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Abstract. The paper considers nonlinear partial differential equations
of the form t(0u/0t) = F(t, x,u,du/dzx), with independent variables (¢,z) €
R x C, and where F'(¢,z,u,v) is a function continuous in ¢ and holomorphic in
the other variables. It is shown that the equation has a unique solution in a
sectorial domain centered at the origin under the condition that F'(0,x,0,0) =
0, ReF,,(0,0,0,0) < 0, and Fy(0,z,0,0) = xPT1v(z), where v(0) # 0 and p is
any positive integer. In this case, the equation has a Fuchsian singularity at
t = 0 and an irregular singularity at z = 0.

1. Introduction.

Consider first order singular nonlinear partial differential equations of the form

ou ou
ta = F(t,m,u, %)7 (11)

which has a Fuchsian singularity at ¢ = 0.
Suppose F(t,z,u,v) is a function holomorphic in a neighborhood of the origin
(0,0,0,0) € C* and F(0,2,0,0) = 0 near x = 0. Then we can write F as

ou ou N TN
guy Ju o i g %
F(t,x,u, 8x> a(x)t + Max)u + b(z) o + . a; j.olx)t'u ((%) ,
it+j+a>2

where all the coefficients a(x), A(z), b(x) and a; ; (x) are holomorphic at z = 0 € C.
In the case b(0) # 0, we can solve (1.1) by writing it in the form

and then applying the Cauchy-Kowalewski theorem to this equation with data on x = 0.
For the case b(0) = 0, (1.1) can be classified into two types:
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In [5], Gérard and Tahara proved that equations of type (T3) have unique solutions
when A(0) ¢ N* := {1,2,3,...}. Afterwards, Yamazawa [14] showed the existence of
solutions to such equations also in the case A(0) € N*. Type (T%) equations were studied
in [3], [4], [8] and [12]. For p = 0, the equation (1.1) has a regular singularity at z = 0. In
this case, Chen-Tahara [3] and Tahara [12] established the solvability of (1.1) whenever
~(0) € C\ [0,00). On the other hand, the equation (1.1) has an irregular singularity at
2 =0 when p > 1. And in this case, Chen-Luo-Tahara [4] studied Gevrey type estimates
of formal solutions and Luo-Chen-Zhang [8] showed that the equation is solvable in a
sectorial domain by using the Borel summation method.

The study on the equation (1.1) has been extended to the case where the func-
tion F(t,z,u,v) is holomorphic in the variables (z,u,v) but only continuous in ¢. In
this situation, Baouendi-Goulaouic [2] and Lope-Roque-Tahara [7] showed existence and
uniqueness theorems for equations corresponding to (T} )-type equations. In [1], the au-
thors showed that unique solutions exist also for equations of type (7%) in the regular
singularity case p = 0.

In this paper, we will solve partial differential equations of type (T%) in the irregular
singularity case p > 1, under the assumption that F'(¢, x, u, v) is holomorphic with respect
to the variables (z,u,v) but only continuous in ¢.

2. Main Result.

Let (t,2) e R x C, Top > 0, Ry > 0 and py > 0. For any s > 0, denote by Dy the
open disk {z € C: |z| < s}. We study the equation (1.1) under the following hypotheses:

(A1) F(t,z,u,v) is continuous on A = [0,Tp] x Dg, x D,, x D,, and holomorphic in
the variables (z,u,v) for any fixed ¢;

(A2) F(0,2,0,0) =0 on Dg,;

(A3) F,(0,2,0,0) = zPTly(z) with v(0) # 0 and p € N*.

Set a(t,z) = F(t,x,0,0), A(t,z) = F,(t,2,0,0), and b(t,x) = F,(t,x,0,0)— F,(0,z,0,0).
Then the equation (1.1) can be rewritten as

ou ou Ou
7 = p+1
t@t a(t,z) + A(t, z)u + (&P () + b(t,x))ax + Gs (t,x,u, 8:c> (2.1)

where

Go(t,x,u,v) = Z i, (t, x)u'v?

i+j>2

represents the sum of all the terms in the Taylor expansion of F(t,z,u,v) in (u,v)
whose degrees with respect to (u,v) are at least 2. It is clear from our hypotheses
that the functions a(t,x), A(¢t,x) and b(¢,x) are continuous functions on [0, Tp] x Dg,
and holomorphic in x for any fixed ¢. Moreover, we have a(0,z) = 0, b(0,2) = 0 and
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7(0) # 0.

Let us introduce a weight function to describe the decreasing order that we want
a(t,x) and b(t,z) to satisfy as ¢ tends to 0. We say that a real-valued function u(t) is a
weight function on (0,Tp] if it is positive, continuous, and increasing on (0, 7p], and

To
/ @ds < +00.
0

S

It follows from this definition that for any given weight function pu(t) we have
lim;_,o p(t) = 0, and the function

S

@(t):/o @ds (2.2)

is well-defined on (0,7p]. Moreover, we have lim; .o ¢(¢t) = 0 and ¢'(t) = u(¢t)/t on
(0,Tp). Some examples of such weight functions are 7 and 1/(—logt)"™! for any n > 0.
We suppose that there is a weight function p(t) such that

a(t,z) = O(u(t)) uniformly on Dp, (ast — 0), (2.3)
b(t,x) = O(p(t)) uniformly on Dg, (ast — 0). (2.4)

Set 6y = arg(—v(0)). For any R >0, ¢ > 0, T > 0, and r > 0, we define a sector S,
a distance function dg(z) on S from the boundary, and a region W, by

T 6}
2p pJ’

, logRlog|x} for z € S,

S:{xE(C:O<|x|<R,

0o
argr + —
p

0
dg(as)—min{7re argz + —
2p p p

W, = {(t,x) €(0,T] x S @ < ds(:c)}.

If 0 < e < 7/2 then we have S # 0.
We also define two spaces on the region W = W,. or (0,7] x S:

Xo(W) = {w(t,x) € C°(W): w is holomorphic in z for any fixed t};
X, (W) = Xo(W)nCHWw).

Here is our main result.

