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On Jacobian Kummer surfaces

By Kenji KOIKE
(Received Sep. 7, 2012)

Abstract. We give explicit equations of smooth Jacobian Kummer sur-
faces of degree 8 in P® by theta functions. As byproducts, we can write down
Rosenhain’s 80 hyperplanes and 32 lines on these Kummer surfaces explicitly.
Moreover we study the fibration of Kummer surfaces over the Satake com-
pactification of the Siegel modular 3-fold of level (2,4). The total space is a
smooth projective 5-fold which is regarded as a higher-dimensional analogue
of Shioda’s elliptic modular surfaces.

1. Introduction.

A 1-dimensional complex torus E, = C/(7Z + Z) can be embedded in P? by fourth
order theta functions. Explicitly, the holomorphic map

E.,— — ]P)B, Z = [900 : 901 : 910 : 911](22,7’) = [IOQ L Xo1 - X10 - .7311]

is an isomorphism from E. to a complete intersection

2.2 _ 2.9 2,2
apToy = A1THy + a3,

(x1)

2,2 _ 2.2 2.2
ApTy1 = AZp; — 1T
with coefficients
2 2 2 2 2 2
CLO :000(077') ; ay :901(0,7) s Ay :910(077')

(see [Mu]). In the higher dimensional case, defining equations of Abelian varieties are
very complicated. For example, fourth order theta functions embed principally polarized
Abelian surfaces into P*®. Flynn showed that the Jacobian variety Jac(C) of a curve
C of genus two is defined by 72 quadrics in P'®, and he gave explicit 72 equations in
terms of coefficients of the equation of C' ([F1]). On the other hand, the Kummer surface
Jac(C')/{%1} is given as a quartic surface in P2, and its minimal desingularization Km(C)
is given as a complete intersection of three quadrics in P°. In [KI], Klein gave Kummer
surfaces

24+ +122=0
klx%—&——&—k(;xézo
k334 -+ kizg =0

2010 Mathematics Subject Classification. Primary 14K25; Secondary 14J28.
Key Words and Phrases. theta functions, Kummer surfaces.


http://dx.doi.org/10.2969/jmsj/06630997

998 K. KoikE

as singular surfaces of quadratic line complexes. These surfaces are desingularized Kum-
mer surfaces of curves

v’ =(z— ki) (x — ke)

of genus two (see [GH]).

In this paper, we rewrite Klein’s models by Riemann’s theta functions. Namely, we
study a rational map from a principally polarized Abelian surface X to P° given by six
odd theta functions of order 4. Applying Riemann’s theta relations, we obtain defining
equations of Km(X):

(E1) A2,X? FAZXE — ABXE — AZXE =),
(2) X3 +AIXI - A3XE - A3XE =0,
(E3) AR X3 +AFXE — ASXE — ATXE =0,
where Aj,..., Ajp are ten even theta constants (Proposition 3.3). These equations are

considered as a two-dimensional analogue of (x1). Note that coefficients a3, a?, a3 in

(1) are modular forms of level 4. In fact, the graded ring of modular forms of level 4 is
given by

@Mk(r(4)) = 6[930: agh 9%0]7 930 - 931 - 0%0 =0,
k=0

and (x1) gives an elliptic fibration over H/T'(4). More precisely, (x1) together with

2.2 2.2 _ 2.2
aixpo +azry; = a5y
*2)

2,.2 2,2 _ 2.9
a3Tpg — A1TT; = ApT1g

define the elliptic modular surfaces S(4), which is isomorphic to the Fermat quartic
surface ([BH], [Mu], [Sh]). In our case, there are 15 quadratic equations (E1), ..., (E15)
in Xi,...,Xe with coefficients A%,..., A%, defining a fibration of Kummer surfaces over
the Siegel modular 3-fold A5(2,4) (Theorem 4.8). These 15 quadrics are those of rank
4 in the net spanned by (E1), (E2) and (E3). They are 4-terms theta relations, and we
can find such relations in classical literature (e.g. [Co] and [Kr]). In this paper, we
determine singular fibers over boundaries of A2(2,4) (Section 4), and we write down 80
Rosenhain’s hyperplanes that cut out 32 lines on Jacobian Kummer surfaces (Theorem
5.4).

2. Theta functions and Siegel modular varieties.

2.1. We denote the Siegel upper half space of degree g by &4, the symplectic group
Spyy(Z) by 'y, and Igusa’s congruence subgroups by I'y(2n, 4n):
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G, ={Qe My C)|'"2=Q, ImQ > 0},
t 0 -1,
Py ={v€Gly(Z) | "yJy=J}, J= :

I'yn)={yeTly|y=1, mod n},

T, (2n, 4n) = { {g g] €T,(2n) | diag(B) = diag(C) =0 mod 4n}.

