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Abstract. We introduce Ginibre-type point processes as determinantal
point processes associated with the eigenspaces corresponding to the so-called
Landau levels. The Ginibre point process, originally defined as the limiting
point process of eigenvalues of the Ginibre complex Gaussian random matrix,
can be understood as a special case of Ginibre-type point processes. For these
point processes, we investigate the asymptotic behavior of the variance of the
number of points inside a growing disk. We also investigate the asymptotic
behavior of the conditional expectation of the number of points inside an
annulus given that there are no points inside another annulus.

1. Introduction.

The Ginibre point process arises as the limiting point process of the eigenvalues of a
non-hermitian complex Gaussian matrix ensemble and also in physics context as charged
particles of two-dimensional one-component plasma at the special temperature [5], [10].
It is known that the Ginibre point process is the determinantal point process on C
associated with the exponential kernel K, o(z,w) = e*® and the complex Gaussian measure
Adz) = ﬂ_le_|z|2m(dz). A determinantal point process on a space R is characterized
by a kernel K : R x R — C (with some conditions) and a Radon measure A on R; the
correlation functions with respect to A are given by p(21,...,2,) = det(K(2i, 2j))} =1
Many important examples of determinantal point processes arise as those associated
with reproducing kernel Hilbert spaces of functions on R with reproducing kernel K. For
example, the zeroes of hyperbolic Gaussian analytic function studied by Peres—Virdg [15]
are the determinantal point process associated with the so-called Bergman space, i.e.,
the reproducing kernel Hilbert space of the L?-analytic functions in the unit disk with
respect to the Lebesgue measure with the Bergman kernel Kpeyg(2, w) = 7 1(1 —2w) 2.
In this sense, we may say that the Ginibre point process is associated with the Bargmann—
Fock space, that is, the reproducing kernel Hilbert space of L?-entire functions with the
reproducing kernel K, above (cf. [1], [2]).

The Landau Hamiltonian on L?(IR?) is the Schrédinger operator with constant mag-
netic field in R2. It is well-known that its spectrum consists of only eigenvalues with
infinite multiplicity, which are called Landau levels. The eigenspace corresponding to
the lowest eigenvalue, the first Landau level, can be identified with the Bargmann—Fock
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space; besides the other eigenspaces corresponding to higher Landau levels can also be
regarded as reproducing kernel Hilbert spaces and they are obtained from the first one
by applying a creation operator repeatedly. We may also say that the Ginibre point pro-
cess is associated with the first Landau level. As naturally expected, one can define the
determinantal point processes associated with higher Landau levels; here we call them
Ginibre-type point processes, which are indexed by n =0,1,2,.... We remark that they
are invariant under translations and rotations in C as the original Ginibre point process
is. The definition of Ginibre-type point processes will be given in Section 3.

In this paper, we focus on the random variable £(A) which counts the number of
points inside a set A C C for Ginibre-type point processes and investigate its asymptotic
behavior as A tends to the whole space.

First we show that the variance of £(A) is of the same order as the square root of the
expectation for Ginibre-type point processes while that is the same as the expectation
for Poisson point processes. This result has been shown for the Ginibre point process in
[14], [17].

THEOREM 1.1. Let pug, m be the Ginibre-type point process associated with
Kn(z,w) = Ly(|z — w|*)Ko(z,w) and the Lebesgue measure m, where Ko(z,w) =

7 texp{zw— (1/2)(|z|> +|w|?)} and L, (-) is the Laguerre polynomial of degree n. Then,
for the disk D, of radius r, we have

r [ tA4r? r 1/2
Varse, (6D = = [T arzopet [T (12 L) e
0 0 4r

™

~Cpr  (r— 00).
The asymptotic constant C,, is given by

2I'(n + 3/2 1 1 1 8
Cr = (m!/)gFQ(—27—2,—n;1,—2—n; 1> ~ 50 (0 - o).

We can also prove the following more general result, which recovers the asymptotics
part of Theorem 1.1.

THEOREM 1.2.  Let pg  be a determinantal point process on R¢ associated with a
kernel K and the Lebesgue measure m. Suppose that K is a locally trace class, self-adjoint
operator on L?(R%,m) with the property K* = K and that there exists a continuous
function k : [0,00) — [0,00) such that |K(z,w)|> = k(]z — w|?) and v\¥=V/2k(v) €
LY([0,00)). Then, for the ball B, of radius r, we have

T d—1 00
Varico(€8) ~ (S [* ez )i

asr — Q.

We note that the reproducing property of K implies that K2 = K. In the case of
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the Ginibre-type point process, namely d = 2 and k(v) = 7 2L, (v)%e”?, the limiting
coefficient of the variance turns out to be C,, = (2/m) [ V2L, (v)2e Vdv as it follows
from Theorem 1.1.

From Theorem 1.2, we see that the variance is of the same order as the surface
volume of B, while the expectation is of the same order as its volume. It is different
from the Poisson (with constant intensity) case, in which both expectation and variance
are equal to constant multiple of the volume.

REMARK 1.3. We note that the condition K? = K implicitly assumes
fooo v(d’z)/Qk(v)dv < oo. If the integrability condition for k in Theorem 1.2 fails, we need
to find an appropriate scaling. For example, we consider the case where R = R! and
K(z,y) =sinw(x — y)/7(x — y). It appears as the limiting eigenvalues process of Gaus-
sian Unitary Ensemble. In this case, the integrability condition fails since k(v) = O(v™1!)
as v — oo; indeed, the variance behaves as O(logr) instead of O(1) as r — oo. More
details have been investigated for Rt in [22].

The resemblance between the Ginibre point process and the zero set of the planar
Gaussian analytic function (PGAF) defined as a random power series > oc  (,2"/v/n!
(z € C) has been emphasized and discussed, where {(, },>0 are i.i.d. standard complex
Gaussian random variables. Both are point processes on C that are of repulsive nature
and invariant under translations and rotations. The hole probability that there are no
zeroes of PGAF inside the disk D, decays like exp(—Cr?) as r — oo [13], [20], and
the large deviations for the number of points inside D,. for the Ginibre point process are
discussed in [17]. A related problem which is called overcrowding estimates for both point
processes is considered in [11]. The large deviations for the zeroes of time dependent
PGAF are discussed in [7], where a simulation is also given which shows an accumulation
phenomenon of zeroes in a typical realization of the zero set of PGAF conditioned that
there are no zeroes inside a disk. This phenomenon was also mentioned for the Ginibre
point process as a two-dimensional one-component plasma model in [10]. In the present
paper, we show more quantitative evidence of the occurrence of a similar accumulation
phenomenon for the Ginibre-type point process instead of the zeroes of PGAF. To this
end, we consider two annuli with common center and compute the expectation of the
number of points within one annulus conditioned that there are no points inside the other
annulus.