THEOREM 2.1 (Main Theorem). Suppose that (A1)—(As), (2.3), (2.4), and the

following conditions hold:

(i) ReA(0,0) <0,
(ii) a(t,0) =0 and a(t,0) =0 on [0, Tp],
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(iii) b(t,0) =0 on [0, Ty).
Then for any 0 < € < w/16 there exist R >0, 7 >0, M >0 and T > 0 with R*Mu(T)
< po and RMu(T) < po such that (2.1) has a unique solution u(t,x) in X;(W,) that
satisfies

lu(t,z)| < Mu(t)|z|> and ‘gu(t,x) < Mu(t)|z]  on W, (2.5)
x

3. Reduction.

Set a1 (t,z) = a(t,x)/x? and by (¢, z) = b(t, z)/x. The assumptions (ii) and (iii) imply
that these functions as (¢, ) and b1 (¢, z) are continuous on [0, Tp] X Dy, and holomorphic
in z for any fixed ¢. By setting

u(t, ) = 22w(t, )

we can reduce the equation (2.1) in terms of the unknown function w(t, x) as follows:

ow ow
- _ _ ppt1 -
t@t At x)w — 2P y(x) o
0 0
=ay(t,x) —I—xbl(t,x)a—: + Ry (t,x,w,xaij), (3.1)

where A1 (¢, ) = A(t, z) + 22P~y(z) + 2b1 (¢, ) and

Ry(t,z,w,wy) = Z ¥ 2g, st z)w (2w + wy ).
i+j>2

It is easy to see that A;(¢,x) is continuous on [0, 7p] X Dg, and holomorphic in z for any
fixed ¢, and the function Ry(t,x,w,w;) is continuous on Ay = [0,Tp] x Dgy x D,, x D,
with p; = min{po/Ro?, po/(3Ro)} and holomorphic in (z,w,w;) for any fixed . It also
follows from (2.3) and (2.4) that a1(¢t,2) = O(u(t)) and by (t,2) = O(u(t)) uniformly
on Dp, (ast — 0). Since p > 1 and b1(0,2) = 0, we have A;(0,0) = A(0,0) and so
Re A\1(0,0) < 0. Evidently, to prove Theorem 2.1 it is enough to show the following
proposition.

PROPOSITION 3.1.  For any 0 < € < w/16, there exist R > 0, r > 0, M > 0 and
T > 0 with Mu(T) < p1 such that (3.1) has a unique solution w(t,z) in X1(W,) that
satisfies

|w(t, )] < Mu(t) and xg—:(t,m) < Mu(t) onW,. (3.2)

We devote the rest of this paper to prove the above result. In fact, for a slight
generalization, we will prove Proposition 3.1 for the equation
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ow ow
- _ ptl el
t T At z)w — 2Pt x) o
0 0
=ay(t,z) +xb1(t,m)8—§} + Ry <t,x,w,x8:), (3.3)

under the condition that ¢(0,0) = «(0). In the next section, we present a Nagumo-
type lemma in a sectorial domain that will play a very important role in the proof of
Proposition 3.1. Then we investigate the behavior of the solution of the equation tdx/dt =
—xPTle(t, z), which gives an integral curve of the vector field t9/0t — xP*c(t, )0 /0.
After that, we solve the equation

ow ow

== _ — gPtL — = 4
tat Mt z)w — 2P re(t, o) e g(t, ) (3.4)
on the domains (0,77] x S and W,. Finally, in the last section we solve the equation
(3.3) by the method of Nirenberg [10] and Nishida [11] but with modification so that it
also works in a sectorial domain.

4. Nagumo’s lemma in a sector.

Let us recall a refined Nagumo’s lemma by Walter [13]. Let £ be an open set in the
z-complex plane with a nonempty boundary I', and let dist(z,I") be the distance from z
to I'. The following lemma was also called Nagumo’s lemma in [13] (see also Nagumo

[9]).

LEMMA 4.1 (Nagumo’s lemma). Let f(z) be a holomorphic function on Q, and let
a>0and C > 0. Then we have

onQ = |f(2)] < YaC

[f(2)] < = dist(z,T)at1

C
—_— Q
~ dist(z,T)® o
where yo =1 and v, = (1 +a)(1 4+ 1/a)® for a > 0.

For an open interval I = (¢1, ¢2) and R > 0 we define a sector Sy g in the z-complex
planeby S; r ={z € C: 0 < |z| < R, ¢1 < argz < ¢2}. Under the relation z = log = the
sector Sy g is transformed into the domain H = {z € C: Re z <log R, ¢1 <Imz < ¢a}.
Let us denote the boundary of H by H and set the distance from logz to dH by

ds, »(x) = dist(logz,0H), =z € Sir.
Clearly, we have
ds; (z) = min{¢s — argz, argz — ¢1, log R — log [z[}.

If u(x) is a holomorphic function on St g, then the function f(z) := u(e?) is holomorphic
on H, and we have f’(z) = zu/(z). Therefore, by Lemma 4.1 we get the following result.
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LEMMA 4.2 (Nagumo’s lemma in a sector).  Let u(x) be a holomorphic function on
the sector St g, and let a > 0 and C > 0. Then we have

C
<——  onSip = |w/(x)| < —1" on Sin
lu(x)| < dsI,R(x)“ on oS1,Rr ‘ﬂfu (x)‘ > dsI,R(x)““ on SI,R

Let 7 > 0 satisfy n < (¢2 — ¢1)/2. Set S. = {x € S;,r : 1 < ds; z(x)}. Then we
have

Sy={zxeC:0<|z|<Re™ ", ¢p1+n<arge < da—n},

which is also a sector, and moreover, ds, ,(z) — 1 = dg, (x) for any = € S,.

COROLLARY 4.3.

Let u(x) be a holomorphic function on Sk, and let a > 0 and
C > 0. Then we have

C Yo C
< "(2)] < - :
lu(z)] < s, (@) )" on S, = |z (2)] on S,

- (dSI,R (I) - n)a+1

The above corollary follows immediately from Lemma 4.2.

5. On the equation tdz/dt = —xPtlc(t,x).

Let ¢(t, z) be a continuous function on [0, Ty] x Dg, that is holomorphic in  for any

fixed t and satisfies ¢(0,0) # 0. Let 0 < e; < 7/8. Then we can choose 0 < T1 < Ty and
0 < Ry < Ry so that the following conditions are satisfied:

(B1) c(t,z) #0on [0,T1] X Dg,;
(Bz) |arge(t,xz) —argc(0,0)| < €1 on [0,71] X Dg,.
Set 0y = arg(—c(0,0)) and

0
Sl{xEC:O<|x|<R1, arg:nJro‘ <7r61}.
pl 2 p
LEMMA 5.1.  For any (to,z0) € (0,T1] x S1 the initial value problem
d
td—j = —aPTle(t,z),  xli=t, = 2o, (5.1)

has a unique solution z(t) on (0,to] satisfying the property x(t) € S1 for any t € (0,to].
Moreover, we have 0 < |z(t)| < |xo| on (0,t0] and

0o

361
argxrg + —|, —
p

: } on (0, o).