(Usually the symbol I';(n) denotes another group, but here we use it for the principal
congruence subgroup of level n for g = 1.) In the case of g = 1, we have I'1(2,4)/I'1(4) =
{£1}. For g = 2, we have

Iy/T2(2) 22 Spy(Z/27) =2 Sg, T2(2)/T2(2,4) = (Z/2Z)*, T2(2,4)/T2(4,8) = (Z/2Z)°.
The group I'y acts on C? x &, by

{AB

- D} (2,9) = ({(CQ+ D)~ 'z, (AQ+ B)(CQ + D)),

and acts on (Q9/Z9)% by

1
Da — Cb+ idiag(CtD)

{g g} : m = , . a,beQI/79.
—Ba+ Ab+ idiag(AtB)

Theta functions with characteristics a,b € QY are defined by

9 {Z} (2,Q) = ngz:g exp[mi f(n + a)Q(n + a) + 27 “(n + a)(z + b))

and they satisfy the automorphy property (the theta transformation formula):

0 {Zﬂ (%, Q%) = k(7) det(CQ + D)2F(a,b, g, Q, 2)0 m (2,9)

where y = [A Bl €Ty, [4] =7 [§], (5,95 =7 (2,9), 5(y)* =1 and
F(a,b,7,9,z) = exp [mi{'(Da — Cb)(—Ba + Ab+ (A'B)y) — ‘ab+ '2(CQ + D)~ 'Cz}]
(see [BL, Section 8.5 and Section 8.6]). We can embed Siegel modular 3-folds

Az(2n,4n) = 63 /T'2(2n, 4n)



1000 K. KoikE

for n = 1,2 into projective spaces by theta constants with half integer characteristics.
For the simplicity, we denote theta constants

a . 1 1 14
ﬂ[b} (0,Q) with a—QL],b—2[JE2Z

by 9[?1](9) Then we have

2.2. ProposITION ([vGN], [vGvS], [Ig2], [Sa])
(1) The holomorphic map

246y — P2, Qs [0[50](22) : 0[35](292) : O[501(292) : 0[55](29)] = [Bo : By : By : Bs]

gives an isomorphism of the Satake compactification A3 (2,4) and P3.
(2) The holomorphic map

@4’8262—>P9, QI—)[Ali---ZAl()]
by 10 even theta constants

AL =050)(Q), Az =0[0)(Q), A3 =0[0)(Q), As=0[R](Q), A5 = 0[ap)(),
A6 = 0l50)(Q), A7 =0[5)(Q),  As =0[5)(Q), A9 =0[5](Q),  Awo = O[11)(%),
gives an isomorphism of the Satake compactification As(4,8) and the closure of the image

of the map Oy 5.

(3) We have quadratic relations
A?=B2+B}+ B3+ B3, A3=DB:-B}+Bj;- B3,
A3=Bj+Bi - B; - Bf, Aj=DBj-Bi-Bj+Bj,

A% =2(ByB;y + ByB3), A2=2(ByBy+ B1B3), A%=2(ByBs+ B1Bs),
A3 =2(ByB1 — B2Bs), A3 =2(ByB>— B1Bs), A}, =2(ByBs— B1B>)

and the following diagram

]Pg

© er
A2(274) i> P3 L> P9

where T is the natural covering map with the covering group I'a(2,4)/T2(4,8) = (Z/27)°,
the map Sq is the squaring of coordinates [Ay : -+ : Ayo] — [A3 : - : A3y] and the map
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Ver is the Veronese map defined by the above quadratic relations.

(4) The 10 smooth quadrics Q; = {A; = 0} of P? correspond to the closure of the
locus of decomposable principally polarized Abelian surfaces. Therefore U = P3 — U1121 Qi
parametrize Jacobians of curves of genus two. The intersection Q; N Q; consists of four
lines. There are 30 such lines L1, ..., Lsg. They form the 1-dimensional boundaries of

AQ(Q, 4);
30
Ax(2,4) — Ax(2,4) = | Li.
i=1

There are 60 intersection points of L;’s. These points are 0-dimensional boundaries.

3. Quadratic relations of odd theta functions.

3.1. Let C be a curve of genus two, X = Jac(C) be its Jacobian and 6§ = C be
the theta divisor on X. Let m : X — X be the blow up of 2-torsion points pq, ..., pis,
and Fi,...,Eis be the exceptional divisors. The linear system |47*0 — >  E;| gives a
morphism of degree 2 from X to a complete intersection Y of three quadrics in P°. In
fact, the image Y is the desingularized Kummer surface X /{#1} ([GH, Chapter 6]). Let
N = P? be the net spanned by these quadrics. It is known that the discriminant locus
A C N corresponding to singular quadrics is a union of 6 lines. There are 15 intersection
points of these 6 lines corresponding to quadrics of rank 4 (see e.g. [CR, Theorem 3.3]).

