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Abstract. Intersection sheaves are usually defined for a projective flat
surjective morphism of Noetherian schemes of relative dimension d and for d+1
invertible sheaves on the ambient scheme. In this article, the construction is
generalized to the case of the equi-dimensional projective surjective morphisms
to normal separated Noetherian schemes. Applications to the studies on family
of effective algebraic cycles and on polarized endomorphisms are also given.

Introduction.

Let w: X — Y be a flat projective surjective morphism of Noetherian schemes
of relative dimension d. For invertible sheaves .47, ..., %11 on X, we can asso-
ciate an invertible sheaf .# x /v (£1,...,Z441) on Y in a canonical way. Roughly
speaking, the invertible sheaf satisfies suitable conditions similar to those satisfied
by the fiber integral of Chern classes:

/ 81(9201) VANCERWA Cl(.,gd_ﬂ).

Especially, if 7: X — Y is a morphism of algebraic k-schemes smooth over a field
k, then

a(Ixyy (A, Lap)) = m(a () - e1( L))
in the Chow group CH'(Y), where m, is the push-forward homomorphism

CHY™(X) — CH'(Y) of Chow groups, and ¢; denotes the first Chern class in
CH'(X). In particular, .% x,y (%) is the norm sheaf of .# in case d = 0, and
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Ixiy (Lo La) = I uyy(Lalm, -, Zavila)

if A ~ Ox(H) for an effective relative Cartier divisor H on X with respect to 7.
The sheaf & x/y (241, . .., Z4y1) is called the intersection sheaf, the intersection
bundle, or the Deligne pairing (when d = 1). For the Picard groups Pic(X)
and Pic(Y), we have a homomorphism Sym?*! Pic(X) — Pic(Y) by #y/y. In
(6], Probleme 2.1.2, Deligne posed a problem of constructing . x,y as a functor
PIC(X )i“ — PIC(Y);s having natural properties on multi-additivity and base
change. Here PIC(X);s denotes the Picard category whose ‘objects’ are invertible
sheaves on X and whose ‘morphisms’ are isomorphisms of invertible sheaves. The
intersection sheaf .% x /vy (Z1,...,Z441) can be defined a priori as a symmetric
difference of det Rm,.(.Z) for some invertible sheaves . (cf. Remark 2.11 below;
[7, p- 34]), but there is a problem of sign related to ‘det.” The problem was solved
in [8], [10], [33], and [7] by several methods.

The flatness assumption is important for the functorial properties. In this ar-
ticle, we consider not the functoriality but the construction of intersection sheaves
for non-flat morphisms. More precisely, we shall construct intersection sheaves
for projective surjective equi-dimensional morphisms 7: X — Y to normal sepa-
rated Noetherian schemes Y. The following is obtained mainly in Section 3 (cf.
Theorems 3.14 and 3.25; Propositions 2.15, 2.32, and 3.20):

THEOREM. Let Y be a normal separated Noetherian integral scheme and
m: X =Y a projective equi-dimensional surjective morphism of relative dimension
d. Let U be a Zariski-open subset of Y such that codim(Y \ U) > 2 and 7 is flat
over U. Then the intersection sheaf

I vy v (Lile-r@ys - Lavtle-1 )

defined for invertible sheaves £, ..., %Lar1 € Pic(X), naturally extends to an in-
vertible sheaf I x/y (L1, ..., Zay1) onY. In particular, 5 x/y induces a natural
homomorphism Sym?** Pic(X) — Pic(Y'). Moreover, it has the following proper-
ties:
(1) Suppose that, for any i, there exists a surjection ©*9; — %; for a locally
free sheaf 9; on Y of finite rank. Then there is a surjection

®: Sym™ (%) ® - @ Sym“ T (Yy11) — I x)v (s, ZLavr),
where e; is the intersection number

irk(AA|F, ..., LioalF, LivalFs -, ZLusa| P F)
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for the generic fiber F of m and the function field k of Y (cf. Definition
1.11 below), and where Sym stands for the symmetric tensor product.

(2) Let g: Y' — 'Y be a dominant morphism of finite type from another normal
separated Noetherian scheme Y', n': X' = X xy Y’ — Y’ the pullback of
m, and g': X' — X the pullback of g. Then

jX//y/ (g'*.fl, cee ,g'*.fdﬂ) =~ g* Lﬁx/y (fl, cee >$d+1)-

The sheaf 7 x/y (£, ..., ZLay1) is first defined as a reflexive sheaf (cf. Def-
inition 1.16 below; [23, Section 1]) of rank one, but after certain discussion, it is
shown to be invertible (cf. Section 3.2). By the invertibility, we can prove that, for
the equi-dimensional morphism 7: X — Y, if X is normal and Q-factorial (i.e.,
every Weil divisor is Q-Cartier), then so is Y (cf. Theorem 3.18).

The surjection ® above can be regarded as a homomorphism giving the resul-
tant: For sections v; € H’(Y,%;) and its images s; € H)(X, %), ®(v{* ®- - -@u i)
is the resultant of sections s1, ..., $441, up to unit. In particular, ®(v{' ®- - -Q@vyiH")
does not vanish at a point y € Y if and only if div(s1)N- - -Ndiv(sg1) N7~ (y) = 0.

The intersection number iy (L1, %2,...,Zy;. %) is defined for invertible
sheaves .%; (1 < i < d) and coherent sheaves .# on projective varieties X defined
over a field k with d = dim Supp % (cf. Definition 1.11 below). As an analogy, we
can define the intersection sheaf .7 z /v (£, ..., Z441) by replacing X with a co-
herent sheaf .# such that Supp .# — Y is equi-dimensional and dim(Supp .%)/Y =
d. Moreover, we can define .# z,y as a homomorphism Cré K*(X) — Pic(Y)
for the A-filtration {F*K*(X)} of the Grothendieck K-group K*(X) = Ko(X). A
similar result to the theorem above also holds for the intersection sheaves .% /v ()
for n € Gri™ K*(X). For example, for a locally free sheaf & on X of rank r and
for a Chern polynomial P = P(xz1,...,z,) of weighted degree d + 1, we have the
intersection sheaf .% z /vy (P(&)) = £ 2,y (P(c1(&), ..., ¢ (£))). In Theorem 2.41
and Corollary 3.21 below, we prove that if & is generated by finitely many global
sections and if P is numerically positive for ample vector bundles (cf. Definition
2.38) in the sense of [14], then % v (P(&)) is also generated by finitely many
global sections.

Suppose that 7: X — Y is an equi-dimensional surjective morphism of nor-
mal projective varieties over a field such that d = dim X/Y". For invertible sheaves
L, ..., Zapr on X, let .4 be the intersection sheaf . x /v (£, ..., ZLay1). If the
invertible sheaves .Z; are generated by global sections, then so is .Z. Similarly,
some numerical properties on the invertible sheaves .%; descend to .#. For exam-
ple, if .Z; are all ample (resp. nef and big), then so is .# (cf. Corollary 4.6). For
a Chern polynomial P(z1,...,z,) of weighted degree d + 1 which is numerically
positive for ample vector bundles in the sense of [14], we prove in Theorem 4.7
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below that .# x /vy (P(&)) is ample if & is an ample locally free sheaf of rank 7. If
X C V xY for a projective variety V' and if .%; are the pullbacks of very ample
invertible sheaves of V' by the first projection X — V', then .# is isomorphic to
the pullback of an ample invertible sheaf on T" for the Stein factorization ¥ — T'
of the morphism ¥ — Chow(V) into the Chow variety of V, which associates a
general point y € Y the algebraic cycle cyc(m~1(y)) of V for the fiber 7= 1(y)
(cf. Section 4.2). In particular, the base point free linear system [.#®™| for some
m > 0 defines the Stein factorization of ¥ — Chow(V). By the property, we
have the notion of Chow reduction (cf. Definition 4.15) for a dominant rational
map X ---— Y of normal projective varieties, and also the notion of special MRC
fibration (cf. Theorem 4.18) for uniruled complex projective varieties generalizing
the notion of maximal rationally connected (= MRC) fibration (cf. [4], [28], [16])
defined for smooth varieties. The following results on endomorphisms are proved
in Theorem 4.19 and Corollary 4.20:

(i) If f: X — X is a finite surjective morphism for a normal complex uniruled
projective variety X, then f descends to an endomorphism h: Y — Y of
the base Y of the special MRC fibration X ---— Y.

(ii) Here, if f is a polarized endomorphism, i.e., f*«7 ~ &% for some q > 0 and
an ample invertible sheaf o7, then the endomorphism h is also polarized.

The motivation of this article is a question by D.-Q. Zhang on [43, Proposition
2.2.4], which is a similar result to above on the endomorphisms of complex normal
projective uniruled varieties and on the MRC fibration, where the intersection
sheaf is used for proving (ii), but the notion of intersection sheaf is defined only for
flat morphisms in the paper [43]. The results (i) and (ii) above solve the question.
The results in Section 4.3 are used in a joint paper [37] with D.-Q. Zhang.

It is hopeless to give a similar definition of the intersection sheaves % x,y (1)
for a proper equi-dimensional surjective non-flat morphism X — Y to a non-
normal base scheme (cf. Remark 3.8). In order to extend the notion of intersection
sheaf to the non-normal case, we must add some additional data. For example,
[1] studies the ‘incidence divisors’ for analytic families of cycles parametrized by
a reduced complex analytic space, where the invertible sheaf associated with an
incidence divisor can be regarded as an intersection sheaf. However, the definition
of the analytic family requires more than the equi-dimensionality.

This article is organized as follows: After preparing basics on K-groups in
Section 1, we define and study the intersection sheaves .# z,y () in Section 2 for
Y-flat coherent sheaves . on X and 1 € Gri™ K*(X) with d = (dim.%)/Y for
a projective morphism 7: X — Y, under a suitable assumption: Assumption 2.1.
We use essentially the same argument as in [8], [33], and the description of the
Hilbert-Chow correspondence in [32, Chapter 5]. In Section 3, we consider the
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case where Y is a normal separated Noetherian integral scheme. For a locally pro-
jective surjective morphism 7: X — Y, we define the intersection sheaf .7 5,y (1)
for a coherent sheaf .# on X and n € Grs™ K*(X) with dim Supp.Z N7~ (y) < d
for any y € Y. The invertibility of .# z,y(n) and some base change properties
are proved in Sections 3.2 and 3.3. We apply these fundamental results obtained
in Sections 2 and 3 to the equi-dimensional surjective morphisms of projective
varieties over a field in Section 4. We prove some numerical properties of the
intersection sheaves in Section 4.1, give a relation to morphisms into Chow vari-
eties in Section 4.2, and finally in Section 4.3 have some of results on polarized
endomorphisms of projective varieties answering the question of D.-Q. Zhang.

ACKNOWLEDGEMENTS. The author expresses his gratitude to Professor De-
Qi Zhang for the question on polarized endomorphisms and for continuous dis-
cussion during the preparation of this article. The author also thanks Professor
Yoshio Fujimoto for his encouragement.

1. Grothendieck K-groups.

We recall elementary properties of Grothendieck K-groups (cf. [22], [2]).
Even though all the assertions in this section are well-known for specialists, we
introduce here some notions, conventions, and terminologies, used for the main
part of this article. Some of definitions and basic properties are explained in
Section 1.1, and several pull-back and push-forward homomorphisms associated
to morphisms of schemes are explained in Section 1.2. In Section 1.3, the Chern
classes in the K-theory are discussed and an expression of the top Chern class of a
locally free sheaf is mentioned in Lemma 1.7. The notion of intersection numbers
is briefly explained in Section 1.4. In Section 1.5, the first two graded pieces of
the coniveau filtration, i.e., Gr2  and Gr!

con con’

are discussed.

