW1) pis a finite measure on S';

(CW2) j satisfies fRQ\{O}ﬂx\ A1)j(dz) < oo;

(CW3) any one of the following holds: p(S!) >0, j(R?\ {0}) = oo and ¢ > 0.

We identify S* x (0,00) with R?\ {0} via the bicontinuous bijection (v,7) +— rv. A
o-finite measure j(dvdr) on St x (0, 00) allows at least one disintegration of the form

j(dvdr) = p;(dv)j, (dr) (4.19)

for a finite measure p; on S' and a kernel {j,},es1 on (0,00). We can obtain such
a disintegration, for example, as follows: Take a measurable function f(v,r) which is
positive j-a.e. and which satisfies j[f] = 1. Then, by conditioning, the probability
measure j(dvdr) = f(v,7)j(dvdr) possesses a unique disintegration j = pz(dv)j,(dr)
with a probability measure p; and a probability kernel {jotvesi. We set p; = p7 and
Jo(dr) = f(v,r)71j,(dr) and then we obtain the disintegration (4.19). The disinte-
gration (4.19) is not unique; in fact, for any bounded measurable function 7 on S*
with positive values, we obtain another disintegration j(dvdr) = p’(dv)j;(dr), where
() = 7(v)py(dv) and 7, (dr) = 7(v) G (dr).

COROLLARY 4.4 (Jumping-in vanishing case).  Let (p, j,s) satisfy (CW1)-(CW3).
Let j(dvdr) = p;(dv)j,(dr) be a disintegration of j and suppose that

[ alitda) = [ w(ips(an) < o (4.20)
R2\ {0} 51

where (v) = |,

(0,00) rj,(dr). Define the finite measure p* on S* by

o (dw) = pldv) + 5(0)p;(dv). (421)

Then the same assertions as Theorem 3.6 hold.
Corollary 4.4 is an immediate consequence of Theorem 3.6, and so we omit its proof.

COROLLARY 4.5 (Jumping-in dominant case). Let (p,j,s) satisfy (CW1)—(CW3).
Let j(dvdr) = p;(dv)j,(dr) be a disintegration of j and suppose that there exist a constant
0 < B <1 and a non-negative measurable function © on S' such that

/S1 m(v)p;(dv) € (0,00) (4.22)

and, for any v € S*,

5, ((r,00)) = 7(v) as r — oco. (4.23)
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Define a o-finite measure 5% on R?\ {0} ~ S x (0,00) by
3 (dvdr) = m(v)p;(dv)Br—F~1dr. (4.24)

Then the same assertions as Theorem 3.7 hold.

PROOF OF COROLLARY 4.5. Note that j* admits a disintegration j*(dvdr) =
pj+(dv)jk(dr) where pj«(dv) = m(v)p;(dv) and ji(dr) = Br="~1dr.

Let S” = S! x (0,00) and let pu(dvdr) = dr. For v € S, we define a function
J2:(0,00) — (0,00) by

1
JSy = inf {r >0: 5 Sjy(ds) > y} (4.25)
(O7T]

and define a function J : S x (0, 00) — R?\{0} by J(v,y) = (J0y)v. In the same way as J
we define J* with j, being replaced by j*. For n € N, set J,,(v,y) = ¢~ *"J (v, c‘)‘(l_ﬁ)"y).
By the assumption (4.23), we have

1 . W(U)ﬁ 1-p8 1 -5
- Sju(ds) ~ —————r"F = - sjr(ds) asr — oo, (4.26)
6 Jior 6(1—p) 6 Jio

which shows that (C5) and (C6) are satisfied. We can thus apply Theorem 3.7. O

4.3. The Brownian motion on the Sierpinski gasket.

We take up the Brownian motion on the Sierpirniski gasket. For its precise definition
and several facts which we will utilize later, see Barlow—Perkins [2].

Let S = G denote the Sierpifiski gasket in R? and let {X, (P,).cc} denote the
Brownian motion on G. Noting that every point of G is regular for itself, we let L7
denote a jointly continuous version of the local time and denote L(t) = LY. Then (S0)—
(S2) hold for

_ log2 _logh —log3

c=5, (4.27)

a_log5’ " log 2

Let n denote the excursion measure away from 0.

