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Abstract. A domain in a complex 3-dimensional projective space is
said to be large, if the domain contains a line, i.e., a projective linear subspace
of dimension one. We study compact complex 3-manifolds defined as non-
singular quotients of large domains. Any holomorphic automorphism of a
large domain becomes an element of the projective linear transformations. In
the first half, we study the limit sets of properly discontinuous groups acting
on large domains. In the second half, we determine all compact complex
3-manifolds with positive algebraic dimensions which are quotients of large
domains.

1. Introduction.

The theory of discrete subgroups of PGL (2, C) has a long history. Let T" be
a discrete subgroup of PGL (2,C). We say that the action of " at a point 2z € P!
is discontinuous, if there is a neighborhood W of z such that y(W)NW = 0
for all but finitely many v € I'. Following B. Maskit [Ms], we call a subgroup
I' € PGL(2,C) whose action is discontinuous at some point z € P! by Kleinian
group.

Let I' € PGL(2,C) be a Kleinian group. The set Q(T") of points z € P! at
which T' acts discontinuously is called the set of discontinuity of T'. The set Q(T)
is a I-invariant open subset in P! on which I' acts properly discontinuously. The
geometry of the quotient space Q(T')/T" is one of the main theme in the classical
Kleinian group theory. The celebrated finiteness theorem of L. Ahlfors says that,
for a finitely generated Kleinian group I', Q(T")/T is a finite union of compact
Riemann surfaces which are punctured at finitely many points.

If we seek for a higher dimensional version of the Kleinian group theory, we
must first define the set of discontinuity for a given discrete subgroup. Fix n > 2.
Take a discrete subgroup I' C PGL (n + 1, C) acting of P". Consider, as above,
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the set Q(T') of points z € P™ at which I" acts discontinuously. Then it is true that
I" acts on ©(I"), but the action is not properly discontinuous in general. Therefore,
we must find another definition of the set of discontinuity to get a good quotient
space.

In this paper, we restrict ourselves to the case n = 3. Some part of the
following arguments may apply for every odd n. We say that a discrete subgroup
I of PGL(4,C) is of type L, if T has the property

(L) there is an open subdomain W C P?3 biholomorphic to
{[ZO 2129 23} S pP3: ‘Zo|2 + |Zl|2 < |22|2 + |23|2}

satisfying y(W)NW =0 for any v € T"\ {1}.

In the first half of this paper, we shall study some properties of groups of type
L. For such discrete subgroups, lines in P? play the same role as points in Kleinian
group theory. Let I" be a discrete subgroup of type L. Using lines, in stead of
points, we define the set Q(T") of discontinuity of I' (Definition 5). The action of
I on Q(T) is properly discontinuous (Theorem 2.5), and Q(T')/T" becomes a good
space. There are many discrete subgroups of type L. Indeed, most of the flat
twistor spaces over conformally flat real 4-dimensional manifolds are the quotient
spaces of subdomains in P3 by the actions of type L groups. Further, given two
groups I'y and I'y of type L, we can get another type L group I' ~ I'y x I's by an
analogous operations of Klein combinations ([K1]).

A domain Q2 in P? is said to be large, if it contains a projective line. Let
be a large domain. Then any holomorphic automorphism of 2 appears to be an
element of PGL (4,C) ([K1]). A properly discontinuous group I' of holomorphic
automorphisms of € is of type L (Proposition 1). Further, if the action of T on
is cocompact, then 2 is a connected component of Q(T") (Theorem 3.1). This fact
seems to justify our definition of Q(T").

In the latter half of this paper, we shall study the compact quotient /T" with
positive algebraic dimension. By [K5, Theorem A], we see that ) is dense in P3
in this case. Thus by Theorem 3.1, we have Q = Q(T"). To give the statement of
our result, we recall the definitions of Blanchard manifolds and L-Hopf manifolds.

DEFINITION 1. A 3-dimensional compact complex manifold is called a Blan-
chard manifold, if its universal covering space is biholomorphic to the complement
of a single line in P3.

DEFINITION 2. A 3-dimensional compact complex manifold is called an L-
Hopf manifold, if its universal covering space is biholomorphic to the complement
of two disjoint lines in P3.
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For the structure of such manifolds, see [K3], [K2], and [KK]. Now we have the
following.

THEOREM 1.1. Let X = Q/T be a compact complex manifold which is a
quotient of a large domain Q C P3 by a fized point free and properly discontinuous
group ' of holomorphic automorphisms of Q. If X admits a non-constant mero-
morphic function, then X is biholomorphic to either P2, a Blanchard manifold,
or an L-Hopf manifold.

In [K5], a proof of this theorem was given under an additional condition on the
complement P3\ 2. We use freely results of Sections 1, 2 and 4 in [K5], but not
those of Sections 3 and 5.

In view of Theorem 1.1, if Q(T")/T" contains a compact component of positive
algebraic dimension, I" may be classified into a class analogous to the elementary
groups in the Kleinian group theory.

We conclude Introduction by a remark that we cannot hope for an analogue
of Ahlfors’ finiteness theorem for Q(I")/T". A counter example can be given by the
twistor construction from the finitely generated subgroup of conformal transfor-
mations of §* defined by M. E. Kapovich and L. D. Potyagailo [KP].

ACKNOWLEDGEMENTS. The author is thankful to Professor Fumio Sakai for
the helpful discussions on the adjunction formula. Professor Akira Fujiki kindly in-
formed him a valuable remark on the insufficient argument in deriving Proposition
10 in the original version, to whom he would like to express deep appreciation.

2. Discontinuous groups in the projective 3-space.

By a line, we shall mean a complex projective linear subspace of dimension 1
in P3. The lines in P3 are parametrized by the Grassmannian manifold Gr(4, 2).
A line ¢ in P? corresponds to a point in Gr(4,2) denoted by ‘. By using Pliicker
coordinates, Gr(4,2) can be identified with a quadric in P®, and each element of
PGL (4,C) induces an automorphism of P° which leaves the quadric invariant.
Therefore we have the group homomorphism

PGL(4,C) 2 PGL(6,C),
with
p(PGL (4,C)) C Aut(Gr(4,2)).

In the following, for a subset S C P32, we denote by Sc Gr(4,2) the set of points
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corresponding to lines contained in S.
Let U be the domain in P3 defined by

U={lz0:21:22:23) € P?: %>+ |z1|* < |22]* + |23]°}.

The notation U is used to indicate this domain throughout this paper. Note that
the complement P3 \ [U] is also biholomorphic to U. The lines in U constitute a
bounded Stein domain U C Gr(4,2), which is biholomorphic to

(X e M(2,0): X*X < I}.

For any line ¢ in P3, the family of open sets containing ¢ and biholomorphic to U
forms a fundamental system of neighborhoods of £ in P3.

We recall here several results of Myrberg [My]. Let T' be a subgroup of
PGL(n +1,C) and {o,} be an infinite sequence of elements of I'. Let &, €
GL (n + 1,C) be a representative of o, such that ||G,,| = 1, where for a matrix
A = (ajx) of size n + 1, we put ||A| = maxo<; k<n |a;x|. We say that {o,,} is a
normal sequence if the following conditions are satisfied.

1. The sequence {o,,} consists of distinct elements of T'.
2. The sequence of matrices {7,,} can be chosen to be convergent to a matrix &.

The projective linear subspace defined by the image of the linear map & : C**! —
C""! is called the limit image of the normal sequence {o,,} and denoted by
I({o}). Similarly the projective linear subspace defined by the kernel of & is
called the limit kernel of {o,,} and denoted by K({0,,}). Here r = ranks is
called the rank of the normal sequence. Note that I({oy,}), K({om}), and r are
determined independently of the choice of representatives ,,. Obviously, we have
dimI({on}) =7 —1and dim K({o}) =n —r.

THEOREM 2.1 ([My, Satz 8]). Let V = {F(z) = 0} be a non-singular
hypersurface in P". We assume that V is not cylindrical, i.e., the set of vectors
{grad, F : x € V} spans C" L. Let {o,,} be a normal series in PGL (n+1,C) such
that every o, leaves V invariant. Choose a representative &, € GL(n + 1,C)
of om with ||Gn|| = 1. Suppose that the series of linear transformations {Gm}
converges to 6 € M (n+1,C) with ranké = 1. Then the limit kernel K ({o,,}) is
tangential to V' at some point.

PROOF. Put& = (5¢). Since rank & = 1, there are non-zero constant vectors
¢ = (c*) and 6 = (6%) in C™*! such that &, = ¢‘Gy. Since V is not cylindrical,
there is a point « of V', such that
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9.0
= 0z

()t #0 (1)

holds. The tangent hyperplane TU;;(Q) =0,1(T,) is given by

Z ( SZ(Q))&fnkzk =0.

k=0 */¢=0

The coefficients

£=0

of the tangent hyperplane tends to

" OF
( ng(oz)cé)}k, k=0,...,n
£=0

as m — +o00, where all the limits are not zero by (1). Note that K ({0,,}) is given
by > p_o k2" = 0. Therefore, the limit of the sequence of hyperplanes {7,100}
coincides with K ({o,,}). At the same time, we see that K ({o,,}) is tangential to
V at some accumulation point of the sequence {o;.}()}. O

THEOREM 2.2 ([My, Satz 8]). Let V = {F(z) = 0} be a non-singular
hypersurface in P™. We assume that V is not cylindrical. Let {om} be a normal
series in PGL(n + 1,C) such that every oy, leaves V invariant. Then the limit
image I({om}) is contained in V.

Proor. Put I = I({oy}) and K = K({o,,}) for short. Suppose that I
is not contained in V and we shall derive a contradiction. Let o the projection
defined by the limit 6. Put ¢ = dim I, then n — i — 1 = dim K. Take any point
w € I. Then the fibre of the projection o through w € I is an (n — ¢)-dimensional
projective linear subspace L,, containing K. Suppose that (V' \ K) is contained in
a proper subvariety, say V, of I. Then we have n—1 = dim V' < dim L,,+dim Vj <
(n—1i)+ (i —1) =n— 1. Hence we see that dimVy = ¢ — 1 and V is contained
in 071(Vp). This contradicts the assumption that V is not cylindrical. Hence L,
intersects V outside K. Since every o,, leaves V invariant, we see that w is a limit
point of some point in V' '\ K and we have I C V. O
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From now on through out this paper, we assume that I is of type L, if not
stated otherwise explicitly. A normal sequence {o,,} of I defines a normal sequence
{6m}, 6m = p(om), of PGL(6,C). Thus {o,,} defines I({6,,}) and K({6,,}) in
P>,

DEFINITION 3. A line ¢ in P? is called a limit line of T, if there is a normal
sequence {0y, } of I with £ € I({6,,}).

Later, we shall see that I({5,,}) consists of a single point for type L groups (see,
Corollary 2). Let .Z = .Z(T") denote the set of limit lines of T'.

DEFINITION 4. The union

Le£(T)

of the support of limit lines of I" is called the limit set of T'.

Here we often indicate by |¢| the support of a line ¢ in P? in order to express
explicitly the set of points on the line.

DEFINITION 5. The set
Q) =P3\A(D)

is called the set of discontinuity of the group I'.
By the property L, Q(T") is non-empty and contains many lines.

THEOREM 2.3. Let {0} be a sequence of distinct elements of . Then
there are limit lines U1, Lk, and a subsequence {1} of {om}, such that {T,} is
uniformly convergent to £1 on P3\ lx in the following sense that, for any compact
subset M C P3\ lg, and for any neighborhood V of {1, there is an integer my
such that 7, (M) C V for any m > my.

PrRoOOF. Put s, = &, for simplicity. By replacing {s,,} with its subse-
quence, we can assume that the sequence of representatives {3,,} C GL(6,C)
converges to a linear map 5 : C% — C® with rank3 = k. Let L;, Lx be the
projective linear subspaces in P° defined by the limit image and the limit kernel
of {sm}, respectively. Here we have dim Ly 4+ dim Lx = 4. Since Gr(4,2) is not
cylindrical, we see that L is contained in Gr(4,2) by Theorem 2.2. If dim L; > 1,
then B = ;¢ , €] is an algebraic surface contained in A(T'). This is absurd, since
Q(T") contains a line which does not intersect B. Consequently, we have that L;
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is a single point. Let ¢; be the line in P? corresponding to the point L;. By
Theorem 2.1, Ly is a hyperplane tangent to Gr(4,2) at some point co. Hence
Gr(4,2) N Lg parametrizes lines in P? intersecting the line £z which corresponds
to oo € Gr(4,2). Let M be any compact subset of P3\ /. Take a neighborhood
W of £ which is biholomorphic to U and has no common points with M. Put
M, = (P3 \ W) o M. Note that M; is filled with lines and the set M, C Gr(4,2)
which parametrizes lines in M is a compact subset in Gr(4,2) \ Lx. By another
theorem of Myrberg [My, Satz 1], we see that {s,,} is uniformly convergent on
any compact subset in P5\ L.

It is clear that £5 is a limit line. We shall show that £ also is a limit line. Let
[20 : -+ : 25] be a system of homogeneous coordinates on P®° such that Gr(4,2) is
given by (z, z) = 0, where

Then, for each &, € GL (6,C), there is \,,, € C* such that
t8m - Em = Al

Hence we see that s, ! is represented by the transposition '3, of 3,, and there-
fore the sequence {s; '} is also a normal sequence. Obviously we see that
{!5,, }converges to the linear map !5 : C® — C, and that § and '3 are matri-
ces with rank 1 which satisfy '5-5 = §-'5§ = 0. Let L/, L be the projective linear
subspaces in P° defined by the limit image and the limit kernel of {¢3,,}, respec-
tively. Namely, L is the projective linear subspace corresponding to Im*3, and
L’ is the one corresponding to Ker !5, Since Ker!s = (Im §)*, L coincides with
the tangent hyperplane to Gr(4,2) at the point L; = ;. Since Im'5 = (Ker 8)*,
L’ coincides with the point Ig. Thus, in particular, i is a limit line of the
sequence {01}, and the theorem is proved. O

In the course of the proof above, we have shown the following corollaries.

