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Abstract. By using the method of equivariant differential geometry, we
construct a new family of noncompact complete hypersurfaces with constant
positive scalar curvature in the Euclidean spaces. To do so we make a detailed
analysis of the nonlinear ODE of the constant scalar curvature equation.

1. Introduction.

Let M be a complete 2-dimensional surface in the Euclidean space E3 with
constant Gaussian curvature. Then it is well known that M is a sphere, a plane or
a cylinder. Generalizations of this result have been attempted by many authors.
The typical theorem is due to Thomas [16], saying that an Einstein hypersurface
of the Euclidean space is locally a flat hypersurface, or a part of the sphere.

If we relax the curvature condition to constant scalar curvature, there are
two well know results. The result by Chern [3] says that there are no complete
graph in E"*! with constant positive scalar curvature. Cheng and Yau [2] proved
that if M™ is a complete hypersurface in E™*! with constant scalar curvature and
nonnegative sectional curvature, then M is isometric to a sphere, a flat manifold
or a generalized cylinder SP x R™7P.

In the famous problem section of the book [17], Yau asked whether compact
hypersurfaces in RV*! which have constant scalar curvature are isometric to the
sphere or not. In 1988, Ros [13] solved this problem affirmatively under the
additional hypothesis that the hypersurfaces are embedded. So there remains the
case when the hypersurfaces are immersed. For the problem, there are several
partial answers ([1], [10]).

Now we consider noncompact complete hypersurfaces. Recently many new
results have been proved on constant mean curvature hypersurfaces. Compared
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with constant mean curvature hypersurfaces there are less results on constant
scalar curvature hypersurfaces. One reason, we think, is the complexity of the
scalar curvature equation, but the other reason is the lack of examples. The
known examples are flat hypersurfaces, spheres, generalized cylinders SP x R" P,
the rotational hypersurfaces constructed by Leite [8], the complete hypersurface
with constant negative scalar curvature constructed by us in [9] and the complete
hypersurfaces with 0 scalar curvature constructed by Palmas in [11] and by Sato
in [15].

The purpose of this paper is to construct a new family of noncompact complete
hypersurfaces in E™*! with constant positive scalar curvature by the method of
equivariant differential geometry.

Generalized rotational hypersurfaces were first used by Hsiang et al. [7] to
construct new examples of compact hypersurfaces with constant mean curvature
in the Euclidean space. To an isometric transformation group (G, E™) with codi-
mension two principal orbit type, which is classified by Hsiang and Lawson in [6],
we can construct G-invariant hypersurfaces, which are called generalized rotational
hypersurfaces. The equation that the scalar curvature is constant is reduced to
an ordinary differential equation. In [10] we proved the formula of calculating the
scalar curvature of generalized rotational hypersurfaces from the volume function
of orbits.

In this paper we shall study generalized rotational hypersurfaces of O(p + 1)
x O(q + 1)-type. We will show that the ODE system (2.1) has global solutions.
The key idea is to compare the solution of (2.1) with that of (3.1) which has
the first integrals and approximates (2.1) asymptotically. This sort of comparison
technique has been used in [4] and [5].

The author would like to thank the referee for his careful reading and many
valuable suggestions.

2. Preliminaries.

We consider the standard action of O(p+1) x O(g+1) on RP1 x RIT! where
we always assume that p and g are greater than one. It is easy to see that the orbit
space RPT1 x R /O(p+1) x O(q+ 1) can be parametrized by the first quadrant
R, x R,. Let v =~(s) = (z(s),y(s)) be a curve in the first quadrant Ry x R
parameterized by its arc-length s. Let M, be an O(p + 1) x O(q + 1)-invariant
hypersurface in RPT7t2 generated by v. M, is diffeomorphic to S? x S7 x R. It is
easy to see that the principal curvatures of M, are 2'y" —y'z”, '/, —2' [y with

multiplicities 1,p and ¢, respectively. Therefore the scalar curvature S of M, is

1o 1o Yy ! Yy’ ' 2 y/2 x/Q
S=20"y" —y'z")p= ¢~ |+ (p>—¢— ) —p°5 —a 5
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Assume that S is constant. Then the above equation is equivalent to the
following ODE system.

dz
— =cosa
ds ’
dy .
—~ =sinw
ds ’
sin «v 2 sin « cos a CoSs « 2 (2.1>
p p(p—1)< ) - 2pq +q(q—1)< ) -5
da _ v Ty y
ds coS o sin o ’
2(q -p
Y T

where « is the angle between the tangent vector (z,%’) and the z-axis.
Our main theorems of this paper are the following:

THEOREM 2.1.  Suppose that 2 < p < g+ 1 and S > 0. Let 0 < zg <

Vo —1)/S and 0 < yo < v/q(q—1)/S. Then the ODE system (2.1) has a global

solution y(s) = (x(s), y(s)) € Ry X Ry on (—00,00) for the initial conditions
x(0) = zg, y(0) = yo and a(0) = 0 such that y = \/q(q —1)/S is the asymptotic
line of v as s — 00 and x = \/p(p — 1)/S is the asymptotic line of v as s — —o0,
respectively.

THEOREM 2.2. Suppose that p > g+ 1 > 3 and S > 0. Let 0 < zg <

Vip—1(q—-1)/S and 0 < yg < \/q(q —1)/S. Then the ODE system (2.1) has a

global solution v(s) = (z(s),y(s)) € Ry xRy on (—o0,00) for the initial conditions
x(0) = zg, y(0) = yo and a(0) = 0 such that y = \/q(q —1)/S is the asymptotic
line of v as s — 00 and © = \/p(p — 1)/S is the asymptotic line of v as s — —o0,

respectively.

REMARK. The solution with yo = \/q(q¢ — 1)/S corresponds to the cylinder
Rp+1 X Sq(yo)
3. Existence of the solution on [0, ).

In this section, we show the following.

THEOREM 3.1.  Suppose that p and q are greater than one. Let g > 0 and

0 < yo < +/qlg—1)/S. Then (2.1) has a global solution v(s) = (xz(s),y(s)) €
Ry x Ry on [0,00) for the initial conditions x(0) = xg, y(0) = yo and a(0) = 0.

We prove this theorem by preparing several lemmas.
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Since it holds that

da alg —1)/y5 — S
L= Vh=2
ds( ) 2q/yo

we have 0 < a(s) < 7/2 and da/ds > 0 near s = 0.