We denote the annulus {z € C;x < |z| < y} by AY. The symbol E denotes the
expectation with respect to the law of the Ginibre-type point process. We consider two
AVbr

a’

disjoint annuli '~ and A%: Conditional expectations differ considerably according

to whether two annuli have the common boundary or not.

THEOREM 1.4. Suppose 0 < a < f<a<b<xoxorl<a<b<a<f< .
Then,

b—a a<fB<a<b or a<b<a<g
lim iE[g(Ajg;)]g(A{g’;):o]: b—vas a<fB=a<b

r—o0 12

Yap—a@ a<b=a<pf
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where Yo = (8 — ) /(log B — log @) € [a, B] and ~yop is understood to be 0.

Since E[{(A\/fg:)] = (b — a)r?, this theorem implies that the effect of the condition-
ing asymptotically vanishes in the limit if the observation point is away from the
vacant annulus, however, it also says that there must be O(r?) number of points close to
the boundary of the vacant annulus. The following theorem clarifies more precisely the
situation that O(r?) number of points accumulate within a thin annulus of finite area on
the boundary of the vacant annulus.

THEOREM 1.5. Let k> 0. If0 < a < (3, then

T— 00 ’]"2

lim —E{g(AVﬁT *”) ‘g(AW) o] /ﬂ (1 — e~"(1=5/8))gs
Yap
and if 0 < a < (3, then

tim Ble(ave) |e(av) = o] = [ - e

[e%

REMARK 1.6. The constant 7,8 which appears in Theorem 1.4 and Theorem 1.5 is
the unique solution to the equation Z(«/x) = Z(8/x) (z > 0), where Z(z) = x—1—logx
is the rate function for the large deviations of sum of i.i.d. exponential random variables
with mean 1.

The organization of this paper is as follows. In Section 2 we recall some basic
properties of Landau Hamiltonian, in particular, its eigenspaces corresponding to Landau
levels and the projection integral kernels on them. In Section 3 we introduce the Ginibre-
type point processes after recalling the definition of determinantal point processes and
their properties. In Section 4 we introduce Gamma-like and Poisson-like random variables
related to the eigenvalues of K, in Theorem 1.1 and compute their Laplace transforms.
Also we give a limit theorem for them. We prove Theorem 1.1 in Section 5 and Theorem
1.2 in Section 6. In Section 7, we recall the notion of simultaneous observability and give
an expression for conditional expectation. We give proofs of Theorems 1.4 and 1.5 in
Section 8.

2. Landau Hamiltonian and Landau levels.

In this section, we discuss the eigenspaces of the Landau Hamiltonian and the cor-
responding orthogonal projections. Although the content of this section is well-known,
we briefly review it here. See for related topics (cf. [9], [16]).

Let us consider the Schrédinger operator with magnetic field in two dimension. The
operator

H= %(ZV —a(x))? x=(2,y) € R?
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acts on the Hilbert space L?(R?). When we put a(x) = (by, —bz) for b € R, it describes
the Schrédinger operator with uniform magnetic field:

H= %(i@x —by)* + %(iﬁy + bx)?.

In what follows, we assume, for simplicity, that b > 0 and identify L?(R?) with L?(C)
with respect to the Lebesgue measure m(dz) as usual by the mapping (z,y) — z = z+iy.
We define creation and annihilation operators by

b b
ST:aZ_§5, 82—55—52’,

where 0, = (0, — 10,)/2 and 0z = (0, + i0,)/2. These are also expressed as

st = eble?/2g g=bl=l?/2 o _—blz’/29, cblzl?/2 (2.1)

Note that [s, s'] := sst — sTs = b. It is easy to see that s and s' are mutually adjoint as
operators acting on L?(C). Using these operators, the operator H can be represented as

H =2s's+b=2ss" —b.

From this expression we easily see that the spectrum of H is given by o(H) = {(2n +
1)b, n=0,1,2,...} using the standard argument. For example, for any entire function h,
putting ¢, = e~*1*I*/2h, we have s¢y, = 0, which implies that Hey, = (2sTs+b)¢p = by
Since [H,s'] = 2bs’, we also have H(sf¢,) = 3b(sT¢y). Similarly, we can show that
H((s")én) = (2n +1)b(s")"¢n.

Let H,, be the eigenspace corresponding to the eigenvalue (2n 4+ 1)b. Then, we can
decompose L?*(C) into the direct sum of H,,n =0,1,2,... as L*(C) 2 @~ Hn. It is
well-known that H coincides with the space of square integrable functions of the form
h(z)e_b|z|2/2 with h being entire. In fact, we have the following.

LEMMA 2.1.  Let ¢;(2) = /bt /mjlzde= /DI for j = 0,1,2,.... Then, the
system {¢;,7 = 0,1,2,...} forms an orthonormal basis of Ho. The projection operator
Ko from L*(C) onto Ho admits an integral kernel given by

oo
b 2 — 2|24 |w|?
Kop(z,w) = Z¢j(z)¢j(w) = ;eb ®/2)(|2*+Hw]?) (2.2)
§=0
In particular, Kop(z,2) = 7 1b.
PROOF.  See (cf. [9]). O

LEMMA 2.2.  Let T, = s"(s")". Then, T,, = (1/2")[[;_,{H + (2k — 1)b}. In

particular, T,, = n!b™ on Hj.
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PROOF. Since [s, H] = 2bs and T} = ss' = (H + b)/2, we see that

2T, = 25Ty _1s! = ( ﬁ{H + (2k — 1)b}> -2sst = ﬁ{H + (2k — 1)b}.