1.1. K-groups and filtrations.

Let X be a Noetherian scheme. Let K®(X) (resp. Ko(X)) be the
Grothendieck group on the locally free sheaves (resp. coherent sheaves) on X.
For a locally free (resp. coherent) sheaf %, let cl®(F) = cl% () (vesp. clo(F) =
clxe(#)) denote the corresponding element in K*(X) (resp. Ko(X)). Note that
K*(X) is the Ky group in the K-theory. The tensor products of locally free sheaves
give K*(X) aring structure and give Ko(X) a structure of K*®(X)-module so that
the canonical homomorphism ¢: K*(X) — K.(X), which is called the Cartan
homomorphism, is K*(X)-linear. Here, cl®(0x) is the unit element 1 of the ring
structure of K*(X), and ¢: K*(X) — Ko(X) is regarded as the multiplication
map by ¢(1) = cle(Ox) € Ko(X). If X is a regular separated Noetherian scheme,
then ¢: K*(X) — Ko (X) is isomorphic by the existence of global locally free
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resolution for coherent sheaves (cf. [22, Exp. II, Proposition 2.2.3 and Exp. II,
Corollaire 2.2.7.1]).

The ring HO(X ,Z) of locally constant Z-valued functions is a direct sum-
mand of K*(X), in which a projection e: K*(X) — H%(X, Z), called the augmen-
tation map, is given by cl®(&) — rank & for locally free sheaves &. The A-ring
structure (cf. [22, Exp. V], [27, Chapter I]) of K*(X) is introduced by setting
AP(cl*(&)) = cl®*(A\" &) for locally free sheaves &: Note that the group homo-
morphisms \": K*(X) — K*(X) for non-negative integers n satisfy \°(z) = 1,
M (z) =z, and

n

e tn =3 (1)ron)

=0

for any x, y € K*(X). In particular, A (z + y) = A\(z)A¢(y) for the formal power
series

M) =) AM(x)t" € K*(X)[H].
n=0

The augmentation map ¢ is a A-homomorphism with respect to the natural A-
ring structure of H’(X, Z). The operator v7: K*(X) — K*(X) for an integer
p > 0 associated with the A-ring structure is defined by +?(z) = AP(z +p — 1)
for z € K*(X), where the integer p — 1 is regarded as an element of K*(X) by
p—1=(p—1)1 = (p—1)cl*(Ox). The Miltration { FPK*(X)} of K*(X) is defined
as follows: FPK®*(X) = K*(X) for p <0, FIK*(X) = Ker(¢), and FPK*(X) for
p > 2 is generated by

¥ (

"2 (22) M (1)

1)y
with @; € Ker(e) and > k; > p.  Then K*(X) is a filtered ring, ie.,
FPK*(X)F1K*(X) C FPTIK*(X) for p, ¢ > 0. For Grp K*(X) =
FIK*(X)/F*1K*(X), we have

Grh(X)~H%X,Z) and Grp(X) ~ Pic(X),

by [22, Exp. X, Théoréme 5.3.2], where Pic(X) denotes the Picard group of X.
On the other hand, K.(X) also has a natural filtration {F? K.(X)}, called

the coniveau filtration, which is defined as follows (cf. [22, Exp. X, Remarque
1.4 and Exp. X, Exemple 1.5], [15, Definition 32]): FE  Ko(X) is generated by
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cle(.Z) for coherent sheaves .# with codim Supp.%# > p. We have another natural
subgroup F,Ke(X) C K.(X) for p > 0, which is generated by cls(#) for the
coherent sheaves .# with dimSupp # < p. Note that Ke(X) = 5 FpKe(X)
does not hold unless dim X is bounded. If X is of finite type over a field and if X
is of pure dimension n, then FE K,(X) = F,_,K.(X). The following properties

are known for the filtration F,K.(X) by [22, Exp. X, Corollaire 1.1.4 and Exp.
X, Théoréme 1.3.2]:

(1) Grfj Ko(X)=F,K¢(X)/F,_1K.(X) is generated by cle(07) for the closed
integral subschemes Z of dimension p.
ii P o C _, K, or an > 0. In particular, i
(ii) FPE*(X)F,Ku(X) C Fy_pKa(X) for any p. q In particular, if
dim X <mn, then ¢(FPK*(X)) C F,_p Ko(X).

Similar properties are also satisfied for the filtration FE A Ko(X):

con

(iii) Grf, Ko(X) = F Ko(X)/FEH Ko (X) is generated by cls(07) for the
closed integral subschemes Z of codimension p.
(iv) FPK*(X)F1 K¢(X) C FELOK,(X) for any p, ¢ > 0. In particular, we have

con con

H(FPE*(X)) C FP, Ko(X).

con

The property (iii) is proved by the same argument as in the proof of (i) in [22,
Exp. X, Corollaire 1.1.4]. The property (iv) is proved in Proposition 3.2 below.

CONVENTION. For the sake of simplicity, we write

FP(X)=FPK*(X),  FP

con

(X) = Fion Ko (X), Fp(X) = Fp Ko (X),
GP(X) = Grp K*(X), Gl (X) = Grf, | Kuo(X), Gy(X) = Gry K.(X),

X) :@GP(X)v con @Gcon G'(X) :@GP(X

p=>0 p=>0 p=>0

Then, G*(X) is a graded ring, and G?, (X) and G.(X) have graded G*(X)-
module structures by GP(X) ® G4 (X) — GPI4(X) and GP(X) ® G4(X) —
Gy—p(X), respectively. We denote by G(¢): GP(X) — GP,,(X) the homomor-
phism induced from the Cartan homomorphism ¢: K*(X) — K¢(X).

REMARK. Suppose that X is an n-dimensional smooth algebraic variety
defined over a field. Then ¢: K*(X) — Ko (X) is isomorphic and FZ (X) =
Fo_p(X) C Ko(X). Moreover, Kq(X) has a structure of filtered ring by
[FE, ()}, e,y Fo(X)F8,,(X) C FL4a(X) for any p, g > 0 (cf. [22, Exp. 0,
App. 11, Theoreme 2.12, Corollaire 1]). Since ¢(FP(X)) C FE_(X), we have a
ring homomorphism G(¢): G(X) — Geon(X), which is not necessarily isomorphic
but G(¢) ® Q is an isomorphism (cf. [22, Exp. XIV, Section 4.5 and Exp. VII,
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Proposition 4.11]).

1.2. Pull-back and push-forward homomorphisms.

Let f: X — Y be a morphism of Noetherian schemes. We discuss several
homomorphisms between K-groups induced from f.

Firstly, we have the pullback homomorphism f*: K*(Y) — K*(X) which is
a A-ring homomorphism and which maps cl} (&) to cl% (f*&) for a locally free
sheaf & on Y: In order to avoid confusion with the sheaf pullback f*, we use the
symbol f* instead. Here, f*FP(Y) C FP(X), and hence G(f*): GP(Y) — GP(X)
is induced; sometimes G(f*) is denoted by f* for simplicity. For a morphism
g: Y — Z to another Noetherian scheme Z, we have (go f)* = f*og*. If f is an
immersion, then f*(n) is denoted by n|x for n € K*(Y) or for n € G*(Y).

Secondly, we have the push-forward homomorphism f,: Ko(X) — Ko(Y)
when f is proper, in which f, maps clye(F) to Y ,o(—1) clye(R’ f.F) for
a coherent sheaf #: In order to avoid confusion with f+ as the direct im-
age of sheaves, we use the symbol f, instead. Here, f,F,(X) C F,(Y), since
dim Supp R’ f,.#Z < dimSupp.Z for any i for any coherent sheaf .# on X. In
particular, G(fx): Gp(X) — G,(Y) is induced; sometimes G(f,) is denoted by
f for simplicity. We have the following projection formula for € K,(X) and
ye K*(Y):

felz - fry) = fulz) - 9. (1.1)

This follows from the usual projection formula R’ f.(# ® f*&) ~ (R' fo.%) @ &
for coherent sheaves .# on X and locally free sheaves & on Y. As a result, we
infer that f,: Keo(X) — Ko(Y) is K*(Y)-linear and G(fy): Go(X) — Go(Y) is
G*(Y)-linear. Note that (g o f)x = gx © fx as a homomorphism K,(X) — K.(Z)
for a proper morphism ¢g: Y — Z to another Noetherian scheme Z.

Thirdly, we have another natural pullback homomorphism f*: K¢(Y) —
Ko(X) when f is flat (cf. [22, Exp. IV, 2.12]). Here, f*(cle(¥)) = clo(f*¥)
for a coherent sheaf & on Y. This is compatible with f*: K*(Y) — K*(X) via
the Cartan homomorphisms ¢. Here, f*FE _(Y) C FE (X) for any p, and hence
G(f*): G2, (Y) — G2 (X) is induced. If g: Z — Y is a proper morphism, then
for the fiber product W = Z xy X and for the natural projections p;: W — Z
and po: W — X, we have the base change formula

F*(9x(2)) = p2x (p1(2)) (1.2)

for z € Ko(Z) (cf. [22, Exp. IV, Proposition 3.1.1]).
We add some remarks on f* and f,. If f is proper, flat, and of relative
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dimension d, then f, F2E4(X) C FP

con con

(Y) for fi: Ko(X) — Ko(Y) by the formula:
dim Ox , = dim ﬁyyf(m) +dim Ox 5 ® by ) k(f(:c)),

where k(y) denotes the residue field of Oy,,. For an open immersion j: U — X
and for the closed immersion i: Z < X from the complement Z = X \ U, we have
the following natural exact sequence (cf. [22, Exp. 0, App. II, Proposition 2.10]):

-k

Ko(Z) 25 Ko(X) 25 K, (U) — 0. (1.3)

1.3. Algebraic cycles and Chern classes.

Let X be a Noetherian scheme. An algebraic cycle Z = Y n;Z; on X is
a finite linear combination of closed integral subschemes Z; of X with integral
coefficients n;. If the coefficients n; are all non-negative, then Z is called effective.
If dim Z; = k (resp. codim Z; = k) for all ¢, then Z is called a cycle of dimension
k (resp. of codimension k). The group of algebraic cycles of dimension k (resp.
codimension k) is denoted by 2% (X) (resp. Z7%(X)).

DEFINITION 1.1. Let .# be a coherent sheaf on X. For an irreducible com-
ponent W of Supp.#, we define the length Iy (%) of F along W as the length
of the Ox z-module %, for the generic point & of W. This is well-defined, since
Ox  is Artinian. We define an effective algebraic cycle by

e )= Y bw(FW,
W CSupp F

where the summation is taken over all the irreducible components W of Supp .#.
If dim Supp # < k, then we set

cycy(F) = > lw(Z)W € Zu(X).
dim W=k, WCSupp .

If codim Supp .# > k, then we set

cych(F) = Z Iw(F)W € ZHX).

codim W=k, WCSupp &

We write cyc(V) = cyc(Oy) for closed subschemes V.
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We have natural homomorphisms cly: Z%(X) — FF (X) C Ko(X) and
cle: 23(X) — Fi(X) C Ko(X) defined by clo(Z) = > n;cle(0z,), where
Z =" n;Z; for closed integral subschemes Z; and n; € Z. Then, cls(cyc*(F)) =
cle(:F) mod FEFY(X) and cle(cyc,(¥)) = clo(4) mod F_1(X) for coherent

sheaves .# and ¢4 with codim Supp % = dim Supp ¥ = k.

REMARK. Suppose that X is an n-dimensional smooth quasi-projective
variety over a field. The Chow group CHy(X) (resp. CHF(X)) is defined as
the quotient group of 2%,(X) (resp. 2%(X)) by the rational equivalence rela-
tion. Here, CH (X) ~ CH,,_;(X) for i > 0, since Z%(X) = Z,_;(X). Then
CH(X) = @), CH (X) has a graded ring structure by the intersection theory,
which is called the Chow ring of X. The map cly: 27%(X) — FX (X) above in-

duces G(cl,): CH*(X) — G¥ (X) and a ring homomorphism G(cl,): CH(X) —
Glon(X)-

DEFINITION 1.2 (Chern class, cf. [22, Exp. VI, (6.7.1)]). The p-th Chern
class of z € K*(X) for p > 0 in the K-theory is defined to be

c?(z) :=~P(x — e(x)) mod FPFTH(X) € GP(X),

where ¢ is the augmentation map. For a locally free sheaf &, we write ¢?(&) =

cP(cl*(&)).