COROLLARY 1. Let £y be a limit line of I'. Then there are a limit line
Ly, and a normal sequence {o,,} of distinct elements of T' such that {o,,} is
uniformly convergent to ly on any compact set in P3\ lo and that {o,'} is
uniformly convergent to £, on any compact set in P3\ .

COROLLARY 2. Let I be a properly discontinuous group acting on a large
domain. Then, for any normal sequence {o,,} in T, the limit image 1({6,,}) in
Gr(4,2) consists of a single point.
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THEOREM 2.4. A(T) is a closed, nowhere dense T'-invariant subset in P3.

PROOF. Let x be any point in A(T"). Since z is on a limit line, say £, there
is a normal sequence {o,,,} of I' with I({6,,}) = £o by Corollary 1. Then {500}
is a normal sequence with ({5 o 6,,}) = &(f). Since the limit line o(¢y) passes
through the point o(z), A(T') is I'-invariant.

To show that A(T') is closed, let {x,,} be a sequence of points of A(T") such
that lim,, x,, = = for some point x € P3. Let £, be a limit line through x,,.
By Corollary 1, for each m, we can find a limit kernel line ¢,, . and a normal
sequence {0, 1 i such that I({Gm x k) = ¢, and such that the sequence {0, & }i
is uniformly convergent to £,, on compact sets in P3\ £, ».. Taking a subse-
quence of {o,,}, we can assume that the £, are all distinct and that {/,,} and
{émm}m are convergent in Gr(4,2). Since {ém,m}m is convergent, we can choose
a line £ such that [¢| N, [lm,cc] = 0 and that limy Gmi(l) = l,, by Corollary
1. Fix any metric on Gr(4,2) and consider distance of points on Gr(4,2). Let
6m be the minimal distance from Z,, to any other Zj in Gr(4,2). Choose k(m)
such that dist(6y, x(m) (f),fm) < 0m/2 and that the oy, () are all distinct. Then
{Tm k(m) }m is a sequence of distinct elements of I', and {o, k(m)(£) }m is conver-
gent to a limit line passing through z. Thus A(T) is closed.

Lastly, we shall show that A(T") is nowhere dense. Let x be any point in A(T").
By Corollary 1, there are lines £y, £+ in P? and a normal sequence {o,,} such
that z € £y and that lim,, &m(f() =/, for any compact set K C P3\ /. By the
property L, we can set K as a single line ¢ contained in Q(T"). Then, for every
neighborhood W of z, there is an integer mg such that WNao,,(£) # 0 for m > my.
Hence W contains a point in Q(I"). Thus A(T") is nowhere dense. O

THEOREM 2.5.  The action of T' on Q(T) is properly discontinuous.

ProOOF. Take any compact set M in Q(I"). Suppose that there is an infinite
sequence {0, }m, of distinet elements of T such that M N o, (M) # 0 for any m.
By Corollary 1, replacing {o,,} with its normal subsequence, we can assume that
there are limit lines £z and ¢; such that {o,,} converges uniformly on P3\ {f to
£r. Since Q(T') has no intersection with limit lines, we see that M N (¢; Uflk) = 0.
Therefore {o,, (M)} converges to a subset on ¢;. This contradicts the assumption
that M N o, (M) # 0 for any m. O

By the argument above, given a group I' of type L, we can define canonically
the quotient space Q(T")/T", which we denote by X (T),



Compact quotients of large domains 1325

There are examples of T' of type L for which X (T') is not connected. Such an
example can be constructed easily by using the group given in [K4].
3. Discontinuous group actions on large domains.

In this section, we shall show that a large domain which covers a compact
manifold is a connected component of (I").

PROPOSITION 1. Let I" be a group of holomorphic automorphisms of a large
domain Q in P3. Suppose that the action of T on Q is properly discontinuous.
Then T is of type L.

PRrROOF. Fix a system of homogeneous coordinates on P° such that Gr(4,2)
is given by (z,2) = Zf:o 2?2 = 0. By the assumption that (2 is large, there is an
relatively compact subdomain W C 2 which is biholomorphic to U. The lines
in W are parametrized by W C Gr(4,2). Since the action of T on  is properly
discontinuous, the set

S={oeT\{1}:6(W)nW # 0}

is finite. Let ¢ be a line in W. For o € S, if £ intersects o(£), we have (£,5(f)) = 0.
Suppose that the set

Yo ={CeGr4,2):(¢6(C) =0}

is a proper analytic subset of Gr(4,2). Then the set

v=w\ {1,
g€eS

is not empty. Take a point I ev. Then, we can choose a neighborhood W’ of
¢ which is biholomorphic to U and satisfies o(W') N W’ = ) for all o in S, and
hence in I'. Thus it is enough to show the following.

LEMMA 1. Under the assumption of Proposition 1, the set
Y ={¢ € Gr(4,2): (¢,6(¢)) =0}

is a proper subvariety for any element o € I' of infinite order.

PrOOF. To prove the lemma by contradiction, we assume that
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(¢,6(0)) =0 (2)

holds for any ¢ € Gr(4,2). Suppose that & is represented by S € SL (6, C). Since
& leaves Gr(4,2) invariant, we have

(Sz,82) = (2,2) forall ze€ C°. (3)
By the assumption (2), there is a constant ¢ € C* such that
(2,82) = c(z,2) forall z¢€ CC. (4)

LEMMA 2. Under the conditions (3) and (4), the matriz S is conjugate in
GL (6,C) to the diagonal matriz of the form

0113 0
0 05_1]3 ’

where I3 is the identity matriz of size 3, « satisfies a® —2ca+1 =0, and |a| # 1.

Before giving the proof of Lemma 2, we shall complete the proof of Lemma
1. By Lemma 2, we see that both {6™},, and {6~™},, are normal sequences in
PGL (6,C), both of which have 2-planes as limit images. Let V;" (resp. V") be
the limit image of {6™},, (resp. {6~™}m). Note that V;* NV, = () and that
¢ fixes every point of Vli. By Theorem 2.2, the 2-planes Vli are both contained
in Gr(4,2). By Griffiths-Harris [GH, pp.756-759], we know that a 2-plane in
Gr(4,2) is one of the Schubert cycles o2(p) or o1,1(h), i.e., the set of all lines
through a fixed point p € P? or the set of all lines lying on a fixed plane h C P3.
Suppose that one of VIi is 011(h). Since ¢ fixes every point of VIi, o fixes every
lines on h. This implies that o fixes every point of h. Hence we have h C A(T).
This contradicts the assumption that €2 is large. Hence both VIi are of type o2 (p).
Suppose that V;~ = o2(p) and V;” = 02(g). Since the line £,, passing through
both p and ¢ is a member of VIJr NV, , this contradicts VIJr NV, =0. Thus we
obtain Lemma 1. O

PROOF OF LEMMA 2. By (3) and (4) we have
1SS =1, 'S+S=2cl. (5)

Choose P € GL (6,C) such that
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J=PlSpP (6)
is the Jordan canonical form of S. By (5) and (6), we have
2cl —J =P !1SP. (7)
Put K = 2c¢I — J. Then we have
KJ=1 K+ J=2c, (8)
and also

J?—2cJ+1=0, K?-2cK+1=0. (9)

Recall that S = p(&), where & is a representative of o € T'. Let J, be the Jordan
canonical form of . In view of (9), we can check that the sizes of Jordan blocks of
J, are at most 2 by using Pliicker coordinates. Suppose that J, is not diagonal.
Then J, is of one of the following forms;

li / / /
Uy = QU + UL, U] = QoU1, Uy = QlUy + U3, Uz = QU3 (10)

I / / /
Uy = QolUp + U1, U] = Qoui, Uy = QoUg, Uy = Q3Us3. (11)

In the case (10), the line £ : up = uy, us = ug satisfies o(¢)N¢ = (. Suppose that we
are in the case (11). If g = a3 = ag holds, then J, fixes every point on the plane
u1 = 0. This contradicts the fact that I" is properly discontinuous on §2, since €2 is
large and hence any plane intersects €. If as # a3 holds, then ¢ : ug = uy, us = ug
satisfies o(£) N ¢ = (. If ap # s = a3 holds, then £ : ug = ug,u; = ug satisfies
o(€)N ¢ = (. Thus we infer that J,, is diagonal. Hence J and K are also diagonal,

and we have
al 0 a I 0
= P 5 K - P (12)
0 ofllq 0 al,

for some p > 0 and ¢ > 0 with p 4+ ¢ = 6, where I, I, are identity matrices. By
the relation PJP~! = {(PKP~1), we have easily p = ¢ = 3. If |a| = 1, then for
any point # € P3 and any neighborhood V of x, there would be infinite number of
integers m with ¢™ (V) NV # (. Since T is properly discontinuous and o is of the
infinite order, this is absurd. Hence we have |a| # 1. Thus we obtain the lemma.

O



1328 M. KaTo

For a properly discontinuous group I' of holomorphic automorphisms of a
large domain  in P?, we can define Q(I") and A(T") by using Proposition 1.

THEOREM 3.1. Let I' be a group of holomorphic automorphisms of a large
domain Q in P3. Suppose that the action of T on Q is properly discontinuous. If
the quotient space Q)T is compact, then Q coincides with a connected component

of QUT).

PrROOF. We claim that Q C Q(T'). To verify this, suppose contrarily that
there is a point € QN A(T). Then there are limit lines /1, {x such that x € ¢,
and a sequence {o,, } of distinct elements of I" such that {c,,} converges uniformly
on P3\ i to £1. Let ¢ be a line contained in Q. Displacing ¢ a little if necessary,
we can assume that N/ = (). Let K, be a compact neighborhood of z contained
in Q. Put K = K, U/, which is a compact set contained in . Since {o,,(¢)}
converges to {1, we see that o,,,(K)NK # () for infinitely many m. This contradicts
the assumption that I' is properly discontinuous on 2. Thus the claim is verified.

Thus 2 is contained in a connected component, say Qo, of Q(T'). Since Q is
I-invariant, so is €g. Therefore, by Theorem 2.5, Q/T" is a connected complex
spaces which contains /T'. Since Q/T is compact, we infer that Q/T = Qy/T.
Hence Q = Q. O

4. Free abelian group actions on P? and P3.

This is a preliminary section for the later arguments. First we shall study free
abelian actions on domains in P?.

LEMMA 3. Let G be a free abelian subgroup in PGL(3,C). Then for a
suitable conjugate group Go of G in PGL (3,C), one of the following occurs.
(A) A0 0
Gy C 0 pw Of:\puvecCr
0 0 v

1 X0 1 10
Gy C 01 0f:X eC, pecCr with J,= [0 1 0] € Gy,
00 pu 00 a
where a # 1.
(©) 1A u 110
Gyp C 01 0]:\NpueC with J(2,1)=[0 1 0| € Gg
0 01 001
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(D) 10 )\ 100
Gocl |01 pul:apeCh with J1,2)=[0 1 1] €Gy

00 1 001

(E) 1A u 110
Go C 01 X|:\pel with J3)={0 1 1] € Go.

00 1 001

ProOOF. In the following, we discuss as if G is a subgroup of GL (3, C). Since
G is abelian, we can assume that G| is contained in the set of upper triangular
matrices. Suppose that Go contains J(3). Since any element which commute with

J(3) is of the form (é ()1)\ ’%), Gy is in Case (E).
Suppose that Gy contains J(2,1). Then G contains no elements conjugate
to J(3). Take any S,T € Gy. Since S,T commute with J(2,1), we can set S =

s1 S2 S3 ty ta t3
( 8 a1 S(l) and T = ( 8 t01 tfi). If 51 # s4 for some S € Gy, then replacing Gy with
its suitable conjugate group in the upper triangular group, we can assume that
s3 = 0. Then, by ST =TS, it follows that t3 = 0 for any T € Gy. Hence Gy is in
Case (B). If s = s4 for any S € Gy, Gy is in Case (C).

Suppose that G contains J(1,2). Take any S,T € Gy. Since S,T commute

s1 0 s3 t1 0 ts
with J(1,2), we can set S = (8 s2 :4) and T = (8 ta 14) If s1 # sy for some
S € Gy, then replacing Gy with its suitQable conjugate grouf) in the upper triangular
group, we can assume that s3 = 0. Then, by ST = TS, it follows that t3 = 0 for
any T € Gy. Hence Gy is in Case (B). If s = s9 for any S € Gg, Gy is in Case
(D).

Suppose that J, € Gy for some a € C* — {1}. Take any S € Gy. By
SJ, = J,S, S can be written as S = (é g §). Hence Gy is in Case (B). If J; € Go

but J, ¢ Gg for any a # 1, we are in Case (C). If Gy contains (§ g (%)) in stead
of J,, we can replace Gy with another upper triangular conjugate group of G in
PGL(3,C) such that J, € Go. Hence this case can be settled as above.

The remaining case is that every element of Gy is conjugate to a diagonal

matrix. In this case, all the elements of Gy can be diagonalized at the same time.
Hence Gy is in Case (A). O

Let X, Y be locally connected topological spaces. A surjective continuous map
f X — Y iscalled an even covering if every point on Y admits a connected neigh-
borhood V' such that every connected component V of f~*(V) is homeomorphic
to V by f|V.
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LEMMA 4. Let Wj, j = 1,2, be (connected) topological manifolds, and
p : Wy — Wy a continuous map which is locally homeomorphic everywhere. Let
G; be a group of homeomorphisms of W; whose action on W; is free and properly
discontinuous. Assume that, for every o1 € G, there is a unique element oo € Go
such that ¢ o o1 = o9 0 . If the quotient space W1 /Gy is compact, and if the
correspondence p, : G1 — Go which sends o1 to o2 is a group isomorphism, then
p 1s surjective and an even covering. Further, if @ is injective, then ¢ is a home-
omorphism of W1 onto Ws.

Proof is easy. This lemma will be used throughout the proof of the next lemma.