Let PY denote the law of X (tATp) under P, and let HY = {X, (PY),cc}. We denote
v = (z1,72) € R? and set G+ = {x € G : £21 > 0}. We write PE for the law of Yy
under P, and write Hy = {X, (P¥),cq}, where

Yo () = {X(t) for 0 <t < Ty, (4.28)

C (&E X)), X () for t > Ty,
We then see that Hy are extensions of HY whose excursion measures away from 0 are

ny = nI{X(t)EGi for all t > 0} (4.29)
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Note that n = ny +n_. Letting S’ = {4, —}, we see that Condition (B) is satisfied. We
identify a measure p on S’ with the pair (p4, p—) := (p({+}),p({—1})). A pair (n,;,<)
satisfies (N0O)—(N3) if and only if the following conditions are satisfied:

(CG1) p4 and p_ are non-negative finite constants;
(CG2) j satisfies fG\{O}j(dx)Pg[To A1) < oo
(CG3) any one of the following holds: p4 >0, p_ >0, j(G \ {0}) = o0 and ¢ > 0.

To obtain the homogenization theorem, we need the following.
LEMMA 4.6. For {z,} C G such that x, — x # 0, it holds that T,,, — Ty, n-a.e.

PrOOF. Suppose that the following assertion is established:

Ty, — Ty, Pg-ae. forall a#0. (4.30)

If T, < To, then L%} > 0 for all y in some neighborhood of z, so that we have T, A
To =T, = Tp =T, NTp as n — oo. If T, > Tp, then L%O = 0 for all y in some
neighborhood of x, so that we have T, ATy =T, ATy = Ty for large n. We thus see
that PY(D\ {T,, — T,}) = 0 for all a # 0. By the Markov property of n, we obtain the
desired result.

Let us now prove (4.30)*.
1°). Let us prove T, < liminf T, . Suppose to := liminf T, < oo. Then there exists
a subsequence {n(k)} such that T,,x) — to, so that we have X(to) = lim X (7%, ,,) =
lim ) = z. This shows T, < tg = liminf T}, .
2°). Let us prove T, > limsupT,, . Suppose T, < Ty. For T, < tg < Ty, we have
Li’o > 0 for all y in some neighborhood of x, so that we have limsupT, < to. This
shows limsup T, < Ty.

The proof is now complete. O

For a o-finite measure j on G\ {0}, set j; = j|g,\fo} and j_ = j|G+\{0}, where j is

the pullback of j under (x1,z2) — (—x1,z2). We define mappings ¢1 : G4 \ {0} — [0,1]

and ¢ : G4\ {0} — (0,00) by
2%2

¢1(w1,22) = Pa(w1,T2) = 21 +

1
= — To, (x1,22) € G4. 4.31
o 2, (z1,22) € G4 (4.31)

V3

We then see that the mapping ¢ = (¢1, ¢2) : G+ \ {0} — [0,1] x (0, 00) is a measurable
injection. For v € [0, 1], we write

R(v) = {¢2(x) : @ € G4+ \ {0} and ¢1(z) = v}. (4.32)

We then see that ¢ ®R(v) = R(v). Since the pullbacks ji o (¢, ¢2)"! are o-finite
measures on [0,1] x (0,00), we may obtain at least one disintegration of the form

1This proof is due to N. Kajino.
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(G 0 (61, 62) ) (dvdr) = pi (dv)jy (dr) (4.33)

for finite measures p;t on [0,1] and kernels {jZ},c(0.1) on (0,00) such that jF((0,00) \
R(v)) =0 for all v € [0, 1].

COROLLARY 4.7 (Jumping-in dominant case). Let (p,J,s) satisfy (CG1)—(CG3).
Let (j+ o (¢1,¢2) 1) (dvdr) = pj[(dv)jvi(dr) be disintegrations and suppose that there
exist a constant 0 < 3 < 1 and a o-finite measure j* on G \ {0} with disintegrations
(71 0 (61, 62)~)(dodr) = pE (dv)j3(dr) such that j3=((0,00) \ R(v)) = O for any
v € [0,1] and, for any v € [0,1] and any r € R(v),

e [ SR
‘ /(070“"7“] o(p=1(s,v)) /(O,r] o(¢p=1(s,v)) asn = 0. (4.34)

Suppose, moreover, that (0, j*,0) satisfies (NO)—(N3). Then the same assertions as The-
orem 3.7 hold.

PROOF OF COROLLARY 4.7. Let S” = {+,—} x [0,1] x (0,00) and let p({£} x
dvdr) = dr. For v € [0, 1], we define a function J>* : (0,00) — (0,00) by

R , Ju (ds)
JOFy = inf {r >0: /(o,r] o (61(5,0)) > y} (4.35)

and define a function J : {+,—} x [0,1] x (0,00) — G\ {0} by J(£,v,y) = (JOFy)v.
In the same way as J we define J* with j* being replaced by j*. For n € N, set
Jo(£,0,y) = ¢ J (£, v, c*5=Any) By the assumption (4.34), we see that (C5) and
(C6) are satisfied. We can thus apply Theorem 3.7. O

We may expect the following.
CONJECTURE 4.8.  For {z,} C G such that x, — 0, it holds that T,;,, — 0, n-a.e.