LEMMA 3.2. Set e = —1/yo + \/1/yo? + S. If a(s) satisfies the inequality
0<a(s)<m/2 on0<s< sy for some sg, then there holds

cosa(s)  sina(s)
Tl ()

>e€  s€]0,50).

PROOF. Put h(s) = geosa(s)/y(s) — psina(s)/x(s), X(s) = sina(s)/z(s)
and Y (s) = cosa(s)/y(s). We see that h(0) > e. Suppose to the contrary that
there exists some s1 € (0, sg) such that h(s) > e for all 0 < s < 51 and h(s1) = €.
Then we have dh/ds(s1) < 0. Since h(s1) = qY (s1) —pX(s1) =€ and X(s1) > 0,

we obtain

dﬂ(s )= p(p — 1)X(s1)* — 2pgX (s1)Y (1) +a(g — )Y (51)* — S
ds ! 2(qY (s1) — pX(s1))
_ —(p+p*/9)X(51)* — 2pe/qX(s1) + (¢ — 1) /qe* = S
2e
<5—%<0

%(81)4-1/(81) <3 —% ;—0:0
Hence we have
X ) - alsyeosaln)dofds(ey) — cosnlep)sinaten) _

which implies
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dh dy dX

E(Sl) = QE(Sl) *Pg(sl) > 0.

But this contradicts the inequality dh/ds(s1) < 0 we mentioned earlier. O

From Lemma 3.2, if «(s) satisfies the inequality 0 < a(s) < /2 on [0, s¢),
then it can be extended to s = sg. Thus (2.1) doesn’t have any singularity when
0<a(s) <m/2.

Next we are going to analyze (2.1) by comparing it with the following ODE
system.

d—m—cosoz
ds ’
@—Sina
ds , (3.1)

CcoS &

1 _

o 1 (22 -5
E_ 9 COS & :

q

Y

THEOREM 3.3.  For any xo > 0 and yo satisfying 0 < yo < /q(q¢—1)/8S,
(3.1) has a global solution with the initial conditions x(0) = xo, y(0) = yo and

a(0) =0 (see Figure 1), such that the curve (x(s),y(s)) is symmetric with respect
to the line parallel to the y-azis at the points where y takes critical values.

PROOF. We rewrite (3.1) as

i = cot a,
cosar\”
~1 _
w0 (7) -5 (32
dy QqSiHQm 7
Y

z(yo) = 2o, a(yo) =

The second equation of (3.2) is explicitly integrable. In fact, putting ¥ =
cos a(y)/y, we have

. da
v d <cosa> CYSRy T g r Y2 -8

dy — dy y? B 2qyY
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By integrating this equation we obtain

{ata+1) (y“) -shyrt = {ata+ 0 - s S0 69)

We set f(y) = {q(q+1)/y* — S}y?t. f takes its maximum value at yo, =
v/q(qg—1)/S. See Figure 5 for the graph of f(y). There is the unique point 5; > yo
which satisfies f(7;) = f(yo). It is easy to see that §; > yoo. The solution curve
(z(s),y(s)) of (3.1) oscillates between the lines y = yo and y = 7;.

Next we are going to show the symmetric property of the solution. First, we
consider the solution of (3.1) with the initial conditions z(0) = 0, y(0) = yo and
a(0) = 0. Set Z(s) := —x(—3), y(s) := y(—s), a&(s) := —a(—s). Then it is easy
to see that Z,§ and & satisfy (3.1) with the same initial conditions. Therefore the
solution curve (z(s),y(s)) is symmetric with respect to the y-axis. In general, the
solution is symmetric with respect to the line parallel to the y-axis at the points

where y takes critical value yo or 7. O

Y

A e ‘
m

Yoo :

L
Yo

T
Figure 1.

For later use we prove the following two lemmas (see Figure 1).
LEMMA 3.4. Letli =Yoo — Yo and lo =Y, — Yoo. Then we have l; > Is.

PrROOF. We set g(t) = f(yoo +t) where f(y) is defined earlier in the proof
of Theorem 3.3. We also set h(t) = g(—t) — g(t). If we can show that h(¢) > 0 for
all ¢ satisfying 0 < t < Yoo, then we can conclude I; > I (see Figure 5). Since we
have

g'(t) = —(q+ 1) (Yoo + )7 2(2Sysot + St?),

we get
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R (t) = (¢ + 1)(yoo + 17728 + (g + 1) (Yoo — )77

+2(q +1)Syso 't{(yoo + t)q_2 — (Yoo — t)q_2} >0

when 0 < t < yoo. Since h(0) = 0, we get h(t) > 0 for all 0 < ¢ < Yoo. O

Let 7,7 and @ be the solutions of (3.1) with the initial conditions Z(0) = x,
7(0) = yo and @(0) = 0. Let so be the first s > 0 such that @(s) = 0, that
is, G(so) = . Since @(s) satisfies 0 < @(s) < 7/2 on s € (0,s9), we have
dy/ds > 0 on the same interval. Let us take the inverse s = s(y) on ¥ € [yo, 7],
and abbreviate the function @(s(y)) as @(y), ¥ € [yo,y1] for simplicity. Under
these notations, we prove

LEMMA 3.5. Let us denote the mazimum of @(y), y € [yo, 1], by @o. Then
we have

Yo {(qH)yzo ~ q1}1/<q+1>
. .

cosapg = —
oo L 203
ProoOF. For some y. € [yo,y1], we have @y = @(yx). Substituting
da/ds(?y) = 0 into (3.1), we have cos@p/y« = 1/Yso. Combining this with (3.3)
we get the conclusion. O

Let z,y, and « be the solutions of (2.1) with the initial conditions z(0) = z,
y(0) = yo and «(0) = 0. When «(s) satisfies 0 < a(s) < 7/2 on (0, s1) for some
s1, we have dy/ds > 0 on the same interval. Hence, we have the inverse function
s = s(y) of y = y(s) on [0,s1). We abbreviate the function a(s(y)) as a(y) for
simplicity.

LEMMA 3.6.  Under the notations above, we have a(y) < @(y) for all y(> yo)
satisfying 0 < a(y) < 7/2.