Now let X be a complex torus C2/QZ2 +7Z2, and 6 be given by 0[39](z, Q) = 0. Then
I'(X, Ox(40)) is identified with the vector space of 4-th order theta functions, and a basis
is given by 16 theta functions 6[}7](2z, Q). The linear system |46 — 3" p;| corresponds to
the subspace spanned by 6 odd theta functions

X1 = 9[8%](221 ), X;= 9[(1)%](227 Q), Xz= 0[(1)%](227 Q),

Xy = 9[}8](2'2’ Q)v X5 = 9[%?](227 Q)a Xe = 0[%(1)](227 Q)
Therefore the defining equations of Y are given by theta relations of Xi,..., Xg. We
can find 4-terms quadratic relations of theta functions in [Co, Section 30] and [Kr,

Chapter VII, Section 14], and they will give 15 quadrics of rank 4. Here we write down
15 equations in our terms.

3.2. To get quadratic relations, we apply Riemann’s relation [Mu, p. 214, (Rcn)]

a+b+c+d a—b—c+d

2 <x+y+u+v’ﬂ)mﬂ 2 <w—y—u+v7g>
e+ f+g+h 2 e—f—g+h 2

2 2

_ i S expl-2mi'Blat b+ e+ d) {Zig} (€,Q) ¥ {Zi%} (0,9).

o,B€(1/2)22 )72
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Puttingz =y, u =v=0,a=b+p,e=f+q c=d=g=h =0 with p,q € Z2,
b, f € (1/2)Z?, we have

1 1
b+ Pl Y4
9 . (z, )% ) (0,9Q)?
[+ 54 54

_1 XD|— ,n_.t b+p+0[ b+a o )
) 4aﬂe<1z/:mz2/zze i ol {fﬂﬂrﬁ] () [f+ﬁ] (0 M (0,9)

—1 X et [ oo |5 0,07,

o,Be(1/2)2? /22 f+5 &

Now put b= f = [162} and S = {[3],[9]}. We have 'bg =0 for ¢ € S, and therefore
1 1
T LT 2P
D (1) rrtiany . (z, )20 (0,0)?

p,q€S f+ iq q

_ Z (71)tpp+tqqi Z (71)2(tﬁp+toﬂﬂ(71)4"ﬁbﬁ [;i%] (z,Q)20

P,qE€S a,B€(1/2)22 /22

S ( 3 (_l)t(2ﬁ+p)p+t(2a+q)q>(_1)4‘ﬁb?9 [;:%} (.02 [g} (0.9)2,

4 o,BE(1/2)22 )72 N p,qeS

N = DN

| 0.0

@ R

where
4 _ 1
Z (71)1(2ﬂ+p)p+"(2a+q)q _ af={* 2 ]
P.gES 0 (others)

Since odd theta constants vanish, the result is

0[10] (=, 2)?0[51(0, 2)* — O[10] (z, 2)*6[5] (0, ) — 0331 (=, )*0[571(0, )
= —0[01)(z, )*0[11)(0,2)*.

Putting x = 2z, we have a quadratic relation
(E1) A3 X7+ A2X7 — A3X2 — A2XZ =0.

Since T’y acts on the projective coordinates [A; : -+ : Ajg] and [X7 : -+ : Xg] via the
transformation formula of theta functions, we can easily derive other 14 quadrics of rank
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4 from (E1). We summarize the action of I'y and 15 equations in Appendix. Now we
have

3.3. PROPOSITION. Let X = C%/QZ? + 7Z? be a principally polarized Abelian
surface with A; # 0 for i = 1,...,10 (hence X is the Jacobian of a curve of genus 2).
Then the image Y of a rational map ® : X — P

2 [0[o1] = 6131 : Olox] - Olio] < 03] : O0]1(22, Q) = [X1 : X = X3+ Xy : X5 : Xg]

is a smooth complete intersection given by

(EL) A3,X? AN — A3XE - ARXE =0,
(E2) A3 AN — A3XE — ARXE =0,
(E3) A% X3 +ARXE — ABXE — AZXE =0,

and the net spanned by (E1), (E2) and (E3) contains 15 quadrics of rank 4 defined by
(E1), ..., (E15) in Appendiz.

3.4. REMARK. Translations by 2-torsion points (1/2)QZ2 + (1/2)Z? acts on the
projective coordinate of P® as sign changes:

XX x| Xy | X5 | X
W + | -+ - -]
OB | - |- -+ |-+
s |+ |+ - -]
s | -] -+ 1+]-

3.5. REMARK. The Rosenhain normal form ([Igl]) of a curve of genus 2 is given
by

y? =ax(x —1)(z — A1) (z — Xo)(z — A3)
with

N N 7 I
VTUAZAZ TP AZAT 0T AZAZ

4. Universal Jacobian Kummer surface.

4.1. Let us recall that coefficients A2, ..., A%, of 15 equations (E1), ..., (E15) are
quadric polynomials in By, By, By, Bs (see Proposition 2.2). Therefore these equations
define a projective variety X C P? x P?, and we have the projection

Toa: X — P32 Ay(2,4), [Bo:--:B3]x[Xy:-:Xg]r [Bo:-: Bs].
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Over U = P3 — U}il Q;, this is a K3-fibration and ’ﬂ'ii (U) is smooth. Let us investigate

fibers over U£1 Q;. Since 'y acts on 10 quadrics {Q1,...,Q10} doubly transitive, we
look at fibers only over QlO = {B()Bg — BlBQ = 0} We 1dent1fy QIO with ]P)l X ]P)l by
the Segre embedding

Seg : Pl X Pl — Pg, [80 : 81] X [to : tl] — [Soto : 8ottt s1tp : Sltﬂ.