We do not know whether Conjecture 4.8 is true or not. If Conjecture 4.8 is true,
then we can easily obtain the following.

CONJECTURE 4.9 (Jumping-in vanishing case). Let (p, j,<) satisfy (CG1)—(CG3).
Suppose, moreover, that fG\{O}(j(da:)/cr(a:)) < 00. Set

- j(dz)
om0 o

Then the same assertions as Theorem 3.6 hold.
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5. Proof of the general limit theorem.

5.1. Piecing proposition.
Let us prove Proposition 2.2.

PROOF OF PROPOSITION 2.2.  Let us write (1), L(t) and X (¢) simply for n(p,s;t),
L(p,<;t) and X (p,<;1).
We prove (2.13). For ¢ > 0, we have

t t
/0 1{X<S>:0}d5:t—/0 Lix(s)»0yds (5.1)
n(0) t
=t= Z / 1{X(S)a'fo}dg_/ Lix(s)z0yds (5.2)
1<L(t) 7 10-) n(L(t)-)
=t— > Tolp()) — {t - n(L(t)-)}, (5.3)
I<L(t)

which is equal to ¢L(t) by the definition (2.9). Thus we obtain (2.13).

Let us assume that the condition (N3) is satisfied. By (N3), we see that, for any
n € N, there are at most finitely many I < n such that |[p()|| > 1/n. This shows
that, if there exists a sequence l,, converging to [ such that p(») % o, then it implies
that |[p»)|| — 0. We now let ¢, > 0 and we prove that X (¢) is cadlag at t = ¢. Set
lo = L(to), t1 = n(lo—) and t2 = n(lp) so that t; <ty < t5. We divide the proof into
three cases.

(i) Suppose that t; < tg < to. We then have X (t) = p{o)(t — t;) for all t; <t < to.
This shows that X (¢) is right continuous at ¢ = to and has left limit at ¢t = ¢
except when ¢, = tg. If t1 = tp, we see, by the above remark, that X (tg—) = 0.

(ii) Suppose that t; < tg = to. We then have X (t) = po)(t — t;) for all t; < t < tg.
This shows that X (¢) has left limit at ¢ = to. Since 7 is strictly increasing, there
is no ! such that n(lp) = n(l—), and hence X (ty9) = 0 by definition of X. If there
exists a sequence [,, decreasing to Iy such that p(») # o, we have ||p()|| — 0 by the
above remark, and hence we obtain X (t9+) = 0. Otherwise, we have X (tp+) =0
by definition of X.

(iii) Suppose that t; = to = t2. We then easily see that X (to—) = X (t9) = X (to+) = 0.

Let us assume that n(D) = oo but that the condition (N3) is not satisfied. We then
have n{w € D : |jw|| > ro} = oo for some 1y > 0. Hence there exists a sequence I,
decreasing to 0 such that ||[p()|| > ry for all n. By (N1), we have Tp(p()) — 0, and
hence we obtain limsup,_,q, || X(t)|| > 79. Since we have X (0) = 0 by the definition of
X, we see that X is not right-continuous.

Therefore we conclude the proof. O

5.2. Useful lemmas.
For the proof of Theorem 2.5, we need two lemmas. The first one is the following.
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LEMMA 5.1. Let wi,ws,...,we € D°. Suppose that w, — wee in D and that
To(wy) — To(we). Then one has ||wy| — ||wool|-

PrROOF. By the assumption that w, — ws in D, we may take transformations
I, Is,..., I of [0,00) such that I, — I uc and w,, — we 0 I,, — 0 uc. Let £ > 0. Then
we may choose NV € N so that for any n > N we have

sup |wp, () — woo (In(t))] < € (5.4)
tSTO(woo)J"l
and we have
To(w,) < To(ws) +1 and sup | I,(t) —t] < 1. (5.5)
t<Tp(weo)+1
For n > N, we have
lwall = sup  |wn ()] (5.6)
tSTO(wn)
< sup Jwee(In()| 4+ sup  |wn(t) — we(Ln(1))] (5.7)
t<To(wes )+1 t<Tp(wes)+1
< wsoll + ¢, (5.8)
and also we have
[wooll = sup  [woo(t)] (5.9)
tSTO(woc)
= sup |Woo (1(1))] (5.10)
t<To(weo )+1
< sup |wn, (t)] + sup |wn, () — woo (In(t))] (5.11)
tSTO(woc)J"l tSTO(woo)+1
< Jlwnll +e. (5.12)
Hence we obtain |||w,|| — ||[weo ||| < €. The proof is complete. O

REMARK 5.2.  We cannot remove the assumption Tp(wy,) — To(ws) from Lemma
5.1. In fact, if we set

1 ifo<t<l,
1/n if1<t<n,
wn(ty = 4 M LS waet) = {

2 ifn<t<n+1,
0 ift>n+l,

1 ifo<t<l,

5.13
0 ift>1, (5.13)

then we have w, — ws in D but ||w,|| =2 and ||lw| = 1.