Proor. First we show that this inequality holds near y = yp.
We can rewrite (2.1) as

dx
d—y:cota7
sina\? sin o cos & cosa\? (3.4)
o P DY) oAy (22) s @
d7y2 2sina<qcoso< sina>
T
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Since da/dy(yo + 0) = 400, we rewrite (3.4) and (3.2) as follows:

COS v sin o
2cosa - (q —p >
dr T
da sin « 2 sin «v cos «v COS (v 2 ’
p(p—1) - 2pq +q(g—1) -5
T T Y Yy
(3.5)
. ( cos o sina)
2sina - | g —-p
@ T
da sina 2 sin « cos « cosa\? )
p(p—1) — 2pq +q(g—1) -5
x x y y
9 cos CoS &
ix cosa - q—
da CcoSs & 2 ’
q(q — 1)< — > -
Y
(3.6)
2sin« - qcosa
@ B —
do COSs « 2 .
q(q — 1)( 7 ) -5

By a straightforward calculation we have

dy o — 9 0y

Py, &y, 2q/vo

V=20 = oy =S

d*y 1 P {CI(Q+1) }
—=(0) = — +S, >0,
3V = QD —SPn | ©

3y

o3 0 =

Therefore there exists an € > 0 such that

7(a) < y(a) for all « satisfying 0 < « < e.

So there exists an € > 0 such that

a(y) < a(y) for all y satisfying yo < y < yo + €,
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hence Lemma 3.6 holds on the interval (yo, yo + €').
Now suppose that there exists some y; > yo such that a(y1) = a(y1) < 7/2
and a(y) < a@(y) for all y with yo <y < y1. We set

pp—1)X2 —2pgXY +q(¢ —1)Y2 - S

FxY) = 2qV —pX)

When X,Y > 0, we have

OF
== _W{p@ —1)X% —2(p — )gXY +q(g+1)Y2 + 5} <0.

Therefore F(X,Y) is monotone decreasing in X. Hence when 0 < o < 7/2 and
x,y > 0, we have
F(sinoz7 cosa) - F<O, cosoz>.
Z () )

Put a1 = a(y1) = @(y1). By using the inequality above we have

cos o
_ q(q—1)< ) -5
da(yl) Y1 1 F(O,Cosal)

ag sin o Y1

. cos
2q sin o
Y1

1 sino cos g
> — F ,
SN q X1 Y1

. 2 . 2

SN (vq S111 (x7 COS 1 COS (X1

p(p—1)< > — 2pq +Q(q—1)<) -5
x1 Z1 Y1

. cos a1 sin o
2sinag | g —_—

e
da

= @(yl)-

Therefore @(y) > a(y) for y near y; and y > y;. Combining this inequality with

the above mentioned assumption we obtain @(y) > a(y) near y; and @(y1) = a(y1),

so we get da/dy(y1) = da/dy(y1). But this contradicts with the above inequality.

(]

LEMMA 3.7.  Denote the point y satisfying @(y) = 0 (y > yo) by §,. Then
there exists a point y1 satisfying yo < y1 < gy such that a(y1) = 0 (see Figure 2).
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o1y

Yo Y1

Figure 2.

PrROOF. The graph of @ = @(y) is in Figure 2. Suppose that there does
not exist such a y;. From Lemma 3.6 we have 0 < a(y) < @(y) for all y > yq
satisfying 0 < a(y) < /2. Therefore y(s) is a monotone increasing function and
a(s) satisfies 0 < a(s) < @y < /2. By using Lemma 3.2, we see that there is no
singularity of our solution. Therefore we must have a global solution (x(s),y(s))
on [0,00) and there exists yo < 91 < ¥; such that y(s) < g for all s > 0,
lims 0o @ = 0, lims 0oy = §1 and limg_, o = co0. By (2.1), we easily conclude
that §1 = yso. To find a contradiction, we prove the following Claims 1, 2 and 3.

CrLAamM 1. We can choose sufficiently large s1 so that o/ (s) < 0 hold for all
S > S1.

Indeed, since we have 0 < a(s) < @y < 7/2 and lim,_,. o = 0, we can choose
s1 so that o/(s1) < 0. Since z(s) and y(s) are monotone increasing functions with
lim; .o x = 00 and lim,_. o, ¥y = 1, we can also assume that, for all s > s,

<1’(1921)+pg)(s)>0, <pqq(qgl))(5)<0,

x y 22 y

and

{sinao (_ p(p—1) N pq) 4 0830 (pq _ (1(‘1_1)> }(5) < 0. (3.7)

z 22 Y2 y  \a? Y2

If there is no sy > s such that o/(s2) = 0, then the claim is true. Suppose
to the contrary that there is an sy > s such that o/(s2) = 0 and o/(s) < 0 for
all 517 < s < s9. It is easy to see that &’ (s2) > 0. On the other hand, since
X' = (sina/z) = —sinacosa/z?, Y’ = (cosa/y) = —sinacosa/y? at s = sa,
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we easily obtain

{p(p —1)X? - 2pgXY +q(q — 1)Y? - S}’ (52)

" _
o) = 2(qY — pX)
< sinacosa [sina  p(p—1) L P4 cosapg q(g—1) (52)
Y —pX | = a? y? y \=? y?
i in o -1 «@ -1
o sinacosa [sindp p(p : ) n pg] | €osTo gg _q(q - ) (52)
qY — pX z x y Y x Y
<0, (3.8)

where at the last inequality we used (3.7). This contradicts the above inequality
a’'(s2) > 0, proving Claim 1.

Since «(s) is decreasing and z(s) is increasing, we get sina(s)/z(s) <
sina(sy)/x(s1) for all s > s1. Set a(s1) = a1, (s1) = z1 and y(s1) = y1. It
follows from F'x < 0 that

(C T CTREE) R

We consider the following differential equations.

dx
— =cosa
ds ’
dy .
—~ =sina,
ds

) ) _ ) (3.10)

sin a sin a;; cos o cos o
p p(p1)<1) — 2pg—— +Q(q1)< ) -5
da T Ty y
ds CcoS o sin o

2l q —p
Yy Z1

Let #,9 and & be the solutions of (3.10) for the initial conditions x(s1) = 1,
y(s1) = y1 and a(s1) = ay. It is easy to get the first integral of (3.10). In fact,
putting Y = cos &() /9 and X; = sinay /x1, we have

Yy  plp—1X7—2p(g+1)X1Y +q(¢+1)Y?> - S

dj 29(qY — pX1)
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By integrating this equation we obtain

AN 2 . ~ . 2
COS «x S111 (¥ COS ¢ S11 v R
e B E— I i

Z1

2 . . 2
cos ay sin a; cos oy sin oy
= {q(q—|—1) <y1 ) —2p(q+ 1) . —I—p(p— 1)( o ) —S}yg'ﬂ.