Since c(t, x) satisfies a Lipschitz condition on S1, there exists 0 < t1 < tg

6
argz(t) + 0’ < max{
b

PRrROOF.
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such that (5.1) has a unique local solution x(t) on (¢1, t] satisfying the property x(t) € Sy
for any t € (t1,to]. Since x(t) # 0 on (¢1,%o], (5.1) can be written as

1 dx(t)

1
P d —c(t 2(8)) 3,

and integrating this equation from ¢ to ¢y, shows that the solution satisfies

a(t) = o on (t1, to). (5.2)

1 per [ L v

S

We show that the local solution x(t) can be continued up to the interval (0,¢o].
Suppose it can only be extended to a maximal interval of existence (a, tg] for some v > 0
with the property x(t) € S1 on («, to].

Set My = max{|c(t,z)| : 0 < t < to,|x| < |zo|}. Let us show that the following
inequalities hold for any ¢ € (o, to]:

|2(t)| < |wol, (5.3)
|o|
[z(t)] > ; (5-4)
[1+ pleolr Mo log(to/)] /"
arga:(t)JreO' Smax{ argonrg—O ,361}. (5.5)
b p|l p

Since z(tog) = o, it is clear that (5.3), (5.4) and (5.5) are satisfied when ¢ = t;.
Let us show that the inequalities are also true on (a,g). Set

C(t) = /tt(J —c(s,z(s))ds/s, a<t<tp.

If C(t) = 0 we have z(t) = ¢, so in this case the relations (5.3), (5.4) and (5.5) are clear.
Therefore, from now on we suppose that C(t) # 0.
Set 0(t) = arg C(t). Since 6y = arg(—c(0,0)), by (Bz) we have |0(t) — 6y < 1. The
solution satisfies the equation
x(t) = 0 7 on (a, to]. (5.6)
(14 pzhO)] "

Since zg € S1, which means that |argzo + 0o/p| < 7/2p — €1/p, and |0(t) — 0| < €1, we
have | arg(pzoPC(t))| < w/2. Therefore, Re(pxo?C(t)) > 0 and consequently,

|1+ pzoPC(t)] > Re (1 + pafC(t)) = 14 Re (pzhC(1)) > 1,

which implies that
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%ol
jz(t)| = 75 < |zol-
|1+ pafC (1))

This proves (5.3).
The second inequality (5.4) can be easily obtained from (5.3) and the following
estimate:

to

to ds ds
e [ el S| < vtk [ et ol S
t t

to ds
< ttplaol [ M5
t

<1+ plao|P Moy log(to/a).

Let us now show (5.5) for ¢t € (a,tg). We divide our proof into the following three
cases:

0
Case 1. 6—1<a1rg91:0+—0<———7
p p

0
Case 2. — < argzo + 2 < 6—1,
p b b

0
Case 3. - + a < argxo+ A< —6—1.
2pp p p
Since arg(pxoPC(t)) = pargxzo + 0o + (6(t) — 6p) and |0(t) — Og| < €1, it follows that in
Case 1 we have 0 < arg(pzo?C(t)) < 7/2, which then yields

0 < arg(l 4 pzo?C(t)) < arg(pxoPC(t)).

As a result, we have 0 < arg([1 + pzoPC(t)]*/?) < argzy + 6(t)/p, and thus, by (5.6) we
get

o(t)

——— <argx(t) = argzo — arg([1 + pzoPC(t)]Y/P) < arg xo,
p

which is equivalent to

O O(¢ 0 0
b _ 8t) <arg$(t)+—0 <argzo + —. (5.7)
p p p p
Furthermore, we have
0 6o O(t
—(argx0+0)<—€1§0—(> (5.8)
p p p p

because of the inequality in Case 1 and the fact that [8(t) — 6| < €1. By combining (5.8)
with (5.7) we arrive at
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0
arg o(t) + ;‘ <

00'
argzrg + —|.
p

By similar arguments as in Case 1, it is easy to see that in Case 2 we have —2¢; <
arg(pzoPC(t)) < 2¢1, which implies that

—2¢1 < arg(1 + pxoPC(t)) < 2¢,

or equivalently,

2 2
—% < arg ([1 —l—pxopC’(t)]l/p) < %

Using again equation (5.6) together with the inequality in Case 2 we obtain

3 6 3
< argz(t) + — < o
p p p

In Case 3, we can show that |argz(t) + 0o/p| < |argxo + 0o/p| in the same way as in
Case 1. This concludes our proof for (5.5).

The inequalities (5.3), (5.4), and (5.5), and the assumption 0 < €; < 7/8 show that
{z(t) : a < t < tp} is contained in a compact subset of S;. Therefore, the solution can
be continued to the left of o (by Theorem 3.1 in Chapter 2 of [6]). This proves that
(5.2) has a unique solution on (0, tg], that is, the continuation of the local solution z(t)
to (0,t0]. This completes our proof for Lemma 5.1. O

Let (t) be a positive increasing function on (0, 77| that satisfies ¢(T1) < 7/2p—ey /p.
Set

. 7T €1
d = [
s, () = min { % D

0
argx + ;', log Ry — log x|} (5.9)

for x € S, and
Wy = {(t,2) € (0,T1] x Sy : ¥(t) < ds, (z)}.

Then we have the following result, which can be obtained easily from the proof of Lemma
5.1.