The following lemma is partly taken from Bartle [3].
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LEMMA 5.3 (Bartle [3]). Let f1, fa,..., foo be Teal-valued functions defined on a
measure space (E,E,v). Then the following statements are equivalent:

(1) fon — foo, v-almost uniformly;

(i) v(UpZn{lfn = foo|l = 7}) = 0 as N — oo for all v > 0;

(iii) fn — foo, V-a.c. and for any r > 0 there exists N such that Z/(UZO:N{U" — fool >
r}) < oo.

The proof can be found in Bartle [3, Theorem 1.7], and so we omit it.

LEMMA 5.4. Let v be a o-finite measure on a Polish space E and let 1, Ps, ..., Py
be measurable mappings from E to D such that we have ®,, — P in D, v-a.e. and
To(®,) — To(Po), v-a.e. Suppose that v(||®y,| > r) < oo for alln =1,2,...,00 and
all > 0. Then the following statements are equivalent:

(1) |Pnll = 1P|, v-almost uniformly;
(i) v(UpZ; {ll®nll = 7}) < oo for all v > 0.

ProoF. For r >0 and n € NU {co}, we write
AL ={ll®n] =} and B = {[|®n] - [|®ll| = 7} (5.14)

Suppose (i) is satisfied. Let r > 0 be fixed. We then see that v(J,—y 2/2) < 00

for some N by Lemma 5.3. Since we have V(Uf;[:l :/2) < o0 by the assumption, we

obtain v(UJ;~, B;ﬂ) < 00. Since we have [J77; A7, < (Uno, B,T;/Z) U AL, we see that
(ii) is satisfied.
Suppose (ii) is satisfied. Let » > 0 be fixed. We then see that v({,—; Bj) <

v(Un, A:L/z) + u(Ai.éQ) < oo. Note that, by Lemma 5.1, we have ||®,| — ||Px]|, v-a.e.
Hence, by Lemma 5.3, we see that (i) is satisfied. 0

5.3. General limit theorem.
We now proceed to the proof of Theorem 2.5.

PrROOF OF THEOREM 2.5. Let E, v, ®1,Po,... and ®, be as in Definition 2.3.
Taking a subsequence if necessary, we may take N = 1 in Condition (G5) of Definition
2.3.

Let p = (p");e D(p) be a Poisson point process on E with characteristic measure v.
For n € NU {oo}, we define

®,(p®) ifl € D(p),
qg):{ (") (p) (5.15)

0 otherwise.

We then see that ¢, = (q,(Ll )) 1>0 is a Poisson point process on D outside o with character-
istic measure (v o ®; )| p\ (o}, Which is equal to n,, by Assumption (A2) and Condition
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(G1). Hence g, is a realization of p,, so that we may assume without loss of generality
that p, = qn.-
For m € N, we set

A = {1 €[0,m] : ||[pP|| > 1/m for some n € NU {co}}. (5.16)

By Assumption (A2) and Condition (G3)’, we see that #A,, < oo a.s. for all m € N.
By this fact and by the assumptions (A1)—(A3), we see that there exists an event Q* of
probability one such that for any sample point belonging to Q* we have the following:

(L1) for any [ > 0, P = p in D;

(L2) for any [ > 0, To(pgl)) — To(p ()) in [0, co];

(L3) for any I > 0, 7(1) := sup,,>; To(p Sll)) satisfies > ., 7(s) < o0;
(L4) pl(To(p)-) = 0;

(L5) for any m € N, #A,, < oo.

In what follows we pick and fix a sample point belonging to Q2*.
Since we have

l) :Cnl‘i’ZTO(ngl))a (517)
s<l
we see that, for any Iy > 0,
Gn(lo) := sup |nn (1) — nso (1) (5.18)
1<lp
< Jon = soollo + D |To(P) = To(Y))- (5.19)
s<lo

By (L2)-(L3) and by (A4), we apply the dominated convergence theorem to see that

Gn(lp) = 0 asn — oo for all [y > 0. (5.20)

Hence we obtain 7, — 7)o in D. Moreover, since 7, is strictly increasing, we use [21,
Theorem 7.2] to obtain

H(to) := sup L (t) — Loo(t)] = 0 (5.21)

t<to

as n — oo for all t5 > 0. Hence we obtain L,, — L, in D.

It remains to prove that X,, — X in D. So we take an arbitrary subsequence and
denote it by the same symbol as the original sequence. It suffices to prove that we can
extract a further subsequence along which X,, — X, in D. We divide the proof into
several steps.