1 Y1

From this we easily see that the solutions &, ¢ and & exist on (—oo0,00) and the
curve (Z(s),9(s)) has the @-translational invariance like the solutions of (3.1).

CrLamM 2. Set g2 = maxgry(s). If we choose s1 sufficiently large, then
U2 > Yoo and &(y) > 0 for all y satisfying y1 <y < §2. In particular, G(yoo) > 0.

We prove Claim 2 as follows: Since & = 0 at the point where § = 7o, we
obtain

1\2 sinaq 1 sinag \ 2 .
{0 () = 2mla+ BB Ly (0 sy

Y2 X1

2 . . 2
COS (x1 S1n (vp COS (v Sin vy
= {q(q+1)< ) —2p(¢+1)—— +p(p—l)( ) —S}yi”l-
Y1 x1 Y1 T

72 depends only on p, q,a1,x1,y1 and S. If we let a3 — 0, 1 — o0 and Y1 — Yoo,
then g2 — 1/q(q¢+1)/S > yoo from the above equation. Thus if we choose s;
sufficiently large, then we have §a > yoo. It is easy to see that &(y) > 0 for all
y1 <y < 92, proving Claim 2.

We have the following comparison inequality similar to Lemma 3.6.

Cram 3. If we choose sy sufficiently large, then a(y) > &(y) holds for all
y satisfying y1 < Y < Yoo-

The proof of Claim 3 is almost the same as that of Lemma 3.6. Indeed first
we show this inequality for all s near s;. We compute

dy i
daal T da

sin o

(ar) = (3.11)

. b
sino; cos o
F( ’ )
x1 Y1

and
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d?y cos

—— () = -

da? F(sm o1 cos oq)
7 ' Y1

sin oy sina; cos a1> 21 COS (] — Sin a1 €os oy

- . 2FX< ) 2
F(sm a1 cos a1> 1 Y1 Ty

3

1 Y1

sin a1 sina; cosaj \ Y1 sin g + sin o cos o
+ FY )
. 2 2
sinay; cos g T n Y1
F )
il Y1
cos ap
> .
sinaq cosaq
F< ' >
Z1 Y1
sin a1 sina; cosaj \ Y1 sin g + sin oy cos o
+ FY )
- 2 2
sinq COS z1 1 Y1
F )
il Y1
d?y
= da2 (011)7

where we used the fact that x; is large and a7 > 0 is small if s; is sufficiently
large.
Therefore there exists an ¢ > 0 such that

(o) < y(a) for all a satisfying a; — e < a < aj.
Hence there exists an € > 0 such that

aly) > é(y) for all y satisfying y; <y <y +¢€.

Now we are going to show the inequality a(y) > a&(y) for all y satisfying y; <
Y < Yoo- Suppose to the contrary that there exists yo > y; such that there holds
aly) > a(y) for all y satisfying y1 < y < y2 and a(y2) = &(y2). Set x2 = x(y2)
and as = a(y2). Then we get from (3.9)

d 1 i 1 i
dfj(!lZ): F(51na27cosa2> - F(51noz17cosoz2>

sin g To Y2 sin oo T Y2
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Thus there exists an € such that

a(y) > a(y) for all y satisfying yo < y < y2 + €.

Combining this inequality and the assumptions a(y) > &(y), y € (y1,y2), and
ay2) = &(y2), we obtain dé&/dy(y2) = da/dy(y2) which contradicts the above
inequality. Therefore Claim 3 is proved.

From Claim 2, Claim 3 and lim,_,,__oa(y) = 0, we get a contradiction,
which proves Lemma 3.7. 0

From Lemma 3.7 we see that the solutions z(s),y(s) and a(s) exist on the
interval [0, s1] such that 0 < a(s) < 7/2, dz/ds > 0 and dy/ds > 0 for s € (0, s1)
and «a(s1) = 0. We have y(s1) = y1 and set x(s1) = ;.

LEMMA 3.8. 41 > yoo = \/q(q—1)/S.

PrOOF. First, suppose that y1 < yoo. Then

da, o yifqlg—-1)

Therefore we have «a(s) > 0 for all s7 < s < s1 < s+ € for some €. On the
other hand, we have «a(s) > 0 for all s; —¢ < s < 7 and a(s;) = 0. So we
get da/ds(s;) = 0, which contradicts the above inequality. Next, suppose that
Y1 = Yoo- Then the solution of (2.1) with the initial conditions z(s1) = z1,
y(s1) =y1 and a(s;) =0 is y(s) = y1. This is a contradiction.

Therefore we have the following Figure (see Figure 3).

I
Y T
Yoo

/[ S :

Zo

Figure 3.
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Since

da, oy fqlg—1)

we have a(s) < 0 for all 1 < s < s1+ ¢ for some € > 0. We are going to show that
there exists an s satisfying s; < s2 < oo such that 0 < a(s) < 7/2, dz/ds > 0
and dy/ds < 0 for s € (s1,s2) and a(s2) = 0. To do so, we denote the solutions of
(3.1) with the initial conditions x(s1) = x1, y(s1) = y1 and a(s1) = 0 as Z(s), y(s)
and &(s). Similar to the proof of Theorem 3.3, we can show that the solutions
Z,y and & exist on (—oo,00) and the curve (Z(s),7(s)) has the Z-translational
invariance. Set g = ming §2(s) and denote the first s > s; satisfying g(s) = 7o
as §o. It is easy to see that yo < ¥2 < Yoo. We have —7/2 < a(s) < 0, dz/ds > 0
and dj/ds < 0 for s € (s1,82) and «a(82) = 0. We set Z(52) = 3. Let us take
the inverse s = s(g) on § € [Ja,y1], and abbreviate the function &(s(g)) as &(g),
7 € [§2,y1] for simplicity.

When af(s) satisfies —7/2 < a(s) < 0 on (s1, $2) for some sq, we have dy/ds <
0 on the same interval. Hence, we have the inverse function s = s(y) of y = y(s)
on [s1, s2). We abbreviate the function a(s(y)) as a(y) for simplicity.

LEMMA 3.9.  Under these notations above, we have &(y) < a(y) < 0 for all
y < y1 satisfying —7/2 < aly) < 0.

PRrROOF. The proof is similar to that of Lemma 3.6. First we show that this
inequality holds near y = y;. We rewrite (3.1) as

dz

d—g = cot a,
cos @\ 2
-1 _
a1 (5°) - (3.12)
dy 2qsin6¢cosa

Y
T(y1) =21, ay1) =0.