COROLLARY 5.2.  Let (to,z0) € Wy and let z(t) be the unique solution of (5.1) on
(0,t0]. If 0 < €1 < 7/12 and ¥(T1) < e1/p then we have

ds, (z(t)) = ¥(t) = 2£(dsl (zo) — (1)) on (0,to]. (5.10)

™

Moreover, we have (t,x(t)) € Wi for any t € (0,1o].
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PrROOF. We know that if €1 /p < |argxg+60y/p| < 7/2p—e€1/p, we have |z(t)]| < |zo]
and |argz(t) + 6o/p| < |argzo + Oo/p|. This shows that dg, (x(t)) > dg,(x¢). Since
0 < 2¢;/m < 1/6, we obtain

261

ds, (2(t) = ¥(t) 2 ds, (z0) = ¥(t) > —(ds, (z0) = ¥ (2))-

On the other hand, if | arg zg + 6o /p| < €1/p, we have |z(t)| < |zo| and | arg z(t) + 6o /p| <
3€1/p, which means that

log Ry —log|x(t)| — 9 (t) > log Ry — log [xo| — ¢(t)

2€
> 71(1055 Ry —log |xo| — (1))

and

Therefore, by (5.9) we have dg, (x(t)) — ¥(t) > (2e1/7)(ds, (x0) — 1(¢)). This proves
(5.10). In additon, since 1 (t) < ¥(to), we also have dg, (z9) —1(t) > ds, (xo) — ¥ (to) > 0.
As a result, we have dg, (z(t)) —¢(t) > 0, that is, (¢t,z(t)) € Wy O

Let us denote by x(¢; to, xo) the unique solution of (5.1) and consider it as a function

on

0 = {(t,to,l‘o) 0 <t <tgand (to,ﬂ?o) S (0,T1] X Sl}

Note that x(t;to, zo) € S1 and |x(¢;to, xo)| < |xo| for any (¢,t9,z0) € Q1. The fact that
x(t;to, o) belongs to C1(€y) follows from a result concerning the dependence on initial
data of solutions of ordinary differential equations (see Theorem 3.1 in Chapter 5 of [6]).
Since ¢(t, x) is holomorphic in « € S7, it is easy to see that x(¢;to,xo) is holomorphic in
o € S1. Moreover, the derivative of x(¢;to, o) with respect to g can be estimated as
follows.

LEMMA 5.3.  The following two kinds of estimates hold on € :

Ry

X
=X (t: to, < , 5.11
o 8.%‘0( 0 IO) d51 (.’170) ( )
8)( ( |.’E0|p01R1 )
ro—(t;t0, T < t;to, x 14+ ———1log(ty/t) ], 5.12
Oaxo( 0, Z0) Ix(;to, 7o) ds, (z0) g(to/t) ( )

where Cy > 0 is a constant satisfying |c,(t,z)| < Cy on [0,T1] X Dg, .
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PrROOF. The first estimate (5.11) is a consequence of Lemma 4.2 since
Ix(t;t0, 2o)| < |zo] < Rp on Q3. Let us show (5.12). Note that x(t;to, o) satisfies
the equation

Zo

to ds
{1 —pxop/ C(S7X(S;t07x0))8:|
t

X(t;to, o) = 7, on Q.
Differentiating both sides with respect to xg, we get

1
to ds
[1 —pxop/ C(&X(S;toﬂfo))s}
t

X
Tm(t;toaﬂﬁo) = x(t;to, z0) ¥

Zo

o Je 0 ds
X (1 +x0p/t %(s,x(s;to,xo)) X $O&ii)(s;t0’x0)s)'

According to the proof of Lemma 5.1 we have

fo ds
‘1 7px0p\/ C(SaX(SJthxo))‘ >1 on Qla
t S

and so by (5.11) and our choice of C; we arrive at

to R, d
< |x(tsto, z0)| 1+|330|p/ o, ta_ds
¢ ds

x
(t t07x0) 1(1.0) s

Oxg

Toy—

CiR
< It to, 20)| % <1+|$0|p 1R

ds. (7o) log(to/t)> on Q,

which is our second estimate. O

If we set y(t;to, o) = to(Ox/0to)(t;t0, xo), 2(t;to, x0) = (Ox/0x0)(t;to, o) and
h(t,z) = (0/0x)(xPTLc(t, x)), it is well known (e.g. see Theorem 3.1 in Chapter 5 of [6])
that y(t) and z(t) satisfy the following initial value problems:

Oy

t5 = —h(tx(tito,20))y, Yoty = 20" elto, xo); (5.13)
0z
tor = —h(t, x(t;to, x0))z,  zli=t, = 1. (5.14)

6. The equation (3.4) on (0,7T] x S.

Let C1, Ry, T3, €1, and c(t,x) be as in Section 5. Suppose A(¢,z) is a continuous
function on [0,71] x Dpg, that is holomorphic in x for any fixed ¢, and Re A(0,0) < 0.
Since R; > 0 and T; > 0 can be taken sufficiently small, we may suppose that
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(B3) ReA(t,z) < —L on [0,T1] X Dg, for some L > 0.
Let 0 < e <e<7/8,0<T < T and 0 < R < Ry. Consider the equation
ow

ow
-7 _ pptl e
t " Aty z)w — 2P c(t, x) g(t,z) on (0,T] x S,

where

SZ{$€CZO<|$|<R,

o
argr + —
p

T €
< — == 6.2
2p p} (62
We have the following result:

PROPOSITION 6.1.  Let g(t,x) € Xo((0,T]xS). If g(t,z) and xg,(t,x) are bounded
on (0,T] x S, then the equation (6.1) has a unique solution w(t,z) in X1((0,T] x S),

which is bounded on (0,T] x S. Moreover, if |g(t,x)] < K and |zg,(t,z)] < K; on
(0,T) x S, then we have

ow Ky K{RPC1R1 + AR K
e < 21
xax(t’””)’— L 5L

on (0,T] x S, where § = min{e — €1,log Ry — log R} and Ay > 0 is a constant satisfying
[Az(t,z)| < Ay on [0,T1] x Dp.

Let x(t;to,zo) be the unique solution of the equation (5.1), and set

Q={(s,t,x):0<s<tand (t,z) € (0,T] x S},
o(s,t,x) = x(s;t,z) on Q.

We know that ¢(s,t,x) is differentiable in s and ¢, holomorphic in z, and |¢(s, ¢, x)| < |x]
and ¢(s,t,x) € S on . Moreover, from Lemma 5.3 we have

9¢

Ry
e < .
xax(s,t,x) <5 on Q, (6.3)
o¢ RPC1 Ry t
hidh o < - = ) .
xax(s,t,x) _|¢(s,t,x)<1+ 5 10g<8>) on {2 (6.4)
LEMMA 6.2.  The function ¢(s,t,x) is the unique solution of
t% — mp“c(t,x)% =0 onQQ,
t O (6.5)
ot t,x) =

on (0,T] x S.
PrROOF. We can show this result in the same way as in [1, Lemma 3.3], but here
we give another proof. Set
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_ 9% _ e 99
W (s,t,x) 7t8t 2P c(t, x) 5 " Q.
Then by (5.13) and (5.14) we have
S%V  h(s,6(5,,2)) W, W]aey = 0.