k=2 k=1
In particular, since H = b on Hg, we have T,, = n!b™ on H. O

Now we consider the eigenspaces corresponding to the higher Landau levels. Before
proceeding, we recall the definition and properties of the generalized Laguerre polyno-
mials

L) = T () e - S () ()5 (23)

for « € R and n = 0,1,2,..., where ({) = a(a—1)---(a —k+1)/k!. Note that
L%a)(()) =1 and L((]a) (z) = 1. In particular, Lo (z) is the ordinary Laguerre polynomial
and simply denoted by L, (z). The following formula is also useful (cf. Problem 20 on

page 96 [12]):

L) =Y Do 4, (2.4
r=0 :

where () is the Pochhammer symbol deﬁned by () =ala+1)---(a+k—1). If we
define an inner product by (f, g) fo Jx®e~*dx for o > —1, then we have

a)> k+a+

L\, )5,” (a > —1). (2.5)

In other words, {Lgf‘ ) (x)}22, are the orthogonal polynomials with respect to the measure
x%e~"dz on (0,00).

REMARK 2.3. Let p € Nand set « = —p. The function xpr](c—P) (z) is a polynomial
for k > p and the formula (2.5) still makes sense for k Al > p even when a < —1.

PROPOSITION 2.4. Let w m) = (b*n!)~Y2%(s Dn¢;. Then, the system {w§n),] =

0,1,...} forms an orthonormal baszs of H,. More explicitly,
n bitl-np) n o —blzl?
O E) =\ T BT Ol e, (2.6)

PrROOF. From Lemma 2.2, we see that

(" ey = (0" T Ty, dr) = 05
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The explicit expression (2.6) follows from (2.1) and (2.3). We omit the proof for com-
pleteness of the system. O

PROPOSITION 2.5.  The projection operator K, onto 'H,, admits an integral kernel
given by

Knp(z,w) = Kop(z,w)Ly(blz — w|?), (2.7)

where Ly, (x) is the Laguerre polynomial of degree n defined by

nier = 32 G (1)

0

PROOF. By (2.6), we have

Kup(z,w) = >4 ()9 (w) = (b"nt) 71100729, ) g (2, w),
=0

where g(z,w) = (b/m)e!tz@=(="+wI)} " Formal computation is justified as the con-
vergence is uniform in z and w on compacts. Since 0,g(z,w) = —b(z —w)g(z, w)
and Ogg(z,w) = b(z — w)g(z,w), by using Leibniz’s rule, we have 07 (0%g(z,w)) =
b"n!L, (blz — w|*)g(z,w). This implies (2.7). O

REMARK 2.6. The space H,, is the reproducing kernel Hilbert space with repro-
ducing kernel K, . In particular, (Ho, Ko ) is the Bargmann-Fock space as mentioned
in the introduction.

3. Ginibre-type point processes.

In this section, we introduce Ginibre-type point processes. Before doing this, we
recall the definition and some well-known facts about determinantal point processes (cf.
21], [19)).

Let R be a locally compact Hausdorff space with countable basis and B(R) the
topological Borel o-field. We fix a Radon measure A(dx) on (R, B(R)). The configuration
space @ = Q(R) over R is the totality of non-negative integer-valued Radon measures on
R equipped with the topology which is generated by the functions @ 3 £ — £(A) € Z>g
for every A € B(R), where £(A) is equal to the number of points that fall in the subset
A. Every element £ of @ can be written as & = ), 0., and understood as a point
configuration of {z;}; C R without accumulation points. We call a pair (Q, 1) a point
process on R, where i is a Borel probability measure on Q). If there exists a non-negative
measurable function p;(z) so that

El(€, ) =E[ / ¢<m>§<dw>} ~ [ st
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for every ¢ € C.(R), the set of all continuous functions on R of compact support, we
say that p1(z) is the first correlation function with respect to A. By the definition, p; ()
is the mean density of points at * € R. We define a Radon measure £, on R" from
Eby & = D a1 onee O(gy,.. 0,). If there exists a symmetric, non-negative measurable
function p,, on R™ so that

E[<£n7 ¢>] = o d)(mla CI) "En)pn(xh e ,xn))\®n(d$1 e dl’n)

for every ¢ € C.(R™), we say that p,, is the n-th correlation function with respect to
\@n,

We summarize the existence and uniqueness result for a determinantal point process
associated with kernel K and Radon measure A\ as follows.

THEOREM 3.1 ([21], [19]). Let K be a self-adjoint integral operator on L*(R,\)
with continuous kernel K(x,y). Suppose that O < K < I and K is of locally trace
class, i.e., for any compact set A C R, Ky = InK1y is of trace class, where Iy is the
multiplication operator of the indicator function of a set A. Then there exists a unique
Borel probability measure pg » on @ such that for any non-negative bounded measurable
function f with compact support A

/Q s A (d€) exp(— (€, f)) = det(T — (1 — e~ T)KKy), (3.1)

where det denotes the Fredholm determinant for trace class operators. Moreover, the n-th
correlation function with respect to A is given by

pn(T1, .oy xn) = det (K (w4, 25))i =1 - (3.2)

The resultant point process g is called a determinantal (or fermion) point process
on R associated with kernel K and A\. We sometimes omit the base measure \ if there is
no confusion. General properties of determinantal point processes are also found in (cf.
(8], [21], [19]).

Now we introduce Ginibre-type point processes. We consider the projection operator
K, on LQ((C) discussed in the previous section. It is easy to check that K, ; satisfies
the assumptions in Theorem 3.1. Therefore we have a determinantal point process

n,b

on C associated with the operator K, 4.

DEFINITION 3.2 (Ginibre-type point processes). Forn=10,1,2,... and b > 0, let
K, 1 be the projection operator defined as in (2.7) and m the Lebesgue measure on C.
We call the determinantal point process on C associated with (K, m) a Ginibre-type
point process (with index (n,b)).

REMARK 3.3. When n = 0, the resultant point process is known as the Ginibre
point process. Similar point processes that are called polyanalytic Ginibre ensembles
are discussed in [6]. They are finite determinantal point processes associated with the
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reproducing kernel Hilbert spaces Poly, ,, , of the complex polynomials of degree <n —1
in z and of degree < ¢ — 1 in z. In [6], they investigate the asymptotic behavior of the
Berezin measure as n — oo for fixed q.