COS «x
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. cos (v
di 2sina - q——
Y — (3.13)
do cos &
g—=D(——) =5
Y
i.(o) =T, g](O) =Y,
where we have changed the variable & to a.
Similar to the calculation in the proof of Lemma 3.6, we obtain
dy dy
L) = Lo =,
d? d?j 2
4y ):J(O):—q/ylz 7
da? da? qg—1)/yi — S
d3 2
2(0)24{_ ;0/9312 B q/yl2 2<_ pq>}>0’
do q(¢—=1)/yi =S  {alg—1)/y7 — S} T1y1
d3y
das ) =

Therefore there exists an € > 0 such that
g(a) > y(a) for all « satistying —e < a < 0.
Thus there exists an € > 0 such that
a(y) < a(y) for all y satisfying y; — € <y < yi.
Now suppose that there exists some y2 < y; such that —7/2 < @(y2) = a(y2) <0
and a(y) < afy) for all yo < y < y1. Set az = a(y2) (= &(y2)) and zo =

2(y2). Since —7/2 < ag < 0 and F(X,Y) is monotone decreasing in X, we have
F(0,cosag/y2) < F(sinas/xa,cos as/ys). Then

. F<O, COSOLQ) F(sinagvcosag)
(6 Y2 X2 Y2
)= — > -
Y sin ap sin ag
do
= @(yz)-

Therefore a(y) < a(y) for y near y2 and y < y2. On the other hand we have
aly) < a(y) for all yo < y < y2 + € and &(y2) = a(y2). Therefore we get
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da/dy(ye) = da/dy(y2), which contradicts the above inequality. O

LEMMA 3.10.  There exists a point yo satisfying y2 < y2 < y1 Such that
alyz) =0.

PROOF. When —7/2 < a(s) < 0 we have gcos a(s)/y(s) —psina(s)/z(s) >
0. Lemma 3.9 yields y(s) > g2 > 0. Therefore the numerator of the expression
of da;/ds in (2.1) is bounded. Thus we don’t have any singularity of the solutions
z(s),y(s) and a(s) while —7/2 < «a(s) < 0. Suppose that there does not exist
y < y1 with a(y) = 0. Then we have global solutions on [s1,00) and there exists
Yo < y1 such that lim, .o =0, limg_. o ¥y = y2 and lims_,o, z = co. It is easy to
see that yo = yoo. From the similar argument as in the proof of Lemma 3.7, we
get a contradiction. O

LEMMA 3.11.  y2 < Yoo

PROOF. We omit the proof, because all arguments follow almost verbatim
the corresponding arguments of Lemma 3.8. (]

Now we can prove the main theorem, Theorem 3.1, of this section. In fact,
applying Lemmas 3.7, 3.8, 3.10 and 3.11 repeatedly, we easily get global solutions
x(s),y(s) and a(s) on [0, 00).

Next we analyze the shape of the solution curve (x(s),y(s)) obtained in The-
orem 3.1.

Zo

Figure 4.
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THEOREM 3.12.  The solutions in Theorem 3.1 satisfy the followings (see
Figure 4 for the definitions of ay, by and cy).

1) ag > by for allk € N.

2) ag >az2 > and by >bg > ---.

3) There exists a constant M (yo,q,S) > 0 such that ¢, > M(yo,q,S) for all
ke N.

PRrOOF.

1) follows from Lemma 3.4.

2) From Lemmas 3.7 and 3.10 we have yoo < y1 < 7; and yo < ¥2 < Y2 < Yoo-
Set y2 = y(s2), x2 = x(s2). Let T,7 and @ be the solutions of (3.1) for the initial
conditions Z(0) = z2, F(0) = y2 and @(0) = 0. Set J; = maxpry. It is easy to see
that 73 < 7;. From Lemma 3.7 there exists an s3 > sy such that a(s3) = 0 and
Y3 < s, where y3 = y(s3). Let Z,7 and & be the solutions of (3.1) for the initial
conditions Z(0) = x3, §(0) = y3 and @(0) = 0. Set §4 = ming §. It is easy to see
that ¢ < §4. From Lemma 3.10 there exists an s4 > s3 such that a(ss) = 0 and
ys4 > §a, where yq = y(s4). We can repeat this process inductively and this proves
2).

3) For the odd natural number k we have ¢, = f::l cot a(y)dy. We are going
to estimate ¢;. From Lemmas 3.5 and 3.6 we have 0 < a(y) < a(y) < @, which
implies

Yoo
€ > / cota(y)dy > (Yoo — Yo) cOt Q.

Yo

We set a(t) = {(q + 1)y /2t — (¢ — 1)/2}*/@+D | From Lemma 3.5 we obtain
cos @y = Yo/Yoo(yo) and it is easy to see that

lim a(yo) = 1a
Yo—Yoo

1

lim a/(yO) =T
Yo—Yoo Yoo
3—q

lim " = .
Yo—Yoo (Z/O) ygo

Thus by using I’'Hospital’s rule and lim,,_.,_ cosay = 1 we get
lim (Yoo — 0)? cot?® @
Yo Yoo
2
= lim (1/200 5 o) 5
vo—veo 1 — y5 /Y3 - a(yo)
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_ _y2 lim Yo — Yo
> yo—vee Yo - a(y0)? + 3 - alyo) - @/ (o)
= -y lim {a(yo)? + 4yo - a(yo) - @' (yo)

Yo—Yoo

YR - (' (y0)® + 98 - alyo) - a” (o)}

q
<
So we get limy, ., c1 > /q/S. We can repeat the same argument for other ¢

with odd k. Thus we can conclude that there exists a constant M (yo,q,S) > 0
such that ¢ > M(yo, g, S) holds for all odd integer £ € IN. Similar argument can

be applied to ¢ for even integer k, so we omit the proof. O
Tso
f()
as
,,,,,,,,, b
,,,,,,,,,,, P
,,,,,,,,,, —
,,,,,,,,,,,,,, S
Y
Yoo q(g+1)
3
Figure 5.

Following the idea of [4] we are going to show that lim, e @y, = limy 00 by, =
0. First we need two lemmas.

LEMMA 3.13.  We set J(s) = q(q + 1)y(s)77 1 cos? a(s) — Sy(s)?+!.

(1) J is a monotone increasing function of s which satisfies x(s) > q(p—1)/Syo.
(2) Set Joo =2¢{q(q — 1)/5}(‘1’1)/2, Then we have J(s) < Joo.

(3) lims0o J(8) = Jw holds if and only if lims_ooy(s) = Yoo and
lim, 00 ae(s) = 0.