REMARK (cf. [22, Exp. 0, App. II, Section 5]). Suppose that X is an n-
dimensional smooth quasi-projective variety over a field. Then we have the map
of the i-th Chern class ¢;: K*(X) — CHY(X) for 0 <4 < n. The Chern class ¢;()
and the Chern class ¢‘(x) in the K-theory for x € K*(X) are related by

G(cla)(ci(2)) = G(¢)(c' ().
DEFINITION 1.3. For an invertible sheaf . on X, we set
0(L)=0x(ZL) :=1-c*(Z 1) e F}(X).
Furthermore, for invertible sheaves .2, ...,.% on X, we set

§(L,....20) =60(A,....4) =6(A)8L) - 6(4) € F(X).
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REMARK 1.4.
(1) d(ZeY)=08L)+d(Z)—d8(Z,%") for two invertible sheaves £ and
<"
(2) §(L)mod F?(X) = ¢! (&) € G}(X) for an invertible sheaf .. In fact,
0(L) = A (A(L)—1)=1—-c*(ZL) = (c*(ZL) - 1)
= (*(2) = )(c1*(Z7) — 1)
— L (d(2) — DAt (2 ) — 1) € FA(X).

In particular,
8(LA,..., L)mod FHY(X) =c'(A) (L) = (L@ 04

(3) We have the following explicit expression:

k=0 1<iy < <ip <l

l
=1-) AL+ (D) AL e g,

=1

REMARK 1.5. The determinant map det: K*(X) — Pic(X) is defined by

det(cl®(&)) = det & for locally free sheaves &. We note that

det(zy) ~ det(x)@’f(y) ® det(y)@)a(;p)

for z, y € K*(X). Since det is trivial on F?(X) by [22, Exp. X, Lemma 5.3.4],
a homomorphism G'(X) — Pic(X) is induced by det. This is an isomorphism
and its inverse is the first Chern class map ¢': Pic(X) — G1(X), by [22, Exp. X,

Théoreme 5.3.2].

DEFINITION 1.6. Let % be a coherent sheaf and & a coherent locally free

sheaf on X. Let o be a section of & and let ¢V : &Y = S om(&, Ox) — Ox denote
the dual of 0: Ox — &.

(1) The zero subscheme V(o) of the section o is a closed subscheme defined by
COkeI‘(O'V) = ﬁv(o)-
(2) o is called .7 -regular, if, for any point P € V(o) and for a local trivialization
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Ep ~ ﬁgr, the germ op € &p corresponds to an % p-regular sequence. In
other words, the natural Koszul complex

P p—1 v
[..._>/\(gv)_, /\(@ﬂv)_,..._,gv 2, 0x — 0
defined by ¢ induces an exact sequence

P p—1
s FaNEY) - Fo N(EY) -
_>ﬁ®é”v—>9—>ﬁ®ﬁv(g)—>0 (14)
(3) Suppose that & = £ @---®.Z for invertible sheaves 77, ..., %4 and that o

is given by sections o; of .Z; for 1 < ¢ <. Then, we define V(o1,...,0;) :=
V(o). Similarly, (o1,...,0;) is called F-regular if so is o.

LEMMA 1.7 (cf. [17, Théoreme 2]). Let & be a locally free sheaf of rank r
on X.

(1) For the formal power series Ai(z) = Y 5o AP(2)tP € K*(X)[t] for z €
K*(X),
A-1(&) = A1 (cl*(&)) = A(cl*(€))[1=—1

is well-defined as an element of K*(X), and is equal to (—1)"y"(cl*(&) —7).
In particular, ¢ (&) = A_1(&V) mod F"1(X).
(2) Let F be a coherent sheaf and o an F -regular section of &. Then,

A_l(gv)cl.(ﬁ) ZCI.(E(X)ﬁV(U)). (15)
In particular,

¢’ (&)(cle(F) mod Fk+1(X))

con

= clo(F ® Oy () mod FEITH(X), if codim.Z >k,

¢ (&) (cle(F) mod Fy—1(X))
= Cl.(y (24 ﬁv(g)) mod Fk—r—l(X); ’Lf dim % < k.

ProOOF. For x € K*(X), formally, we have
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A1(@) = M@)li—e1 = SO(~1PAP(a).

p=>0
If 2 = cl*(&), then M (z) = cI®*(A’&) = 0 for p > r. Hence, A_1(&) is well-

defined. The formal power series y(x) := > 5077 (2)t? is related to A¢(z) by
Ae(%) = v /(144) () and ¢ (x) = Ayj(1—¢) (x). Thus, the following equalities hold:

At(@) = Ae(z —1)Ae(r) = Yp40) (@ — 1) (1 +1)" Z’Y z—r)tP(1+1)""

p>0

(1.6)

Yz —r) = 7(2)7e(r) " = Ay (@)D =) =D N (2)tP(1—t)" (1.7)
p>0

We have 4?(cl*(&) —r) = 0 for p > r by (1.7), since M (cl*(&)) = 0 for p > r.
Therefore, substituting ¢ = —1 in (1.6), we have the expected equality A\_1(&) =
(=1)""(cl*(&) — r). The other formula in the assertion (1) follows from the
equality ¢"(&) = (—=1)"c"(&V) (cf. Remark 1.8 below). The assertion (2) is
derived from the exact sequence (1.4). O

REMARK 1.8. For a locally free sheaf & of rank r on X, suppose that there
isaflag0=6& C & C--- C 6. =& of subbundles such that & = &;/&;_1 is
an invertible sheaf for any 1 < ¢ < r. Then cl*(&) = Y_;_, cI*(%), cI*(&Y) =
7, dl*(£Y), and

(1 (EY) ) = ( Za )zr[%(—é(x)):H(l—a(z)t), (1.8)
=1 3

where the last equality follows from (1.7): In fact, w(z — 1) = (1 —¢t) + ot =
1+ (z— 1)t if A’(x) = 0 for any p > 1. Comparing the coefficient of ¥ in (1.8),
we have

(PP (EY) =)= > (L. L)

1<y < <ip<r
for 1 < p <r. In particular, A_1(&V) = 6(4,...,-%.). Moreover,

(CPeE) = Y ) () = E) € GX)

1<iy < <ip<r
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from the equality above. Many equalities on the Chern classes related to & are
derived from the same argument on the pullback ¢*(&) for the flag scheme q: F —
X of &. Here, F is a universal scheme parametrizing the flags 0 = & C 61 C - C
&, of subbundles of the pullback & of & to an X-scheme T such that &;/&;_1 is
invertible for any 1 < ¢ < r. Then, ¢: F — X is a composite of projective space
bundles, and K*(X) is a direct summand of K*(F') by ¢*: K*(X) — K*(F) and
FP(F)N K*(X) = FP(X) for any p > 0 (cf. [22, Exp. VI, Proposition 3.1 and
Corollaire 5.5]). Hence, we can check some of equalities related to ¢?(&) by pulling
back & to F. For example, the equality c’(&Y) = (—1)PcP(&) for general & is
proved by the argument.

NotATION (Div). Let A be a local Noetherian ring of depth A = 1 and M
a finitely generated A-module. Assume that M, = 0 for any associated prime p of
A and that M has finite Tor-dimension. Then, there is an exact sequence

0— A% 1 4% 01 0

of A-modules for some r > 0, by a theorem of Auslander and Buchsbaum. The
determinant det(h) € A defines an effective Cartier divisor on Spec A, which we
denote by Divs(M). Note that the divisor Div4 (M) does not depend on the
choice of exact sequences above (cf. [32, Chapter 5, Section 3]).

LEMMA 1.9. Let9® =[- — 4" — 4" — ...] be a bounded complex of
locally free sheaves 4* of finite rank on X. For the cohomology sheaves S#° =
H(G®), assume the following conditions:

e If depth Ox . = 0, then the stalk ;=0 for anyi € Z.
o If depth Ox o = 1, then the stalk S =0 for any i # 0.

Then, there exists uniquely an effective Cartier divisor Div(¥4°®) on X such that

det(¢°) := ®(det @2 ~ 0x (Div(¥*)), and

i€Z
Div(g.)lspec Ox.e = Div(%o(g.)w)

for any point x € X with depth Ox » = 1. In particular,

c*(@°) =) (-1)"c* (%) = & (Ox(Div(4*))).

i€Z
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Moreover, if another bounded complex 9'* = [--- — 4" — @""*1 — ...] of lo-
cally free sheaves of finite rank on X is quasi-isomorphic to 4°, then Div(¥4°®) =

Div(¥¢'*).

PROOF. We follow the argument of [32, Chapter 5, Section 3]. Let 270 =
Z°(4*) be the kernel of 90 — ¢! and let B° = #°(¥4*) be the image of ¥~ —
49, Then, we have an exact sequence 0 — %° — 20 — #° — 0. Let U C X be
the maximal open subset such that J#%|;; = 0 for any i # 0 and %°|y is locally
free. Then, #°|y — 2|y is an injection between locally free sheaves of the same
rank. Taking the determinant of the injection, we have an injection det #°|y —
det Z°|;. Consequently, we have a global section sy of det 29|y ®(det £°|7) ! ~
det(¢*)|y. Since U contains all the point & € X with depth Ox , < 1, we have

HO(X,det(%*)) ~ HY(U, det(4°)|vr)

(cf. [9, Lemma 2.1]). Let s be the lift of sy as a global section of det(4°®) on X.
Then, s defines an effective Cartier divisor Div(4°®) on X satisfying the expected
condition. In order to show the uniqueness of Div(¥4*) up to quasi-isomorphism,
it is enough to check it locally at points # € X of depth0x = 1. Then, the
uniqueness follows from that of Div(#°(9°®)). O

LEMMA 1.10. In the situation of Lemma 1.9, let f: Y — X be a morphism
from another Noetherian scheme Y and let 4y be the complex |-+ — f*9' —
f*9gitt — ...] on' Y. Assume that

e if depth Oy =0, then HP(9°*) ) =0 for any p € Z, and

e if depth Oy = 1, then HP(9°)s(y) = HP(Yy )y = 0 for any p # 0.
Then, 9y satisfies the conditions of Lemma 1.9, and Div(¥y) = f* Div(¥4°*).

PrOOF. Let Uy be the maximal open subset Uy C Y such that
(D) |uy =0 for any i # 0 and that B°(9)|v, is locally free. It is enough to
prove that the intersection U’ := f~1(U) N Uy contains all the points y € Y of

depth Oy, < 1. In fact, if this is true, then %5 satisfies the conditions of Lemma
1.9, and we have an isomorphism

00— 2B )y —= 22Ny — [ HG*) v —>0

Nl ~ ~

0——=2%(R)Iv 209y ) v HO(Gy)|vr —=0
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of exact sequences, which induces Div(¥4y) = f*Div(¥4°®). If depth Oy, = 0,
then ¢° is exact at f(y); thus ¥ is also exact at y, and consequently, y € U’.
Hence, we may assume that depth Oy, = 1. We set A = Ox f(y), R = Oy,
N = 2B°(9°) s(y), and M = Z°(4*) (). 1t is enough to prove that N is a free
A-module. From the vanishings J#°(9°®) () = H(9y )y = 0 for any i # 0, we
infer that M is a free A-module of finite rank, N ® 4 R — M ®4 R is injective,
and Tor;' (N, R) = 0 for any i > 0. Since depth R = 1 and (M/N), = 0 for any
associated prime p of R, N ® 4 R is a free B-module of the same rank r as M, by a
theorem of Auslander and Buchsbaum. Since N ® 4 k(A) is r-dimensional for the
residue field k(A), we have a surjection A®” — N, in which the kernel K satisfies
K®4 R =0, since Tor{'(N, R) = 0 and since the surjection (A®") @4 R — N@4 R
of free R-modules of the same rank is an isomorphism. In particular, K ®4 k(A4) =
0. Thus K = 0, and consequently, IV is free. This completes the proof. O

1.4. Intersection numbers.

DEFINITION 1.11 (intersection number). Assume that X is a scheme proper
over Speck for a field k. For the structure morphism px: X — Speck, the
composition

Ko(X) 2% Ky (Speck) ~ H(Speck, Z) = Z
maps cle(F) for a coherent sheaf .# on X to the Euler characteristic

Xk(X,.Z) =Y (~1)"dimg H (X, )
i>0

over k. In particular, it induces a homomorphism degg y,.: Go(X) = Fo(X) — Z,
which maps cle(.F) to dimg H°(X,.%) for a skyscraper sheaf .Z. The intersection
number iy (1;€) € Z for n € G'(X) and £ € Gi(X) is defined to be the image of
7 ® & by the natural homomorphism

dego,x/k
—_—

GHX)® Gi(X) — Go(X) Z.