Step 1: For [ > 0, since pg) — p(()lg in D, we see that there exist transformations

Il(l), Iél), ceey I&) of [0, 00) such that each IT(LI) is bijective, continuous and increasing and
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that we have

FV(to) := sup |[I{(t) — | + sup [p(¢) — pU (I (8))]| —— 0 (5.22)
t<to t<to n—oo
for all to > 0. For n € N and m € N, we set
F,(1) = F)(Ty(pY) +3) forl>0 (5.23)
and set
m = max {Fo(l) + Gn(D) + |To (@) — To(p)] }- (5.24)

By (5.22), (5.20), (L2) and (L5), we see that M, , — 0 as n — oo for all fixed m € N.
Thus we may take a subsequence {ni(n)}nen such that M, ), < 1/n for all n € N.
Writing p,, simply for p,,(n), we may assume without loss of generality that M,
M, < 1/n for all n € N.

Step 2: We construct a transformation I,, of [0, c0).
We modify the transformation I around ¢ = Ty (pg )). Note that

To(@y)) = To()| < M, < 1/n (5.25)
and that
To(\)) +2/n < To(Y) +3/n < To(pY) + 3. (5.26)

Since F, (1) < M,, < 1/n, we have

s = EN(To(p) = 2/n) < (To(p)) = 2/n) + Mo < To),  (5:27)
) = 10 (o)) +2/n) = To(l)) +2/m) = My > To(p). (5:28)
We define
0 if t =0,
fog < [ O il Towh)| 2 2/n (5.29)

To(pY) if t = To(py),

linear otherwise.

Since sgf) < To(pglo)) < tSf), we see that f,(ll) is well-defined, bijective, increasing and
continuous and that

IO (To(pP)) = To(pD). (5.30)
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We note that

sup IO ) — IO ()] = |To () — I (T (1)) (5.31)
< ’To(pgo)) - To(pg))’ + M, <2/n. (5.32)

Denote [,, = max A, if A,, # 0 and [,, = 0 if A,, = . We now define

0 if t =0,
o (1=) + IVt = a(i=)) i gn(l=) <t < (D) § leA,
L =1{" (=) + In"(t = (=) %n( ) <t <nn(l) for some I € Ay, (5.33)
t— nn(ln) + noo(ln) ift> nn(ln)7
linear otherwise.

We then see that I, is bijective, increasing and continuous.

Step 3: We prove that I, — I uc. Let tg > 0 be fixed. Since Ly (to) — Loo(to),
there exists N such that L, (tg) < Loo(to) + 1 for all n > N.
If ¢ is such that n,(I—) <t < n,(1) for some [ € A,,, we have, for n > N,

1(8) = t] < oo (1=) = ma(1=)| + [T (t = ma (1)) — (¢ — nn(l—))| (5.34)
< sup |neo(u) —ma(w)|+  sup  [IP(s) —s|+2/n (5.35)
usLn(to) s<To(p})
< Gp(Loo(to) +1) + sup |I,(Il)(s) — s| +2/n (5.36)
S<Tg(p(l))+1/n
< G(Loo(to) +1) + 3/n. (5.37)

Otherwise, we have, by linearity,

‘In(t) - t| S sup |7700(u) - nn(u)‘ S Gn(Loo(tO) + 1) (538)
u< Ly (to)
Thus we obtain
sup |[I,(t) — t| < Gn(Loo(to) +1) +3/n —— 0. (5.39)
tStO n—oo

This shows that I,, — I uc.

Step 4: Let m € N be fixed. For n > m and for [ € A,, (C A,), we estimate the
supremum over t > 0 of

EV() = |pP ) — pQ AP (1)) (5.40)

Ift< To(pgf)) —2/n, we have t < Ty(p (l)) + 3, and hence we have
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K1) = [pd (1) = pQUP(0)] < My < 1/n. (5.41)

If To(pgf)) —2/n<t< To(pgll))7 we have ¢ < To(pélo)) +1/n and

L) > IP(8) = 2/n > t = 3/n > To(pl)) — 4/n, (5.42)

which yields
K(z) < |p(l) p(l) (l) | + ‘p 1) (l) ’ + |p(l) T l)( ))‘ (5.43)
<1/n+2 sup |p(l) (s)|. (5.44)

s>To(p)—4/n

If t > Ty(p'), we have p'l) (t) = p (IS (£)) = 0, so that K (¢) = 0.
Therefore we obtain

sup KO (t) <1/n+2 sup |p(l) (s)], (5.45)
t20 s>To(p)—4/n

which converges to 0 by (L4).
We now set

F,()= sup KWV() (5.46)
t<To(p)+3
and
M, ,, = E, (). 4
n,m lrél/%,)j n(l) (5 7)

We then have anm — 0 asn — oo for all fixed m € N. Hence we may take a subsequence
{n2(n)}nen such that M,, ), < 1/n for all n € N. Writing p,, simply for p,, (), we
may assume without loss of generality that M,, := M, , < 1/n for all n € N.