PRroor.
(1) Straightforward calculation shows
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dJ p(q+ 1)yt 2sin’ a
cosa sm a)

-1 .
{q(q +1) cos?a + Sy2 _ a(p )yCObamna}
xT

r\q

q—1 _
> p(q+1)y sma{soq(p 1)}>0.
cosa sma)

r\q

(2) Since J < q(q + 1)y?~! — Syt and the right hand side of this inequality
attains its maximum at y = Yo, (2) follows.
(3) We omit the proof, since it is easily shown from (1) and (2). O

LEMMA 3.14.  Let g > 0, so > 0 and yo,y1 be the constants satisfying yo <
Y1 < Yoo- We consider the solutions of (2.1) for the initial conditions x(sg) = xo,
y(s0) = yo, and a(sg) = 0. We choose s1 > so such that y(s1) = y1. If zg is
sufficiently large, then there exists a constant ko depending only on yo,y1,p,q,S
such that x(s1) — z(so) < ko.

PrOOF. We denote the solutions of the following equations with the initial
conditions z(sg) = o, ¥ = Yo, @ = 0 as T(s),y(s) and a(s).

@—cosa
ds ’
d—y—sina
ds ’
3.14
(_1)2_2 COS&+(_1) COS & 2_5 ( )
dov p\p € pge qlq "y

o> Yy
ds ( cos o )
2| q — pe
Yy

The equations have the following first integral.

{q(q +1) (CO;a>2 —2p(q + 1)6((:0504) +p(p—1)e* - S}yq“ ¢

where c is a constant. We choose € such that

_ Pa/yo — V' (pa/y0)? — p(p — D{qlq — 1)/y3 — S}
pp—1) '
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Then da/ds(sg) > 0. The curve ¥(s) = (Z(s),7(s)) can be given by a periodic
function § = f(7), f(T+Tv) = f(T) for some Ty > 0. When € — 0, 7 converges to
the solution of (3.2). Hence it is easy to see that we can choose € sufficiently small so
that the maximum value of 7 is greater than y;. Let xg > 1/e, then we can compare
a(y) with @(y). Since dy/da(0) = dy/da(0) = 0 and d?y/da?(0) < d?*y/da?(0),
similar argument as in the proof of Lemma 3.6 shows that a(y) > a(y) for y > yo.
Hence z(y) < T(y) (see Figure 6). Therefore x(s1)—x(s0) = x(y1)—xo < T(y1)—=o.
We put kg = Z(y1) — xo. It is easy to see that ko depends only on yo,y1,p, ¢ and
S. O

<

!B‘o 77(?/15 i(yl)

Figure 6.

THEOREM 3.15.  Under the same notations used in Theorem 3.12, we have

lim a, = lim b, =0,
n—oo n—oo

that is, the line y = yo 1s the asymptotic line of our solution curve v(s) =
(2(s), y(s)) as s — oo.

PrROOF. It is easy to see from Figure 5 that lim, .., a, = 0 implies
lim, .o b, = 0, or vise versa. Suppose that we don’t have lim, .. a, =
lim,, .o b, = 0. Then, putting a = lim,,_.,~ a, and b = lim,, .~ b,;, we have a > 0
and b > 0. From Theorem 3.12, there holds, y(s) < Yoo — a or y(s) > Yoo + b when
a(s) = 0 (see Figure 7). Also there exist constants @ and b satisfying a < @ < Yoo
and b < b such that Y., — @ < y(s5) < Yoo + b holds for all s > 0. By Lemma
3.13 J is an increasing function of s with an upper bound J.,. Hence there exists
limg_, o J. From Lemma 3.13 we have lims_, o, J = ¢ < J5. We denote the posi-
tive solutions of the equation f(y) = q(q+ 1)y?! — Sy?*! = (Joo +¢)/2 a8 Yoo — &
and yoo + 0. From the definition we have Yoo — @ < Yoo — 6 < Yoo + 0 < Yoo + b.
If y(s) satisfies the inequality yoo — 6 < y(s) < Yoo + 6, then it follows from J < ¢
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that

a(q+1)(yoo + 5" sin® a(s) > qg + Dy(s)* " sin® a(s)
> q(q+1)y(s)? " = Sy(s)™*! —¢

= fy(s) —e> T=2C 50

That is, there exists a positive constant ko depending only on ¢, b, ¢, S such that

[sina(s)] = ko, y(5) € [Yoo — 0, Yoo + 0] (3.15)

Hereafter ko, k1, . . . denote positive constants depending only on p, ¢, a, b, ¢, @, b and
S. Let so be a point satisfying a(sg) = 0 with y taking the local minimum. We
set 51,57 as the first point satisfying s > so and y(s1) = Yoo — 9, Y(52) = Yoo + 9,
respectively. We set s3 as the first point satisfying s > sg with y taking the local
maximum, and set s4 as the first point satisfying s > so with y(s4) taking the
local minimum (see Figure 7).

N —————ee

(2 (5): y(s))

Yoo + § [ R

o

= o

Yoo — @

Figure 7.

From Lemma 3.14 we have z(s1) — xz(s9) < kj. Similar argument shows
x(s3) — x(s2) < ko. We also have

ks > y(s2) —y(s1) = / sina ds > ko(s2 — s1)

S1

> ko /82 cosa ds = ko(x(s2) — z(s1)).

51



New examples of hypersurfaces with constant scalar curvature 1159

Combining these inequalities we obtain x(s3) — z(sg) < k4. Similar argument
shows x(s4) — z(s3) < ks. Therefore we obtain x(s4) — z(so) < k¢. Set T = k.
Now we have

ks
80)+T.

2 dJ 2 sina
— > —_— > >
J(s4) J(so)_/s1 dsds_/s1 ke - ds_x(

Let sg < s12 < -+ < Sgm < --- be the points satisfying a(s4,) = 0 with y taking
the local minimum. Then by the similar argument as above we have
ks

J(S4(m+1)) — J(84m) > o) £ (M T (me N).

From this inequality we get

= 1
lim (J(s) — J(sg)) > k =00
This contradicts the assumption J < c. O
REMARK. It seems that a; > by > ag > by > ---, but at the moment we

cannot prove this inequality.

4. Existence of the solution on (—oo,0].

In this section we prove the following theorems.