LEMMA 5. Let W be a subdomain in P2. Suppose that an finitely generated
free abelian subgroup G of PGL(3,C) acts on W. If the action of G is free and
properly discontinuous, and if the quotient manifold W/G is compact, then, one of
the following occurs, where the homogeneous coordinates of P? is that of Lemma
3.

I. (a) G~ Z and G is in Case (A), or Case (B) with |a| # 1,
D) W=P2\{[20:21:22) 1 22=00r[0:0:1]},
(¢c) W/G is biholomorphic to a Hopf surface,
II. (a) G~ Z? and G is in Case (A),
(b) W = P2\ {[z0: 21 : 22] : 202122 = 0},
(¢) W/G is biholomorphic to a complex torus,
L. (a) G~ Z3 and G is in Case (B),
(b) W =P2\ {[20: 21: 22] : 2122 = 0},
(c) W/G is biholomorphic to a complez torus,
IV. (a) G~ Z* and G is in Case (D) or Case (E),
(b) W = P2\ {[z0: 21 : 22 : 22 = 0},
(¢c) W/G is biholomorphic to a complex torus.

PROOF. Denote by ¢; the line defined by z; = 0 on P?. We check the cases
of Lemma 3. If rank G = 1, it is known that W/G is a Hopf surface and Case I
occurs (see, [K2, Proposition 4.2]). Therefore we assume that n = rank G > 2 in
the following.

Step 1: Suppose that G is in Case (C). Since J(2, 1) fixes every point on /1,
we see that /1 N Q = (. Put z = 29/21 and y = 22/21. Then G contains only
elements of the forms

=x+1 r=x+ A+ py
/ or !
y =y y=y
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This implies that the holomorphic function y is well-defined on the compact mani-
fold W/G. Hence y is constant on W/G and hence on W. This is absurd. Therefore
Case (C) does not occur.

Step 2: Suppose that G is in Case (E). First we consider the case where
loNW = 0. On P?%\ {3, we introduce new coordinates (u,v) by

_ZQ 1 z1 2
SERE
21
2

Let {o;};=1,..n be a basis of G, where o1 = J(3). Then

LA wy
0 = 0 1 )\j
0 0 1

can be written as a translation

1
75t (u,v) — <u—|—uj—2/\?7 v+)\j).

Since the group of translations {7;};=1 ., acts properly discontinuously on W,
we see that the 2-vectors

1 .
(/.Lj—Z/\?, /\j), j=1,...,n

are linearly independent and span C? over R. Hence rankG = n = 4 and W =
P2\ /5. Thus G is in Case IV.

Next we consider the case where ¢, N W # (). We shall show that this case
does not occur. Since the action of G on ¢ N W is properly discontinuous, we
have n = 2 and A2 ¢ R. Since the quotient manifold E = (¢ N W)/G is a finite
union of compact curves which admit holomorphic affine structures, we see that F
consists of a single elliptic curve and that ¢, N W = 4¢3\ {[1:0: 0]} by Lemma 4.
Take an open covering {U;};—o,1,2 of P? such that U; = {z; # 0}. Let (zo,y0) =
(21/ 70, 22/20) be coordinates on Up. Similarly, we put (z1,y1) = (22/21,20/21)
on Uy, and (22,y2) = (20/22,21/22) on Us. Then the meromorphic 2-form on P?
defined by
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w=drs Ndys = xf?’dxl ANdy, = ya3d$0 A dyo

is G-invariant. Therefore w defines a meromorphic 2-form on the compact surface
S = W/G. Hence the canonical divisor Kg is given by Kg = —3FE. By Nishiguchi
[N, Proposition 1.2], a compact non-K&hler surface with a non-zero effective anti-
canonical divisor is of class VII. Hence, if S is non-Kéhler, then S is of class VII.
Then, we have, in particular, that the first Betti number of S equals to 1. This
contradicts the assumption n > 2. Suppose that S is Kdhler. By the construction,
S admits a holomorphic projective structure. It is known by Kobayashi-Ochiai
[KoOc2] that a compact Kéhler surface with a holomorphic projective structure
is either P2, complex torus, or a compact quotient of a unit ball in C2. The
surface S is, however, non-simply connected, has non-trivial canonical bundle, and
contains the elliptic curve E. This is a contradiction. Thus Ké&hler case doesn’t
occur either.

Step 3: Suppose that G is in Case (B). Let {0;};=1,...» be a basis of G, where
o1 = Ja. Put

First consider the case where ¢4 "W # ). Since [1:0: 0] and [0: 0 : 1] are fixed
by G, these two points are excluded from ¢; N W. Put z = z9/2p. Then each o,
acts on {1 N W as z — p;z. Since the action of G on {1 N W C C* is properly
discontinuous, we see that n = 1, |a|] # 1, {4 N W = C* by Lemma 4, and that
G = (01) ~ Z. This case is settled at the beginning of the proof.

It remains to consider the case where W C P2\ {; ~ C?%. Put (z,y) =
(20/21, 22/21). Then the ¢; are of the form

{a:' =x+ )\
y' =y

Suppose that ¢o N W # (). Then the quotient manifold E = (fo N W)/G is
a finite union of compact curves which admit holomorphic affine structures, we
see that E consists of a single elliptic curve, /o "W = C by Lemma 4, and that
G = (J,,02) =~ Z?. The quotient space V = C?/G is a line bundle over the
elliptic curve defined by E = C/(1,\;). The inclusion map j : W — P2\ {;
induces an open embedding j : W/G — V. Since W/G is compact, this is absurd.
Therefore we have W C P? \ {2122 = 0}. Define q : C? — P2\ {2120 = 0} by
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q(u,v) = [u:1: 2™,

Suppose that logy has a single-valued branch on W, which we denote also
by logy. The holomorphic map ¢ : W — C?, o(x,y) = (z,logy), is an open
embedding. Since G is properly discontinuous on W, each element of G induces a
transformation of C? by the 2-vectors

(N, logpj), j=1,...,n. (13)

Since the action of G on (W) is properly discontinuous, these 2-vectors are
linearly independent over R. Hence by Lemma 4, we have rankG = 4 and
o(W) = C?. Therefore W = qop(W) = P2\ {2122 = 0} follows. This contradicts
the assumption that logy is single-valued on W. Thus log y is multi-valued on W.
Let W C C? be a connected component of ¢~ (W), where logy is single-
valued. Let G be the group generated by the translations of C2 defined by

o(u,v) = (u,v+2mi), T(u,v) = (u+ N, v+logu;), j=1,...,n

and put

Gw={reG:7(W)cCW}.

Since W / Gw is compact, we have rank Gy = 4. Since log y is multi-valued on W,
7" € Gy for some non-zero integer m. Hence we have rank G = rank ¢(Gw ) = 3.
Thus we are in Case III.

Step 4: Suppose that G is in Case (D). Let {0, };=1,....» be a basis of G, where
o1 = J(1,2) Put

>
<

O'j:

o O =
o = O
- 5

Every element of G fixes every point on #5. Hence o N W = 0. Put (z,y) =
(20/72, 21/722). Then the o; are of the form

=4\
Y=yt

Since the action of G is properly discontinuous, we see that the 2-vectors
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{(Aﬁuj)? j:l,...,n} (14)

are linearly independent and span C? over R. Hence rank G = 4 and we have
W/G ~ C?/L, where L is the lattice in C? spanned by (14). Hence W = P?\{z =
0} and we are in Case IV.

Step 5: Suppose that G is in Case (A). First consider the case where £oNW #
(). Then we see that loNW = o\ {[0:1:0],[0:0: 1]} and G ~ Z as above
cases. Hence this case is settled at the beginning of the proof. The other cases
where £; "W # 0, j = 1,2, can be settled similarly.

Next we consider the case where W C P2\ {20z122 = 0} ~ C* x C*. Put
(x,y) = (20/%2,21/22). Then the o; are of the form

' =a;x

Y =bjy
We have to show that W = P?\ {202122 = 0} and rankG = 2. By a similar
argument in Step 3, we see that both logz and logy are multi-valued on W.
As in Step 3, we define ¢ : C? — C* x C* by q(u,v) = (e*™ €2™%) and W

be a connected component of ¢~ '(W). Let G be the group generated by the
transformations of C? defined by

oo(u,v) = (u+ 2mi, v)
o1(u,v) = (u,v + 2mi)

7j(u,v) = (u+logaj,v+logh;), j=1,...,n
and put
GW:{TEGZT(W)CW}.

Since the action of Gy on W is properly discontinuous and its quotient by Gw
is compact, Gy forms a lattice on C? and rank Gy = 4. Since logz and logy
are multi-valued, certain non-zero powers of oo and o, are contained in Gyy.
Therefore rank G = rank ¢(Gy) = 2 and the action of G on C* x C* is properly
discontinuous. Therefore, by Lemma 4, W coincides with P?\ {29z122 = 0}. Thus
G is in Case II. O

Now we go to the three dimensional case. Let  and I' be as in Section 1.
Let 7 : 2 — Q/T be the canonical projection. By [K2, Theorem 1.3], we have
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PROPOSITION 2. If Q is large, T' ~ Z, and if Q/T is compact, then Q/T is
an L-Hopf manifold.

The following fact is useful.

PROPOSITION 3. If Q is large and if Q/T is compact, then T is not isomor-
phic to Z2.

PROOF. Assuming I' ~ Z2, we derive a contradiction. Since I' is abelian,
there is a system of homogeneous coordinates [z : 21 : 22 : 23] on P3 such that
Hj is I-invariant, where by H; we indicate the plane defined by z; = 0.

SUBLEMMA 1. T consists of diagonal matrices.

PROOF.  Since § contains a line, we have Q N H; # @ for any j. Consider
the restriction of I' to H3, which we denote by I'g,. Obviously, I'g, is in Case II
of Lemma 5. Let {0, 7} be a basis of I'. Then o and 7 are of the following form.

Qg 0 0 S0 bo 0 0 to

o 0 (5] 0 S1 - 0 b1 0 tl
0 0 ay so’ 0 0 by to

0 0 0 1 0 0 0 1

Introducing new coordinates
wy =23, Wj;=2;+Azz j=0,1,2
for suitable constants A\; € C, we can assume that
(ag — 1)sp = (a1 — 1)s1 = (ag — 1)s3 = 0.

Since the action of ¢ on Hj is not trivial, some ay, say ag, is not equal to 1, and
hence s) = 0. By o7 = 70, we have also tyg = 0. Hence Hj is I'-invariant. Since
Ty, ~ Z? is conjugate to the group of Case (A) of Lemma 3 by Lemma 5, we
haV681282:t1:t2:0. O

By £, we indicate lines defined by z; = z;, = 0. Put ¢; = [69 : 6} : 67 : 67],
0 < j <3, where (5;. is the Kronecker’s delta.

SUBLEMMA 2. Q= P?\ J;_ ljk-

Proor. Put W = P>\ |J,_, £k Since 'y, is in Case II of Lemma 5, we

j<k
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have easily that 2 C W. Thus it is enough to show that any boundary point x of
Q) is contained in some /3. Suppose that z € W N 0Q. Take a sequence {N;}52,
of neighborhood of x such that W > N; D Nj;; and that (;° N; = {z}. Let F
be a closed fundamental region on €2 with respect to I'. For each IV; there is an
element o; € T" such that o;(F)NN; # (. For each j, there is a point y; € F such
that o;(y;) € N;. By the definition of N;, we have

lim o;(y;) =2, y; € FCQ.
j—o0

Since F is compact, replacing {y;}; with its subsequence, we can assume that
there is a point y € F' such that

lim y; = y. (15)
JHOO

For an element A = (a;;) € GL(4,C), define the norm of A by |A| = max{|a,;|}.
We indicate by & a representative in GL (4,C) of 0 € PGL(4,C). Replacing
{o;}32, with its subsequence, we consider the convergent matrix sequence {5, }52,
|6;] = 1. Put ¢ = limj_,o. 6. Let o : P> — P3 be the rational map defined by
the linear map & : C* — C*. Note that the limit & is also diagonal matrix, since
" consists of diagonal matrices by Sublemma 1. Let K (o) be the projective linear
subspace in P? corresponding to the kernel of &, and I(c) the one corresponding
to the image of 6. Then we have dim (o) + dim K (o) = 2. It is not difficult to
check that the sequence {o;}32, is uniformly convergent to I(c) on any compact
subset of P3\ K (o) ([My]). We have rank & < 3, since I is properly discontinuous
on a non-empty open subset of P3.

If rank 6 = 3, then K(o) is a single point and I(c) is a plane. Since & is
a diagonal matrix, K(o) = e, for some m, 0 < m < 3, and I(c) = H,,. Since
y in (15) is a point in F C Q, and since e, ¢ ), we obtain e, # y. Hence
y € P3\ K(o). Since {0;}; is uniformly convergent on P3\ K (o), we have

z = lim o,(y;) = lim o;(y) € I(0) = H;j.
J—00

J—00

This shows that H; N 0 is not empty. But this contradicts Lemma 5 Case II,
since in this case, we have H; \ (U, ¢jx) C Q. Thus rank & # 3.

If rank 6 = 2, then K (o) and I(o) are lines. Since ¢ is a diagonal matrix,
K(o) = ¢;; for some i,5, 0 < i < j < 3, and I(0) = gy, k < m, where
{i,j,k,m} = {0,1,2,3}. Since y in (15) is a point in F C Q, y & lpm = K(0).
Therefore, we have « € I(0) = {;;. This contradicts the assumption that z € W.
Thus rank 6 # 2.
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If rank & = 1, then consider {o~'}32

we denote by ¢’. Then rank ¢’ = 3 and apply the same argument of rank = 3 case
above. Then we can conclude that this case does not occur either.

Thus there is no boundary point of 2 in W. O

; and consider the limit matrix, which

SUBLEMMA 3. The action of T ~ Z? on P3\ |
discontinuous.

i<k 4k, 1is not properly

PrROOF. By Sublemma 1, every element of I' is represented by a diagonal
matrix in SL(4,C). For o € T, let a; = aj(0), j = 0,1,2,3, be the diagonal
components of a representative of 0. Namely we have

o([z0: 21 : 29 : 23]) = [apz0 : a121 : agzs : asgzs).