Step 5: Let ty > 0. We estimate the supremum over 0 < ¢t < ¢, of
Kn(t) == |Xn(t) = Xoo(In(1))]- (5.48)
Taking a subsequence if necessary, we may assume without loss of generality that

sup [I,(t) —t| < 1/n for all m € N. (5.49)

t<to

Let N be such that L, (t9) < Loo(to) + 1 for n > N. We take N large enough to satisfy
N > Loo(to+1)+ 1. Let n > N.
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Case 1: n,(I—) <t < n,(I) for some [ € A,,. Since 1o (I—) < I,(t) < Neo(l), we have

Ku(t) = [p(t = 0a(1=)) = PR AL (¢ = ma(1=))| € Mo < 1/m. (5.50)
Case 2: n,(I1—) <t < nu(l) for some I ¢ A,. Since n > Lo (to) + 1 > Ly, (tg), we have

Nn(n) > to >t > ny(l—). Hence we have n > I. Since [ ¢ A,, we have ||p§ll)|| <1/n. We
now obtain

Ku(t) = [p (¢ = na (1)) = P IV (t = (1)) (5.51)
< [lp1 + P2 < M, < 2/n. (5.52)

Case 3: there is no [ > 0 such that 7, (I—) <t < n,(1). In this case we have X, (¢) = 0.
We divide the proof into three subcases.

Case 3-1: there is no I > 0 such that 1. (I—) < I,(t) < Neo(l). In this case we have
Xoo(In(t)) = 0, so that K, (t) = 0.

Case 3-2: 1o (I—) < I,(t) < Noo(l) for some I > 0 with ||p || < 1/n. In this case we have
| X oo (I (t))] < 1/n, so that K, (t) < 1/n.

Case 3-3: Noo(l—) < I,(t) < Neo(l) for some I > 0 with ||p<(>lo)|| > 1/n. In this case, we
have

| < Loo(I5(t)) < Loo(to + 1) < n, (5.53)

so that we have [ € A,,. Thus we obtain

sup PP (t) — pL IV (1) < M, < 1/n, (5.54)
so that
1D > IpD1 - sup PP (t) = pL P )| > 1/n—1/n=0. (5.55)
>to

From this we see that 7,(I—) < 7,(I) and by the definition (5.33) of I, we see that
M (l—) < s < n,(l) implies N (I—) < I,,(s) < Moo (l). Thus we obtain 7, (I—) <t < 0, (1),
which is a contradiction.

From all the arguments above, we obtain

sup K, (t) < 2/n. (5.56)
t<to

This shows that X,, — X o I,, — 0 uc.
The proof is therefore complete. O
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6. Proof of the homogenization theorem.

6.1. Scaling property for local time and excursion measure.
Let us prove Lemma 3.4.

PrROOF OF LEMMA 3.4. We deal with processes under Py. Using (S2) and (3.1),
we have

c"t t

—akn law

¢ / Lix(s)=0yds = / 1{x(s)=0yds. (6.1)
0 0

Hence, using (S1) and then using (6.1), we obtain

t t
law
/ Lix(s)=0jds = / Lwyx)(s)=0yds (6.2)
0 0
c"t
= C_n/ l{X(s):o}dS (6.3)
0
la t
= cf(licm)n/o 1{X(S)=0}d8. (6.4)
Since 0 < ak < 1 by (S0), the last quantity converges in law to 0 as n — oo. O

To prove Proposition 3.5 and for the later use, we prove the following lemma.

LEMMA 6.1. Let (n,s) be the pair consisting of a o-finite measure on D and a
non-negative constant ¢ and suppose that (n,<) satisfies Conditions (N0)—(N3). Let ¢, «
and ~y be positive constants. Let {p,P} be a Poisson point process on D outside o with
characteristic measure n and denote

ﬁ{l) _ \I,ap(c”l)7 n=cno \11;1’ <= c_(l_')’)g, (6.5)

Then it holds that the pair (m,<) satisfies (NO)—=(N3), that {p,P} is a Poisson point
process on D outside o with characteristic measure n and that

~

X(,¢) =VaX(p,<),  L(p:S) = ¥ Lip,<), 0(p:S) = ¥an(p;<)- (6.6)
Proor. Forl>0and A € B(D\ {o}), we have
Hs <1:p® c A =#{s <1:p\"®) € U 1A} = N (T A), (6.7)
where we note that ¥ {0} = {o}. It is now obvious that p is again a Poisson point

process on D outside o whose characteristic measure is equal to n = ¢’n o ¥ !. Hence
we obtain
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T(p,s;l) = c_l{ccvl + > To(p(s))} (6.8)
s<cvl
=31+ T ) e (6.9)
s<l
=3I+ Y TE™), (6.10)
s<l
which yields n(p,<) = (I\/,yn(p, ¢). The other identities of (6.6) are now obvious. O

We now prove Proposition 3.5.