If n = c'(&) --c(Z) for invertible sheaves .71,...,.%, then we write
ix/k(L1, ., L15€) = ix/e(n;€). For a coherent sheaf .7 with dim Supp.# = [
and a closed subscheme V' of dimension [, we write

ix/m(n; ) =ixmnicle(F))  and  ixe(n; V) = ix/m(n;cle(Ov)).
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REMARK. For .4,...,. 4 € Pic(X) and € € Gi(X), we have
ix/k(L1, . 205 6) = degy x i (0(21, ..., A)E)

by Remark 1.4. Using the equality, we can prove that, for a coherent sheaf .# with
dim Supp # = [, ix/k(Z1,...,4;F) is just the coefficient of z175...2; of the
Snapper polynomial Pz (x1,...,2;) € Q[z1,...,x;] defined by

Pz(my,...,my) = Xk(X,fl®m1 ®---®.fl®m’ ®9)

for my,...,my € Z (cf. [22, Exp. X, Corollaire 4.3.3], [25, Chapter I, Section 2]).
In particular, if dim X = 1, then the degree degy ,(-Z) of an invertible sheaf &
on X over k is nothing but iy x(c'(£); X).

LEMMA 1.12.  In the situation of Definition 1.11, let 7: Y — X be a proper
morphism from another Noetherian scheme. Then,

iy (T05€) = ix k(05 7% (8))

for any n € GY(X) and & € Gy(Y), where T and T4 stand for the induced homo-
morphisms GY(X) — GYY) and Go(Y) — Go(X), respectively. In particular, if T
is a closed immersion and dimY =1, then

ix/e(e (L)Y) = iy(c (L)ly) = degy L]y

for any invertible sheaf £ on X.

ProOOF. The assertion follows from the projection formula 7,((7*n)¢) =
1(7%&), which is derived from (1.1). O

LEMMA 1.13.  In the situation of Definition 1.11, let k' /k be a field exten-
sion. Let X' be the fiber product X Xgpeck Speck’ and q: X' — X the induced
morphism. For n € GY(X) and & € Gi(X), let W € GYX') be the image of
G(q*): GYX) — GYX') and let £ be the image of G(q*): G1(X) — Gi(X') in-
duced from q*: Ko(X) — Ko(X’) (which is defined since q is flat). Then

ixe (0'3€) = ixm(m; ).

PROOF. Let » € Fi(X) and y € F'(X) be representatives of ¢ and 7,
respectively. Then yxr € Fy(X), and px«(yz) € K¢(Speck) ~ Z corresponds
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to ix/k(n;&). Let h: Speck’ — Speck be the morphism associated with the
extension k'/k and let px,: X’ — Speck’ be the induced morphism. Then,
h*: K¢(Speck) — Ko(Speck’) is just the identity map. For the homomorphisms
q*: Ko(X) = Ko(X') and px/y: Ko(X') — Ko(Speck’), we have

px+(q*(yz)) = h* (px«(y))

by (1.2). Thus, the expected equality is obtained. O

REMARK. In the situation of Definition 1.11, if k” is a subfield of k with
e = dimg k < oo, then degy x/» = edegy x5 as a homomorphism Go(X) — Z;
hence ix g (1;€) = eix/p(n; €) for any n € G'(X) and € € Gi(X).

1.5. First two filters of coniveau filtration.
We shall describe GY (X) and G}, (X) for suitable Noetherian schemes X.

con con

LEMMA 1.14. Let X be a Noetherian scheme and let {X;};cr be the set
of irreducible components of X. Then, for any i € I, there exists uniquely a
homomorphism l;: Ke(X) — Z such that cle(F) is mapped to the length lx,(F)
of F along X; (cf. Definition 1.1) for any coherent sheaf F on X. Moreover,
Sierlit Ko(X) — @, Z induces an isomorphism Gy, (X) ~ @, Z.

con

Proor. If 0 —- % — F5 — Z3 — 0 is an exact sequence of coher-
ent sheaves, then lx,(%2) = lx,(F1) + lx,(F3). Thus, lx, defines uniquely
the expected homomorphism I;: Ko(X) — Z. If Z is a coherent sheaf with
codim Supp .# > 0, then lx,(.%#) = 0 for any ¢. Thus >_ [; induces a homomorphism

GY%.(X) — @;Z. We have a natural surjective homomorphism 2°(X) &,
FS (X) — G2, (X) such that the composition with G%, (X) — @; Z induces an

isomorphism Z°(X) — @; Z. In fact, Z°(X) is a free abelian group generated
by the cycles X; of codimension zero, and [;(cle(X;)) = d; ; for any 4, j € I. Thus,
Ggon(X)r:@IZ' O]

DEFINITION 1.15. Let X be a Noetherian scheme with a morphism X — Y
to an integral scheme Y. For a coherent sheaf .7 of X, we denote by .F,,/y the
unique maximal coherent subsheaf .%’ such that Supp.%#’ does not dominate Y.
We denote by .7 ¢y the quotient sheaf .7 /(F i, y). In case X =Y, then we
write Fior = Fior/y and Fip. = Fy 5 /y. The sheaf Fi,, is called the torsion part
of &. If %, =0, then .% is called torsion free. For a torsion free sheaf .#, the
rank rk(.%) is defined as the length Ix (.%).

DEFINITION 1.16. Let X be a normal separated Noetherian scheme. A
coherent sheaf .Z is called reflezive if the double-dual # VY := (% ")V is canonically
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isomorphic to #, where FV = S omg, (F,Ox) (cf. [23, Section 1]). The set
of reflexive sheaves of rank one on X has a natural abelian group structure by
(A, L) — (L © %)Y, The group is denoted by Ref!(X).

REMARK. Ref!(X) contains the Picard group Pic(X) as a subgroup. Fur-
thermore, Ref'(X) is isomorphic to the Weil divisor class group of X by D
Ox (D) for Weil divisors D. Here Ox (D) is a subsheaf of the sheaf of germs of
rational functions on X defined by

p € H'(U,0x (D)) \ {0} <= div(p) + Dly > 0

for any open subset U, where div(p) stands for the principal divisor associated to
a non-zero rational function .

LeEmMMA 1.17.  Suppose that X is a normal separated Noetherian scheme.

Then there is an isomorphism det: GL  (X) = Ref'(X) with the natural commu-

tative diagram

G1(X) —2 > Pic(X)

o

det

Ggon (X) - Refl (X)

ProOOF. We may assume that X is integral. For a coherent sheaf %, we
can associate a reflexive sheaf 2(%) of rank one as follows:
o If .7 is a torsion sheaf, i.e., [x (%) = 0, then Z(%) := Ox(Div(.%)) for the

Weil divisor

Div(.#) := cyc(F) = > Ir(Z)T.
prime divisors 'CSupp &

e If % is torsion free, then

k(%)

D(F) :_< A fi)w.

e For a general coherent sheaf .%, we define

NT) = (D Fis) ® D Foor))
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We shall show 2(F) ~ (2(9) @ 2(°))VV for any exact sequence 0 — 4 —

F — # — 0 of coherent sheaves: Let £ be the kernel of %y — 54 and €

the cokernel of o, — For; then we have an exact sequence 0 — % ¢ — H —

€ — 0. Thus, it is enough to show Z(F) ~ (2(9) @ 2(#))"" in the case where

S is torsion and Z is torsion free. For the generic point 1 of a prime divisor I,

9, — F, is written as a homomorphism h: ﬁ@r — @@T for r = rk.% = rk¥9.

Thus lp(%) is just the length of Ox ,/det(h )ﬁxn for the determinant det(h).
Hence, 2(F) ~ (2(9) @ 2(#))"Y

Therefore, & gives rise to a homomorphism Ke(X) — Refl( ), in which

con COH( ) -

Ref!(X) is induced from 2. The homomorphism G(cly): Z1(X) < FL (X) —
Gl

F2 (X) is contained in the kernel. Thus, a homomorphism det: G

con(X) is surjective, and the composite (fe\tOG(cl.): Z'(X) — Ref'(X) is the
canonical surjection which maps a Weil divisor D to €x (D). Hence, in order to
prove that det is an isomorphism, it suffices to show that cle(Z) = 0 € FL_(X)
for any divisor Z with Ox(Z) ~ Ox. This is shown as follows: For such a divisor
Z, let Z = Zy — Zy be the decomposition into effective divisors Z;, Z5 without
common prime components. From the equality cle (07,) = cle(Ox)—cle(Ox (—Z;))
for ¢ = 1, 2, we have

cle(Z) =cle(Oz,) — cle(Oz,) = ¢ (cl'(@’x(—Zg)) —c*(Ox(—21))) =0.

Finally, we compare det with the other isomorphism det: G}(X) — Pic(X).
For a locally free sheaf & of rank 7, we have det(z) = det(&) for z := cl*(&) —
r mod F2(X) € GY(X) (cf. Remark 1.5). On the other hand, det(G(¢)(z)) =
2(&) ~ det(&). Thus, det is compatible with det.

O

COROLLARY 1.18.  F2(X) = 0 for any one-dimensional regular separated
Noetherian scheme X.

Proor. We have F2 (X) =0, since dim X = 1. Lemma 1.17 implies that
F2(X)=FYX)Nn¢ *(F2,(X)), where ¢: K*(X) — K(X) is an isomorphism,

since X is regular. Thus, we are done. 0

We discuss the vanishing result F"*1(X) = 0 for n > dim X in Proposition
2.24 in Section 2.3.
2. Intersection sheaves for flat morphisms.

Let m: X — Y be a locally projective morphism of Noetherian schemes and
let .% be a coherent sheaf on X which is flat over Y. Then, the relative dimension
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d := dim(Supp .#)/Y = dim Supp(F ® Or-1(y)) = dim(Supp F N7~ ' (y))

for y € Y is locally constant. We assume here that Y is connected; hence d
is constant. In this section, we shall define the intersection sheaf .# z v (1) for
n € G¥1(X) under Assumption 2.1 below, and we shall study basic properties of
the intersection sheaves.

ASSUMPTION 2.1. 7 is a projective morphism in the sense that there is a
m-ample invertible sheaf (cf. [18, Définition 4.6.1]). Moreover, the following (A)
or (B) is satisfied:

(A) X is flat over Y.
(B) Y admits an ample invertible sheaf (cf. [18, Définition 4.5.3]).

Section 2 consists of four subsections. We first prepare a key push-forward
homomorphism 77 : K*(X) — K*(Y) in Section 2.1. Using the homomorphism,
the intersection sheaves % &,y (£, ..., Zyy1) for £1,..., Ly € Pic(X) are de-
fined in Section 2.2 (cf. Definition 2.10). By Remark 2.11 or Lemma 2.19, we
infer that if .7 = Ox, then .5 2,y (Z1,..., Z411) is just the intersection sheaf
I x1y (L, ..., ZLay1) discussed in [8], [33], and [7]. By the idea of [8, Section
V], we shall define the intersection sheaves .# 7y (1) for n € G**!(X) in Section
2.3 (cf. Definition 2.26). Propositions 2.15 and 2.32 seem to be important for the
theory of intersection sheaves, which are proved by the method of [32, Chapter
5, Sections 3-4]. In Section 2.4, we apply the propositions to prove Theorem 2.41
on the intersection sheaf . z )y (P(c'(&), ..., ¢"(&))) for alocally free sheaf & on
X of rank r and for a weighted homogeneous polynomial P(z1,...,z,) of degree
d + 1 which is numerically positive for ample vector bundles in the sense of [14].