Then we have a commutative diagram

H/T'1(4) x H/T1 (4) —'> P! » P!

l lseg

O2.4
Gy /T5(2,4) —————p3

where e(71,72) = [} TOZ] and 1) is given by

(7'1,7'2) — [900(27’1) : 910(27’1)] X [900(27’2) : 910(27’2)].
4.2. REMARK. The duplication formula for g =1 are

900(7‘)2 = 900(27’)2 + 910(27’)27 910(’7’)2 = 2900(27‘)910(27’),
001(7)% = 600 (27) — 610(27)°.
4.3. Since we have H/T;(4) & P! —{6 points} ([Mu]), the boundary P* x P! —Im 1)

is decomposed into 6 4 6 lines (these 12 lines are obtained as intersections of Q19 and

Qi);

[to:t1:0:0] ([so:s1] =11:0])
(By: Byt By: By — [0:0:¢g: 1) ([so:s1]=10:1))
[to : t1 : Lto : £t4] ([so:s1] =1[1: 1))
[to : t1: £/ —1tg : £v/—=1t1] ([s0:81] = [1: £V/~1])
[so:0:s1:0] ([to : t1] =[1:0))
o . B [0:50:0: s1] ([to: t1] =[0:1])
[Bo: By : By : Bs] = [s0: £50 : 51 ¢ £51] ([to : t1] = [1: £1))
[80 : ﬂ:\/jSo 181 iﬁsl] ([to : tl] = [1 : :t\/jl])

and they intersect at 6 x 6 points.

4.4. For Q = e(m,72), we have

X =C?/(NZ*>+7Z?) =E, x By, E;=C/(1,Z+Z).
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The rational map ® : X --» P° is the composition of an embedding
Ei x By — P? x P3|
(21,22) = [Boo : Bo1 : O10 : 011](221,71) X [Boo : o1 : 10 : 611](222, 72)
and a rational map
P3 x P3 --5 PP,
[wo t @y s @2t @ws] X [yo 1 Y1 y2 1 ys] — [woys - T1ys 1 @2ys : T3yo * T3y © T3Ye.

The corresponding fiber X{, +) over [sotg : sot1 : 810 @ s111] € Q10 — {12 lines} is defined
by

T00X42 — TOng — T10X62 = O (E].),
S0 X% — 801 X3 — S10X2=0 (E4),
T10 (501X12 —_ SO()XQQ) - SlO (T01XZ - T00X52) = 0 (E?)

where

Soo = s5 + 81, Si0 = 25051, So1 = 55 — 87,
Too =t + 11,  Tio = 2tots, Tor = t5 — 17

(compare with Remark 4.2). It is easily shown that X, ;) is birational to the Kummer
surface of Fy x Fy. More precisely, 8 curves

E; x {2-torsions of Ey}, {2-torsions of F1} x Fs

are corresponding to 8 nodes

/Soo /So1 }
+4/— :F4/—=—:1:0:0:0
{ S10 S1o0
[Too [To1 } ’
0:0:0: %4/ —=—:%4/—:1
[ Tho Tho
and 4 x 4 lines

Soo So1 Too To1 }
204/ ot E20y/ 5 120 E2y ) o ka1 2
{{ "V Sio VS "Wy, "W, !

joining 4 + 4 nodes are exceptional divisors obtained by blowing up at 2-torsions. Re-

[X11~'~2X6]=

[20 : z1] € IP’l}

solving 8 nodes, we obtain the smooth Kummer surface.
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4.5. REMARK. The 8 curves on E; x E5 are fixed loci by

a 0 —-10
+ {0 ta_l} € I'y(2,4), o= [0 J .