REMARK 3.4. We have already mentioned that (K, \) defines a determinantal point
process. However, this correspondence is not one-to-one. Suppose A(dz) = f(x)v(dx)
and K¢(z,y) = /f(@)K(z,y)\/f(y), it is easy to check that correlation measures of
L,y and WK, are the same, which implies that the two point processes p1x » and KK v
are the same. For example, if we consider L?(C, \y) with \y(dz) = (b/w)e‘“z‘zm(dz)
as a base L2-space, then (Ko ,(z,w) = e?*™ \;) defines the same determinantal point
process as that associated with (Ko p,m).

By the formula (3.2), the first and second correlation functions for g, , . are
given by p1(z) = 71b and pa(z, w) = 7 2b2L, (b|z — w[2)2(1 — e~ P1==w*), respectively.
They are translation and rotation invariant. The n-th correlation function has the same
invariance property for every n.

PROPOSITION 3.5.  For any n = 0,1,2,..., the determinantal process p, , s
invariant under the action z — az +  with |a| =1, «, 8 € C.

PROOF. The proof is almost the same as in that of Proposition 3.1 in [17]. O

4. DPoisson-like and Gamma-like random variables.

First we recall a remarkable fact that the number of points inside a set A under g
can be expressed as the sum of independent Bernoulli random variables with parameters
being the eigenvalues of K. Indeed, if we put f = alj for a compact set A in (3.1), it
is easy to see that

o0

/Qexp(—aé“(A))uK,A(df) = det(] — (1 —e ™) Kn) = [ {1 —#;(4) + e~ (1)},

Jj=0

where {r;(A)};>0 are the eigenvalues of K on L?(R,\). This implies that the random
variable £(A) is equal in law to 3772 X, the sum of independent Bernoulli random
variables X,’s, where P(X; = 1) = k;(A) and P(X; = 0) = 1 — k;(A). We note
that the condition O < K < I in Theorem 3.1 guarantees that the eigenvalues of the
restriction Ky, the parameters of Bernoulli random variables, are contained in [0, 1]. For
probabilistic analysis of the number of points (cf. [8], [17]), all we have to do is analyze
the eigenvalues {r;(A)}32,. We will use an extension (Lemma 7.2) of this fact in Sections
7 and 8.

Now we consider the Ginibre-type point processes. Let D, C C be the disk of radius
r. The restricted operator (K, 4)p, admits an orthogonal basis {w;")IDT,j =0,1,...}

of eigenfunctions, where w](-") is the same as in (2.6). The squares of their norms are

equal to the eigenvalues {ﬁgn’b)(r)J =0,1,2,...} of (K,)p,. Hence we easily see that
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n n pitl-npl .
K0 ) = ([ p, |P = — " / | LG (bt) |4 e~ dt.
: 0

When n = 0, we have two probabilistic representations of ngo’b) (r):

KOV ()= (SO <?) = P(Z9Y > j+ 1), (4.1)
where S ](»O’b) is the sum of j + 1 of independent exponential random variables with mean

b~!, namely, the Gamma random variable with mean b=%(j+1), and Zt(o’b) is the Poisson
random variable with mean bt. See Remark 3.3 in [17]. For n > 1, we can also define a
random variable S](7l’b) such that

(70 (r) = p(s(_”vb) <r?) (42)
by setting

- =—; | LG~ (bt)| 697 (4.3)

P(S!"™ edt)  piti-np)

However, we cannot expect the second type of expression in (4.1) since we can easily see
that K;g-n’b) (r) is not monotone decreasing in j unless n = 0. Nevertheless, for later use
we discuss non-negative integer-valued random variables Zt(n’b) (t,b>0,n=0,1,2,...)
defined by

pimpl .
Pz = j) = T”|L,({’”)(bt)|2t9’”e’bt (j=0,1,2,...). (4.4)

The fact that Zt(n’b) is a random variable is equivalent to the formula K, ;(z,2) =
220 |¢](-n)(2)|2 = 7 1b by setting t = |z|2. By (4.3) and (4.4), we have the follow-
ing duality: for any Borel set A C [0,00) and I C {0,1,2,...},

SRS e A)=b / P(z™ e 1)dt. (4.5)

jeI A

It is easy to see that Sj(»n’b) 4 b_lSj(-n’l) and Zt(n’b) 4 Zlgf’l). So in what follows, we always
assume that b = 1 and simply write S](-") and Zt(") for S](-"’l) and Zt("’l), respectively.

We will compute the Laplace transforms of S§") and Zt(n).

ProrosITION 4.1.  Forn,j=0,1,2,... and A < 1,

nAj .
B[] = (1 — A)-GtntD) (”> (‘7 >>\2p.
[ J=@1-X p;) )
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In particular, S](n) 459, E[S](TL)] =j+n+1 and Var(SJ(")) =2n+1)j+n+1.

Proor. Let L =0 f/\)”L%a)(t/(l —A)). Since L% is a polynomial of degree

n, it is a linear combination of the polynomials L;a), k=0,1,...,n. Indeed, we see that
E(a) - i (—t)k n-k )\ P n — k n—+ «
k=0 p=0
B n n—p (_t)k( )\)p(n+a) (n—p—i—a)
N K n—p—k
p=0 k=0 p p
n n+a N
=S )0
p=0 p

In particular, when a = j — n,

L90) = 3 (A (;) LG 0. (4.6)

p=0

By (4.3), (4.6) and Remark 2.3, we see that

S (g =G Y FGem) FG-m)
E[e?i | =(1-X)"V j!<Lnj L)

nl nAj ,] 2 (n) Gn)
1 —(j4+n+1) > § : 2 [ Jj—n [ -n
_—( — /\) & )7‘]' A p( > < nj—p ’ nj—p >j .

p=0 !

Hence, we obtain the assertion by (2.5). O

REMARK 4.2. The limiting logarithmic moment generating function of the random
variables (Sj(-"))j:()’l is

yees

1 n
Agn)()\) = lim - logE[eASJ(' )} =—log(l-X) (A<1),

j—00 ]

which is independent of n. The rate function for the random variables (Sj(n)) j=01,.. 18

given by the Legendre transform of Agn) (M) and it is equal to Z(x) = z — 1 — log z, which
is the same as that of Poisson random variables.