Consider the set of positive real numbers {|a;(c)| : 0 < j < 3}, which we indicate
by A(o). By §(0), we indicates the numbers of distinct elements of A(o).

Step 1: Consider the case where I'\ {1} contains an element ¢ with §(c) = 1.
The restriction 'y, of I' to W N Hj is given by

OH, ¢ 2021 1 22 : 0] = [apzo : @121 : a2z : 0], |ag| = |a1] = |asg|,

which is not properly discontinuous on W N Hs.

Step 2: Next consider the case where I' \ {1} contains an element o with
d(o) = 4. Suppose that

lao(0)| < lar(0)] < |az(0)] < as(o)]. (16)
Put
U = {[ZO 1211290 2’3] € P3: |Zl‘2 + |22|2 < |Zo|2 + |23|2}

¥ = {[zo 121290 23] € PPz P 4 |2e)? = |20 + |23|2}

and [U] = UUZX. Then U is a tubular neighborhood of the line ¢15. We cover the
domain P\ /o3 by two open sets Uy, Uz, where U; ~ C3. Define systems of local
coordinates

(z,y,s) = (Zl 2} ZO>

2372372’3

on Uy, and
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21 22 23
(U,U,t): N
Z0 20 <20
on Us. Then we have

u=3s "z, v:s_ly, t=s"t

on U; NU;. We consider tubular neighborhoods 1%, T}, T, T, of x-axis, y-axis,
u-axis, and v-axis, respectively, in P2\ (£12Ufg3) as follows. Take positive numbers
Po, P1, P2 SO that the equality

Po p1 ag P2

as

ai az

asz asz
holds. Similarly, take positive numbers qq, q1, g2 so that the equality

q0

a as q1 as q2

ao ao ao

holds. We define

T ={(z,y,s) €Ur: |y’ +[s|” <rlz|™} (17)
Ty ={(z,y,s) € Ur: [a” + [s[" <rly[”} (18)
Ty = {(u,v,t) € Ug : [v|T + [t]? < r|ul®} (19)
T, = {(u,v,t) € Uy : |u|® + [t < rlv|}, (20)

where r is a small positive number such that the closures of these four tubular
neighborhoods do not intersect each other. Now consider the set

K=X\{T,uT,UT,UT,}.

Then K is a connected compact set contained in ). Topologically, K is the real 5-
manifold S? x §3 with four 5-dimensional open disks deleted which do not intersect
each other. We claim that o™ (K) N K # 0 for any n # 0. Indeed, on Uy, we have

aq a9 ap
o(x,y7s) = (1731.7 —Y,—S|.

asz as

On U,, we have
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ap az as
o(u,v,t) = (u, —v, —t ).
apg ap Qo

Therefore the closures of the four tubular neighborhoods T, ..., T, are o-invariant.
Further, by the inequalities (16), we see that, for n > 0, o™ is (weakly) shrinking
on U; to the center [0: 0: 0 : 1], and (weakly) expanding on Us from the center
[1:0:0:0]. In particular, we have

a"(XNT,) C U]
a"(ENTy) C (U]
c"(XNT,) Cc PP\U
o (XNT,) Cc PP\U.

Hence we infer that o™ (K)NK # (), since K is connected. By the similar argument,
we can verify the claim for all n < 0.

Step 3: By the argument above, we see that §(c) = 2 or 3 holds for any
o € T'\ {1}. Suppose that there is an element o € T'\ {1} such that §(o) = 2. If
la;(0)] = laj(0)| = |akx(o)| # |ai(o)| for some {3i,j,k,1} = {0,1,2,3}, we have a
contradiction by the same argument as in Step 1. Therefore, by a permutation of
Z0,...,23, We can assume that

|ao(0)] = lai(0)] # |az(o)| = [az(0)]

holds. We claim that there is an element 7 € T such that |ag(7)| # |a1(7)|. Indeed,
if contrary, the set

K=A{lz0:21:22: 23] €W :|z| = |21}

would be a T-invariant set. Since K ~ S x (C?\ {(0,0)}) =~ S* x S? x R has
two ends, the quotient of K by a free properly discontinuous action of rank = 2
free abelian group cannot be a compact manifold by a theorem of Hopf [H]. Thus
I’ contains 7 such that |ag(7)| # |a1(7)]. Then §(c™7) = 3 holds for sufficiently
large n > 0. Therefore I' always contains an element o such that §(o) = 3.

Step 4: For o € " with (o) = 3, there are two possibilities,

lao(0)] < lai(o)] = |az(o)| < az(0)] (21)

and
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lao(0)| = [a1(0)| < laz(0)| < |as(o)]- (22)

If o satisfies (21), then by the same argument as in Step 3, we have an element
7 € I such that |ai(7)| # |az(7)|. Similarly, if o satisfies (22), then we have an
element 7 € T such that |ag(7)| # |a1(7)]. Then, in both cases, §(c™7) = 4 for
sufficiently large n > 0. This contradicts the conclusion of Step 2. Thus we have
disproved all possibilities of §(¢), and the sublemma is proved. 0

Proposition 3 follows immediately from Sublemmas 2 and 3. 0

LEMMA 6. Let S be a compact reduced irreducible 2-dimensional complex
space and C an irreducible curve on S. Let Qg be a domain in S such that the
Hausdorff dimension of S\ Qg is less than 1, and hence CN Qg # 0. Suppose that
a properly discontinuous infinite group I' of holomorphic automorphisms of S is
acting freely on Qg and C' and that the quotient spaces Qg /T and (CNNg)/T are
compact. Then there is a subgroup I'g of I' which have the following properties.

(1) Ty has index less than three in T.

(2) T is isomorphic to either Z or Z>.

(3) C' N Qg is biholomorphic to either C or C*.
(4) (CNQg)/Ty is a non-singular elliptic curve.

PROOF. Let v : S — S be the normalization of S. Put Qg = v~ 1(Qg).
Take an irreducible component C' of v~(C) such that C' = v(C). Let a € C be a
point on the boundary of Qg. Assume that both S and C are non-singular at a.
Let W = {(z,w) : |z| < 1,|w| < 1} be a polydisk on S centered at a = (0,0) such
that CNW = {w = 0}. Take a point (z0,0) € C' N Qg NW. Then there are small
constants 0 < € < 1 — |zg| and 0 < 6 < 1 such that the set

Ts ={(z,w) e W : |z — 2| <e, |w| <d}
is contained in . Since the Hausdorff dimension of S \ Qg is less than 1 by
assumption, so is S\ Qg. Therefore, we can choose 0 < d; < § such that the image

by v of the set

Y={(z,w) e W :|z| <1, |w| =061}

does not intersects S\ Q2g. Then, there are positive constants ds, d5 with do < §; <
03 < ¢ such that

R={(z,w) e W:|z| <1, ds <|w| <3} DX
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is contained in Qs.

The union H = RUTs, is a Hartogs domain contained in Qg whose envelope
of holomorphy is A = {(z,w) € W : |z] < 1,|w| < d3}. Let 7 : Qg — Qg/T
denote the natural projection. By a theorem of Ivashkovich [Iv, Corollary 1], the
holomorphic map (7o v)|H : H — Qg/T extends to a holomorphic map from of
A\ A, where A is a closed set of isolated points in A.

We claim that mov : Qg — Qg/T" cannot be extended outside of Qg (cf. [K5,
Lemma 2.2]). If the claim is verified, then we see that

N(C\Qs) C A. (23)

To verify the claim, suppose that there is a point ¢ € Qg C S, and a neighborhood
N of ¢ in S such that 7o v extends holomorphlcally toamap @ : N — QS/F The
group I lifts to a group I' of automorphisms of S. The domain Qg is I-invariant
and the quotient space QS/F gives the normalization 7 : Qg /F — Qg /I‘ Let
7: Qg — QS/F be the canonical projection. Obv1ously, we have mov = Do 7.
Since N is normal, the extended map ¢ lifts to ¢ : N — Qg/T. Put b= ¢(c).

We can take a relatively compact small connected neighborhood B centered
at b such that each connected component of #~1(B) is biholomorphic to B via
7. Since ¢ is continuous, there is a connected neighborhood W C N ofcin S
such that (W) C B. Since the Hausdorff dimension of '\ Qs is less than 1 by
assumptlon sois S \QS Therefore we can assume that WNQg is connected. Since
W NQg is connected, it is contained in a connected component, say B, of 7~ 1(B).
Thus we have a lifting ¢ : W — B of <p|W Obv1ously 1 is the holomorphic
extension of the inclusion j : W N Qg — Qg. Since B is relatively compact in Qg,

JW N Qg) = ¥(W N Qg) is relatively compact in Qg. This is absurd. Thus our
claim is verified.

Since a is on the boundary of C N Qg and is a non-singular point of S and C,
the inclusion relation (23) implies that C'\ Qg has no accumulation points other
than the singular points of S and C. Hence, C'\ Qg is a non-empty closed countable
subset of C.

Take the normalization 1 : C' — C of C. Then p~1(C'\ Qg) is a non-empty
closed countable set. The group I' induces an infinite group I' of holomorphic
automorphisms of C' and the quotient = (C'N Qg)/T" is compact. By a theorem
on the cardinality of ends due to Hopf [H], the complement ~*(C \ Qg) should
be a set of cardinality less than three.

Since C' admits an infinite group of holomorphic automorphisms, C is either
P! or an elliptic curve. Since p~1(C'\ Q) is non-empty and T-invariant, C is not
an elliptic curve. Hence C' ~ P! and the set u~1(C \ Q) consists of at most 2
points and so does C'\ Qg. If C'\ Qg consists of a single point, then 'y =" ~ Z?



1342 M. KaTo

or Z. If C'\ Qg consists of two points, then there is a subgroup I'g of I with index
at most 2 such that I’y ~ Z. In both cases, (CNQg)/Ty is an elliptic curve. Thus
we have the lemma. O

COROLLARY 3. Let I" be a group of holomorphic automorphisms acting on
a large domain Q2 in P3. Suppose that there are a curve C and a surface S in P3
which are T-invariant and satisfying C C S. We assume the following.

(1) The action of T on Q2 is fized point free, properly discontinuous and cocompact.

(2) The Hausdorff dimension of S\ Q is less than 1.
Then T ~ Z and Q/T is an L-Hopf manifold.

PROOF. Since Q is large, I is a subgroup of PGL (4,C). The corollary
follows from Propositions 2, 3 and Lemma 6. O

COROLLARY 4. Let T be a group of holomorphic automorphisms acting on
a large domain Q2 in P3. Let C be a curve in P3. We assume the following.

(1) The action of T on 2 is fized point free, properly discontinuous and cocompact.
(2) C is T-invariant and (C N Q) /T is an elliptic curve.

ThenT' ~ Z and Q/T is an L-Hopf manifold.

PROOF. By the assumption (2), ' is an abelian with rank < 2. Then the
lemma follows from Propositions 2 and 3. O

5. Compact quotients with positive algebraic dimensions.

In this section, we shall prove our main Theorem 1.1. Let 2 and I" be as in
Section 1 and put A = P3\ Q. Let 7 : Q — Q/T be the canonical projection. We
assume that the complex manifold X = Q /T admits a non-constant meromorphic
function. By a wariety, we shall mean an irreducible reduced complex space. By
a curve (resp. surface), we shall mean a variety of dimension 1 (resp. 2), unless
stated otherwise.

In [K5], we have shown the following fact.

THEOREM 5.1 ([K5, Theorem A]). Suppose that X = Q/T admits a non-
constant meromorphic function. Then the complement P3\) is contained in SUA,
where S is a finite union of complex hypersurfaces in P2, and A is a closed subset
of P3\ S with the Hausdorff dimension of A not more than 2. In particular, 2 is
dense in P3.

By Theorems 5.1 and 3.1, we have Q = Q(T") in this case. Hence A = A(T"). Thus
we have the following.
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PROPOSITION 4. A is a union of lines.

Note that A may well contain uncountably many lines.

5.1. The algebraic reduction.

A non-constant meromorphic function f defines a meromorphic map X
~>= Pl Since  is large, 7*f extends to a I'-invariant rational function F
on P3. Thus we have a commutative diagram of meromorphic maps

Q——p3
\
X - f) Pl,

where 7 is the natural inclusion, and 7 is the canonical projection. We eliminate the
base locus of F by successive blowing-ups of P to obtain a non-singular 3-manifold
M and a bimeromorphic holomorphic map u : M — P3. Then v*F : M — P! is
holomorphic. Consider the Stein factorization of u*F', then we obtain a ramified
covering v : C — P! with the commutative diagram

l i (24)

where C' ~ P! and F'is a surjective holomorphic map with connected fibres. Each
element of I" induces a bimeromorphic map of M and a biholomorphic map of C.
Since the group of automorphisms v of C induced by I' which satisfy voy = v
is finite, we can choose a normal subgroup I'y of I" with a finite index such that
each element g € T'; induces an identity map on C. Thus replacing X = Q/T" with
X1 =Q/T1, we can assume that each member of the pencil

S;={2€ P> F(z)=t}, teP

is [-invariant. Further, replacing I'y with its subgroup of finite index if necessary,
we assume that all irreducible components of the members of the pencil are I'-
invariant. In the course of the proof of Theorem 5.1, we see that the analytic
set S appeared in that theorem is a finite union of members of the pencil which
correspond to singular fibres of the algebraic reduction.
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Let B denote the base locus of the pencil. Except for a finite number of
points, say t € P, t = ay,...,as, s > 0, F(z) = t defines a reduced irreducible
algebraic set and S; is non-singular outside B. For t € P!, we put

Qt:QﬂSt, At:AﬂSt
LEMMA 7. The set
& ={t € P': Ay \ B has positive Hausdorff dimension}.

has Lebesque measure zero in P!.
PrOOF. See [K5, Proposition 2.1].
PROPOSITION 5.  If X is not an L-Hopf manifold, then B C A.