4.6. 1-DIMENSIONAL BOUNDARY. Next we investigate fibers over a 1-dimensional
boundary

[BoiBlIBQIBg]:[t()ZtlZOIO] ([80281]:[120]).
Outside six 0-dimensional boundaries
tzto/tl ZO, oo, :‘:17 :|:\/—1,

the fiber Wii (t) is defined by
X2-X2=0 (E4,5,6,7,8,9),
Too X7 —Tnn X2 —TwoXi =0 (EL,2),
TioX3 —To1 X3 + Too X2 =0 (E10,13),

(

(

Tor X2+ T1oX2? — Too X2 =0 (E11,14),
Too X2+ T1oX2 — Tn X2 =0 (E12,15)

((E3) vanish identically). Because there are linear relations,

To1 Tho Tio To1
E10) = ——(El1) + —(E12), Ell) = —(E1) + —(E12),
(©10) = -2 8 + TO12),  (B11) = T2 ) + 7 1)
we have 772_;(15) =Y, UY_ with
X1 =Xy X1 =—-Xy
Vi = { TooX2 — T X2 —TioX2 =0, Y. = d TooX? — Tyi X2 — TyoX2 =0 .
TooX2 + TioX2 — Tor X2 = 0 TooX2 + TioX2 — Tor X2 = 0

These surfaces are cones over an elliptic curve £ =Y, NY_, and singular at [1: +1:0:
0:0:0].

4.7. 0-DIMENSIONAL BOUNDARY. Let us investigate the fiber at a 0-dimensional
boundary

Py=[Byp:B1:Bs:Bs]=[1:0:0:0]

corresponding to [sg : $1] X [to : t1] = [1: 0] x [1 : 0]. Then 15 equations are
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X2-X2=0 (E4,5,8,9),
X2 -X2=0 (El1, 12,14, 15),
X?2-X2=0 (E1,2,10,13)

((E3), (E6) and (E7) vanish identically). The fiber 7r2__i (Py) is a union of 8 projective
plane:

X1=X5 X1 =X3 X1 =-Xy
Pt =4X3=Xs, P =¢X3=Xs ,..., P __={X3=-X5,
X, = X5 X, = —Xs X, = X5

and the dual graph (see [Pe]) is a cube (vertices, edges and faces represent irreducible
components, double lines, points of order 4 respectively).

Py Py

Figure 1.

4.8. THEOREM. (1) The 5-dimensional projective variety X C P3 x P is smooth

and simply connected.
(2) The projection ma 4 : X — P is the half-anticanonical map, and hence X has the

Kodaira dimension k(X) = —oo.

PROOF. (1) The smoothness is shown by the Jacobian criterion. Namely, we show
that not all of 3-minors of the projective Jacobian matrix

d(E1, ... E15)
d(Bo,...,Bs, X1,...,Xg)

J =

of the equations (E1), ..., (E15) vanish.
We first consider fibers over the 1-dimensional boundary

L= {[to 111 :0: 0] | [to : tl] S Pl, TooTr0T01 # 0}

Since we have
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d(E1, E4, E11) .

——————| = 8T Tt X

‘ 9(Ba, B3, X1) ‘ w

at points of 7'('2_,1([/), the variety X is smooth at points of {X; # 0} N ﬂii(L). On the
other hand, we have

‘8(E1, E4, E11)

(B By X) ‘ = —8X4(toX3 + 1 X3){ — t1To1 X3 + to(Too X5 + T1o X2 — T X3) }
= 8t1T01Ale3 (t0X§ + t1Xf),

‘6(E1, E4, E11)

_ 2 2 . 2 2 2 2
9B, By Xo) ‘—8X6(t0X4 61 X3){ — toTo1 X§ + t1 (T10X5 — Tor X5 + TooX3) }

= —8toTn X§ (to X7 — 1 X3)

at points of {X; = 0} ﬂwii (L). We see that these values do not vanish at the same time
on {X; =0}nN Wii(L) (see 4.6), and X is smooth along wii(L).
Similarly, we have the following 3-minors

d(EL, E4, E11)
0(B1, B2, X3)

d(E1, E4, E11)

'a(El, E4, E11)
O0(By, B3, X4)

=8X?, ’
0(Bs, B3, X1) ’ !

’8X§’, ‘ ‘8){2

at points of wii(Po), that is, at points
(X1 :4£X: X3 Xy 04Xy £X3] x[1:0:0:0] € X C P° x P2,

Therefore the Jacobian matrix J has rank 3 at points of fibers over O-dimensional and
1-dimensional boundaries, and X is smooth there.

Now let Sing X be the set of singular points of X. Then 73 4(Sing X) C P? is closed
subvariety since 7y 4 is proper. As we have seen, it holds

72,4(Sing X) N Q10 C Q10 — {boundaries} = (H/I';(4)) x (H/T'1(4))
and mo 4(Sing X') N Q10 must be isolated points. However, the fibration over (H/I'y(4)) x
(H/T'1(4)) is locally trivial as a topological space, and we see that w3 4(Sing X)NQ10 = ¢.
By the I';-symmetry, we have 7 4(Sing X) N Q1o = ¢ for ¢ = 1,...,10, and X is smooth.
Since we have an exact sequence

71 (a general fiber) — 7, (X) — 7, (P?) — 1

of fundamental groups ([No, Lemma 1.5]), X is simply connected.
(2) Let Z be the ideal sheaf of X C P? x P°. By the adjunction formula, we have

wx X wpsyps ® A*(T/T%)*
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where p; (resp. p2) is the projection to P? (resp. P%). Hence it is enough to show that
AT T?) = ptOps(—2) @ piOps (—6).