Next we compute the Laplace transform of Zt(n).

ProrosITION 4.3. Fort>0andn=20,1,2,...,
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E[*4"] = exp(t(e* —1))eM L, ( — dtsinh® ;) (A ER). (4.7)

In particular, E[Z™] =t + n and Var(Z{"™) = (2n + 1)t.

ProOF. By duality relation (4.5) and Proposition 4.1, it is easy to verify that

oAz ZOO i sy _ (L=t —pet)
/ E[C ]el‘tdt = e JE[ep’ J } = m (48)
0 =0 H

whenever 1—e*—u > 0. Here we used the formula 3772 (7)27 = 2P(1—2)~ P+ (2] < 1).
On the other hand, we easily see that the Laplace transform of the right-hand side of
(4.7) is equal to the right-hand side of (4.8) by using the formula [° e~ L, (8t)dt =

a~ (o — B)" for a > 0 and 3 € R. Therefore, we obtain (4.7). O

REMARK 4.4. The limiting logarithmic moment generating function of the random
variables (Zt(n))t>0 is

which is independent of n. The rate function for the random variables (Zt(n))t>0 is given
by the Legendre transform of Aén)()\) and is equal to I(z) = 1 — x4 x log z, which is that
for the Gamma random variables.

REMARK 4.5. From Proposition 4.3, we can formally decompose Zt(") as

4

zM L 7O L N 4o,

Here Nt(") is, in general, a “signed” random variable in the sense that P(Nt(n) €-)isa
signed measure given by

P(N™ = j) = (-1)! i (;fg)k <Z> <k ikljl>'

k=|3l

It is independent of Zt(o) and takes values in [—n,n] N Z. There exists ty > 0 such that
P(Nt(n) =3j) >0 (Vj € [-n,n]NZ) for any t € [0,tp]. In other words, Nt(n) is indeed a
random variable for any small enough t > 0.

It is clear that the central limit theorem holds for S’j(-o) and Zt(o), however, it is not
the case for Sj(-") and Zt(") for n > 1. We need a slight modification.

Let A, be a random variable whose distribution is (1/n!)H, (t)%(1/v2m)e=t/2dt,
where H,(t) is the n-th Hermite polynomial defined by
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d"” 2
H,(t) = (—1)" 22 & ¢ /2.
(1) = (~1)e/2 e

It is easy to see that E[A,] = 0 since its distribution is symmetric about the origin and
Var(A4,,) = 2n+ 1. Moreover, from the formula (cf. Problem 9 on page 95 [12], in which
the definition of H,(t) is slightly different from the above), the characteristic function of
A, is given by

, 1 1 ;
E[e?n] = / H (1) e/t = L, (A2)e /2, (4.9)
R

" V2T
Then, we obtain the following limit theorem.

PROPOSITION 4.6.  The normalized random variables Zt(n) = (Zt(n) - E[Zt(n)])/\/i
and S](-n) = (SJ(-n) - E[S](n)})/\/j converge in law to A, ast — oo and j — 00, respec-
tively.

Proor. By Proposition 4.3, we see that
Azt —E[Z{M]) A o A
E[eM% ¢t D] =exp(t(e* =1 =)L, | — 4tsinh 5 )

Plugging iA/v/t into A and taking the limit ¢ — oo, we have L, (A2)e=*"/2. From (4.9)
we show the first assertion. The proof for the second one is also easy, so we omit it here.
O

5. Asymptotic behavior of variance for Ginibre-type point processes.

In what follows, we always assume b = 1. We simply write K,, for K, ;. In this
section, we compute the variance of £(D,) and show that it behaves like C,,r as r — oc.
See [14], [17] in the case of n = 0. Now we recall the following representation of the
variance, which is crucial for computing the exact asymptotics.

LEMMA 5.1.  Let pug x be the determinantal point process on R associated with
(K, \) and suppose K? = K. Then, the variance of linear statistics (€, f) with respect to
WK, iS5 given by

1

Varg A((¢, f)) = 5/122 |f(2) = f(w)PIK (2, w) PA(dz)A(dw).

In particular, for a measurable set D in R,

Varg A(¢(D)) = /D K (2, 2)\(dz) — / K (2, w) 2A(d2) A (dw)

D2

= z w Z’lU2. .
= [ 2@ [ Maw)Kw) (5.1
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PROOF. See [14], for example. O

LEMMA 5.2.  Let My, = [p, |z — w|*"|Ko(z, w)[*m(dz)m(dw) for non-negative
integer n. Then,

My, = n! (r2 - %Z O";ﬁ”), (5.2)

k=0

n

where ax(r) = 37 (1 — y/4r2) 1212 vy,

PROOF. Let us consider the generating function of 2n-th moments Ms,,, that is,
o0 n 5
o)=Y Sy =572 [ 00 i ym(dw)
ne0 n: D72

for |t| < 1. By change of variables, we find that
g9(t) = (1= 1)72{F* = Varg, m(£(Dr))}

by (5.1), where 7 = ry/1 — t. By Theorem 1.3 in [17], we have

Var iy m(E(Dy)) = %ao(r). (5.3)
Therefore,
ro A 1/2
g(t)=(1- t>_1{7“2 - ;/0 (1 - 4%) y_l/ze_(l_t)ydy}.
By computing the n-th derivative at ¢ = 0, we obtain (5.2). O

PRrROOF OF THEOREM 1.1. First we note that for each n =0,1,2,...,
S () () - (54)
=0 i 1) \J

which is equivalent to (2.5) for « = 0. By Lemma 5.2, we see that

[ Eallz = 0PV e.w) P )

r

3 (_;!;jﬂ (’ZL) (n) (i +j)!{r2 - ;ki; a’;ﬂ(!r) }

i,7=0 J

Since [}, Kn(z,2)m(dz) =2, from (5.1) and (5.4), we obtain
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om0 = 32 S () G374

J k=0

By using duality relation (4.1), we see that

n r2 1/2
a(r) ! Y 71/2 7(0)
= 1- = P <n)d
k! /0 ( 47«2) (2, < n)dy

k=0
4r? y 1/2
= 1- = “12p(8©0) > 4)d
/0 ( 4r2> y (S > y)dy

00 yno—t tA4r? y 1/2
= dt 1- == 124y,
/0 n! /0 ( 4r2> 4 Y

Therefore, we obtain

r [ tA4r? y 1/2
Vari,m(6(D,) = = [ L(tPear | (1_T) 12y,
0 0

s

By the monotone convergence theorem, we have

2 o0
Cpn== / La(t)2e=t"2dt = 2 B[(S)/?).
™ Jo s
The asymptotics of C,, follows from Lemma 5.3 below. O

LEMMA 5.3.  For a >0, let Cy(a) := [J° Ly (t)*t“e~'dt. Then, we have

Pn+a-+1)
n!