PROOF. Suppose that there is an irreducible component C' of B such that
C ¢ A. Since B is I'-invariant, and since it has only finite number of irreducible
components, there is a subgroup I'y of I' with finite index such that C is I';-
invariant. By Lemma 7, there is a member S; with ¢t € P\ (& U {a1,...,as}).
Since C' C S;, we have the proposition by Corollary 3. O

REMARK 1. For L-Hopf manifolds, B is not necessarily contained in A.

LEMMA 8. If X is not an L-Hopf manifold, then the meromorphic function
field of X is isomorphic to the pure transcendental extension of C of degree 1.

PROOF. Suppose that there are two meromorphic functions f!, f2 on X,
which are algebraically independent one another. Then, there are 2 pencils

Sy ={ze P F'(2)=t}, te P!,

where F" is the rational function on P? obtained by extending 7=*f¥, v = 1,2.
Choosing t1,t, € P! suitably, we have a I';-invariant curve C in the intersection
S} N SE, where Ty is a subgroup of ' with a finite index. Then, by the same
argument as in the proof of Proposition 5, X is an L-Hopf manifold. Let ¢ :
X > (C be the algebraic reduction of X over a curve C. Since X contains
many lines, ¢|¢ is non-trivial for some line ¢. Hence C' is rational. O

REMARK 2. For L-Hopf manifolds, the algebraic dimensions can be 0, 1,
and 2.
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5.2. Singular fibres of the algebraic reduction.
In the following in Section 5, we impose on X the following

ASSUMPTION. X is neither P2, an L-Hopf manifold, nor Blanchard
manifold. (25)

Our aim is to disprove the existence of X under the assumption above. By Propo-
sition 5, we have

B C A. (26)

By (26), we can choose a meromorphic function f on X such that f : X — P!
gives the holomorphic algebraic reduction of X. In the following, we indicate by
f71(t) the reduced complex analytic subset in X defined by f(z) = t. We indicate
f71(t) by f*(t) when we consider it as a complex space with the structure sheaf
Ox [ f*my, or the effective divisor on X defined by f*m;, where m; is the maximal
ideal in Op1 4. Put

o = {t € P': f*(t) is singular}. (27)
For any t € P!, we have S; N C S; \ B by (26), and
S = (SenQ)/T.

PROPOSITION 6.  Any fibre of f contains no positive dimensional images of
a simply connected manifold.

Proor. This follows from Proposition 5, and consequently, the fact that
S¢ N Q is a subdomain of the affine variety S; \ B. O

We recall the following key fact.

LemMA 9 ([K1, Lemma 5.9]).%)  If the algebraic dimension of X is positive,
then there is a subgroup I'y of finite index in I' such that 'y leaves invariant a
plane H in P3.

Replacing I with I';, we can assume that I' leaves the plane H invariant. Put

M = (HnQ)T.

*) Another proof will appear in [K6].
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LEMMA 10. M is contained in a single fibre of the algebraic reduction.

PROOF. Suppose that a connected component M, of M is not contained in
any fibres of f. Then, for any t € P!, HN.S, is a closed algebraic curve in P3. For
t € P'\ (&U ), the Hausdorff dimension of (S; \ B) N A is equal to zero. Hence
the curve C; = H N S; intersects A in a set of Hausdorff dimension zero outside
B. Therefore C; contains an irreducible component C such that C N (BUA) is of
Hausdorff dimension zero. Since there is a finite index subgroup I'; of T" such that
I'; leaves C' invariants, we see that X would be an L-Hopf manifold by Corollary
3. Thus, by Assumption (25), each connected component of M is contained in a
fibre of f.

Now suppose that there are connected components M; and My of M such
that f(My) # f(Ms). Let aj = f(M;), j = 1,2. Then the meromorphic function
F|H has distinct constant values a; and as on non-empty open sets of H. This
is absurd. Therefore all the connected components of M are contained in a single
fibre of the algebraic reduction. O

By Lemma 10, we can assume
M cC f7H0) (28)

without loss of generality.

We insert here an easy lemma. Suppose that an infinite group G C PSL (3, C)
acting on P? leaves invariant a curve C C P2. By a theorem of Burnside on in-
finite subgroups of matrices, G contains an element v € G of the infinite order.
Replacing v with its suitable power, and choosing a suitable system of homoge-
neous coordinates [zg : 21 : 23] on P2, we can write v as one of the following
matrices.

1 00 1 00 100
@ 110 m 110 © 110
011 001 0
(29)
1 00 1 0 0 1 0 0
d o010 (e) [0 a? O ) [0 a 0
00 0 0 of 00 p

Here p,q € Z with 1 < p < ¢, ged(p,q) = 1, and «, [ are constant complex
numbers which satisfy no relations such that o™ = 1, 8° = 1, a"(° = 1 with
r,s € Z,rs#0.
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LEMMA 11.  Let ¢(z0, 21, 22) be the defining homogeneous polynomial of C.
Put m = deg . Then we have the following.

1. IfT contains an element v of the form (a), then ¢ is of the form

2
SD(ZOa 21 22 § az]Z()'U) w = 2921 + 22022 — 29
i+2j=m

where a;; € C.
2. IfT contains an element vy of the form (b), then @ is of the form

90(2’0, 21, 22) = G(Zo, 22)7

where G(z,y) € Clz,y] is a homogeneous polynomial of deg G = m.
3. IfT contains an element v of the form (c), then ¢ is a monomial of the form

©(20,21,22) = azézgn i

where a € C*.
4. If T contains an element v of the form (d), then ¢ is of the form

@(20, 21, 22) = 25G (20, 21)

where G(z,y) € Clz,y] is a homogeneous polynomial with degG =m — k.
5. IfT' contains an element vy of the form (e), then ¢ is of the form

m 7 ]
gp zo,zl,zg E a; g zl’zQ

where a; € C, j; + k; = i and pj; + gk; = n. Heren € N 1is a constant
independent of i.
6. If T contains an element v of the form (f), then ¢ is a monomial

o iiok
©(20, 21, 22) = azyz] 25

where a € C* andi+j+k=m
PrROOF. Easy by calculation. O

Now we go back to studying the fibre f~1(0) which contains M. Suppose that
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f7Y0) contains an irreducible component D which is not contained in M and
DN M # (. Then, the hypersurface Sy C P? contains H and D as its irreducible
components, where 7(Q N D) = D. The set C = H N D is non-empty. Put
By = BN H. Replacing I' with its subgroup of a finite index, we can assume
that I' leaves invariant every irreducible components of C' and Bp. Note that
0 #By CH,BgnQ=0,0+#C C H,and CNQ # (. Note also that every
compact curve on H intersects By, since H \ By is an affine open set. Let I'y
denote the restrictions of I' to H. Note that the restriction of I" to I'y is an
isomorphism.

LEMMA 12.  IfT'y contains an element of an infinite order which is conjugate
to one of (b), (c), (d), (f) in the list of (29), then T is an Abelian group with
rank < 2.

PRrROOF. Suppose that v € 'y is the element of the infinite order which is
conjugate in PSL (3,C) to one of (b), (c), (d), (f) in the list (29). Then plane
curves left invariant by T are among the curves defined by ¢ of the forms (2), (3),
(4) of (6) in Lemma 11. Therefore we see that C'UBjp; is a finite union of projective
lines. This implies that I' leaves invariant at least a projective line ¢y in By and a
non-empty union of projective lines C. Note that HNQ C H\ By C H\/{y = C>.
Therefore ' acts on HNQ and on C'N) as an affine transformation group. Hence
(CNN)/T is a union of compact curves with holomorphic affine structures, namely,
a union of elliptic curves. Therefore I' is an Abelian with rank < 2. O

LEMMA 13.  IfTp contains an element which is conjugate in PGL(2,C) to
(a) or (e) in the list of (29), then T’ contains an Abelian subgroup of a finite index
with rank < 2.

PROOF. The I'g-invariant set C'UBp is contained in the set {¢ = 0}, where
© is a homogeneous polynomial of Lemma 11.

First consider the case (e). In this case, ¢ is given by Lemma 11(5). Note
that j;, k; are positive integers given by

Therefore ¢ is rewritten as

q -D

m .
_n _n_ . 2 —ZP N\
_ 9—p ,9—p M1 q—p ., q—p
(20,21, 22) = (Z1 25 ) E a; 2 (Z1 2z ) .
=0

Therefore outside {z129 = 0}, curves defined by ¢ = 0 are given locally by ¥’ zg =
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-9 =P
dz{"" 2y~ " for some V', € C. Thus the irreducible curves in {¢ = 0} are
contained in curves of the form

AP P o
Che:bzy "2y = c2y,

where b, ¢ are constants in C. Since C' N Q # ), there is a curve Cp, . C {p = 0}
such that C . NQ # 0.

Suppose that bc = 0. Then C} . consists of projective lines. There is a line
¢ in Cy. such that £NQ # 0. The action of I" on £ N Q is free and properly
discontinuous. Since I' fixes points £ N By # (), we see that (¢NQ)/T is a compact
curve with a holomorphic affine structure, namely, an elliptic curve. Therefore T'
is an Abelian with rank < 2.

Suppose that bc # 0. Then Cj . is an irreducible rational curve. Since C . N
Q # 0, the action of I on Cj, . N Q is free and properly discontinuous. Hence I is
isomorphic to a subgroup of Aut(Cj ) >~ PGL(2,C). Since I' leaves invariant the
set By N Cp ¢, which is non-empty. Therefore I' is an elementary Kleinian group.
Therefore I' contains an Abelian subgroup with rank < 2 of finite index.

Next consider the case (a). In this case ¢ is of the form Lemma 11(1). Thus
C U By is contained in a finite union of non-singular curves C, of the form

azg =w, a€C

and the line £y = {29 = 0}. Since CNQQ is non-empty, either £y C C and £,NQ # 0,
or C, C C and C, N Q) # () for some a. The rest of the argument is exactly the
same as in the case (e). O

Combining Propositions 2, 3, and Lemmas 12, 13, we have the following.
PROPOSITION 7. The fibre which contains M is irreducible, i.e, M = f~1(0).
PROPOSITION 8. X \ f71(0) admits a holomorphic affine structure.

Proor. By Proposition 7 and Lemma 10, we have
X\fTH0) =X\ M = (Q\ H)/T.

Since I' acts on Q\ H C P3\ H = C? as an affine transformation group, we have
the lemma. (]

REMARK 3. If 0 ¢ «/, then X is an L-Hopf manifold or a Blanchard mani-
fold. This fact would be proved later in a more general setting.
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5.3. Singularities of singular fibres.
We use the following easy fact.

LEMMA 14. Let Z be a compact variety with dim Z > 1, and Q a non-empty
open (connected non-singular) submanifold of Z. LetY be a closed analytic subset
in Z with dimY < dimZ — 1. Assume that there is a group T' of holomorphic
automorphisms of Z which leaves  and Y invariant. If the action of T' on § is
fixed point free and properly discontinuous, then Y N2 has no isolated points.

PROOF. Suppose that y € Y N be an isolated point of Z. Then any point
of the I'-orbit of y is isolated Z N 2, since I' is properly discontinuous on 2. This
implies that Y has an infinite number of connected components in 2, since the
action of I' on € is fixed point free on 2. Since Y is an analytic set in a compact
space Z, this is absurd. O

As an immediate consequence of Lemma 14, we have

LEMMA 15. Let Z be a compact 3-dimensional variety and Q a non-empty
(non-singular, connected) open submanifold of Z. LetY;, j =1,...,m, be compact
surfaces in Z such that Y;NQ # (. Assume that there is a group I’ of holomorphic
automorphisms of Z which leaves € and each Y; invariant. If the action of I' on
Q is fixed point free and properly discontinuous, then the singular locus of Y N2
s a disjoint union of non-singular curves, where Y = U;nzl Y;.

The following lemma is easily derived from Lemma 15 and the universal prop-
erty of monoidal transformations (see, [F's, p. 162] for the definition of monoidal
transformations).

LEMMA 16. Let Z, be a compact complex 3-dimensional variety and
a non-empty open (non-singular, connected) submanifold of Z,. Let Vlj, j =
1,...,m, be compact surfaces in Zy such that Vi; N Qy # 0. Let {Cy 1 }7_, be the
set of compact curves which are contained in the singular locus of V; = Ujm=1 Vl,j,
and intersect (7.

I. Assume that there is a group I'1 of holomorphic automorphisms of Z1 which

has the following properties.
(a) The group T'y leaves invariant Q1, each Vlj, and each Cqp.
(b) The action of Ty on §y is properly discontinuous and fixed point free.
Then we have the following.

(i) The analytic set Vi has no isolated singular points in Q.

(ii) Each C1; Ny has no singular points.

(iii) For any j # k, C1,; N C1 N8 is empty.
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II. Let v : Zy — Zy be the monoidal transformation of 71 with the center (_3'1,1.
Put Qo = p= (). Let Vo, 5 = 1,...,m, be the proper transformation of
Vl,j, j=1,...,m, and set Va1 = pu 1(Cr1). Let {C’g,k}zzl be the set of all
compact curves which are contained in the singular locus of Vo = U;n:ll Vg)j,
and intersect Qo. Then, under the conditions (a) and (b) above, we have the
following.

(iv) There is a group Ty of holomorphic automorphisms of Zo and a surjective
homomorphism s : I'o — I'y which sends o € T'y to 7 € 'y such that
Topu=poo.

(v) Qs is a (non-singular connected) open submanifold in Zs.

(vi) The group I'y leaves invariant s, each ‘720', and each Ca .

(vii) The action of T'y on Qo is properly discontinuous and fized point free.

(viii) The analytic set Vo has no isolated singular points in Q.

(ix) Each Ca; N Qs has no singular points.

(x) Forany j #k, C’QJ’ N 5’27k N Qs is empty.