Now the problem is to show equivalence of two divisors on a smooth variety, we may ignore
subvarieties of codimension 2. So we restrict ourselves to an open set 75 1(UsUU1 ) where
U; = P3 — Q,. Note that (E1), (E2) and (E3) generate Z over Wii(UIO) since they are
given by

X? X3 0 A? —A3 A2
A | X3+ M| X2 = 0], M= |A3 —A7 —A2
X3 xz| o A2 A2 A2

and det M = A$, as polynomials of By, ..., Bs. Similarly, (E5), (E7) and (E8) generate Z
over Fii(Ug) (see the action of g4 in Appendix). These basis are connected on ﬂii(Ug N
Uio) by

®5)] 43 -4z —az] [ A3 A3 A3
(EN)| = & AZ —A2 0 (E2)|, det |A2 —A2 0 | = —8A%)A;,
(ES) 10142 —A2 0 (E3) A2 —A2 0
namely,
A4
(E5) A (ET) A (E8) = — A—f(El)A(Ez)A(Es).
10

Taking a standard affine open cover V; ; = {B; # 0, X; # 0} of P3 x P°, and considering
coordinates changes for open sets V; ; N Wii(Ug) and Vi ; N Wii(Ulo), we see that

N(T/T?) = pOps (~2) @ p;Ops (6). O

5. The 80 Rosenhain hyperplanes.

5.1. Let X and Y be as in Proposition 3.3. As classically known, Kummer surface
Y contains two families of disjoint 16 lines in P°. One is 16 exceptional curves obtained
by blowing up 16 nodes, and another is 16 tropes, that are the images of translated theta
divisors by 2-torsions (that is, tropes are given by 9[#](z,Q) = 0 with a,b € (1/2)Z?).
Each line intersects with 6 lines in the opposite family. These lines are cut out by
special hyperplanes called Rosenhain’s hyperplanes. They cut out 8 lines consisting of 4
exceptional curves and 4 tropes, and there are 80 such hyperplanes (see [GH, Chapter
6], [Hu, Chapter VII]). We can write down them by Riemann’s theta relations. Putting
x=2z,y=u=v=0Iin [Mu, p.214, (Rcu)], we have
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a+b+c+d a+b—c—d a—b+c—d a—b—c+d
2 (2)9 2 (2)9 2 )0 2 (2)
e+ f+g+h e+ f—g—h e—f+g—nh e—f—g+h
2 2 2 2
1

== Z exp[—2mi ‘B(a+ b+ c + d)]
o,B€(1/2)722 ) 7?

oot on i oo

If the left hand side is a 4-th order odd theta function, then the right hand side must be
a linear combination of Xi,..., Xg. If this is the case, the above equation represents a
hyperplane in P° cutting 4 tropes.

5.2. For example, let us consider four functions
fi(2) = 0[0)(2 ), fa(2) = 0131)(2, ), fa(2) = 0[o)(2,Q),  fal2) = 051 (2, ).
The product F(z) = fi(2)--- fa(z) has the same periodicity with 0[33](z,Q)?*, and it

satisfies F'(—z) = —F(z). Namely, F(z) is a 4-th order odd theta function. In fact, we
have

1
F(z) = —1(A1A2A5X1 + A3 A A Xo + AgA7A9X3)

by putting

in the above theta relation. Denoting 2-torsion points (1/2)[5] + (1/2)[f] € X by i, we
have the following table for the vanishing property of F.

00 ] 00]o00]o00] oL ]10]11]o01
00 | 01 | 10 | 11 | 00 | 00 | 00 | 10
0[30](2)
0[09](2) . o | o
0[00] (2) . .
1] (2) || o . .
10 | 11 ] ot o1 | 11 | 10 | 10 | 11
o1 |11 | o1 | 11 |01 | 10 | 11 | 10
0[88](2) e | o | 0o | 0| 0| @
0[09](2) . o | o
0[05](2) || o | o . .
0[o1](2) . o | o
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Namely, F vanishes to order 3 at 11, 19, 19 and 1}, and cuts out 4 exceptional curves

corresponding to these points.
5.3. In general, a product of four theta function with characteristics in (1/2)Z?/Z>
9 Lﬂ (2, 2)0 m (2, 2)0 m (2, 2)0 [C‘” (2,9)
has the same periodicity with 0[J9](2)* if and only if
a+b+d+d, d"+0V+ " +d" e,
and it is an odd function if and only if
20" -ad"+V b+ -+ d - d") ¢ 7.
There are only 80 such combinations, and we can find them immediately by computer.