Since this is nothing but a linear ordinary differential equation in W we can conclude
that W = 0 on Q. This proves that ¢(s,t, ) is a solution of (6.5).

Let us show the uniqueness of the solution of (6.5). It suffices to show that if ¢ (s, ¢, x)
satisfies

oy

W _ wPe(t, 33)%

tat

=0onQ, and ¢(t,t,z) =0o0n (0,7] x S, (6.6)
then we have ¥ =0 on Q.

Take any (s,tg,xz0) € Q and set & = x(s;to,x0). Since x(¢;to, o) is defined on
(0, 0], we may suppose that x(¢; s,&) can be extended to (0, ¢p]. Consequently, we have
x(t; 8,€0) = x(t;t0, o) on (0,%0]. In particular, we have x(to; s,&0) = xo-

Set f(t) = (s, t, x(t;s,&)) for any t € (0,%9]. Then f(to) = (s, to,xo) and f(s) =
¥(s,8,&) = 0. By taking the derivative of f(¢) with respect to ¢t and using the fact that
X(t; s,&p) satisfies (5.1) we get

) dx

F6) = (s (05 5,60)) + (5, x(0:5,60)) X (5 5,0)
) 2Pt e(t, x) Oy ]
= | — 7t7 __— 7t, - 0. 67
i o) = T | (6.7

Thus, f(t) is constant, and as a result, we have (s, to,z0) = f(to) = f(s) = 0. Since
(s,to,z0) €  is taken arbitrarily, we conclude that ¢» = 0 on . O

PROOF OF PROPOSITION 6.1. We set

w(t,z) = /Ot exp [/: )\(T,QS(T,t,:r))d:] g(s,gb(s,t,x))@. (6.8)

S

This integral expression makes sense because ¢(s,t,z) € S for any (s,t,2) € §2, which
means that (s, ¢(s,t,z)) € (0,T] x S for any (t,z) € (0,7] x S and 0 < s < ¢t. If
lg(t,z)] < K on (0,T] x S, we have
t t
dr ds
it < [ o [ Rerrore.an® |l ots..0)1%
0

S

t t d d
ool 5]
0 s T S



1030 D. B. BAacANI and H. TAHARA

t L
:/0 (i) K%:IE on (0,7] x S.

This shows that w(t,z) is a well-defined function in Xo((0,7] x S). Since w(t,z) is
holomorphic in z, it is differentiable with respect to x, and because w(t, z) is given by
the integral (6.8) we also have the differentiability of w(¢,z) with respect to ¢. Thus,
w(t, z) belongs to X1((0,T] x S).

From (6.8), we get

t t

a
+/Otexp[/st AT, ¢(7,t, 7)) ]( T¢Tt:v)) gi(ﬂtw)d:>

x gls, 05,1, )) 2. (6.9)

If |2g.(t,z)] < Ky on (0,T] x S, then by (6.4) we have

0 0
a—i(s, o(s,t,x)) -ma—f(s,tw)
0 RPCLR
< ‘(’957(8’¢(8’t’x)) X |¢(s,t,x)|(1 + 761 ! log <Z>)

/4
§K1<1+R(:;1Rllog<z>). (6.10)

Therefore, by applying (6.10) and (6.3) to (6.9) we have

t L D
L) R ()
o \ ¢ é s s
(] e
o \t s 0 T s

K, K RPCiR, + MR K ['[s\* t\ ds
=Tt 5 v) \s)

ow
x%(t x)

S

Ky KiRPC1Ry+ AR K
oA + 32 on (0,7] x S. (6.11)

Here we have used the fact that fol xllog(1/z)dx/x = 1/L? if L > 0.
Similarly, if we take Cy > 0 and Ag > 0 such that |c(t,z)| < Cy and [A(t,z)| < Ag
on (0,71] x Dg, we can show that
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AoK
<K+ =2

ow
.e)

K KiRPC1Ry + MR K
+RPCO(;+ 1 1522 111 )
on (0,7] x S.

The above estimates guarantee that the formal differentiations of (6.8) make sense,
and therefore, a straightforward calculation together with (6.5) shows that w(¢, x) is a
solution to the equation (6.1), which belongs to X7 ((0, 7] x S) and bounded on (0, 7] x S.

To prove the uniqueness of the solution of (6.1), we show that if w(t, z) € X7 ((0,T] x
S) is bounded on (0,7] x S and

0 0
ta—ltU — At x)w — mpHc(t,x)a—: =0 on (0,7] xS, (6.12)
then w =0 on (0,7] x S.
Choose any (tg,z9) € (0,7] x S. Let x(t;to,x0) be the unique solution of the
equation (5.1) and set wo(t) = w(t, x(t;to, zo)) on (0,%p]. Then by the same calculation
as in (6.7) we get

120 1) = Mt (0 o, 0) o).

Since wo(tg) = w(to, o), it follows that

wo(t) = w(to, xo) X exp {— /t ' )\(T,X(T;to,xo))d:], t € (0,to).

Therefore, by (Bs) and the fact that wo(t) = O(1) (as t — 0) we obtain

to dr
|w(to, zo)| < |wo(t)| X exp { Re )\(T,X(T;to,xo))T]
t
L

< Juo ()] x exp [ / ! —L‘f] _ |w0<t><fo) M 0(ast—0).

This shows that w(to, o) = 0. Since (tg,z0) € (0,T] x S is chosen arbitrarily, we have
w=0on (0,T] xS. O

7. The equation (3.4) on W,..

Let 0 < R < Ry, L, S, Q, c(t,x), A(t,z), and ¢(s,t,x) be the same as in Section
6. Let p(t) be a weight function on (0,71], and ¢(t) be the function defined by (2.2) on
(0,T1]. In this section, we require 0 < €; < € < 7/16.

For any » > 0 we set

Wr:{(t,x)e(o,T]xs:@<ds(x)}, (7.1)
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where

T €
dsg(x) =ming — — — —
s() { p

2p

0
argz + —|, logRlogm|} forz € S. (7.2)
p

Also, we set S; = {x € S : (1,2) € W,.} for any 7 > 0. Thus, we have

<g-s-4ol

0o
argr + — % » .