(xi) {Co;}ioy = {u M (Cr )} U{CY, ..., CL}, where C, . .., CY are the curves
which appear in the intersections of Vo my1 NVaj, j =1,...,m, and inter-
sect Qo.

(xii) Forj=1,...,s, u maps C_’j’- onto C1 1.
(xiii) The induced map Q2/Te — Q1 /Ty defines the blowing-up with the center
771(6_‘171 N Qy), where 7 is the canonical projection Q1 — Oy /T;.

LEMMA 17. For anyt € P, S; N Q is connected.

PRrROOF. Fix any t € P'. We can find an open neighborhood N of f~1(¢t)
in X such that f~'(¢) is a deformation retract of N. Put N = 7~ '(N). Then
S, NQ is a deformation retract of N. Since P! \ & is dense in P*, there is a point
s € P\ & such that f~!(s) C N. By the choice of s, the Hausdorff dimension
of (S5 \ B) N A is of Hausdorff dimension zero. Therefore Ss N = (S;\ B) \ A
is connected. Note that S, N Q C N and that S, N Q = 7~(f~'(s)) has common
points with every connected component of N. Therefore the connectedness of
S, N Q implies that of N. Hence S; N is connected. O

Suppose that &7 contains points other than 0. Let f*(a), a # 0, be a singular
fibre and express it as

f*(a):ZsjVaj, S EN,
j=1

where m, is a positive integer, and the V,; are the irreducible components of

fHa).
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For any V,;, let Vaj be an irreducible component of the hypersurface S, C P3
such that V,; = m(2 N Va;). Since T fixes every component of F~1(a), Vq; is
uniquely determined by V,;. Put V, = U;"zal Vaj, vV, = U;nz‘ll Vaj, Cojr = VajNVak.
Cujr = VajNVak. Then S, =V, f~1(a) =V, = 7(V,NQ), and Cyji, = 7(Cyjr.NQ)
hold.

LEMMA 18.  If the reduced analytic set S, has singular points, then the sin-
gular locus of Vy is a finite disjoint union of non-singular curves with genera > 2,
and all the irreducible components of V,, are algebraic surfaces.

PrOOF. For simplicity, we omit the subscript @ in the proof. If m > 2,
then, by Lemma 17 and by the fact that every V; intersects Qf, for any integer
4, 1 < j < m, there is an integer k # j, 1 < k < m, such that V; NV, N Q # 0.
Since V; contains no rational curves, the curves Cjr = 7(V; N Vi, N Q) are non-
singular with genera > 1. If there are elliptic curves among C’s, then X is an
L-Hopf manifold by Corollary 4. Hence all the Cj;’s are with genera > 2. Since
the normalization V; of V; is non-singular, free from rational curves, and since
it contains non-singular curves with genus > 2, we infer that V' is projective
algebraic. If m = 1 and if V; has singular points, then, since the singular locus is a
finite set of disjoint non-singular curves of genera > 2, we see that V;* is projective
algebraic by the same reason. O

We construct a sequence of blowing-ups

/j,k:Zk—>Z;€_1, k‘:L...,’I“, ZQZX

so that the singular fibres of fou : Z, — P, = pyo---o u,, define simple
normal crossing divisors without self-intersections. The sequence of blowing-ups
are defined inductively as follows.

Consider the set of surfaces which appear in the singular fibres of f,

Y ={V C Zy:V =V, for some a € &, and some 1 < j < m,}.

Note that singular loci of surfaces in ¥ are union of non-singular curves. Consider
also the set of curves which appear as singular loci of the singular fibres of f,

%o = {C C Zy : C is a singular locus of some f~'(a), a € &/}.

If €y is empty, then every singular fibre is a multiple of a non-singular surface.

Thecause a line contained in € intersects Vi
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Hence there is nothing to prove. Therefore we assume that % # 0.

By Lemma 18, % consists of algebraic surfaces. We know also that 4p consists
of non-singular curves of genera > 2, and that any distinct two curves in %, are
disjoint each other. We set Zg = P3, Qy = Q, Iy =T, and fy = f. Recall that
Zy=X.

As the initial induction step, we have

& : Zo, fo:Zy — P, Qo C Zy, T, %, Go.

We construct py : Z1 — Zp as follows. Let % be the set of curves C in %
which satisfy the following three conditions.

1. C is not a singular locus of any single surface in %,
2. C is contained in exactly two surfaces in %4, say V' and V",
3. V' and V" are crossing normally and C = V' N V",

If 6o = 6§, then we are done. Otherwise choose any Cy € %y \ 6} and consider
the blowing-up p1 : Z1 — Zy with the center Cj.

Let g : Q9 — Zj be the canonical projection. We can find a compact curve
Co in Zy = P3 such that Cy = m9(CyNQp). Consider the monoidal transformation
fi1 : Z1 — Zg with the center Cy. Put Q; = ﬂl_l(QO). Then, by Lemma 16, II, T
induces a group I'; of holomorphic automorphisms of Z; which acts on €, and
the action is properly discontinuous and fixed point free. Further, the induced
map Q1/T1 — Qo/Ty from fi; coincides with the blowing-up py : Z3 — Zy with
the center Cj.

Define

¥, = {Vi C Z, : V} is a proper transform of some V € %} U {u;*(Co)}

and

%1 = {C1 C Zy : Cy is a proper transform of some C € €\ {Co}}

U {Cl C Zy : C4 is a component of Mfl(Co) NV for some V € 7/()}.

Note that u;l(Co) is a non-singular surface, since Cj is non-singular. Here and
from now on, we write by the same symbol the variety and its proper transform of
a blowing-up. By Lemma 16, II, #; consists of algebraic surfaces whose singular
loci are disjoint union of non-singular curves. We have also that %) consists of
non-singular curves of genera > 2, and that any distinct two curves in ¢ are
disjoint each other. Put f; = f o 1. Thus we get to the next stage,



1354 M. KATO

& pr:Z1— Zo, fr:Z1— P, Q1 C Zy, Ty, K, 6.
Continuing this process, we obtain a sequence of blowing-ups {{x}5_1,

& : f: Zi = Zi—1, fo: Zy — PY, Q C Zi, T, Vi, G

By a theorem of Hironaka, 6, = €, for some integer r. Namely, all the singular
fibres of f,. define simple normal crossing divisors without self-intersections. At the
same time, we see by the construction above that the singular loci of the singular
fibres of f, are disjoint union of non-singular curves with genera > 2.

For a divisor D, we indicate by [D] the associated class in H?(X,Q). For
simplicity, a divisor and its proper transform by blowing-up are indicated by the
same symbol D.

LEMMA 19.  If the analytic set f~1(a), a # 0, has a singular point, then
every irreducible component of f~'(a) is a rational surface.

PROOF. Let V be a surface contained in f~!(a). We shall show that the
canonical bundle of the proper transform of V' in Z,. is numerically equivalent to
the negative of a non-trivial effective divisor. Since V is algebraic, this implies
that V is rational. In f,"!(a), there are some surfaces V,1,. ..,V other than V,
and some exceptional divisors E,j of the blowing-ups {uy} such that

r

sVI= = s[Vas) = Y malEarl,
j=1 k

=1
8,81, ., 8p,M1,..., My : positive integers. (30)

By Proposition 8, X \ f71(0) has a holomorphic affine structure. Therefore the

canonical bundle of Kz, is numerically trivial on X \ f~1(0). Hence on a tubular
neighborhood of f;~1(a), we have

T

KZT = Z[Eak]- (31)

Hence we have

Ky, +[V]= Z[Eak] - i(Z $;[Vasl + Zdem])



Compact quotients of large domains 1355

_é Zp:SjWaj] - Z (Tzk - 1) [Ea]-

j=1 k=1

Note that, if E,x NV # (), then my > s holds, since the center of the blowing-up
at each step is a singular locus of the fibre which is lying on V. Hence we have

Ky = (s + V) V=23 sl v] - 3 (m - 1) (Eut] - V]
j=1

S “ S
k=1

Thus Ky is numerically equivalent to the negative of a non-trivial effective divisor.
O

PROPOSITION 9. Ewvery singular fibre of the algebraic reduction f : X — P!
is a multiple fibre of a non-singular surface.

PRrROOF. The fibre f~1(0) is non-singular, since f~1(0) = M = (QN H)/T
by Proposition 7, and since Q N H is non-singular. If the fibre f~*(a),a # 0,
has a singular point, then by Lemma 19, f~!(a) contains a rational surface. This
contradicts Proposition 6. O

5.4. Multiple fibres.

By a general result on regular fibres of algebraic reductions of codimension
two due to Kawai [Kw], Ueno [U, Remark 12.5], and Fujiki [Fj1], [Fj2], together
with Proposition 6, we have the following.

PROPOSITION 10. A regular fibre of the algebraic reduction f: X — P! is
biholomorphic to either a complex torus, a hyperelliptic surface, a Kodaira surface

(i-e., a non-Kahler surface with a trivial canonical bundle), or a surface of Class
VII.

On the other hand, we recall that M has a holomorphic projective structure. By
Proposition 9, we obtain a complex family of small deformations of M, by a base
change at a singular fibre of the algebraic reduction. Therefore, by [KoOcl],
[KoOc2], and Proposition 10, we have the following.

PROPOSITION 11. A regular fibre of the algebraic reduction f : X — P is
biholomorphic to one of the following.

a) A complex torus,

b) a hyperelliptic surface,
¢) a Kodaira surface,

d) a Hopf surface, or

(
(
(
(
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(e) an Inoue surface with by = 0.

In Proposition 11, all surfaces other than case (d) have Stein surfaces as their
universal coverings. First we settle case (d).

PROPOSITION 12. A regular fibre of the algebraic reduction f : X — P is
not a Hopf surface.

PrOOF. If a regular fibre is a Hopf surface, the fundamental group of X
admits an infinite cyclic subgroup of a finite index. Hence X is an L-Hopf manifold
by Proposition 2. This contradicts Assumption (25). O

Now we consider the remaining cases (a), (b), (c) and (e), where the regular
fibres admit Stein surfaces as their universal coverings. For a subset W C P!, we
put

Xw=f"'W), Sw={]JS, Qw==5Sw\A
tew

For a complex manifold Y étale over a Stein manifold, we denote by Yen, the

envelope of holomorphy of Y. Recall that we are working in the cases where
B C A holds, see (26).

LEMMA 20. Leth:Y — D be a complex family of deformations over a unit
disk D such that h=1(0) is one of the cases (a), (b), (c), and (e). Then, there is a
neighborhood A of 0 such that the universal covering of h=1(A) is of Stein.

PROOF. For the cases (a) and (b) are well-known. For the case (e), see
Inoue [In]. The case (c¢) is proved in Appendix, see Proposition 16. O

LEMMA 21.  Assume that a regular fibre of f is one of the cases (a), (b), (c),
and (e). Let W be a complex manifold of dimension 3 étale over a Stein manifold.
Then, any t € o/ has a neighborhood A C P! such that every étale holomorphic
map W — X extends to Weny — XA

PROOF. Let A C P! be a small disk such that AN« = {t}. Since f*(¢)
is a multiple of a non-singular surface by Proposition 9, we can get a family of
small deformations of f~!(t) by a base change. Since regular fibres are one of
(a), (b), (c), and (e), we see that so is the central fibre f~1(¢) by topological
conditions. Let w : X, — A’ be the fibre space obtained by the base change.
Then by Lemma 20, X, is 3-probable and Hex3(X4,) = +00. Put A* = A\ {¢}.
Since, any s € A* has a neighborhood A; C A* such that Hex3(Xa,) = +o00, we
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have Hex3(Xa \ X¢) = 400 by [KaOk, Theorem 3]. Therefore by Corollary 5 in
Appendix, we have the lemma. O

LEMMA 22.  Assume that a regular fibre of f is one of the cases (a), (b),
(c), and (e). Then, any point t € P! has a neighborhood A C P! such that
(Sa \ Aenv = Sa \ B.

PRrROOF. By Theorem 5.1, we see that the Hausdorff dimension of (Sp1\ o \
B) N A is not more than 2. Hence, we have

(SA \A)env = 5a \B

for any open subset A C P!\ /. Thus the lemma holds if t ¢ /. Suppose
that ¢t € «/. Let W be a small disk centered at t and W N &/ = {t}. Note that
Sw \ B and Sy \ f~1(t) are of Stein. Therefore every holomorphic function on
(Sw\B)\ f71#)u(QN f~1(t)) extends holomorphically on Sy, \ B by a theorem
of Thullen. Thus we have the lemma also for ¢ € 7. g

LEMMA 23.  Assume that a regular fibre of f is one of the cases (a), (b), (c),
and (e). Then B = A. In particular, A is a finite union of lines which are on a
T-invariant plane in P3.

PROOF. Since B C A, it is enough to show that, any t € P! has a neigh-
borhood A such that

Sa\B C Sa\A. (32)

Take any t € P'. If t ¢ &7, let A be the one in Lemma 20. If t € &7, let A be the
one in Lemma 21. In any case, the canonical map

™ SA \ A— XA,
which is étale, extends holomorphically to
™ (SA \A)env - XA’

by Lemmas 20 and 21. We know that (SA\A)eny = Sa\B by Lemma 22. But, since
7 does not extend even continuously across any boundary point of Qa = Sa \ A
in Sa \ B, we see that Sa \ A D Sa \ B. This proves (32). Recall that A is a union
of lines by Proposition 4. Hence, since B C H, A is a finite union of lines which
are a I-invariant plane in P3. O
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5.5. Proof of the main Theorem.

Recall that we are working under Assumption (25). To prove the main The-
orem 1.1, it suffices to show by Propositions 11 and 12 that the regular fibre of
the algebraic reduction f : X — P! is neither a torus (case (a)), a hyperelliptic
surface (case (b)), a Kodaira surface (case (c)), nor an Inoue surfaces with b =0
(case (e)).

By Lemma 23, we know that, in the cases (a), (b), (c) and (e), A consists
of finite number of lines on a I-invariant plane, say H, in P3. Let 'y denote
the restriction of T" to H. Since Q N H # () and T is fixed point free on (Q, the
restriction I' — 'y is an isomorphism.