PROOF OF PROPOSITION 3.5. Suppose that (S2)’ is satisfied. Let p be a Poisson

point process on D outside o with characteristic measure n. Denote p() = W, p(¢™"™D,

By Lemma 6.1 and (S2)’, we see that p is equal in law to p. On one hand, we see that

{X(5,0), L(3,0)} & {X(p,0), L(p,0)}. (6.11)

On the other hand, we see that

L(p,0;t) = inf {l >0: ZTO(\I/ap(CMS)) > t} (6.12)
s<l

inf {z >0: ) To(p“"™) > ct} (6.13)
s<l

= ¢ " L(p, 0;ct). (6.14)

Since {X (p,0), L(p,0)} is identical in law to the pair {X, L} of the coordinate process X
and its local time of 0 under Py, we obtain (S2).

Conversely, suppose that (S2) is satisfied. Let us write X=U,X and L = U, L.
It is then obvious that for any ¢t > 0

t ct
/o L% (s)20ydL(s) = C_M/O Lix(s)#03dL(s) = 0. (6.15)

law

From this it follows that L is a choice of the local time of 0 for X , and hence {)? , Z} =

{X,kL} for some constant k. Since L' L, we obtain k = 1. We denote 7 for the
right-continuous inverse of L and define

50 1) = {X(ﬁ(l—) +1) i 0 <t <7(l) —i-), (6.16)

0 if £ > (1) — 7(l—).

We then see that the point process p = (;'5(”)[20 is identical in law to the point process
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of excursions for X, which shows that the characteristic measure of p is n. By Lemma
6.1, we see that the characteristic measure of p is equal to ¢ m o W, 1. We thus obtain
(S2).

The proof is now complete. O

6.2. The jumping-in vanishing case.
We prove Theorem 3.6.

PROOF OF THEOREM 3.6. Set

n)y () n, ("™
(™ = wrplY. (6.17)
By Lemma 6.1, we see that the characteristic measure of pE)nJ) is nf()"]) and that
(n) _ (n) _(n (n) _ (n) (n (n) _ (n) (n
Xpyj,c - X(pm’g( ))’ Lp,j,c - L(pp,j’g( ))’ Mp,js = 77( pyj’g( ))' (6'18>
Set
(M) = (00Y,<™) and  (noo, <o) = (120 0,0) (6.19)

and we would like to verify that all the assumptions of Theorem 2.5 are satisfied. It
is obvious that (A1), (A3) and (A4) are satisfied. We have only to prove that (A2) is
satisfied.

By the definition (3.11), we have

n(" = ¢ o (U7) 7L 4 e / 3(da)PY o (7)1 (6.20)
$\{0}
Using (3.11), (S2)’ and (S1), we have
n) =g+ " / J(da)P2., (6.21)
5\{0}

where we write x,, = ¢~ *"z. By (3.10) and (C2), we have
nd)(mn)(Twn < To) = Oy(z) (l‘n) = Cwmaw(z)(x) >0 (6.22)

for j-a.e. x € S\ {0}. Using Corollary 3.3 and formula (3.10), we have, for A € B(D),

(n) QKN ](d.’lﬁ) -1
n, (A)=n,o(4)+c / — Ny, ) {T%, <To}NO; A 6.23
D) =npo ) e [ I (T <00 4) (629)
_ J(dx) 1
S\{0} () (7)
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Let E =5 x D. We define a measure v on E by

j(dz
v(dedw) = do(dz)n, o(dw) + 15\{0}(50)an($) (dw). (6.25)
Ty(a) ()
For n € N, we define ®,, : E — D by
w ifx =0,
O (z,w) =< Or, (w) if T, (w) < To(w), (6.26)
0 otherwise.

For n = oo, we define &, : E — D by @ (x,w) = w. It is obvious by (C4) that (G1)
of Definition 2.3 is satisfied. By the definitions of ®,’s and @, we have To (P, (x, w)) <
To(w), and hence we see that (G5) is satisfied. Since || @, (z, w)|| < ||w| in any case, we
see that (G3)' is satisfied.

Let us verify that (G2) and (G4) are satisfied. We deal only with v-a.e. (z,w) € E.