THEOREM 4.1. Suppose that 2 < p < g+ 1 and S > 0. Let 0 < zg <

Vpp—1)/S and 0 < yo < +/q(¢—1)/S. Then the ODE (2.1) has a global

solution v(s) = (x(s),y(s)) on (—o0,0] for the initial conditions x(0) = xq, y(0) =
Yo and o(0) = 0.

THEOREM 4.2.  Suppose that p > q+1 > 3 and S > 0. Let 0 < zp <

Vip—=1)(g—-1)/S and 0 < yo < \/q(q—1)/S. Then the ODE (2.1) has a global

solution v(s) = (x(s),y(s)) on (—o0,0] for the initial conditions x(0) = xq, y(0) =
yo and «(0) = 0.

For the convenience of treatment we interchange the role of x and y, and we
prove the following theorems which are equivalent to Theorem 4.1 and Theorem
4.2.

THEOREM 4.3. Suppose that p > ¢g—1 > 1 and S > 0. Let 0 < zg <
p(p—1)/S and 0 < yo < /q(¢—1)/S. Then the ODE (2.1) has a global
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solution v(s) = (z(s),y(s)) on [0, 00) for the initial conditions x(0) = xo, y(0) = yo
and a(0) = —7/2.

THEOREM 4.4. Suppose that 2 < p < qg—1and S > 0. Let 0 < zg <

Vpp—=1)/S and 0 < yo < /(p—1)(¢ —1)/S. Then the ODE (2.1) has a global

solution v(s) = (z(s),y(s)) on [0, 00) for the initial conditions x(0) = xo, y(0) = yo
and a(0) = —7/2.

We consider the solutions of (2.1) with the initial conditions x(0) = zg <
p(p—1)/5, y(0) = yo > 0 and (0) = —7/2. Set y(s) = ((s),y(s)). Then

o/ (0) = xo{p(p; b S} > 0.

2 Ty

LEMMA 4.5. We put 2o = /p(p—1)/S and yoo = /q(q¢—1)/S. Set
O ={(r,y) |0 < 2 < 2o, 0 <y < Yoo} Then when —7/2 < as) < 0 and
v(s) € Q1, we have o/(s) > 0.

PROOF. Since 0 < & < Zoo, 0 < ¥ < Yoo and —7/2 < a(s) < 0, we have

do PP 1)(Sir;a>2 +alg - 1)<C02a)2 -5

ds COS (v sin o
2( ¢ -p
Y T

S(cos? a + sin? a — 1)
- cos o sin o
2\q P
y x
Set D= {(z,y) |0<z, 0<y<.+/(¢g—1)/p z} (see Figure 8).

p=q+1 pP<gq

=0. 0

1
1 .7/=\sq—1'

_ la=1
Y=\ 5

Yoo Yoo

QQ

95 D 141 D

xT
Too o

Figure 8.
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LEMMA 4.6. If there exist so > 0 and € > 0 such that —7/2 < a(s) < 0,
a'(s) >0 and y(s) € D for all s € (sg — €, 50), then a’(sg) > 0.

PrROOF. The argument is similar to the proof of Claim 1 in Lemma 3.7.
Suppose, to the contrary, that o/(sg) = 0. When ~(sg) € D, we have p/x(s¢)? —
(g —1)/y(s0)*> <0 and —(p —1)/z(s0)? + q/y(s0)? > 0. Then we have from (3.8)

d’« sinacosa [ psina p—1 q gcosa [ p q—1
dsz(so)_qY—pX{ x (_ x? +? + y 22 2 (s0)

> 0. (4.1)

Therefore we have o/(s) > 0 for all s satisfying sop < s < sg + € for some €. By
combining with the assumptions o/(s) > 0 on (so — €, s0) and &/(sg) = 0, we get
d*a/ds?(sp) = 0. But this contradicts the above inequality. O

LEMMA 4.7.  Suppose that p > q+1 > 3. Let 0 < 29 < \/p(p—1)/5 and
0 <yo <+qlqg—1)/S. Let v(s) be the solution of (2.1) for the initial conditions
z2(0) = zg, y(0) = yo and «(0) = —7/2. Then there exists an s1 > 0 such that
a(s1) =0, z(s1) > a0 and 0 < y(s1) < yo-

PROOF. Since p > ¢ + 1, when there holds —7/2 < a(s) < 0, 0 < s < s,
for some s, the solution (s) is contained in €y U D. From Lemmas 4.5 and 4.6,
we have o/(s) > 0. Suppose, to the contrary, that there is no s; with a(s;) = 0.
Then by using Lemma 3.9 and Lemma 4.6 we have the following three possible
cases.

Case 1: The solution exists on [0, 00) and there exists 0 < y/, < yo such that
a(s) /0, y(s) L yh and x(s) — 0o as s — 00.

In this case we have X(s) = sina(s)/z(s) — 0 and Y (s) = cosa(s)/y(s) —
1/yl. > 1/yoo as s — oo, which implies

da alg—1) Y
ds_>{(yéo)2_s 270;>0a88—>00.

So there exists some s > 0 such that a(s) = 0 getting a contradiction.

Case 2: The solution exists on [0,00) and «a(s) /0, y(s) \, 0 and z(s) — oo
as s — o0.

In this case we have X(s) — 0 and Y(s) — oo as s — oo. Then we get
da/ds /" 0o, which contradicts a(s) /0.
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Case 3: There exists s1,a; and 27 such that 0 < $1 < 00, —7/2 < a1 < 0,
0 <z <oo,and afs) /a1, y(s) \\ 0, z(s) /" x1 as s — s1 — 0.

In this case, it is easy to see that z(s),y(s) and «a(s) are continuous on [0, s1].
We know Y (s) /" o0 as s — s3 — 0. Therefore da/ds — oo as s — s; — 0. So we
can rewrite o = a(s) as s = s(a) near s = s;. Then (2.1) becomes (3.5). Consider
the solutions of (3.5) with the initial conditions z(ay) = x1 and y(a1) = y1. Then
the functions x(«), y(«) defined by z(a) = 1, y(a) = 0 become the solutions of
(3.5). This contradicts the uniqueness of solutions. O

Now we consider the case p < q. We set

Qg:{(x,y)’\/@<x<\/?,ﬁx<y<\/@}.

LEMMA 4.8. Letp=qorp=q—1withp,q>2. Let0 < zg < /p(p—1)/5
and 0 < yo < /q(qg—1)/S. Let ~v(s) be the solution of (2.1) for the initial
conditions x(0) = xo, y(0) = yo and «(0) = —n/2. If there exist so > 0 and
€ > 0 such that —m/2 < a(s) <0, &/(s) > 0 and y(s) € Qg for all sp —e < s < 80,
then o/(sg) > 0.