Sr = {x €C:0< |z| < Re=#/,
p

Obviously, we have S; # @) for any 0 < 7 < T whenever o(T)/r < 7/2p — ¢/p. We
say that S’ is a subsector of S; if it can be expressed as 8" = {z € C : 0 < |z| <
n,|argz + 0y /p| < w} for some 0 < < Re /" and 0 < w < 7/2p — ¢/p — (1) /7.

We define another two spaces on the region W,. We denote by Zy(W,.) the set of
all continuous functions on W, that are holomorphic in = for any fixed ¢ and bounded
on (0,7] x 8" for any 7 € (0,7] and any subsector S’ of S,. We then set 27(W,) =
CY(W,) N Zo(W,).

Choose T > 0 sufficiently small so that ¢(T)/r < ¢/p. Then, by Corollary 5.2 we

have
2e
ds(¢(s,t,2)) = p(s)/r = —(ds(x) = p(s)/r) on Q, (7.3)
(s,P(s,t,x)) € W,. for any (s,t,z) € Q. (7.4)
Now, consider the equation
ow ow
= _ b1 -
t 5 At, v)w — 2P e(t, x) o g(t,x) (7.5)

on the region W,.. Then we have the following result which is similar to Proposition 6.1.

PROPOSITION 7.1.  For any given g(t,x) € Zo(Wy), the equation (7.5) has a unique
solution w(t,z) in Z1(W,), and it is given by

w(m)z/otexp U:A(T,¢(T,t,x))cf g(s,(b(s,tmc))%. (7.6)

Moreover, the following estimates are true on W, given any nondecreasing, nonnegative
function ¥(t) :

(a) If lg(t, )| < Kp(t)u(t), then we have Jw(t, )| < Kip(t)p(t).
(b) If |g(t,z)| < K¢(t) and |xg,(t,x)| < K19(t), then we have

w(t,2)] < Tap(t)  and

8'[1} < (Iﬁ KlRp01R1 +A1R1K>'I/}(t)

= <
25z B o) L 512
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(c) If |g(t,z)| < K(t)u(t)/(ds(z) — ¢(t)/r), then we have

_ /2K
= ds(e) — o)/

= <4<1 * RfLR> G) L 27;) (dﬂﬁ%)/w'

The constants C1, A1 and & are the same as in Proposition 6.1. Note that they are
independent of T.

w(t, )|

ow
x%(t, x)

PROOF. Since 0 < € < 7/16 and o(T)/r < €¢/p, we have € + pp(7)/r < m/8. Thus,
by setting

X(r) = {(R2,62) :0< Ry < Re ¢/ ¢ + po(T)/r < €2 < 71'/8}7

0
argx—l—o‘ < —62},
p

ﬂR%Q):{xEC:O<hﬂ<R% T
2p p

we have

w.= |J 07x8= | U 0.7] x S(Ra, e0).

0<T<T 0<7<T (R2,e2)EX(T)

It follows from Lemma 4.2 and the fact that g(¢,x) € Zo(W,) that g(¢,z) and zg, (¢, x)

are bounded on (0,7] x S(Ra,€2) for any 0 < 7 < T and (Ra,€2) € X(7). Therefore, by

applying Proposition 6.1 to the equation (7.5) on (0, 7] x S(Rg, €2), we obtain a unique

solution w(t, x) of (7.5), which is defined by the integral in (7.6) and belongs to 27 (W,.).
The estimate (a) is verified as follows:

t S L S t S
ol < [ (3) Kooue S < kv [ 16 = Ku0e) o,

t S

The estimates in (b) can be proved in the same way as in Proposition 6.1.
Let us prove the estimate (c). The first estimate follows from (7.3) and the fact that

ds(z) — @(s)/r > ds(x) —p(t)/r on Q and ¢(t)/r <¢/p on (0,T]:

trs\" Ki(s)p(s) ds
it < | (t) [@5(0(s.1.2)) — @(&)]7) 5
(v /20 K1) / s _ 2K U000
< @@ — o )r Jy ;
(KOO
= ds@ -ty

s ds(x)—p(t)/r

Let us show the second estimate of (c¢). By Corollary 4.3 we have
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AKY(t)p(t)
= (ds(z) —(t)/r)?

n W,.

Since ¢'(t) = p(t)/t and supg |lzElog(1/z)| = 1/(eL), by the same argument as in

(6.11) we obtain
</, (t) e (e e (5))S
AN Suls )
) 55 o s (o <t>>d

<aev (- T2 (5) [ i

A1R1 (m/20)Kap(t) [t . ds
SeL. (ds(z) - ()/r/o“”

)
= oo (14 T <;> ke ’;@mr

s=0
AlRl (m/2€) K1p(t)p(t
deL (ds(z) —(t)/r

= <4<1 * RéflL&) (2) = 22) e %(gwm'

In the last inequality we used again the fact that ¢(t)/r < €/p on (0,T]. O

dw

)
)

3

8. Proof of Proposition 3.1.

Let 0 < Ry < Ro, 0 < Ty < Tp, c(t,x) and A(t,z) be the same as in the previous
section. Consider the equation

ou Ju
- _ b+l
tat At, x)u — P e(t, I)ax
ou ou
= a(t, ) +xb(t,x)% + Ro (t,x,u,xax>, (8.1)

where

Ry(t,z,u,v) = Z ai ;(t, x)u'v?.
i+5>2

Here we assume that a(t,x) and b(t,z) are continuous functions on [0,77] X Dg, that
are holomorphic in z for any fixed t, and Ry(t,z,u,v) is a continuous function on A; =
[0,T1] X DR, x D,, x D,, for some p; > 0 that is holomorphic in (z,u,v) for any fixed
t. Because of (2.3) and (2.4), we may assume that
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(Byg) |a(t,z)| < Au(t) on [0,T1] x Dg, for some A > 0,
(Bs) |b(t,z)| < Bu(t) on [0,T1] X Dg, for some B > 0,

for some weight function p(t) on (0,77]. Again, we define the function ¢(t) by (2.2) on
(07 Tl] .
In this section, we prove Proposition 3.1 in the following form:

THEOREM 8.1.  Suppose (B1)—(Bs) hold. Then for any e; < e < 7/16, 0 < p < p1
and 0 < R < Ry, there exist T > 0, r > 0 and M > 0 with Mu(T) < p such that the
equation (8.1) has a unique solution u(t,x) in Z1(W,.) that satisfies

lu(t, )| < Mu(t) and x%(t,x} < Mup(t) onW,, (8.2)

where W, is the region defined in (7.1), which depends on €, R, T and r.