Suppose that A contains at least three lines. If A contains three lines in a
general position, then I'y consists of diagonal matrices. Hence I' i is abelian. Then
rank I’ = rankI'y < 4 holds by Lemma 5. If rank 'y = 4, then we are in case IV
of Lemma 5, and we see that B consists of a single line. This is a contradiction. If
rank 'y = 3, then we are in case III of Lemma 5. In this case, however, two lines
are outside Q N H. This is a contradiction. The cases rankI'y = 2 do not occur
by Proposition 3. If rankI'y = 1, then X is an L-Hopf manifold, which is also
excluded by Assumption (25).

If every triple of lines in A is not in a general position, there is a point v € H
through which there are three lines. Then the affine transformations which leave
these lines are of the form

==z
Yy =ax+by+c

where one of the three lines is the line at infinity. Therefore x defines a holomor-
phic function on the compact manifold (2N H)/T', which reduces to be constant
function. This is absurd.

Thus we infer that A contains less than three lines. If A consists of a single
line, when X is a Blanchard manifold, which is excluded by Assumption. Suppose
that A consists of two lines, say A = ¢4 U¥{y. Since B C H, QNH = H\ B is
naturally identified with C* x C. Since the universal covering of (RN H)/T is C?,
it is not an Inoue surface with b, = 0. If (2N H)/T is covered by a torus, then I'
contains an abelian subgroup of finite index. Therefore this case is also excluded
by the same argument as above. If (2N H)/T" is not covered by a torus, it is a
Kodaira surface. By Proposition 14 in Appendix, however, Kodaira surfaces are
not covered by C* x C. Thus Theorem 1.1 is proved completely. O
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6. Appendix.

6.1. Holomorphic extension index.

Let m: X — A be a proper surjective holomorphic map of an m-dimensional
complex manifold X to a disk A = {t € C : [t| < e} with 771(t) connected for
all t. We assume that 7 is of maximal rank at every point on 7~ 1(A*), where
A* = A\ {0}. We assume in the following that X, = 7~1(0) is non-singular and
the divisor 77*(0) is a multiple fibre with multiplicity p > 2.

Consider a disk A’ = {s € C : |s|] < €/#}. The set of points X' =
{(z,s)|r(z) = s#} C X x A’ forms a branched covering of X under the pro-
jection £ : X’ — X to the first factor. The projection 7’ : X’ — A’ to the second
factor is a family of (m — 1)-manifold every fibre of which is regular. Then we have
the following. See [KaOXk], for the terms n-probable and Hex.

PROPOSITION 13.  Assume that X' is n-probable, Hex,,(X') = oo, and that
Hex,, (X \ Xo) = co. Let W be an étale domain over a Stein manifold of dimension
n, and Weyy the envelope of holomorphy of W. Then, for any holomorphic map
o: W — X, there is an analytic subset A of codimension at least 2 in Weny such
that o extends holomorphically to Wen, \ A — X. In particular, Hex,(X) > 4
holds.

PrROOF. Since X’ is n-probable and since X’ is a finite branched covering
of X, we see that X is n-probable by [KaOk, Theorem 4]. Hence X \ Xy is
also n-probable by [K5, Lemma 1.2]. Let H be a Hartogs domain in C", i.e.,
H =_G1 UG5 and

67'1:{(21,...,Zn):|Zj|<7“j7 j:l,...,n—l, |Zn|<1},

Go={(z1,...,2n) 1|7l <1, j=1,...,n—1, r, < |z <1},

where 0 < r; <1, j =1,...,n. Consider any holomorphic map o : H — X. By
[KaOk, Theorem 2], it is enough to show that o extends to a holomorphic map
6:H — X , where H = H,,, is the unit polydisk associated with H. Consider
the holomorphic function 7 = (7 o ¢)*t on H. Then 7 extends to a holomorphic
function 7 on H. Let S be a hypersurface in H defined by 7=0. Put S = SNH.
By a theorem of Dloussky [D], the envelope of holomorphy of H \ S coincides with
H\ S. Therefore, olm\s extends to a holomorphic map H\ S — X\ Xy, since
X \ X is n-probable with Hex, (X \ Xo) = oo by the assumption. Therefore o
extends to a holomorphic map

0o: (H\S)UH — X.
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Shrinking H a little bit, we can assume that S is the restriction of a larger analytic
subset S in a larger polydisk H to H , S = SN H. Here we change coordinates
(21,...,2n) slightly so that z;, j = 1,..., z,_1, are not constant on any component
of S.

Let Seng be the set of singular points of S. Let N(§) be a tubular neighbor-
hood of Ssing in H with small radius § > 0. Denote by 8N(6) the boundary of
N(6) in H. Put N(§) = N(§) N H and N (§) = ON(5) N H. Put

W) ={(21,. ., 2n1) €EC™ L i | <1y |20 ] <)
D"t ={(z1,..., 20 1) €EC™MT | < 1, |20l < 1),
Dy ={z, € C:|z,] <1},
W(r,6) = ((H\S)UW"'(r) x D,)) \ N().

Fix a small § > 0. Note that o, is holomorphic on W (r,d) for 0 < r <
min{ry,...,r,—1}. Let p be the supremum of r such that o, extends to a holo-
morphic map o, : W(r,d§) — X.

Suppose that p < 1. Then the boundary of W(p,d) in H contains points of
S\ ON(8). Take any point a on the boundary point of W (p,d) on S\ dN(5). Take
a small open ball B C H centered at a such that B N S’Sing = (). Using the local
defining equation s = 0 of BN S on B , we define the cyclic branched covering
B’ ={(z,s) | z=s"} C B x C of B under the projection n : B — B to the first
factor. The map o,|gnw (r,s) lifts to a holomorphic map

o (B'\{s=0H)un (BNW(r,d)) — X’

by 6p:/(2,8) = (0-(2),8) € X' C X x A’. Since Hex, (X') = 400, 65 extends
holomorphically to B'\n~*(N(§)) — X’. Since con = n’o(é5:) on B'\n~ (N (9)),
we see that o, extends holomorphically to B U W(r,d). Since @ is an arbitrary
point on the boundary point of W (p, §) on S\ dN(8), we see that there is an r > p
such that o, extends to a holomorphic map o, : W(r,d) — X. This contradicts the
definition of p. Hence o, extends to a holomorphic map oy : W (1,8) = H\N(6) —
X.

Since 4 > 0 is arbitrary small, we see that o; extend holomorphically to
H \ Ssing — X. At the beginning of the proof, we have shrunk H slightly. Since
the shrink can be chosen arbitrary small, we have proved that, for the original H,
o0 : H — X can be extended to a holomorphic map H \ Ssing — X. Thus we have
Hex,, (X) > 4 and the proposition follows by [KaOk, Theorem 2]. O
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Using the notation above, we have the following corollary.

COROLLARY 5. Assume that X' is n-probable, Hex, (X') = oo, and that
Hex, (X \ Xo) = 0o. Let W be an étale domain over a Stein manifold of dimension
n, and Weny the envelope of holomorphy of W. Then, any étale holomorphic map
p: W — X extends to an étale holomorphic map ¢ : Weny — X.

Proor. To prove this, we can assume that the map o : H — X is étale. In
this case the singular set Sgng is an empty set. Therefore o extends holomorphi-
cally to 6 : H — X and ¢ is étale. This implies the corollary. U

6.2. Kodaira surfaces.

A compact non-Kéhler surface with a trivial canonical bundle is called a Ko-
daira surface. By Kodaira ([K, pp. 785-788]), a Kodaira surface .S is biholomorphic
to the quotient manifold C?/G, where G be a properly discontinuous group of the
affine transformations without fixed points of C? generated by

gj(wlan) = (wl +O(], wa + d]wl +6j)7 .] = 1a25374' (33)

Here m is a fixed positive integer, and (1,32 are linearly independent over R.
Further o; and §; satisfy

ay =ag =0, azay —agaz =mps # 0.
The surface S is an elliptic bundle over an elliptic curve and has numerical in-

variants ¢(S) = dim H'(S,0) = 2, h*9(S) = dim H°(S,Q') = 1, b1(S) =
dim H(S,C) = 3. We put

Z=C*xC={(z1,2)€C?: 2 #0} C C°

ProrosiTiON 14. A Kodaira surface S is not biholomorphic to a compact
quotient manifold of the form Z/H, where H is a group of the affine transforma-
tions of C? which acts on Z as a fixed point free properly discontinuous group.

ProoF. We shall prove the proposition by contradiction. Put M = Z/H.
Suppose that there is a biholomorphic map

p: 85— M.

Then ¢ lifts to an unramified covering
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~ . 2
p:C"— Z.

Let G be the covering transformation group of ¢. Then G is a normal subgroup
of G isomorphic to m1(Z) ~ Z. Let gy € G be a generator of Gy.

my ma2

LEMMA 24.  There are integers my, mo such that go = g;"* g5

PRrROOF. Since Gy is a normal subgroup of GG, we have gj_1 gog; = ggﬂ holds
for each j = 1,2,3,4. Then, by a direct calculation, we can check that gg is of the
form

100
01431,
001
where # € C' is a constant. Then the lemma follows easily. O
Since H leaves the line z; = 0 invariant, any element h € H is written as

h(z1,22) = (az1, bza + cz1 + ¢€), (34)

where a, b, c, e are constants in C' depending on h, and ab # 0. For each g; € G,
there is an element h; € H such that

pogj=hjop. (35)

Put ¢(w1,we) = (u(wy,ws),v(wy,ws2)). Then u,v are holomorphic functions on
C?. Note that u # 0 everywhere on C?. By (35), we have

u(gj (w1, we)) = aju(w, ws) (36)
v(g;(wi,wa)) = bjv(wy,ws) + cju(wy, we) + €5, (37)
where we put
aj 0 0
h] = Cj bj 6J
0 0 1

By (36), we have a d-closed holomorphic 1-form du/u on C?, which satisfies
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du(g(w)) _ du(w)
ulgw)) ~ ulw)’

w = (wy,ws),

for any g € G. This relation implies that there is a d-closed holomorphic 1-form ¢
on S such that @*¢ = du/u, where w : C? — S is the canonical projection. On
the other hand, we see easily that dw, is also a d-closed holomorphic 1-form on S.
Hence, by h'°(S) = 1, we have

(b = )\dwl

for some constant A € C*. This shows that u is a holomorphic function on C? of
the form

u(wy, we) = Cre M (38)

for some constant C; € C*. Substituting (38) in (37), and applying 9/0ws to
(37), we have

v v
(90)) = b e (0).

8’(1]2
Since ¢ is locally bijective, dv/dw, never vanishes on C?. Hence
1 v
d((w))
7 )\ us

is a G-invariant d-closed holomorphic 1-form on C2. Hence, by h'9(S) = 1, we
have

&f@u)d(fﬁ;(m) — i

Ows

for some constant pu € C. Integrating this equality, we have
v(wy, wy) = Cowge!™ + (wr) (39)

for a constant Cy € C* and a holomorphic function ¢ on C. Since ¢(go(w)) =
@(w), we have by Lemma 24,

w(wy, wy + B) = u(wy, wa), v(wy, w2+ F) =v(wy,w2), B =m1f1+mafa.
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Hence, it follows from (39) that
Cgﬁe'uwl =0.

This implies 8 = 0 and hence my; = mo = 0. Consequently, we have gg = 1. This
is absurd. 0

Now we shall construct a complete family of small deformations of a Kodaira
surface. Proposition 16 below is used in proving Lemma 20. The construction of
the complete family may be well-known, but we describe it here for the readers
convenience.

For e > 0, we put A, = {t € C : |t| < e}. Let ¢ be a small positive number.
Put # = C? x B, where B = {(s,t) € C? : |s —a4| < &,[t — B4] < e}. Let
9 = <Uj>;*:1 be the group of holomorphic automorphisms of #  generated by the
following four elements,

o1(wy,ws, s,t) = (w1, we + B1, 8,t), (40)
oo(wr,wa, s,t) = (w1, wa + Pa(s), s,t), (41)
o3(wy,ws, s,t) = (w1 + az, wy + azgwy + B3, §,t), (42)
og(wy,wa, 8,t) = (w1 + 8, wy + agwy +t, s,t), (43)

which satisfy the condition
Q38 — QiuQig3 = mﬁ2<8>

Since € > 0 is sufficiently small, and since 8; and (2(s) are linearly independent
over R for s = au, so are 1 and B2(s) for all (s,t) € B. Note that 0; = g; x idp
for j = 1,2,3. We have the relations oo, = oo, unless {j,k} = {3,4}, and
0304 = 05'0403.

LEMMA 25.  The group ¢ is free and properly discontinuous on %' .

PROOF. Any element o € # can be written as 0 = 0{"'05"%03 2oy for
some integers myq,...,my4. Then o is given by

1 0 msQas + Mmas

mg(mgfl) 2 m4(m471) —
mgQg + mady 1 2 |013| + 2 a8 . (44)
+mszmgdss + mi51 + mofs (8) + mg3fB3 + myt
0 0 1
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Fix any €1 with 0 < &1 < £ and put K7 = {(s,t) € B : [s —au| < e, |t —f4| <e1}.
Take any positive number M and set Ky = {(w1,w2) € C? : |wy| < M, |wz| < M}.
Put K = K; x K5. To show that ¢ is properly discontinuous, it is enough to show
that the set

{oe¥ :a(K)NK # 0} (45)

is finite. Fix any (s,t) € Kj. Suppose that o(K ﬂpgl(s,t)) N K # (), where
p2 : # — B is the projection to the second component. Then there is a point
w = (w1, ws,s,t) € K such that o(w) € K. Put o(w) = (w},wh,s,t). Then we
have

w) = wy + maaz + mys (46)
wh = (m3ag + mads)wy + we + %3_1)\ |2 W@S
+mamaazs +myf1 + mafa(s) +mafBs + mat. (47)
By (46), we have
|msas + mys| < 2M. (48)

Since asg, s are linearly independent over R, the set of the pairs (mgs, m4) satisfying
(49) is finite. Put

L = max{|ms|, |m4| : |msas + mys| < 2M}.