2.1. A push-forward homomorphism.

We shall define a homomorphism 77 : K*(X) — K*(Y) under Assumption
2.1. The homomorphism is essential for defining the intersection sheaves. First of
all, we consider the set & (X, 7, %) of locally free sheaves ¢ of finite rank on X
such that R 7. (% ® ¢) = 0 for any p > 0.

REMARK 2.2. Let ¢ be a locally free sheaf belonging to &(X, 7, .%). Then
7 (F ®9) is locally free. Moreover, it has the following base change properties
(cf. [19, Théoreme 7.7.5)):

(1) For a morphism 7: Y’ — Y of schemes, let p;: X’ — X and py: X' — Y’
be the first and second projections from the fiber product X' = X xy Y.
Then, pi¥ € (X', pa, piF), and
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T (1 (F ©F)) = paupi (F ©F).
(2) For a coherent sheaf .#Z onY,

T (FRYI)Q M, ifp=0;
Rl (F9n* M) =R 1, (FRY)Q.M ~
Oa 1fp>0

CONVENTION (“subbundle” and “strictly injective”).

e For a locally free sheaf &, a subsheaf &’ C & is called a subbundle if &/&’
is also locally free.

e A homomorphism & — & of locally free sheaves is called strictly injective
if it is injective and its cokernel is also locally free.

LEMMA 2.3.  Under Assumption 2.1, every locally free sheaf & of finite rank
on X is realized as a subbundle of certain 4 € (X, m, F), i.e., there is a strict
injection & — 94 for some Y € (X, m, F).

PrOOF. We have a m-ample invertible sheaf 7, since 7 is projective. Then,
there exists a positive integer k such that R 7.(.# @ &/®*) = 0 for any p > 0 and
that the natural homomorphism

T (EY @ A OF) - &V @ ®F (2.1)

is surjective. We shall construct & — ¢ as follows.

First, we consider the case where 7 is flat. We can choose the integer k above
so that R? 7, (&Y ® &/®*) = 0 for any p > 0. Then 7.(&Y ® &/®*%) is locally free.
We set

G =7 (1 (6 @ Z¥)V) @ k.
Then, ¥ € &(X, 7, %), since
R, (F 0Y) ~ 1. (6 @ %) @ RP 1 (F @ /%) =0
for any p > 0. Moreover, the surjection (2.1) above induces a strict injection
E—9Y.

Second, we consider the case where Y admits an ample invertible sheaf 7.
Then, we have a surjection
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O — 1.6V @ %) @ #F (2.2)

for some positive integers [, N. We set

G = (AN © 7 OF,

Then, ¥ € &(X,w, F), since

RP 1. (F @9) ~ (AN @ RP 1, (F @ o/%F) = 0

for any p > 0. The surjections (2.1) and (2.2) above induce a strict injection
E—9. g

LEMMA 2.4.  Assume that every locally free sheaf & of finite rank on X is
realized as a subbundle of certain ¢ € &(X,w, F). Then the following hold:

(1)

(3)

For any locally free sheaf & of finite rank on X, there is an exact sequence
0-6—-9"—... 5950

such that 9* € &(X,m,.F) for any 0 <i < d.

Let & be a locally free sheaf of finite rank on X and let & — 4 be a strict
injection to a locally free sheaf 9 € &(X, 7, F). Let & — &' be a homo-
morphism to a locally free sheaf &' of finite rank on X. Then there exist
a locally free sheaf 4" € &(X,w, F), a strict injection &' — 4’', and a
homomorphism &4 — 4’ such that the diagram

E—=Y

L

& —9

is commutative and Cartesian. If & — &' is strictly injective, then 4 — 4’
is strictly injective, and moreover, &' N9 = & as a subsheaf of 4', and
&'+ 9 is a subbundle of 9'.

Let & — &' be a homomorphism of locally free sheaves on X and let 0 —
E—9° — ... -9 0 be an exact sequence such that 4 € &(X,w, F)
for any 0 <i < d. Then, there exists a commutative diagram
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0 & go . gd 0
0 g/ %/O . g/d 0

of exact sequences such that 9" € &(X,n,.F) forany0<i<d. If & — &'
is strictly injective, then one can take 9’ so that 9' — 4" is also strictly
ingective for any 0 < i < d.

(4) For an exact sequence 0 — & — 4% — ... — G 0 of locally free sheaves
such that 9* € & (X, m, F) for any 0 < i < d, the element

d

(&)=Y () A (r(F ©9))

=0

*9

T

of K*(Y) depends only on cl*(&) € K*(X).
(5) The map 77 : K*(X) — K*(Y) defined by & — 77 (&) is a homomorphism
of abelian groups.

PROOF. (1): By assumption, & is realized as a subbundle of some ¢° €
&(X,m,Z). The cokernel ¥°/& is also realized in a subbundle of some ¥ €
&(X,7m,.#). Thus, we have an exact sequence 0 — & — ¥ — ¥1. Once we
have an exact sequence 0 — & — 40 — ¢! — ... — &% for a number k with
G4t c &(X,m,.F) for any 0 < i < k, we can extend one more by adding % — @++1
for a locally free sheaf ¥*+1 € &(X,r,.#) containing the cokernel of ¥*~1 — @*
as a subbundle. In this way, we have an exact sequence 0 — & — 4% — ... —
@9=1 Let 4¢ be the cokernel of the last homomorphism 49-2 — %91 Then,
¢4 c &(X,m,.7). In fact, we have

RPm (Z @9 ~RPT71(F &) =0
for p > 0, since d = dim(Supp .#)/Y.

(2): Let ¥ be the cokernel of the injection & — & © ¥ sending x € & to
(z,—x). Then we have a commutative diagram

0 & % g/& 0
0 &' 4 V)& 0
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of exact sequences of locally free sheaves on X. In particular, ¥ contains &’ as
a subbundle, and the square consisting of &, &', ¢4, and ¥ is Cartesian. By
assumption, we have a strict injection from ¥ to some ¥4’ € &(X, 7, #). Then
the induced homomorphisms & — ¥ — 4’ and ¥ — ¥ — 4’ make an expected
Cartesian diagram. If & — &” is strictly injective, then so are ¥ — ¥ and 4 — ¥4/,
hence, &' N¥ = & by the Cartesian property and & + % = ¥ is a subbundle of
9.

(3): We shall construct inductively a commutative diagram

0 & gO . gk
o) l
0 éa/ g/O . g/k

of exact sequences for any 0 < k < d such that 4" € &(X, 7, %) for any 0 < i < k.
For the first diagram (*)o, we apply (2) to the homomorphism & — &’ and the
strict injection & — %°. Then we obtain a locally free sheaf ¥"° € &(X,n,.7)
together with a homomorphism ¢ — %’ and a strict injection &’ — %’° which
make a commutative diagram (x)g. Suppose that we are given a commutative
diagram (*)p_1 for an integer 1 < k < d. Let &% and &% be the cokernels of
@gk=2 _, @k=1 and 9'*=2 — @'*~1 respectively. If k = d, then &¢ ~ 49, and
&'l e B(X,m, F) by the argument in the proof of (1); thus we are done in this case
by setting ¢’ a_ = &', In case k < d, applying (2) to the induced homomorphism
&k — &' and the induced strict injection &% < 4% we have a locally free sheaf
@'k ¢ &(X,n,.F) together with a homomorphism 4% — ¢’* and a strict injection
&% — &% which make the next diagram (). In this way, we have finally the
diagram (x)g satisfying the required condition. If & — & is strictly injective,
then, by (2) and by the construction above, ¥ — ¢’ are all strictly injective.

(4) and (5): In the first step, we shall prove that 77 (&) depends only on the
isomorphism class of &. By setting #' := 7.(% ® 9*), we have a complex %° :
0— B — ... — B4 — 0 of locally free sheaves on Y which is quasi-isomorphic
to Rr.(F @ &). Let 0 = & — 9" — ... — 4’1 —, 0 be another exact sequence
such that 4% € &(X,r,.F) for any 0 < i < d. Then, we have a similar complex
B'* by setting B = 1.(F ®%'"). We denote cl®(#®) := > (—1) cl®(#?) for
a bounded complex #® = [--- — 1 — ¢t — 1 — ...] of locally free
sheaves. For the first step, it suffices to prove: cl*(%*) = cl*(Z'*).

In order to compare 4" and g”, we shall construct another exact sequences
0-&—9" > ... 5 @1 0 with @' € &(X,m,.F) connecting the sequences of
4" and 9" in some sense. Applying (3) to strict injections & — %% and & — 4,
we have a locally free sheaf ¥° € &(X,r,.#) which contains &, ¥°, and 9" as
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subbundles in such a way that GONG"0 = & in 9° and ¥°+%" is also a subbundle
of 90, Let &', &1, and &' be the cokernels of & — 4°, & — 40, and & — 40,
respectively. There is a commutative diagram

0—=E08—>9' 0y ——=&' s —0

L

0 & G0 pal 0

of exact sequences, where the left vertical homomorphism maps (z,z’) to = + «'.
Then, considering the kernel and the cokernel of the middle vertical homomor-
phism, we infer that the right vertical homomorphism is strictly injective. We can
apply (3) to the exact sequence

0_)@@1@(53/1_)gl@g/l_)g2@gl2_)_.__)gd®g/d_>0

and to the strict injection & @ &1 — &1, As a result, we have a commutative
diagram

Oﬂg@gﬂgo@gloH...Hgdagg/dﬂo

| |

0 éa g?/O e g?/d O

of exact sequences of locally free sheaves such that the induced homomorphisms
G GG G oand G — G H G — G are strictly injective for any
0<i<d.

Let %° be the complex of locally free sheaves on Y defined by B =, (¥ ®§¢~z)
as above. The homomorphisms .# ® 4° — % ® 4 define a morphism A°* — »°
of complexes. Here, #* — B is strictly injective; in fact, ¥ := @/%Z is a locally
free sheaf contained in & (X, r, . #) and @i/%i ~ 7. (F @ V) for any 0 < i < d.
Moreover, the induced complex

3??'/93' =[ =201 (FeV°) - 1 (Fer') — o T (FRYVY) 50— -

is an exact sequence. This implies that cl*(2°) = cl*(#°). Replacing ' with
4" we also have cl®(#'®) = cl*(%°).
In the second step, we shall prove the following assertion: Let 0 — & — & —
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&3 — 0 be an arbitrary exact sequence of locally free sheaves of finite rank on X.
Then, 77 (&) = 7 (&) + 77 (83). This proves (4) and (5), by a property of the
K-group K*(X) associated with the locally free sheaves on X. By (1) and (3), we
have a commutative diagram

0 & @0 e @d 0
0 & @9 e @ 0

of exact sequences such that 4, %4 € &(X, 7, F), and 9* — 4" is strictly injective
for any 0 < i < d. This induces an exact sequence 0 — & — 45 — -+ — 4d — 0
for 4 =93 /9} € (X, 7, F). Since 0 = M (F @Y) - m(F Y3) = m(F @
43) — 0 is exact for any i, we have the equality 77 (&) = 77 (&) + 77 (63).
Thus, we have finished the proof of Lemma 2.4. O

DEFINITION (7). Let 7: X — Y be a projective morphism satisfying
Assumption 2.1 and let % be a coherent sheaf on X flat over Y. We define a
homomorphism 77 : K*(X) — K*(Y) by the property that it maps cl*(%) to
cl®*(m.(F ® 4)) for any locally free sheaf ¢ belonging to &(X,w,.%#). This is
well-defined by Lemmas 2.3 and 2.4.