We write the equation (8.1) as

Pu = a(t,x) + Pul, (8.3)
where
0 0
— 2 _ ptl i
P tat At, x) — 2P e(t, x) o
Ju

We recall that in [7] the equation (8.3), in the case ¢(t,x) = 0, was solved by the
method of Nirenberg [10] and Nishida [11], while in [1] the case p = 0 was solved by
using a fixed point theorem (or a contraction principle) like in Walter [13]. To prove
Theorem 8.1, we will use similar arguments as in [7]. The difference is that in [7] the
discussion was done on a disk, while in our case the discussion must be done on a sector
S. The use of the distance function dg(z) is essential for our purpose.

PROOF OF THEOREM 8.1. Take any ¢; < e <7/16,0< p < p; and 0 < R < Rj.
We define the sector S by (6.2) and the function dg(z) by (7.2). Because of (By), we
may suppose that

|za,(t,x)] < Ajp(t) on [0,T1] x Dg for some A; > 0. (8.4)

We define M > 0 by

(8.5)

A Ay A1RPC1Ry + AR A
M/Q:maX{L, <L+ 512 >},

where C7, A1 and § are the same as in Proposition 7.1. Note that this M is independent
of T
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Let A =[0,T1] x Dg x D, x D,, and set

Ba g = sup |(0*Ra/0u?)(t, z,u,v)|,
A
By = sup (0% Rz /0udv)(t, ,u,v)|, (8.6)

B2 = sup |(82R2/8v2)(t7 x,u,v)|.
A

We also set

a =B+ (B +2B1,1+ Bo2)M,

o RPC1R1 ™ 2 A1R1 s
5_4<1+5@L><2e) t Sl 2

Choose 1y > 0 sufficiently small so that 0 < 2a8ry < 1. Then we define the decreasing
sequence rg > 11 > 19 > -+ by

k
rE =T X H (1—(2aﬁr0)p), k=1,2,....

p=1

This is a sequence of positive numbers converging to a positive limit r,. Moreover, we
have

(afBro)* (1 k B
%_(2), k=1,2,.... (8.7)

Set 7 = ro and take T > 0 small enough so that Mu(T) < p and ¢(T)/r < €/p.
Clearly, we have

o(T)/r <e/p, k=0,1,2,...,00.
In accordance with our definition in (7.1), we set
W, ={(t,z) € (0,T] x S:p®t)/rr <ds(z)}, k=0,1,2,...,
Wi = We ={(t,2) € (0,T] x 5 : o(t)/r < ds(x)}.
Notice that

Wiy DWe, DWWy D - DWWy, Do D Wy .

LEMMA 8.2. Let wi(t,z) € Zo(We) (j = 1,2) for some 0 < ¢ < ro. If both
lw;(t,z)| and |x(Ow;/0x)(t,z)| are bounded by Mu(t) on We, then we have ®[w;] €
Zo(We) (j =1,2) and
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0 0
|@[wn] — @fws]| < Bu(t)|r S — 152 + (Bao + Buy)Mp(t)|wy — w|
Or Ox
3w1 8w2
+ (Bl,l + B()’Q)M'U/(t) IE - IW on WE' (88)

PrOOF. By (B5) and the definition of the function ®, we have

|[@wr] = Plw,]]

ow, Owsg
< - — r—=
< Bu()|x oz "oz

+ R2 t,x,wl,m% 7R2 t,x,wg,x% .
oz Ox

Recall from Taylor’s theorem that a function f(u,v) that is holomorphic in a neigh-
borhood of (0,0) € C x C may be expressed as

1 1
f(u,v) = £(0,0) —l—u/o gli(su,sv)ds—&—v/o %(su, sv)ds. (8.9)

Since wy = (w1 —wsg) 4wz and (0w, /0x) = (x(Qwy /0x) —x(Ows /Ox)) +2(Ows/Ox),
by (8.9) we obtain

ow ow
Ry (t,x,wl,xa;> — Ry (t,x,w%xa;)
1
_ aRQ awl aWQ 3w2
i(wlf’u)Q)\/O au(t,x,s(wlw2)+’(,l)2,$<l'arxax> +1’ax)d8

811}1 811]2 ! 6R2 8w1 6’(1)2 6’[1)2
+ (xax - xam) /0 B0 (t,x,s(wl —ws) + w2’8($6:r - x@m) + &p)ds'
(8.10)

Again, by applying (8.9) to the first integrand in (8.10) and using the fact that
(OR2/0u)(t,2,0,0) = 0, we arrive at

92 (4 4 s(wr — ws) + Owy  Owp) , Ows
ou , Ly, S{Wq w2 Wo, S| T o T O T Oz

= (s(w1 —w2) + wo)

' O’Ry Ow;  Owy Owy
X /0 52 <t,x, o(s(wy —ws) + wg),a<s <x6$ - x@x) + xax>>da

(s o2 owe v
N\"or  Tox or
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Clearly, the bounds in (8.6) and the fact that both |w;(t,z)| and |z(dw;/0z)(t,x)| are
bounded by Mpu(t) on W, (for j = 1,2) imply that (8.11) is bounded on W, by (B2, +
B11)Mup(t). Similar argument shows that the second integrand in (8.10) is bounded
on W, by (B1,1 + Bo2)Mpu(t). Then, the desired estimate for |®[w; — ®[ws]| follows
immediately from (8.10). O

Now, let us solve the equation (8.3). We define the approximate solutions uy (¢, x) €
2Z1(W,,) (k=0,1,2,...) by

Puy = a(t, ) (8.12)
and for k > 1,
Puy = a(t,x) + Plug_1]. (8.13)

By applying Proposition 7.1 to (8.12) and using the estimates (By) and (8.4), we
obtain a unique solution ug € 21(W,,) satisfying

A
|uo(t, x)| < Zu(t) on W, and
Oug Aq A1RPChR1 + AR A
xa—w(t,x) < (L + E )u(t) on W,.