Then, from (47), it follows that there is a constant C' which depend only on
M, L,ey,as, a4, 33 and (B4 such that

|m1 51 + maofa(s)| < C (49)

holds. Since 81 and fBa(s) are linearly independent over R, the set of integers
satisfying (49) is finite. Put

N(s,t)=#{oc G :a(Knp '(s,t)NK #0}.
Suppose that sup(,ex, N(s,t) = oo. Then there is a sequence (s,,t,) €

K, such that lim, N(s,,t,) = oo. Taking a subsequence, we can assume
that lim,(sn,t,) = (so0,t0) € Ki. For each n, we take o0, € ¥ such that
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on(K Np~t(sp,ty)) N K # 0. Taking a subsequence of (s,,t,) again if neces-
sary, we can assume that the members of the sequence {o,} are distinct each
other by the fact that lim,, N(s,,t,) = co. Put o, = Uin(")logl(nhagn(nhaf(nh.
Since 0,(K N p~Y(sn,tn)) N K # 0, we have |m(n)sas + m(n)ys,| < 2M. If

lim,, |m(n)s| = oo, then by

m(n)y

m(n)s

Ck3+

n

= m(n)s|

we have

as + <1irn m(n)4>80 =0.

n m(n)s

This contradicts the fact that ag and sq is linearly independent over R. The case
lim,, |m(n)4| = oo is settled by the same manner. If both {|m(n)s|} and {|m(n)4|}
are bounded, then either {|m(n)1|} or {|m(n)z2|} is unbounded. Note that in this
case we see by (47) that {|m(n)101 +m(n)252(sn)|} is bounded. This contradicts
the fact that 8 and B2(sg) are linearly independent over R by the same argument
as above. Hence N (s,t) is bounded on K. Hence the set (45) is finite. Thus ¥ is
properly discontinuous on # . It is easy to check that ¢ is fixed point free on #'.

O
Consider the following 4-dimensional complex manifolds
X =W)9.
Then £ is a space of small deformations of S over B with the projection
p: Z — B, plw,ws,s,t)=(st), (50)

where S = p~!(au, B1). Put S5y =p (s, 1).
LEMMA 26. dimHO(S(S’t), @) =1, dimHl(S(S’t),@) =2.

PROOF.  Since the canonical bundle of S, ) is trivial, dim Hz(S(&t), 0) =
dimHO(S(&t),Ql) = 1 by Serre duality. To calculate dimHO(S(s,t),G), let 0 be
any vector field on S( ). Then 6 defines a ¥, -invariant vector field on C?,
which is indicated by the same symbol 6. Here ¥, ;) indicates the automorphism
of C? with fixed (s,t). Put
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0
Y 1 v
ow; + (wl’w2)8w2’

O(w1,we) = alwy, ws)

where a(wy,ws), b(wy,ws) are holomorphic functions on C?. By ¥, ;)-invariance,
we have

= a(wy,wz + B1)
wy, wa + Pa(s))

wy + ag, Ggwy + wa + F3)

I
S
—~ o~ o~

wy + 8, @qwy + wg + 1)

wy + ag, Gswy + wa + F3) — aza(w; + ag, aswy + wa + F3)

(
(w1, wa + B2(s))
(
(

wy + 8, Gqwy + we + t) — aga(wy + s, qwy + wo + ).

This implies that a(w;, ws) reduces to constant, which we denote by a. Thus, for
b(w1,ws), we have

b(wi, w2) = b(wr, wz + B1) (51)
b(wy, wa) = blwy, wa + Pa(s)) (52)
b(w1,ws) = b(wy + asz, aswy + we + f3) — asa (53)
b(wy,ws) = blwy + 8, Agwy + wo + t) — aya. (54)

By (51) and (52), b(wy, ws) is constant with respect to wa. Put b(wy) = b(wy, ws).
Then, by (53) and (54), we have

b(wl) = b(wl + 043) — Q3a (55)
b(wy) = b(wy + s) — Qua. (56)

Hence the first order differential function &' (wy) is constant, and we have
b(wy,ws) = b(wy) = awy + b

for some constants a,b € C. Since azs — agaz # 0, we have a = 0. Therefore we
obtain
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0
0(’11)1, ’lUQ) = bTw

Hence dim HO(S(s,t), ©) = 1. By the Riemann-Roch theorem and by c%(S(s,t)) =
c2(S(s,1) = 0, we have the lemma. O

PROPOSITION 15.  The family (50) is complete and effectively parametrized
at every point of B.

PROOF. The projection C? — C, (w1, ws) — wi, defines an elliptic bundle
over an elliptic curve on each fibre of p. Thus we have a projection

q: £ - CxB, C=C/{Tay,Ts),

where 7. indicates the translation on C defined by z — z + ¢. Let .# denote the
subsheaf of germs of vector fields which are tangential to the fibres of ¢ and 2 the
quotient sheaf ©/.%. Thus we have the following exact sequence of sheaves on 2,

0—- % —-0—2—0.

By the form of transition functions of the tangent bundle of S, we see that .Z is
generated by the global vector field 9/0ws, and hence # ~ &. At the same time,
we see also that all the transition functions of 2 are 1, and the global section is
given by the class [0/0w1]. In particular, we have 2 ~ &. Thus we have the exact
sequence

0—-H 2,2 — HY(Z,%)— H(2,0) - H (Z,2) — --- . (57)
Let m: # — 2 be the canonical projection. We choose an open covering Z =
{Ux} of Z such that each Uy is evenly covered by 7. Define a system of local

coordinates (wix, wax) by wjx = w; o(7r|[~f>\)*1, where U, is a connected component
of #=1(U,). The transition functions

wy = f)\[l.(w[l.)ﬂ wy = (wluaw2v)
are given by
Mixp _M2xpy mS)\MO_mAD\p.
4

Fan =04 ) O3

for some integers m;y,. By (44), in terms of local coordinates we have
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WiN = W1y + M3AuQ3 + Myr, S (58)

way = Way, + (mg)\HC_Y:; + m4>\uoz4)w1“ + axy + baps + mart (59)

for some constant numbers ay,, by, € C.
Let p: Tp — HY(Z,0) be the Kodaira-Spencer map. Then, we have

2\ _ [Owinn, O Oway, 0 | _ 9] 0
'0(6'5)_{ 0Os 8w1>\+ s Oway | m4/\“8wu+b)\”5w2x (60)

9 Hwar, O 0
- ) = = — . 1
p(@t) { ot 8w2,\ } {m4>\u 811)2,\ } (6 )

The set {ma4y,} defines a l-cocycle my € HY(Z,Z). By (58) and (59), we
have that 0/0way = 0/0wsg, = --- defines the global vector field 9/0ws €
HY(Z,.7), and that [0/0w;y] = [0/0wy,] = -+ defines the global section
[0/0w] € HY(Z, 2). Therefore, the set of integers {ma,,} defines a 1-cocycle in
HY(%,Z). Thus to prove that p(9/ds) and p(9/0t) are cohomologically indepen-
dent in H'(2,0), it is enough to show that {may,} is not trivial in H' (2", 0).
Suppose that there is a O-cochain {ay} € C%(%, 0) such that may, = a, — a.
Then 2™ = ¢2™@ — ... defines a nowhere vanishing global holomorphic func-

tion on £, hence a holomorphic function of (s,t), which we denote by A(s,t).
Let a = a(s,t) be a holomorphic function on B such that A(s,t) = e>™e(st) Put
my = ax—a. Then we see that {my} is a set of integers satisfying mqy, = m,—m,.
We introduce a new system of local coordinates (uyy, uay, s,t) on Uy by

(Ul/\,UQ)\,S,t) = U;n)\(wlk7w2)\a8at)'

Then in terms of the new system of local coordinates, the transition functions are
given by

__Mixp _Maxu _M3xpu
I =01 Oy O3 -

This implies that there is a holomorphic étale map ¢ : & — # /(01,02,03) with
p2 © ¢ = p, where py : # /{01,09,03) — B is induced map from the natural
projection to the second component. This is absurd, since every compact fibre
of p is mapped locally biholomorphically to a fibre of ps which is non-compact.
Thus we have shown that p(9/9s) and p(9/0t) are cohomologically independent
in H'(S(s,4),0) for any (s,t) € B. Hence they form a basis in H*(S(,),0) for
any (s,t) € B, since dim HI(S(SVt), ©) = 2 by Lemma 26. O
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By the above construction of the complete family of small deformations of
Kodaira surfaces, we see the following.

PROPOSITION 16. Let f : &~ — Ay be a family of deformations of a Kodaira
surface S = f~1(0) over a unit disk A1. Then there are a positive number e > 0, a
free and properly discontinuous group G of holomorphic automorphisms of C2x A.,
and a biholomorphic map ¢ : (C?*xA.)/G — f~1(AL), which satisfy the following.

1. G acts as a group of affine transformations on C? x {t} for any t € A.,

2. G acts trivially on the second component A.,

3. fo1 = p holds, where p: (C? x A.)/G — A. is the projection to the second
component.

[Fs]
[Fj1]
[Fj2]
[GH]
[H]

[In]
]

K]

K1)
[K2]
[K3]
[K4]
[K5)
[K6)

[KK]

References

G. Dloussky, Envelopes d’holomorphie et prolongements d’hypersurfaces, Seminaire
Pierre Lelong, Année 1975-76, Lecture Notes in Math., 578, Springer, 1977, pp. 217—
235.

G. Fischer, Complex Analytic Geometry, Lecture Notes in Math., 538, Springer-
Verlag, 1976.

A. Fujiki, Algebraic reduction of twistor spaces of Hopf surfaces, Osaka J. Math., 37
(2000), 847-858.

A. Fujiki, On the general fiber of an algebraic reduction of a compact complex man-
ifolds of algebraic codimension two, J. Math. Kyoto Univ., 42 (2002), 789-793.

P. Griffiths and J. Harris, Principles of Algebraic Geometry, Pure and Applied Math-
ematics, Wiley-Interscience [John Wiley & Sons], New York, 1978.

H. Hopf, Enden offener Rd4ume und unendliche diskontinuierliche Gruppen, Com-
ment. Math. Helv., 16 (1944), 81-100.

M. Inoue, On surfaces of class VIIp, Invent. Math., 24 (1974), 269-310.

S. M. Ivashkovich, Extension properties of meromorphic mappings with values in
non-Kéhler complex manifolds, Ann. of Math., 160 (2004), 795-837.

K. Kodaira, On the structure of compact complex analytic surfaces, I, Amer. J.
Math., 86 (1964), 751-798.

Ma. Kato, On compact complex 3-folds with lines, Japanese J. Math., 11 (1985),
1-58.

Ma. Kato, Compact complex 3-folds with projective structures, The infinite cyclic
fundamental group case, Saitama Math. J., 4 (1986), 35-49.

Ma. Kato, Factorization of compact complex 3-folds which admit certain projective
structures, Tohoku Math. J., 41 (1989), 359-397.

Ma. Kato, Examples on an extension problem of holomorphic maps and a holomorphic
1-dimensional foliation, Tokyo J. Math., 13 (1990), 139-146.

Ma. Kato, Compact quotients of large domains in a complex projective 3-space, Tokyo
J. Math., 29 (2006), 209-232.

Ma. Kato, Existence of invariant planes in a complex projective 3-space under discrete
projective transformation groups, to appear in Tokyo J. Math.

Ma. Kato and K. Komada, On Blanchard manifolds, Tokyo J. Math., 30 (2007),
397-401.


http://dx.doi.org/10.1007/BF02568567
http://dx.doi.org/10.1007/BF01425563
http://dx.doi.org/10.4007/annals.2004.160.795
http://dx.doi.org/10.2307/2373157
http://dx.doi.org/10.2748/tmj/1178227770
http://dx.doi.org/10.3836/tjm/1270133009
http://dx.doi.org/10.3836/tjm/1166661875
http://dx.doi.org/10.3836/tjm/1202136684

[KaOK]
[KoOcl]
[KoOc2]

[KP]

Compact quotients of large domains 1371

Ma. Kato and N. Okada, On holomorphic maps into compact non-Kéahler manifolds,
Ann. Inst. Fourier, Grenoble, 54 (2004), 1827-1854.

S. Kobayashi and T. Ochiai, Holomorphic projective structures on compact complex
surfaces, Math. Ann., 249 (1980), 75-94.

S. Kobayashi and T. Ochiai, Holomorphic projective structures on compact complex
surfaces, II, Math. Ann., 255 (1981), 519-521.

M. E. Kapovich and L. D. Potyagailo, On the absence of the Ahlfors and Sullivan
theorems for Kleinian groups in higher dimensions, Siberian math. J., 32 (1991),
227-237.

S. Kawai, On compact complex manifolds of complex dimension 3, II, J. Math. Soc.
Japan, 17 (1965), 438—-442.

B. Maskit, Kleinian groups, GMW 287, Springer-Verlag, 1988.

P. J. Myrberg, Untersuchungen iiber die Automorphen Funktionen Beliebig Vieler
Variablen, Acta Math., 46 (1925), 215-336.

K. Nishiguchi, Degeneration of K3 surfaces, J. Math. Kyoto Univ., 28 (1988), 267—
300.

K. Ueno, Classification theory of algebraic varieties and compact complex spaces,
Lecture Notes Math., 439, Springer-Verlag, 1975.

Masahide KATO

Faculty of Science and Technology
Sophia University

Chiyoda-ku

Tokyo 102-8554, Japan

E-mail: masahide.kato@sophia.ac.jp


http://dx.doi.org/10.1007/BF01387081
http://dx.doi.org/10.1007/BF01451931
http://dx.doi.org/10.1007/BF00972769
http://dx.doi.org/10.2969/jmsj/01740438
http://dx.doi.org/10.1007/BF02564065