REMARK 2.5. Let X’ C X be a closed subscheme such that .% is defined over
X' i.e., Z isan Ox,-module. Assume that the morphism 7’ := 7|x,: X’ — Y also
satisfies Assumption 2.1. Then, 77 (z) = 7.7 (z|x+) for any z € K*(X). In fact,
if z = c1*(&) for a locally free sheaf & on X and if 0 = & - %% — ... =91 -0
is exact with 4 € &(X,7,.%), then 0 — &|x — 9O)x/ — -+ — G4y, — 0is
exact with ¥¢|x, € (X', 7,.Z) and 7. (F @ G') ~ 7/(F ® (9%|x/)) for any i,
since F ®py 9 ~ F ®¢,, (9|x/) for any coherent sheaves 4 on X. Thus, we
have 77 (&) = /7 (&) x/) by Lemma 2.4, (4).

In what follows in Section 2, we assume that 7: X — Y and % satisfy
Assumption 2.1 unless otherwise stated. The lemma below is proved immediately
from Lemma 2.4.

LEMMA 2.6.

(1) For any v € K*(X), one has

¢ (7 () = me(zcle(F))
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for mp: Ko(X) — Ko(Y) and the Cartan homomorphism ¢: K*(Y) —
K.(Y). In particular, when F = Ox, one has a commutative diagram

o
7T*X

g
E
g
=

(2) If Y = Speck for a field k, then,
e(n (x)) = ix/k(n; F)

for any x € F4(X) and n = x mod F¥1(X) € G4(X), where e: K*(Y) =
Z is the augmentation map and iy, denotes the intersection number (cf.
Definition 1.11).

(3) If F is a locally free sheaf on X, then, for any v € K*(X), one has

wl (x) = 7l (z cl*(F)).

PrROOF. The assertions (1) and (3) follow from Lemma 2.4, (4). The asser-
tion (2) is a consequence of (1). O

REMARK 2.7. Since .7 is flat over Y, even if Assumption 2.1 is not satisfied,
we know that Rm,.% is a perfect complex, i.e., locally on Y, it is quasi-isomorphic
to a bounded complex Ly = [--+ — L; — L;;1 — - -] of sheaves such that L; are
locally free for any ¢ (cf. [31, Chapter II, Section 5], [22, Exp. III, Proposition
4.8]). Let D(Y )pert be the category of perfect complexes on Y and let K*(Y)pert
be the associated K-group; for the definition, see [22, Exp. IV, Section 2], where,
however, K*(Y)perr is denoted by K*(Y), and K*(Y) is denoted by K*(Y)nair-
Then, we have a similar homomorphism 7y P : K*(X) — K*(Y)pert which maps
cl*(&) to the class of Rm.(# ® &) for a locally free sheaf & of finite rank on X.
When 7 satisfies Assumption 2.1, m Pert g just the composition of 77 and the
canonical homomorphism K°®(Y) — K*(Y)pert. Note that the canonical homo-
morphism K*(Y) — K*(Y)pert is isomorphic if the Noetherian scheme Y admits
an ample invertible sheaf (cf. [22, Exp. IV, Section 2.9]). If % = 0x and 7 is pro-
jective, then Assumption 2.1 is satisfied. In this case, 77X : K*(X) — K*(Y)pert
is just the composition of the natural homomorphism K*(X) — K*®(X)pers and
the homomorphism 7, : K*(X)pert — K*(Y)pere defined in [22, Exp. IV, (2.12.3)].
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NOTATION (77, 7). The homomorphism 7y P : K*(X) — K*(Y)pers in
Remark 2.7 is written as 77 : K*(X) — K*(Y)pert by abuse of notation. When
F = Ox, we denote 7% simply by 7, if it causes no confusion with 7, : Ko(X) —
K.(Y) (cf. Lemma 2.6, (1)).

LEMMA 2.8. Leth: Y’ — Y be a morphism from another Noetherian scheme
Y, X' =X xy Y, andlet g1: X' — X and qo: X' — Y’ be natural projections.
Then F' = qi F 1is flat over Y’ and the equality

(42)7 (4t (2) - 3 (1)) = (a2)7 (aF(2)) -/ = W* (x] (2)) -/
holds in K*(Y')pert for x € K*(X) and y' € K*(Y’), even if m does not satisfy

Assumption 2.1. If w is flat or if Y and Y’ admit ample invertible sheaves, then
the same equality holds in K*(Y').

PROOF. The first equality itself is not so related to the base change; indeed,
this follows from the following projection formula in K*(Y)pert (resp. in K*(Y)
when 7 satisfies Assumption 2.1) for z € K*(X) and y € K*(Y):

(@7t (y) =77 (2) - y. (2.3)
In order to prove it, we may assume that z = c1*(&) and y = c1*(¥) for locally
free sheaves & and ¢ on X and Y, respectively. Then, (2.3) is derived from the
quasi-isomorphism

R (F @ &)%Y ~ys R1.(F @ 6 @1°9).

When 7 satisfies Assumption 2.1, by Lemmas 2.3 and 2.4, we may assume that
& € B(X,n, F), and hence, (2.3) is just derived from the usual projection formula:

T (FRE)RY ~7m(F RERT*Y).
For the second equality of Lemma 2.8, we may assume that 3y’ = 1. Since .Z is flat
over Y, %' = ¢i.7 is also flat over Y’ and is quasi-isomorphic to Lgj.%#. There is
a natural base change morphism

O: Lh* R (F ® &) — Rao(Lgi (F @ &)) ~qgis Razs (F' ® ¢16)

for a locally free sheaf & on X. It is enough to prove that © is a quasi-isomorphism.



516 N. NAKAYAMA

If & € &(X,7m,.%), then O is a quasi-isomorphism by Remark 2.2. Hence, by
Lemmas 2.3 and 2.4, © is a quasi-isomorphism for any locally free sheaf & if 7
is flat or if Y and Y’ admit ample invertible sheaves. There exist open coverings
{Y,} of Y and {Y!} of Y’, respectively, such that Y/ C h=1(Y,) and that Y,, and
Y. admit ample invertible sheaves. Thus, © restricted to the derived category of
Y. is a quasi-isomorphism for any . Hence, O itself is also a quasi-isomorphism.

O

LEMMA 2.9. Let f: Z — X be a projective flat morphism. Then, for any
ze K*(Z),

(mo {7 (2) = 77 (fa(2)).
PROOF. We may assume that z = cl*(&) for a locally free sheaf & on Z of

finite rank. Note that f*.% is also flat over Y and that 7o f also satisfies Assump-
tion 2.1. The expected equality essentially follows from the quasi-isomorphism

Rr, (7 @" Rf.&) ~qs R(mo f).(f*F ® &).
By the proof of Lemma 2.3, there is a strict injection & — ¥ into a locally
free sheaf ¢4 belonging to &(Z, 7 o f, f*.%) and also to &(P, f, 0z). Thus, by
the same argument as in the proof of Lemma 2.4, we may assume that & €

6(2,7‘(0]"7]"*?) m®(Z7f7 ﬁZ) Thena

F R fi &, if p=0;
RPf(f*F @ &)~ .
0, if p >0,
by Remark 2.2, since & € &(Z, f, 0z). Hence, we have
0=Ri(mo [)u(f"FRE) RIM(F ® f:&)

for ¢ > 0 by the degeneration of Leray’s spectral sequence, since & € &(Z,w o
fy f*F). As a consequence, f.& € &(X,m, #). Then, by Lemma 2.4, we have

(ro I 7(6) = c*(1(F ® £.8)) = 77 (fu(cla(£)),

and the expected equality follows. O
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2.2. Primitive definition of intersection sheaves.
DEFINITION 2.10. Let .&,...,.% be invertible sheaves on X, where k& >
d + 1. Under Assumption 2.1, we define

ig/y(aza,...,zk);zg( Z(69(LA, ..., 4)) eBY,Z) = Z for k> d,
I iy (Lrveo o, L) = det (77 (8 (A, ..., %)) € Pic(Y) for k> d+1,

where ¢: K*(Y) — H°(Y,Z) = Z is the augmentation map, det: K*(Y) —
Pic(Y) is the determinant map, and J%C)(Z) is defined in Definition 1.3 for
Z = (A,....,.%). We call ig)y(Z) the relative intersection number and
I 7,v(Z) the intersection sheaf. If # = Ox, then we write ix/y = iz/y and
Ix;y =7y

REMARK 2.11. By Remark 1.4, we can write

(—n#

Ix)y (L, La) = ® (det(Rm.. 27 1)) ,
Ic{1,...,d+1}

where £ = .4, ® - ® %, for I = {i1,...,ix} with § =k > 0, and .£] = Ox
for the empty set I = (. A similar but different formula is written in [7, p. 34] (cf.
[8, Section IV.1]).

REMARK. There exist also the augmentation map e: K*(Y)pert — H(Y, Z)
and the determinant map det: K*(Y)persr — Pic(Y'), which are lifts of the same
maps from K*(Y), respectively. In fact, € is defined by the ranks of locally free
sheaves, and the existence of det is proved by Knudsen—Mumford [26]. Therefore,
even if 7 is only a locally projective morphism, one can define the relative inter-
section number iz /y (£) and the intersection sheaf . z /3 (Z') by using € and det
from K*(Y)pers and by the homomorphism 77 : K*(X) — K*(Y)pert in Remark
2.7.

LEMMA 2.12.  Assuming that 7 is only a locally projective morphism, let
77 K*(X) — K*(Y)pert and ¢: K*(Y)pert — H°(Y,Z) = Z be the homo-
morphisms as above. Then, (77 (x)) = 0 for any v € FY(X). In particu-
lar, iz /y gives rise to a homomorphism GUX) — Z. Furthermore, iz/y(n) =
ir/(NF; F @ OF) for anyn € G X) and for any fiber F = = (y) of ® with k
as the residue field k(y).

PROOF. Let y € Y be a point and F the fiber 7~!(y). For the canonical
morphisms h: y — Y and ¢o: F — y, we have
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e(n] () =e(h* (] (1)) = e((92)L 2% (z[r)) = ip/m(nlr; F ® OF)

for any z € F4(X) and = zmod F4*1(X) € G4(X), where k = k(y), by Lemma
2.8 and by Lemma 2.6, (2). Thus, (7 (x)) = 0 for any z € FI+1(X). O

LEMMA 2.13.  Let £, ..., % be invertible sheaves on X for k> d+1 and
let o; be a section of £; on X for 1 < i < k such that o = (01,...,0%) is F-
regular. For the zero subscheme V := V(o) = V(o1,...,0%) (cf. Definition 1.6),
assume that if depth Oy, = 0 (resp. = 1), then Supp.Z NV N7~ 1(y) is empty
(resp. finite). Then, there exists uniquely an effective Cartier divisor D(c) on'Y
with Supp D(o) C w(Supp V) satisfying the following properties:

I z)v(L1, .., L) = Oy (D(0)), and D(0)|spec oy, = Dive, , (1.(F @ Oy))

for any point y € Y with depth Oy = 1.

Proor. Weset & := @le Z;. Then o is regarded as an .%-regular section
of &. Let us consider the exact sequence (1.4) obtained from the Koszul com-
plex defined by ¢. By Lemma 2.4, we have a double-complex %*® satisfying the
following conditions:

€ e &(X,m F) forany i, j € Z.

If €9 #£0, then 0 < j < dand i <O0.

For any p > 0, (€~ P*) ~ \P &Y, and #7 (¢ ~P*) = 0 for j # 0.

The homomorphism A” &Y — A’"' &Y in the Koszul complex defined by
o is isomorphic to #°(€ %) — #° (%~ P=1):*) for any p > 1.