To state the result, we introduce a few notations. We put numbering codes 1,...,16 for
sixteen characteristics:

112314516 |7|8|9|10|11]|12|13|14] 15|16

00 00 00 00 01 10 11 01 10 11 01 01 11 10 10 11
00 01 10 11 00 00 00 10 01 11 01 11 01 10 11 10

We denote exceptional curves by Ffq,..., Eig, and tropes by D1,..., Dig according
to this numbering. Finally, we write A; ;j instead of A;A;A; and we denote divisors
D¢+"‘+Dj+Ek+"'+ElbyDi j+Ek _____ I

.

5.4. THEOREM. Let X andY be as in Proposition 3.3, and X[2] be the 2-torsion
subgroup of X.

(1) Rosenhain’s hyperplanes for'Y are given by 3-terms linear equation in X1, ..., Xg
with coefficients A; j 1, that is, equations are written as

Aii»imiin + Aj11j27j3Xj + Ak17k21k3Xk =0.

The group X|[2] acts on eighty Rosenhain’s hyperplanes by sign changes of coordinates
(see Remark 3.4), and they are divided into twenty orbits (these orbits are corresponding
to twenty subset {1, j,k} C {1,2,3,4,5,6}). Each orbit consists of 4 hyperplanes:

Ay inis Xi + Ajy jarja X+ Aky ko ks Xk = 0,
A, inis Xi + Ajy o s XG — Ay ko ks Xk = 0,
Ay insis Xi = Ajy jarja X+ Aky ko ks Xk = 0,
A

iivinyig Xi — Aj1,j27j3Xj - Ak17k2,k3Xk =0.

Representatives from twenty orbits are given explicitly in Appendiz.
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(2) The trope Dy is the intersection of four hyperplanes

H1: A1 36Xa+ A249X5+ As578X6 =0,

H2: A1103X3+ As589X5 — A247X6 =0,

H5: A1610X2+ Ags57Xs — Az g 9Xs =0,
H14: As69X1 + A1 27Xs — Az.410X6 =0,

and the exceptional curve Fq1 is the intersection of four hyperplanes

H1l: A136X4+ A2490X5+ As578X6 =0,

H2: Ay103X3+ As80X5 — Az 47X =0,

H5: A1610Xe+ Aas7Xs — Az 89X =0,
H11: Asg10X1 4+ A2 78Xs — As59X6 =0.

Note that other topes and exceptional curves are given by 16 translations.

5.5. We have studied Kummer surfaces over complex numbers until now. However,
our family is defined over Z, and the result is applied for a field k of char(k) # 2. In
fact, we can easily show that (E1), (E2), (E3) define a smooth complete intersection if
A; #0 for i =1,...,10. It is a interesting problem to construct Kummer surfaces with
32 lines over small fields. For example, Kuwata and Shioda asked the problem finding
all elliptic fibrations on given K3 surfaces in [KS], and they proposed to find 32 lines on
Kummer surfaces to attack this problem in the case of Kummer surfaces. (The problem
for Jacobian Kummer surfaces were solved by Kumar in [Ku] over algebraically closed
fields of characteristic 0.)

Now we can construct a Kummer surface with 32 lines defined over k if we have
[Bo:---: B3] x [Ay:---: Ayg) € P3(k) x PY(k)

satisfying A; # 0 (i = 1,...,10) and the quadric relations in Proposition 2.2. The author
does not know whether such a point exists for & = Q. For finite prime fields F),, we do
not have such a point if p = 3,5,7,11,13, 17.

5.6. EXAMPLE. Let us consider a finite prime field F19, and b=1[1:3:3:3] €
P3(Fy9). The image of b by the Veronese map Ver in Proposition 2.2 is

9:11:11:11:5:5:5:7:7:7]
=[4:7:7:7:-2:-2:-2:1:1:1]

=[22:8%:8%:82:62:6%:6%:1:1:1] € P(Fyy),

and we have a smooth Kummer surface Y}, over Fi9 defined by
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X2 FAXZ —TX2+2X2 =0,
X2 FTX2 —TX2 - X2 =0,

X2 —2X2— X2+42X2=0

with
X4+ 7X5—2Xg=0, X4+ 7X5—2X6=0,
3X3 —6X54+4Xs =0, 3X3—6X5+4X6 =0,
D1 : E11 .
7Xs —3X5+8Xg =0, 7Xs —3X5+8Xg =0,
2X1 — X34+ 7Xs=0, X1+ X3—Xg=0.

The Rosenhain normal form (Remark 3.5) of the corresponding curve of genus two is

yv?=x(x—1)(z —4)(z — 9)(x — 11).

Appendix A.
A.1. We look at the action of 'y on the projective coordinates of A2(4,8) and

Y = Km(X). For unimodular transformations

a; 0
=3 0] e =B = b o= Bl au= G o= 01
3

translations
1 5

and J = [2 _01], we have the following table, where ¢ = exp(27i/8).