I'(1+2a)
T(1+a)2"

On(OZ) = 3F2(—Oé,—0[, —n,l,—n—a,l) ~ “

as n — Q.

PROOF. By using (2.4) and (2.5), we see that

i Fn—r4+a+1)

- (n—r)!

r 1

= MSFQ(—Q, —a,—n; 1, —a —n;1).
n!

Since 3Fo(—a, —a, —n; 1, —a—n;1) / o F1(—a, —a;1;1) as n — oo when « > 0, the last
asymptotics follows from Stirling’s formula and the well-known formula 2 Fj (a,b;c;1) =
I'(c)I'(c—a—1b)/T(c—a)T'(c—b) for R(c—a—b) > 0. O
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6. Proof of Theorem 1.2.
In this section, we give a proof of Theorem 1.2.

PrOOF OF THEOREM 1.2. It follows from Lemma 5.1 that
Varien(€(B)) = [ m(dz) [ m(dwk(lz - wf)
B, i
= A [ s [ m(@w(in(s) ~ wP)
0 =

where z(s) = (s,0,...,0) € R? and Ay, = 27%2/T(d/2) is the volume of
(d — 1)-dimensional unit sphere. We remark that the condition K? = K implies
fooo v4=2/2k(v)dv < oo as mentioned in Remark 1.3. Now we divide the integral in
s into two intervals [0, — M] and [r — M, r] for fixed M € (0,r). For the first integral,

r—M
Ii(r, M) :/0 sdflds/cm(dw)kﬂx(s) —wl?)

<[ e[ miamigur)

—s

dl/dt/c (dw)k(|w]?).

So we have

hmsup / dt/ (dw)k(|w]?) < Ad- 1/ 0@V 2k(v)dw.
7—00 ¢ 2

For the second integral,
Iy(r,M) = / sdflds/ m(dw)k(|z(s) — w|?)
r—M c

:/OM(T_t)d—ldt/ﬁm(dw)kﬂm(r—t) —wl]?).

It is easy to see that

/ m(dw)k(|z(r —t) —w|?) < %/ v D2k (0)dv < 0o
v 0

for any r > 0 and that for fixed ¢ > 0,
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[ ml@wk(iatr =)~ )\ H(wf?m(dw)

[t,00) xR4—1
as r — oo. Hence, by the bounded convergence theorem, we obtain

I M
lim lim 20 dt/ k(Jw[2)m(dw)
M — o0 r—00 r [t oo)><]Rd 1

_ 2(dd:21)/ @D/ () do.

Consequently, we obtain

. VarK(g(Br)) Ag1Ag—e [ d—1)/2
AT T @) /0 o k() de.

A simple calculation shows that Ay 144 2/2(d — 1) is equal to (2m)?~1/(d — 1)!. O

7. Simultaneous observability.

We recall the definition of simultaneously observable sets [8]. Given an integral ker-
nel K acting on L?(R, \), the subsets Ay, ..., Ay with A = UF_| A; are called simultane-
ously observable if the eigenfunctions of Ky restricted onto A; are also the eigenfunctions
of Ky, for every 1 <¢ <k.

ExAMPLE 7.1. For the integral operator with kernel K,, annuli {Ayl 1 with
0 < z; < y; < oo are simultaneously observable subsets. Indeed, the functions {wj )} 720
is a complete orthonormal basis of the closed subspace H,, in L?(C) and they are the
common eigenfunctions of any operator (K,)4v. It is easy to see that the eigenvalue
kn(AY) of the operator (K,) 4y is given by the formula

ngn)(Ag) =P(2* < Sj<") <y?) (7.1)

for j =0,1,2,... as was discussed in Section 4.

For simplicity and later use, we only consider the case of two simultaneously observ-
able sets and give a proof by using Laplace transform.

LEMMA 7.2 ([8]). Let ux,x be the determinantal point process associated with K
and . Let A and B be disjoint subsets that are simultaneously observable. Set indepen-
dent random wvectors

(0,0) with prob. 1 — k;j(A) — k;(B)

(X;,Y;) =< (1,0) with prob. k;(A)
(0,1)  with prob. k;(B)
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for j =0,1,2,..., where ;(A) is the j-th eigenvalue of K4. Then, the random vector
(£(A),&E(B)) under pg x is equal in law to the sum of the independent random vectors
given as above, i.e.,

oo

(€(A),6(B)) £ Y (X,,Y)) (7.2)
j:O

PrOOF. Take als+3Ip as f in Theorem 3.1. Since 1 —e~*14=AIs = (1—e=)[ 4+
(1- e P )Ip and two operators K4 and Kp admit the common eigenfunctions, we have

/Q exp(—a(A) — BE(B)) e A (dE)

=det(I —{(1 —e *)Ka+ (1 —eP)Kp})

= [J{1 = 5;(A) = 5;(B) + e *k;(A) + e 7r;(B)}.
=0

The last infinite product is nothing but the Laplace transform of the right-hand side of
(7.2). O

We can apply Lemma 7.2 to the case of Ginibre-type point processes and annuli.
LEMMA 7.3. Let0<p<qg<zxz<y<oo. Then,
E[£(AY)|£(A3) = ZQJ, Var[€(AY)[€(A7) ZQJ (1-Qy),
7=0
where
K (AV) P(z% < Sj(-") <y?)

Qi = Qipa;r,y) = —, = - :
L= (Af)  1-P@? < S < ¢?)