Then, .Z ® Oy is quasi-isomorphic to F Q€* = [ -+ - FRE€' - FRECT — ...]
for the total complex € of €'**, where €™ = @,,_,, ; €*7. Therefore, Rr.(F @
Oy) is quasi-isomorphic to the bounded complex #® = [--- — ¥ — ¥+l - ...]
for the locally free sheaves ¥ = 7, (F ® €*) of finite rank (cf. Remark 2.2). In
particular,

7l (8(Lr,. . ) =D (—1) o (V).

i€Z

By our assumption, the cohomology sheaves % (¥*) ~ R' 7, (F @ Oy) satisfy
the conditions of Lemma 1.9. Hence, as a consequence of Lemma 1.9, we have an
effective Cartier divisor D = Div(¥*) = Div(Rm.(.# ® Oy)) on Y with Supp D C
7(Supp .# N V), which is unique by the following properties:
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Ox(D) ~det(¥*) ~det (7 (6(A,...,. %)) ~ I 2y (L., %), and

Dlspec 6., = Dive, , (#°(¥*)) = Dive, , (7.(F @ Oy))

for any point y € Y with depth &y, = 1. Thus, we are done. O

LEMMA 2.14. Let h: Y’ — Y be a morphism from another Noetherian
scheme Y' and let q: X' — X be the first projection from the fiber product
X' =X xyY'. Then,

Iy (L, L) =20 I gy (A L)

for any invertible sheaves £, ..., % on X. Let o = (01,...,0k) be as in Lemma
2.13. Then, ¢*o := (¢*01,...,q"0k) is ¢*(F)-regular for the sections g*o; of ¢*%;.
Assume that if depth Oy, = 0 (resp. = 1), then Supp.Z NV (o) N7~ (h(y'))
is empty (resp. finite). Then, V(¢*o) = V(o) Xy Y’ satisfies the required con-
dition in Lemma 2.13 for the existence of D(q*c) with respect to ¢*(F)/Y' and
(L, ..., q" %), Moreover, h*D(c) = D(q¢*0).

PROOF. The first isomorphism follows from Lemma 2.8. Let 7’: X’ — Y’
be the second projection from the fiber product X’. Since .Z is flat over Y, the
pullback

r
e (FONED) = (F) = (F 0 Ov) — 0

of the exact sequence (1.4) by ¢* is also exact, where & = @le %, as in the proof
of Lemma 2.13. Hence, ¢*o is a ¢*(%#)-regular section of ¢*(&). Let €*>* be the
double-complex in the proof of Lemma 2.13 and let ¢* = [ -+ — ¢ — €1 — ... ]
be the total complex. Since ¢ € &(X,,.7), we have

W (r(F @%") 27l (¢"(F ©F")) ~7l(¢"(F) @ ¢ (¢"))

and ¢*(¢*) € &(X',7',q¢*(F)), by Remark 2.2. Note that the complex ¥* on
Y given by ¥" = 1.(F ® ¢") is quasi-isomorphic to Rm.(F ® Oy (), and the
complex #’® on Y’ given by ¥ = 7l (¢*(F) ® ¢*(€")) is quasi-isomorphic to
Rr (¢*(F) ® Oy (g=0)). Thus, D(o) = Div(¥*) and D(q*c) = Div(#”*). Since
¢Vt~ ¥' it is enough to check the following conditions by Lemma 1.10:

o If depth Oy 4 = 0, then S (¥*)(yy = 0 for any i € Z.
o If depth Oy 4 = 1, then S (V) p(yry = H(V'*)y = 0 for any i # 0.
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Since R, (.F ® Oy () ~qis ¥* and Supp ¢*(F) NV (¢*c) = ¢~ (Supp F NV (0)),

these conditions are satisfied by our assumption on the set Supp.%# N V(o) N
7~ (h(y)). Thus, we are done. O
PROPOSITION 2.15.  Let 4, ..., % be invertible sheaves on X with surjec-

tive homomorphisms 7*%; — & for locally free sheaves ¥; of finite rank on Y. If
k>d+2, then S g,y (L1, ..., %) ~ Ox. If k =d+1, then there is a surjection

¢: Sym™ (4) @ - @ Sym N (Yyy1) — I 7y (L, .., Laga),

where €; = Z'Lg/y(.,iﬂl,...,ﬁ_17ﬁ+1,...,$d+1) fOT 1 < ) < d+1.

PrROOF. We may assume that k > d + 1. Let ¢®: Py) =Py (YY) > Y
be the projective space bundle associated to ¥”, P)(;) = X Xy P}(,Z), and let
p(ll): P)(g) — X and pgl): P)(g) — P)(,Z) be natural projections. For the tautological
line bundle £(1) of P}(,l) with respect to ¢, we have a natural homomorphism

P2 — pV gy =i gy — pl o),

and thus a global section ¢ of p(z)*f ® p(z)*ﬁ(l), which defines an effective

Cartier divisor B®) = div(c() on P)(g). Then B — X is a projective space
bundle isomorphic to Px (%) for the kernel % of 7*¥; — £;. Thus we have a
diagram

(i)
- Py
() X)

X
Y.

H

BG

Py (9G)) =——

Let ¢: Py — Y be the fiber product Py = P xy -« xy PY of the
projective space bundles over Y, Px := X Xy Py =~ P)((l) Xx o Xx P)((k), and
let p1: Px — X, pa: Px — Py, and 70: Px — P for 1 < i < k be natural
projections. Then
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and we have a diagram:

V:B(l) XXXXBUC)$PXL
PQL ﬂi
PX(/l) Xy"'XyPX(/k):PYqHY*‘

The sections ¢(*) give rise to a global section o of the locally free sheaf

k
& :=@Prigep(on)?),

i=1
where ¢(1)(") is the pullback of €(1) by Py — P}(,i ). Furthermore, V coincides
with the zero subscheme V(o) of 0. Since V is smooth over X, we infer that
o is a regular section of &. Moreover, o is pj.%-regular, since V — X is flat.
Hence, by Lemma 1.7, we have ¢p(A_1(&Y)) = cle(Oy) and A_1(&Y) cla(p}F) =
cle(p1F ® Oy), where
A(EY) =8 iz ops(0 (D), i op(e®).  (24)
Thus, we may define cl*(0y) := A\_1(&Y) € K*(Px). Note that the equalities

(p2)27 (e - piy') = ((p2)2 7 (0}2)) -y = (¢*7Z (2)) - o/

hold for z € K*(X) and 3’ € K*(Py) by Lemma 2.8. Applying the equalities and
using Remark 1.4, (1), we have the following from (2.4):

)27 (A (Ov)) — ¢* (7 89 (A, ..., L))

¢ (77 0 (L, L, L, ) 8(0(1)D)

-

©
Il
s

+q* (77 8P (A, 24) Y 8(0(1) D) mod F2(Py)

ig/y(gl, cee aag/ﬂiflaazﬂZ?Fl? e agk) 5(6)(1)(1)) mod FZ(PY)7

M=

7

Il
N
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where 77 6% (4, ..., %) = 0 mod F}(Y) by Lemma 2.12, since k > d + 1.
Therefore, we have an isomorphism

jpfy/Py (pikfl ®p§(ﬁ(1)(1))a cee ,PTiﬂk ®P§(ﬁ(1)(k)))

= det (227 (1"(0V)) = ¢ (F2 v (s 20) © QO™ (2.5)

fore; =iz)v(A,..., %L1, %is1,..., %), since det: K*(Py) — Pic(Py) is triv-
ial on F?(Py). In order to describe the left hand side of (2.5), we want to define
the divisor D(c) on Py as in Lemma 2.13. Note that

dim(Supp p; # NV)/Y = dim(Supp p; # NV)/Supp & +d
—dim Py /Y — k +d. (2.6)

Since k > d+1, p2(Supp p5.# NV) # Py and moreover, ps(Supp pi%# NV') does not
contain any fiber of g: Py — Y. Let w € Py be a point with depth Op, ., < 1.
Note that the fiber F = ¢~ (g(w)) is a product of projective spaces and that we
have the formula

depth ﬁpy,‘w = depth ﬁY,q('w) + depth OF 4, = depth ﬁY,q(w) + dim ﬁp7w,

since ¢: Py — Y is flat and F' is Cohen-Macaulay. Hence, w is a generic point
of F' or the generic point of a prime divisor on F. In the former case, w ¢
p2(Supp pi.Z NV), and in the latter case, p; ' (w) N Supp pi.Z NV is a finite set,
by (2.6). Thus, V = V(o) satisfies the condition of Lemma 2.13. As a consequence
of Lemma 2.13, we have an effective Cartier divisor D = D(o) on Py such that
Supp D C pa(Supppi-Z NV)) and

Opy, (D) ~ det ((p2)217 (c1*(6))). (2.7)

Here, D is a relative Cartier divisor with respect to ¢: Py — Y, since
dim(Supp D N ¢~} (y)) < dim Py /Y for any y € Y by (2.6).

If k > d+1, then D = 0, and consequently, .% z /v (£1,..., %) ~ Oy by
(2.5) and (2.7), since ¢; = iz )y (L1,..., L1, Liv1,...,2,) = 0 for any i by
Lemma 2.12.

Assume that k = d + 1. Then (2.5) and (2.7) imply that
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d+1
(I zpy (L. Lap) © Q) (o)D)=
=1

has a non-zero global section defining the divisor D. The section induces a section
of

d+1
tﬁ<?/Y(°2ﬂ1v cee a"g/ﬂdJrl) ® ®Symei(giv)’

i=1
and, equivalently, a homomorphism

d+1
o (R)Sym“ (%) — I 7y (L, ... La).
=1

It remains to show the surjectivity of ®. The composition of a natural injection

k . d+1
R0 0 (@5 )
i=1

=1

with ¢*® gives an injection between invertible sheaves whose cokernel defines D.
In particular, ¢*® is surjective on Py \ Supp D. Since Supp D does not contain
any fiber of ¢, we conclude that @ is surjective. O

LEMMA 2.16. Let h: Y’ — Y be a morphism from a Noetherian scheme Y’
and let p: X' — X be the first projection from the fiber product X' = X xy Y.
In the situation of Proposition 2.15, assume that k =d+ 1 and let

O Sym® (%) @ Sym“ (W Gai1) = F ez )y (9" L, 0" L)

be the surjection on' Y’ obtained by the same method as in the proof of Proposition
2.15. Then, ® and h*(®) are isomorphic to each other.

Proor. We set #' = ¢o*%#, and let ¢: Py — Y’ pj: Px, — X',
ph: Px, — Pys, and 7': X' — Y'| respectively, be the pullbacks of ¢, p1, pa,
and 7 by the base change of h: Y/ — Y. Then we have two commutative Carte-
sian diagrams
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’ U ’

Px, SLLEG Py >y’ Py, DTy

H\L V\L hi 'ui wl hl
P2 q P1 T

Px Py Y, Py —— X —Y,

for the induced morphisms v: Py — Py and pu: Px: — Px. Let o be the
section of & in the proof of Proposition 2.15, and let yu*o be the pullback of o
as a section of u*&. By the argument of the proof of Proposition 2.15, ® and &’
are determined by the divisors D(c) and D(u*o), respectively; thus it is enough
to prove: D(u*c) = v*D(o). By Lemma 2.14, the equality holds if the following
conditions are satisfied: If depth &p,, « = 0 (resp. = 1) for a point w’ € Py,
then Supp pi.Z NV (o) Npy  (v(w')) is empty (resp. finite).

We shall check this condition. Let w’ be a point of Py with depth Op,, v <
1. We set w = v(w’). As in the proof of Proposition 2.15, we know that w’ is the
generic point of the fiber F/ = ¢/~ 1¢’(w’) or the generic point of a prime divisor
on F’. In the former case, w is the generic point of the fiber F' = ¢~ !¢(w), and
thus Supp pi.Z NV (o) Npy * (w) = 0. In the latter case, w is the generic point of a
prime divisor on F, and thus Supp p{.Z NV (o) Np;y * (w) is finite by (2.6). Hence,
the condition is satisfied. Thus, we are done. O

REMARK 2.17. Let D = Dg & be the effective Cartier divisor on Py =
P(4)) xy --- xy P(9},,) in the proof of Proposition 2.15. By Lemma 2.16, we
infer that, for a point y € Y, the effective divisor Dy := Dl|;-1(y is characterized
by the following two conditions:

(1) For 1 < i <d, let 0(1)® be the pullback to Py of the tautological invertible
sheaf of Py (%,Y) with respect to ¢,”. Then

d+1
Oq-1(y)(Dy) ~ ®(ﬁ(1)(l)|q—1(y))®ei~

=1

(2) Let v; be a non-zero element of % ® k(y) for 1 < i < d+ 1. For v =
(v1,-..,v441), let [v] be a point of g~!(y) corresponding to the surjections
v 9" @ k(y) — k(y). Let v;¥ be the global section of £ ® O -1y
defined by 7*%; — %, and set v~ := (v{¥,..., v} ,) as a global section of
(L& & Lur1) ® Op—1(y). Then [v] & Supp Dy if and only if V(v™) N
Supp.Z = () for the zero subscheme V (vX) C 7= (y).