(i) For z =0, we have, for all n € N,
D,(0,w) = w = D (0,w), (6.27)
so that we have
Ty (@00, w)) = To(w) = To(@oo 0, w)). (6.28)
(ii) For z # 0, we have
To (P (2, w)) = To(w) — Ty, (w) — To(w) = To(Poo (v, w)) My(qy-a.e. (6.29)
For n € N, we define a transformation I,, : [0,00) — [0, 00) by

14+nTy, ()it if0<t<1/n,
£ = { (w)} / (6.30)
t+ T, (w) ift>1/n.

Then we easily see that I,, — I uc. Since @, (x,w)(t) = Poo(z, w)(I,(t)) for t > 1/n and

)

since w(0) = 0, we obtain

sup | @y, (x, w)(t) — Poo (z, w) (1 (1))] < 2 sup |w(t)| — 0. (6.31)
>0 0<t<1/n 4Ty, (w)

This shows that @, (z,w) — Poo(r,w) in D. We therefore obtain that (G2) and (G4)
are satisfied.
The proof is now complete. O
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6.3. The jumping-in dominant case.
We prove Theorem 3.7.

PROOF OF THEOREM 3.7. Set

()Y = wple ™. (6.32)
By Lemma 6.1, we see that the characteristic measure of pﬁfj) coincides with nﬁn]) and
that
Xpie = X1 ) Ly = Loy <) mlc =) sM). (6.33)
Set
(N, sn) = (n(p?j),c(")) and (Moo, Soo) = (N0, 5+,0) (6.34)

and we would like to verify that all the assumptions of Theorem 2.5 are satisfied. It
is obvious that (A1), (A3) and (A4) are satisfied. We have only to prove that (A2) is
satisfied.

Using (3.11), (S2)’ and (S1), we have

m) =g @) ke [ e (e (©68)
S\{0}
= C*a(nfﬁ)nnp,o + Ca,@n/ j(dl’)Pgn, (6.36)
S\{o0}

where we write x,, = ¢~ *"z. Using (3.10), (C2), Corollary 3.3, formula (3.10) and (C5),
we have, for A € B(D),

n —a(k—=0B)n n .7 dl‘) _
TLE)J) (A) =c (s =F) np,O(A) + Caﬂ /S\{o} %(i)(mn)’nw(z) ({Tmn < To} n 9Tm1n A) (637)

_ o Angy (A + /S Ay (T, < To} 007 4). (6.38)
Let E = ((0,00) US”) x D. We define a measure v on E by
v(dydw) = 1(0,00) (y)dymp,o(dw) + Ls (y)u(dy) 1y 1-y) (dw). (6.39)
For n € N, we define ®,, : £ — D by

w if y € (0,c— (=B,
@, (y,w) = Or, ,(w) ifyeS”and T, ,(w) < To(w), (6.40)

0 otherwise.
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For n = oo, we define &, : £ — D by

Or. (w) ifyeS” and T+, (w) < To(w),
q>oo(y,w)={ R (1) <Tolw) (6.41)

0 otherwise.

By the above argument and by (C6), we find that (G1) of Definition 2.3 is satisfied. By
the definitions of ®,,’s and ®,, we have To(P,(y,w)) < To(w), and hence we see that
(Gb) is satisfied. Since ||®,(y,w)| < ||w]| in any case, we see that (G3)’ is satisfied.

Let us verify that (G2) and (G4) are satisfied. We deal only with v-a.e. (y,w) € E.

(i) For y € (0,00), we have

1
w ifn<—————1Ilog-—,
B, (y,w) = a(k—B)loge "y (6.42)

o otherwise,
since ¢ > 1. This shows that ®,(y, w) = 0 = O (y, w) for large n.
(ii) For y € S”, we have Ty, ,(w) — Ty-y(w) by (C5). We define transformations
I,, : [0,00) — [0,00) for n € N as follows. Let

To(w) =Ty, y(w) — Tyey(w) and Ti(w) = max{+7,(w),0}. (6.43)

For n € N, we define

1/n+ 7, (w) ; Ep——
I,(t) = 1/n+7'n_(w)t FOst<1/ntm(w) (6.44)
t+ 7 (w) ift>1/n+7, (w).

Then we easily see that I,, — I uc. Let us write

n
Tmin

(w) = min{T, , (W), Tyey(w)}, Trax(w) =max{Ty, ,(w), Ty, (w)}. (6.45)

max

Since @, (y, w)(t) = Poo(y, w)(I,(t)) for t > 1/n + 7,7 (w), we obtain

sup |<I>n(y7w)(t) — Do (y, w)(In(t))| <2 sup |w(t)]. (6.46)

t>0 T2 (w)<t<1/n4+T2, (w)

The last quantity converges to 0 by (C5). This shows that ®,,(y, w) — P (y,w) in D.
We therefore obtain that (G2) and (G4) are satisfied.
The proof is now complete. O
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