ProoF. We use Lemma 7.2 for A = AY and B = AJ. The event {(A%) = 0 is
equivalent to the event that Y; =0 for all j =0,1,.... Then,

oo

(€(AY) | €A =0) 23 (X; | V; =0)

j=0
and by Lemma 7.2 we get Bernoulli random variables

(n) (n)

— Ky (A?) — k7 (AY
0 with prob. J ( p()) J (43)
1—r;" (A7)
“(Ay)

(1%, = 0) =
1 with prob.
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The assertion immediately follows from these two facts and (7.1). O

REMARK 7.4. Tt is obvious that E[{(AY) | (Af) = 0] > E[¢(AY)] from Lemma
7.3. This implies that the condition {(Af) = 0 makes the number of points within AY
increase.

8. Proofs of Theorems 1.4 and 1.5.

The following lemma is a consequence of large deviations result for S J(n) mentioned

in Remark 4.2. In this section, we set p = 2.

LEMMA 8.1. Let0<z<y<ooandletI,JC(0,00) be closed intervals.
(i) IfIN[z,y] =0, then
er& Z P(xp <57 < yp) 0
jepl

(i) If I C (z,y), then for any § > O there exists a ps > 0 such that

: (n)
jlenprP(J:p <557 < yp) >1-4

for any p > ps. If I C [z,y], 1 — 3§ should be replaced by 1/2 — 6 (> 1/3).
(iii) Suppose I C (0,z) and J C (y,00). Then there exists C > 0 such that

P(S" > yp) PSS < xp) _cp
max [ sup 0 , sup o) <e
iepl P(zp < S; <yp) i€pd Plzp < S;™ <yp)

for any sufficiently large p.
(iv) For x <y, put Vuy := (y —x)/(logy — logz) € [x,y]. Suppose I C [x,7zy) and
J C (Yay,y). Then there exists C > 0 such that

< P(S™ > yp) p(s;"
max | sup o)
j€pl P(S;

A
8
S
~
B
m
hs)
<
i)
—~
2
2
AVAR VAN
RS
SRS
— =
N———

for any sufficiently large p.

ProOF. For (iii) and (iv), we only show the first inequalities corresponding to the
interval I. The other inequalities for J can be shown in the same manner. We write
I = [p,q] with p < q. We understand p/oo =0 and ¢/0 = oo below.

(i) Let Zt(n) be a random variable defined in (4.4) with b = 1. Then by the duality
relation (4.5) we have



782 T. SHIRAI

(n) _ " b m
ZP(xpﬁS] <yp) P(Zt GpI)dt

jepl P
< sup P(Z" epl)-(y—a)p
telzp,yp)
AR
< sup P( € [p/%(l/fﬂ]) (y —z)p.
t€lzp,yp)

Since I N [z,y] = 0, the interval [p/y,q/z] does not contain 1, and hence sup;c(,, .,

P(Zt(")/t € [p/y, q/x]) converges to 0 exponentially fast as p — oo by the large deviations
result for Zt(n).

(ii) For any j € pI, P(zp < S’](-n) < yp) > Plz/p < S](-n)/j < y/q). Since 1 €
[x/p,y/q], by the weak law of large numbers when 1 is strictly contained in the interval,
by Proposition 4.6 when either x/p or y/q is 1, we obtain the assertion.

(iii) Suppose I C (0,z). Let Z(x) =  — 1 — log =, which is the rate function for the
large deviations of S](-n). First assume that 1 < ¢/p < y/z. Then Z(x/p) < Z(y/q) since
1 < x/p <y/q Take é > 0 such that Z(y/q) — Z(x/p) > 26. For such d there exists
jo € N such that P(S\"™) /j > y/q) < exp(—§(Z(y/q) — 8)) and P(z/p < S\ /j < y/q) >
exp(—j(Z(z/p) + ¢)) for any j > jo. Hence we see that

P(S\" > yp) P(S /i > y/q)
sup (n) < su (n) ;.
jepl P(xp < 8} <yp) el P(x/p < S;7 /i <y/q)

< exp(—j(Z(y/q) — Z(x/p) — 29))

<e ©r

for any sufficiently large p, where C' = p(Z(y/q) —Z(x/p) —20) > 0. For the general case,
take ¢ > 1 such that 1 < ¢ < y/x and set I}, = [c*'p,cFp] for k =1,2,...,M — 1 and

M—1

Inr = [¢M~1p, q], where M satisfies ¢ p < g < cMp. For each interval I, there exists

C} > 0 such that the above inequality holds. Hence, putting C' = minkM:1 C, we have

P(S" > yp)
sup ) <
i€l P(zp < S;" < yp)

—Cp

b

for any sufficiently large p.

(iv) Note that when z < y and t > 0, Z(z/t) < Z(y/t) is equivalent to t < 7y,
where 7, is the unique solution to the equation Z(z/t) = Z(y/t). Assume I C (,Vzy)-
Since z/q < 1 < y/q and ¢ < 74y, one can take 6 > 0 so that Z(y/q) — Z(x/q) > 20. If
we put C' = p(Z(y/q) —Z(z/q) — 20), as in the proof of (iii), we get

sup < <e

seot PSS < zp) ~ P(S\"/j < xfq)

PSS >yp)  P(SV)i>yle)
X
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for any sufficiently large p. O

PrROOF OF THEOREM 1.4. We only show the case where 0 < a < < a <b. Let

P(ap < S;") < bp)

) BT < ap) + P 2 )
By Lemma 7.3, we have
El6(4%5) e(+72) 1] -3 00 o
§=0

Before going into details, we see the idea of the estimates given below. The numerator of
Q;(p) is almost 1 when j € p(a,b) and exponentially small otherwise by the large devia-
tions result. Similarly, the denominator of Q;(p) is exponentially small when j € p(a, §)
and almost 1 otherwise. Therefore, Q;(p) is almost 1 when j € p(a,b) and exponentially
small when j € p([a, 5]° N [a,b]?). Since both the numerator and the denominator are
exponentially small when j € p(«, §), whether Q;(p) is 1 or exponentially small depends
on values of the rate function Z(x) for Sj<n). When § = a, this balance is more subtle
and the quantity v,s appears. This heuristic is also valid for the proof of Theorem 1.5.