PROOF. Suppose, to the contrary, that o/(sg) = 0. From (4.1) we have

d’o sinacosa [ psina p—1 q qgcosa [ p q—1
— = - = = — . (4.2
as2 (%) qY —pX { x ( 2 )Ty @ (42

We are going to show that the right hand side of (4.2) is positive. If this is proved,
then we get a contradiction from the similar argument as in the proof of Lemma
4.6.

Set & = 1/x and § = 1/y. Then (4.2) is changed to

d*a sin o cos « 3 5
— = t°cosa-pl—(p—1 t
ds? (s0) qcosowg}—psina-a%x a-pl=lp=D+at}

.{tana+q.m_(q_1)tg}(50)j (4.3)

p —(p—1)+qt?

where t = §/Z. The domain Qs is transformed to

s S S . .
\/;<x<\/p(p—l)’\/qw—l)<y< q—lx}'

Qy = {(@,Q)
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The condition o/(sp) = 0 is equivalent to
p(p — 1) sin® a(s)(s0)* — 2pgsin a(so) cos a(so ) (s0)J(s0)
+q(q — 1) cos? a(sg)(s0)* — S = 0.
Put
2

h(u) = p(p — 1) sin a(so)u2 — 2pgsin a(sg) cos a(so)y(so)u

+q(g—1) cos? oz(so)ﬁ(so)2 - 8.

From —7/2 < a(sg) < 0 and 1/S/q(q — 1) < §(sp) we have

" ( p<pS—1>) > Ssin® a(so) + S cos? a(sg) — 5 = 0.

Since /(¢ — 1)/py(s0) < Z(s0) < /S/p(p—1) and h(£(so)) = 0, we must have
h(+v/(g —1)/py(so)) < 0. This implies

(g—p+1(g—-1)

cos2a(sg) — qv/p(q — 1) sin 2a(sg)

2
S (p+q—1)(¢—1)
< 9(s0)2 2 .

Combining with g(so) > 1/S/q(q¢ — 1), we obtain

(g—p+1)(g—1)
2

(cos2a(sg) — 1) — gv/p(g — 1) sin2a(sp) < 0. (4.4)

From —7 < 2a(sg) < 0 and (4.4), we obtain —7/2 < a(sg) < ag2, where
g < 0 is defined by

2./pq
(q—p+1)Vg-T

tanagy = —

Now we estimate the right hand side of (4.3). From p > ¢ — 1 we have —(p—1) +
qt? > 0.

Let p = ¢. Then from 1 <t < /p/(p— 1) we get
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pt—(p—1)t? _ [P
—(p—1) + pt? p—1

Thus we have

pt—(p—1)t3 2./pp D
tana(so)—i— {—(p—lH—ptZ}(so) < —\/Iﬁ—f— p— 1 < 0,

which yields o/ (sg) > 0.
Now let p=¢— 1. We have /(p—1)/(p+1) <t < 1. Then

p+1 pt—pt3
—(p—-1)+ @+t

1-(p—-1)/(p+1)
—(p—1>+<p+1><p—1>} <0

tan o +

< (p+1)+(p+1){

which yields o/ (so) > 0. O

LEMMA 4.9. Letp=gq orp=q— 1 with p,q > 2. Suppose that S > 0. Let

0<zo<+/plp—1)/S and 0 < yo < +/q(q—1)/S. Let z(s),y(s) and a(s) be the

solutions of (2.1) for the initial conditions x(0) = zo, y(0) = yo and a(0) = —7/2.
Then there exists a positive s1 such that a(s1) =0, z(s1) > 0 and 0 < y(s1) < yo.

PrROOF. When there holds —7/2 < a(s) < 0, s € (0, s0), for some s, then
the solution v(s) is contained in €y U Qs U D. From Lemmas 4.5, 4.6 and 4.8 we
have &/(s) > 0. The rest of the proof is the same as the proof of Lemma 4.7, so
we shall omit it. O

PrROOF OF THEOREM 4.3. From Lemma 4.7 and Lemma 4.9 there exists
0 < s1 < oo such that a(s1) =0, 2(s1) > o and 0 < y(s1) < yo. Once we have
a(s1) = 0, then we can apply Theorem 3.1 to get a global solution on [0,00). O

PrOOF OF THEOREM 2.1. Combining Theorem 3.1, Theorem 3.17 and
Theorem 4.1 we easily get the conclusion. O

Finally we treat the case 2 <p < q—1.

LEMMA 4.10.  Suppose that2 <p < q—1,5> 0. Let0 < zg < y/p(p —1)/S
and 0 < yo < +/(p—1)(g—1)/S. Let z(s),y(s) and a(s) be the solutions of (2.1)

for the initial conditions x(0) = xg, y(0) = yo and a(0) = —m/2. Then there exists
a positive s1 such that a(s1) =0, z(s1) > 0 and 0 < y(s1) < yo-
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ProOOF. If we start from (zg,yo) at s = 0, then when there holds —7/2 <
a(s) <0, s € (0,s0) for some sg, we have (x(s),y(s)) € Q@ U D. Therefore from
Lemma 4.5 and Lemma 4.6 we have o/(s) > 0. Similar argument as in the proof
of Lemma 4.7 shows that there exists s; > 0 such that a(s;) = 0. O

Proor orF THEOREM 4.4. Using Lemma 4.10 and Theorem 3.1 we get the
conclusion. (]

ProOOF OF THEOREM 2.2. Combining Theorem 3.1, Theorem 3.17 and
Theorem 4.4 we get the conclusion. O

Our solution curve is like Figure 9.

Y

Yoo [{--
Yo T
Ty Too

Figure 9.

REMARKS.

1. Since these solution curves are not congruent in general, we have infinitely many
non congruent complete hypersurfaces with constant scalar curvature 1 for all
g =2

2. For the other isometric transformation groups (G, E™) of cohomogeneity 2 we
can give the constant scalar curvature equations [10] by using Reilly’s formula
(see [12] and [14]). Those equations are more complicated than the one treated
in this paper, but it seems that there are many complete hypersurfaces with
constant scalar curvature. These problems are treated in the near future.

3. In Theorem 2.2 we need a stronger condition 0 < zy < /(p —1)(¢ — 1)/ than
that of Theorem 2.1. But from numerical computations it seems that even if
p > q+ 1 there exist global solutions for the same initial conditions as Theorem
2.1. This is an open problem.
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