LU A [ A [ A ] A5 [ A [ A | A5 | A0 | A |
g1 || A1 | Az | A | Ag | Ag As Az Ag Ag A1o
g2 || Ar | A2 | Ay | A3 | A7 Ag As | A | Ag —As
gs || Ar | Ag | A3 | A2 | A5 Az Ag Ag | Ao | —A
ga || A1 | As | Ag | Ay Az As Ag Aio As —Ay
gs || Ar | Ag | Ax | A3 | A Az As Ag | A | —As
hy || As | Ay | A1 | Az | As | CTAg | CTA7 | As | (TAg | (Ao
hy | Ay | Ay | As | Ay | As | Ay | idyw | As | Ag | iA;
hs || Az | Ay | As | As | ("As | A9 | (TA7 | (TAs | As | ("Apo
Al A [ac[ar] a0 [ 4y [ A | A0 | As [ —Aw |
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ha Xo X1 | ("X5 | "Xy | ("X5 | ("Xs
hg XQ Xl 7Z‘X6 X5 X4 7Z‘X3
hs || "Xy | ("Xa | ("X3 | X5 Xy | ("X
L7 x| ixs | X | iXa | iXs | iXs |

A.2. TFrom the above table, we see that the equation (E1) is transformed in the
following equations:

(E1) A2 XE 4 AZXT - AZXZ - AZXZ=0
(B2) = i (E1) A} X35 + ATXF — ATXZ — AZXE =
(E3) = J(E2) A X2 + A2X? — A2X2 - A2X2 =0
(B4) = g1(B1)  ATXT — ASXG — AGXS + A} X} =
(E5) = g1(E2)  AZX? — A2X2 — AZX2 4+ A3, X2 =0
(E6) = g1(E3)  AZXF — AFX3 — AZXE + A3 X5 =0
(B7) = 4(B3)  AZXT — ASXG — AJXE + AZXZ =
(E8) = gu(B1)  AZX? — AZX2 + AZX2 - A2X2 =0
(E9) = h3(E8)  AIX? — A3X3 + A2X7 — A2X? =
(E10) = J(E9) AZXE — AZXZ 4 AIXZ - A2XZ =
(B11) = g5(B2)  AXY — AJXE — ARXT + ASXE =0
(B12) = g5(B1)  AGXY — AJX3 — ARXZ + AQXG =
(E13) = go(E1)  A2X2 — AZX2 + A3X2 — A2X2 =0
(E14) = g3(E1)  AZX2 — A2X2 — AZX2 + A2X2 =0
(E15) = h3(E14)  AZX2 — AZX2 — AZX2 + A2X2 =

A.3. TWENTY OF EIGHTY ROSENHAIN’S HYPERPLANES. By the action of 2-
torsion points (Remark 3.4), we can get 80 Rosenhain’s hyperplanes from the following
20 ones.

H1: A 36X4+ A249X5+ A578X6 =0, Di3e14+ Fi0,11,12,13
H2: Ay 103X3+ As580X5 — A247X6 =0, Di310,13 + Fe11,12,14
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H3: A3 410X3 — As568Xa —A137X6 =0, Di3716+ E911,12,15
H4: As810X3+ A2 46Xa+ A139X5 =0, Diso15+ Eri11,12,16
H5: Ay 610X2 4+ Aus7Xs — A289Xe =0, Dig,10,12 + F3,11,13,14
H6: Az 910X2 — A3 57X4 — A168X6 =0, Digsi6+ Fa11,13,15
H7:As5710X2 4+ A239Xa+A146X5 =0, Diaeis+ Es11,13,16
H8: Agg9X2 — Az a7X3+ A1210X6 =0, Di210,16 + E5,11,14,15
H9: Ays7Xo— Asg9X3+ A1510X5 =0, Dis1015+ Fa 11,1416
H10: Az 79X2 — As68X3+ Az510X4 =0, Das 10,14 + F25,10,14
H11: Az g 10X1 + A2 78Xs5 — Au590X6 =0, Dsg 10,11 + E36,10,11
H12: Ay g10X1 — A178Xa — A356X6 =0, D35616+ Fa9,10,11
H13 : A7810X1 + A1,40Xa+ A236X5 =0, Dasei15+ Erg.10.11
H14: As69X1+ A127X3 — A3.410X6 =0, Di2713+ Es 121415
H15: As 67 X1 + A150X3 — A3810X5 =0, Diso13+ Fa12,14,16
H16: A179X1 4+ Aa56X3 — Aa810Xa =0, Das613+ Fag10,14
H17: A3 45X1 + A128X0 4+ A69,10X6 =0, Diggi2+ Er13,14,15
H18: A 38 X1+ A1,45X0 + A6,7,10X5 =0, Diasi2+ Fo 131416
H19: Ay 48X1 + Aa35Xa+ A7910X4 =0, Da3zs12+ E7910,14
H20: Ay 25X1 + As45Xa+ A670X3=0, Di2511+ E1014,15,16
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