We divide the sum into four pieces to estimate the right-hand-sides. Let I} =
[0,0]U[B,a—e]U[b+e,00), Iy = [a+€,b—¢], I3 = [a, f—€] and Iy = [0,00)\ ([1 U2 UI;3)
with sufficiently small € > 0. When §=a, I; = [0,a] U [b + €, 0).

By Lemma 8.1 (ii), the denominator of Q;(p) is bounded below by 1/2 — ¢ for any
sufficiently large p. Since I1 N [a,b] = 0, by Lemma 8.1 (i), we see that

Z Qilp) <(1/2—-46)7! Z P(ap < SJ(") < bp) — 0.

jeply jeply

Since I C (a,b) C (8,00), by Lemma 8.1 (ii) and the large deviations result for
s
J )

ST (1-Qi) <=0 3 {P(SM < ap) + P(SS™ > bp)}

jeplz Jjeplz

< (1=0)"" - 2plL| + 1)e 7.

Hence, p~' 32, 1, Qj(p) — |Io| =b—a — 2.
For I3, we consider two cases: a > 8 and a = 8. If a > 3, since I3 C (0,3), by
Lemma 8.1 (iii), we have

S(n > ap
ICITED Pl AL PP ARSI
JjEpls JEpfs‘PSJ = Pp
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If a = 3, we subdivide I3 into Iy = [0, Yap — €}, IS = [Yap — €, Vap + €] and I] =
[Yas + € 8 — €. Since I3 C [a,7Vap), by Lemma 8.1 (iv),

s
Y < Y D020 e —o (52)

()
ieply jent; PS5 < ap)

and since 137 C (Yag, 3) C (0,3), by Lemma 8.1 (iii) and (iv),

S - - 3 P(S%Z)) < ap) + (s%:)’ > bp)
jeptt jeplt P(S;" < ap)+ P(S;"” = Bp)
-y (P(s§"> <ap)  P(S™ > bp)>
et \P(S = pp) - P(S = )

Hence, p~* ngp[; Qj(p) — |I;_| =0 —Yap — 2€.
For I, U IY, since 0 < Q;(p) < 1, we have that p~! Zjep14up1g Q;(p) < 6e. Since
€ > 0 is arbitrary, by putting it all together, we have

() [s() - -t Sew- {0 S o

b YasB ﬂ*a-

We give a uniform estimate for the ratio of Laguerre polynomials.

LEMMA 8.2. Letk > 0 and n € {0,1,2,...} be fized. Then, for any 6 € (0,1)
there exist positive real numbers Cs and js such that

Lgfﬁn)(t—i—m) 4l < Cs
LYt Tt

for any j > js and t > (1 —9)71j.

PROOF. We note that the function F, ;(t) := (—1)"LY ™ () is positive and in-
creasing for sufficiently large ¢ > 0. We see that

S S 0) )
< ‘(14—’;)“—1)(154—]')"

< ;‘"’”(t + )"

nl|F, j(t+ k) — F,;(t)] =n!
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for any t > 1 and j > n, and that

[nlEy () — (£ = 4)"

J

-

for any ¢ > 0 and j > n. Given 6 € (0,1), there exists js > 0 such that (¢t — j)" >
B,j~1(t + 7)™ is satisfied whenever j > js and v := j/t <1 — 6. Then, we obtain

Ap et + )" < An ik 1
(t =" = Bpj =t +5)" ~ (1 =7)/A+7))" = Bujs '

IN

L%j_")(t +r) 1‘
LYt

PrOOF OF THEOREM 1.5. We only show the first case. Note that

n . > (Bp< 8™ <8 i
ST (4) =] 3 S

Let Iy = [0,a] U[B,00), Is = [a + €, ’yag €, Is = [yap+€,8—¢ and Iy =[0,00) \ (I; U
I, U I3). Since P(S(n) < ap) + P( ) > Bp) > 1/3, Vj € pI; for sufficiently large p by
Lemma 8.1 (ii) and the duality relatlon (4.5), we get

,ZR

55 P(ap< st <ppim) <2 o,
JEP11 P

P j€ph

For I C (« ,’yaﬁ) we see that >
Iy, we have p~1 37

jepr, Bj(p) — 0 in the same manner as for (8.2). For

R;(p) < 4e. For j € pls, by Lemma 8.1 (iv), we have

neply
P(S™ > Bp+k P(S™ > Bp+ k
(J (n;ﬂp )—17Rj(p)§ e+ (J (n?ﬁp :
P(S;" = Bp) P(S;" = Bp)

for any sufficiently large p. Suppose [s,s'] C I5. For sufficiently large p, by Lemma 8.2,
we obtain a uniform upper bound

[e'e) (j—n) 2
(n) _ Ly (t + k) jen —rp(aln)
P(S;" > pBp+ k) = /gp (L;j—")(t) (1+5/t))""e™ P (S} € dt)

c\? o
() (o) et
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for j € p[s,s’]. On the other hand, by using Lemma 8.2 and Lemma 8.1 (iii), we obtain
a uniform lower bound

P(5;" 2 o+ m) 2 P(Bp+r < 85" < 5o+ 5)

5,9 L(]_n) t 2 )
= / (W) (1 +r/ty e P (S € dt)
Bp Ly ™(t)

> <1 - C)2<1 + “)Speﬁp(ﬁ < S < g'p)
= Bp 3'p P=2 g

> (1 — 0)2 (1 + ”)Spe—ﬁ(1 +e )15 > gp)
B Bp B'p T

for j € p[s,s’] and any fixed 3'(> (). Therefore, by dividing I3 into a partition {J;},
and letting p to oo, we get

N

/ 1
Sl 0 =/8) < liminf = 37 (1 - R;(p))
i=1

N
1 1 —k(1—s}
< limsup — E (I—Rj(p))SE | J;|e=r(=5i/B)
i=1

pee Jj€pls

where J; = [s;, s5] (1 <i < N). Since /(> () is arbitrary, we obtain

1 fe .
im — (p) = _ o~ r(1=5/B)
plgr;op Z R;(p) —/ (1—e )ds.
jepls Yepte
Since € > 0 is arbitrary, we get the assertion by putting it all together. O
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