Thus, by our choice of M we have

Ouo

or

X

max{uo,

} < (M/2)p(t) on W,,. (8.14)

As we proceed, we show that (8.13) (k= 1,2,3,...) has a unique solution ug (¢, x) €
Z21(W,,), and prove that they converge to a solution of (8.3) in W,.

PRrROPOSITION 8.3.  The following statements hold for k > 1 :

(1), There exists a unique uy, € Z1 (W, _,) satisfying the equation (8.13).
(2)r On W, _,, we have

8uk 8uk_1
T—/——X

ox or

}S af(afro) "1 (M/2)p(t)p(t)

max {|Uk — up_1l, ds(z) — @(t)/rr—1

(3)r On W, , we have

Lue Dt
ox ox

| < a2t

max{|uk — up—1|, ok

(4)r, On W, , we have
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max{ } < zk: (;) x (M/2)u(t).

i=0
Proor. We prove Proposition 8.3 by induction.
By (8.14) and Lemma 8.2 we have ®[ug] € Zo(W,,). Therefore, the initial case
(1); follows immediately from Proposition 7.1. Also from Lemma 8.2, we have |®[ug]| <
a(M/2)(u(t))? on W,,. Thus, applying (a) of Proposition 7.1 to

Ouy,
e

P(uy — up) = ®lug] on W,

gives us |u; — ug| < a(M/2)p(t)e(t) on Wy, and by Nagumo’s lemma (Corollary 4.3)
we get

8u1 8“0
r— —

(M/Q) (t)e(t)
o % < on Wi,

ds(z) = o(t)/ro

Since dg(z) — ¢(t)/ro < ds(z) < 7/2p < 2 < 3, we obtain

aB(M/2)p(t)u(t)
}< ds@) —p)/re

which proves (2);. Moreover, on W,, we have (ds(z) — ¢(t)/ro) = (ds(z) — @(t)/m1) +
(p(t)/r1 —@(t)/r0) > (p(t)/r1 — ©(t)/r0) and so by (8.7) (k = 1) we have

af(M/2)p(t)e(t)
ds(x) — @(t)/ro

6u1 8u0
r— _

Ox %

max {|u1 — up),

IN

af(M/2)u(t)p(t) _ aB(M/2)p(t)r
(

(e(t)/r1 —e(t)/ro) (1 —r1/r0)

(aBro) M/Dpt) _ 1 .
ey x (M/2)u(t) on WW,,,

IN

[\

which proves (3);. Since u; = (u1 — ug) + ug, by (8.14) and (3); we obtain (4);.
Suppose (1); — (4)x hold for 0 < k < n. By (4),, and Lemma 8.2 we have ®[u,] €

Zo(W,.,). Thus, by Proposition 7.1 we have (1),41, and consequently, we have
P(tnt1 — un) = Pluy| — ®lup—1] on W, . (8.15)

By Lemma 8.2, (2),, and the relation 0 < r,, < r,,_1, we have

af(afro)™ M (M/2)p(t)(u(t))?

Plu,| — Pluy—1l] < a x on W, .
Plen] = Plenall ds(&) — o(0) /s
Therefore, by applying (c) of Proposition 7.1 to (8.15) we get
=L (M/2)p(t) pu(t
ot ] < o BB OO

ds(x) = o(t)/rn
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and

OUn 1 Oou,,
or x87

RPC1 Ry m 2 MRy 7w
< a1+ =222 (= —
- ( ( * deL )(26) + deL 2p

oy BB NP x 1

ds(x) = o(t)/rn

Hence, from our definition of 8 and the fact that r,, < ro, we establish (2),,41.

Since we have (dg(x) — p(t)/rn) = (ds(z) — ©(t)/rns1) + () /Tns1 — @(t)/Tn) >
(@(t)/rrne1 — (t)/rn) on W, ., by (2),41 and (8.7) (k =n 4+ 1) we obtain

ouy, ouy,
max {|un+1 — 8;1 — ,TE }
< aB(afro)"(M/2)e(t)p(t) _ af(afro)™ (M/2)u(t) X T
= (@) /a1 — @(t)/Tn) (1 —7ny1/mn)

< WO 0BuG) (1

n+1
< (P (/) ) xR

This proves (3),+1. Finally, we obtain (4),,4+1 from (4),, and (3),41. O

The existence of a solution of (8.3) follows from the preceding proposition. Note
that for £ > 1, we have

k
(txfuoterZ i — wi—1)(t, )
j=1

and thus, it follows from (3)x and (4); (kK = 1,2,...) that our approximate solutions
converge to a function u(t,x) € Zo(W,) satistying |u(t,z)| < Mu(t) on W,. Similarly,
x(Ouy, /Ox) converges to x(Ou/dx) and we have |z (0u/0x)| < Mu(t) on W,.. Since uy(t, )
may be written in the integral form

up(t, ) = /Ot exp [/:,\(T,qa(T, t,x))dﬂ (a+ @[uk_l])(s,qb(s,t,:c))cf

(with a = a(t, x)), by letting k approach infinity, we get

u(t,z) = /Ot exp Ut )\(T,cﬁ(r,t,x))ci_T] <a+ @[u})(s,¢(s,t,x))?,

which shows that u(t, z) belongs to 27 (W,.) and it is indeed a solution of (8.3).
Finally, let us show the uniqueness of the solution. Suppose we have another solution
v(t,x) € %”1( ) satisfying |v(t, z)| < Mu(t) and |x(0v/dz)| < Mu(t) on W,.. To prove
that w = v on W,., we show by induction that the following estimate for |u — v| and
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|z(0u/0x) — x(0v/Ox)| holds on W, for k =0,1,2,...:

ou_ o
or xé)x

T

| < rtagut) 5.16)

~ ds(x) —p(t)/r

The case k = 0 is clear due to the fact that dg(xz) < 2 and both u and v satisfy (8.2).
Assume now that (8.16) holds for & = n. Then, by Lemma 8.2,

max {|u — vl

AM (aBr)™ (u(t))®
ds(z) —@(t)/r

|D[u] — ®[v]| < a X on W,.

Similar to our previous computations, it follows from (c) of Proposition 7.1 that

ou_ v
or xf)x

T on W,,

} < AM(afr)"u(t)
— ds(x) —e(t)/r

which is the case k = n 4 1. Therefore, (8.16) is true for all ¥ > 0. Since affr < 1/2, by
letting k approach infinity we obtain u = v on W,.. This completes the proof of Theorem

max{|u—v,

8.1. O
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