REMARK. Assume that Y = Spec A for a ring A, X = Pf{, F = Ox, and
%, = Op~(m;) for some m; > 0. Then, for 4 = H(X,.%}) ~ Sym™ (A®(@+1),
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the homomorphism @ in Proposition 2.15 defines the resultants: An element v; €
%, is regarded as a homogeneous polynomial of degree m; with coeflicients in A.
Then

@('Ufl ® P ® U;i"'ll)

is the resultant of vq,...,v441 up to unit (cf. [7, Section 6.1]).

LEmMMA 2.18.  Ifk > d+1, then 5 z /v (L1, ..., L) ~ Oy for any invertible
sheaves A1, ..., L, on X.

PRrROOF. By Proposition 2.15, this is true if all .Z; satisfy the following con-
dition (1) on invertible sheaves . on X:

(1) There exist a locally free sheaf 4 on Y and a surjection 7*¥4 — 2.

It is enough to prove the following assertion: For any invertible sheaf £ on X,
there exist invertible sheaves .\ and Mo satisfying (1) and L ~ M @ My ". Tn
fact, by the assertion, we can write £} >~ #; 1 ® ,//12_21 for invertible sheaves . 1,
M > satisfying (f). Then, by Remark 1.4, .% z /v (24, ..., %) is expressed as a
tensor product of invertible sheaves .% 7 /y (A1, . . . , A)®ED with [ > k such that
all .#; satisfy (t): This implies that .% z /v (Z1,..., %) ~ Oy if k> d+ 1.

The assertion above is shown as follows. Since 7 is projective, we have a
m-ample invertible sheaf o/ on X. Then, there is a positive integer n such that
the natural homomorphisms

T (L@ d%) - LRI and 7T (AO") — T
are surjective and that
Ri7m,(% @ %) = R, (%) = 0
for any i > 0. We set A =.Z ® /" and Mo = o/®™. Then, ¥ ~ M# ®///2_1.
If 7 is flat, then, by Remark 2.2, 4 = 7. (A1) and % = m.(M>) are locally free
sheaves of finite rank; thus .#) and .45 satisfy (). Assume that 7 is not flat.
Then, by Assumption 2.1, Y admits an ample invertible sheaf 7. There is a

positive integer m such that 7, (.#)) @ ™ and 7. (M) @ ™ are generated
by finitely many global sections. Hence, for each i = 1, 2, we have a surjection

w*(ﬁi‘?N"' ®jf®(*m)) _ W*W*(,ﬁi) N %
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for some N; > 0. Thus, .#, and .#5 satisfy (f). This completes the proof. O

LEMMA 2.19 (cf. [8, Section III]).  The following hold for invertible sheaves
A,y Ly on X:

(1) For any permutation T of {1,...,d+ 1}, one has an isomorphism
I ziv(Lrays - Lrary) = I 7y (L Lav).
(2) If &£] is another invertible sheaf, then

fg/y (.,?1 ®$1/,$27--~7$d+1)
~ I gy (L, Loy L) © I 2y (L, Loy Laga).

(3) If o1 is an F-regular section of £ and if F ® Op, is flat over Y for
By =V(01), then

I ziv (L, L) = I zeo,, v (LalBys o LatalB)-

(4) If d =0 and F = Ox, then 7 x,y(ZL) is the norm sheaf of an invertible
sheaf £ on X, i.e.,

I x)y(Z) = det(m.0x) @ det(m,.2 17! ~ det(7,.2) @ det(m.Ox) L.
PrOOF. (1) follows from Definition 1.3, and (2) from Remark 1.4 and
Lemma 2.18.

(3): Tt is enough to show the following equality for any = € K*(X):

ﬂ?®ﬁsl($|31) = W*ﬁ(w)—ﬂf(ﬂﬁcr(:ffl)) = 77?((1_(51.(3171))95) =) (8(L1)2).

In fact, the expected isomorphism are derived from the equality by substituting
z=0(L,...,%i1) and by taking det. The section oy induces an exact sequence

0-FRL - F - F®0p — 0.

If 2 = c1*(¥) for alocally free sheaf 4 on X belonging to &(X, 7, Z)NG(X, 7, F®
,ffl), then the equality holds, since

01 (FRLTOY) > 1(FRY) -1 (F R0 0Y)—0
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is exact. We may assume that x = cl1*(&) for a locally free sheaf & of finite rank on
X. Then, there is a strict injection & — ¢ for some ¢4 € (X, 7, Z)N&(X, 7, F®
.,?fl) by Lemma 2.3. Thus, by the proof of Lemma 2.4, we have an exact sequence
0—& =9 - ... - 9! - (0with 9 ¢ &X,n,.7)NSX,7m,F L)
Therefore, the equality holds for any .

(4): Since d = 0 and ¥ = Ox, 7 is a finite flat morphism. Thus, .Z €
& (X, m, F#), and we have the expected isomorphisms by Remark 1.4, (2). O

2.3. Refined definition of intersection sheaves.
We recall the following well-known result on Segre classes (cf. [8, Section V]):

LEMMA 2.20. Suppose that X = Py (&) for a locally free sheaf & of rank r
on'Y. For an integer p > —(r — 1), let us define

oP(&) = W*(é(ﬁ(l))r“’_l) e K*(Y),

where O(1) denotes the tautological invertible sheaf on X with respect to & and
7, = 1% K*(X) — K*(Y). Then, a?(&) = 1 for any p < 0 and (&) =
d(det &). Moreover,

r

Z’yk(cr(éav) —r)-otRE) =0 (2.8)
k=0

for any i > 0. In particular, the following hold:
(1) o?(&) € FP(Y) for any p > 0.

(2) For a non-negative integer m, let b,, be the sum

m

SR (EY) 1) M ().

k=0
Then, by = 1, b, € F™(X) for any m > 0, and by, = 0 for any m > r.
(3) For any0 < p <, there is a polynomial P(z1,...,2,,y) € Z[r1,..., 7, yF]
such that

VP(clg(&Y) —7) = P(a*(&),...,6"(&),cl®(det &))

and that any monomial in P has weighted degree at least p with respect to
the weight w such that w(y) =0 and w(z;) =i for any 1 < i <r.
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Proor. If RIm,0(—i) # 0 for integers 0 < 4 < r and ¢ > 0, then (i,q) =
(0,0) or (i,q) = (1,7 —1). Here, R, Ox ~ Oy and R" ' 7,0(—r) ~ det &Y. We
know

for p > 0 by Remark 1.4, (3). Therefore,

oP(&) =me(8(0(1) P ) =1 for —(r—1)<p<0, and
o' (&) =7 (6(0(1))") =1—cl*(det &) = §(det &).

Let ¢4 be the cokernel of the natural injection 0(—1) — 7*&". Then

(I (F) = (r = 1)) = p(c® (7*EY) = r)p(c®(0(-1)) = 1)
=y (cd® (@YY —r)(1 = s(o()t) (2.9)

The left hand side of (2.9) equals the polynomial

)\t/(lft) (Cl.(g T — 1 Z )\p T 1=p

of degree r — 1 (cf. (1.7)). The right hand side of (2.9) equals

<Z'y *(c*(&Y)) )(Za th>,

7>0

so the coefficient of "% for i > 0 equals
0= ny *(c*(&Y)) —r)8(0(1))F R,

By taking 7y, we have the expected equality (2.8) by applying (2.3). Rewriting
the equality (2.8) to
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T
ot E) = =D A (EY) —r) TR,

we infer that o?(&) € FP(Y) for any p > 0 by induction on p. Thus, (1) is proved.
If m > r, then b, in (2) equals

D ()~ 1o (E) = YA (6) 1) o 8) = 0
k=m-—r k=0

by (2.8), since v*(cl*(&Y) —r) =0 for i > r. If 0 < m < r, then, by (2.8), we have

Z’yk (c*(&Y) —=r)e™F (&) = — Z Ve (EY) = r)a™ R (&)
k=0 k=m+1

T

== 3 AFa(sY)—r) e FTI(X).

k=m-+1

Since by = 7°(cl*(&Y) —r) 0%(&) = 1, we have proved (2). Finally, we shall prove
(3) by induction on p. If p = 0, then it is enough to take P = 1. If p > r, then
YP(cl*(&Y) —r) = 0. Thus, we may assume that 0 < p < r. Considering the
difference of the equalities (2.8) for i = p and for i = p — 1, we have

0= M"(&Y) =r)(a"T (&) — a" M)
k=0

= AFA(EY) =) (aP T E(E) — o TH(&)) = P (A (EY) = ) cl®(det £V).

Therefore, v7(cl®(&V) — r) is expressed as a polynomial of 7*(cl®*(&Y) — r) for
k <p, ol (&),...,aP(&), and cl*(det &) = cl®(det &)L, Thus, by induction,
we can prove (3) for p < r. For p = r, we consider (2.8) for i = r — 1. Then,

r—1
V(AN(EY) =) = = DO AMANEY) — )0 (E).

k=0

Hence, (3) holds also for p = r. Thus, we are done. O
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REMARK. In Lemma 2.20 above, the element sP(&) := oP(&) mod
FPHLY) € GP(Y) for p > 0 can be regarded as the p-th Segre class of & (the
p-th Segre class of & in the sense of [12]), by the property Lemma 2.20, (2). In
fact, we have

m 1eGUY), ifm=0;
Zcmfk(@(a\/)sk(éo): ( )
0e G™(Y), ifm>0.

FacT 2.21. In the situation of Lemma 2.20, the following further properties
are known (cf. [22, Exp. VI)):

(1) (cf. [22, Exp. VI, Théoréme 1.1 and Remarque 1.13]): K*(X) is a free
K*(Y)-module of rank r — 1 and has the decomposition

(%) = @ r (K (V) 8(0(1)F
k=0
with a relation
r—1
SO = — S (V) — 1) (6D
k=0

(2) (cf. [22, Exp. VI, Proposition 5.3]): For p > 0, we have

r—1
FP(X) = @ (Fr*(Y)) 8(6(1)".
k=0

(3) (cf. [22, Exp. VI, Corollaire 5.8]): 7 (F"~1(X)) Cc F{Y) for any i > 0,
for the homomorphism 7, = 7% : K*(X) — K*(Y).

Note that (3) is derived from (2), by the projection formula (2.3) and by Lemma
2.20, (2).

REMARK 2.22. In the situation of Lemma 2.20, m,: K*(X) — K*(Y)
induces a homomorphism G""~}(X) — GYY) for i > 0, by Fact 2.21, (3).
Adding the zero maps from G7(X) for j < r — 1, we have a homomorphism
G(my): G*(X) — G*(Y), which is denoted by 7, : G*(X) — G*(Y) for simplicity
if it causes no confusion with m,: K*(X) — K*(Y). Let G(7*): G*(Y) — G*(X)
be the homomorphism induced from 7*: K*(Y) — K*(X). Then the projection
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formula

G(me) (@ - G(r*)(1)) = G(me) () - ¥
(or T (Z-7*(§)) = me(T) -y for simplicity) (2.10)

holds, where Z € G*(X) and § € G*(Y). This is derived from the decomposition
in Fact 2.21, (2), and from the projection formula (2.3). We note further that

G(r) (e (D) =1 € GOY) (2.11)

for the cokernel 4 of 0(—1) — 7*(&V). In fact, comparing the coefficient of ¢"~*
of the both sides of (2.9), we have

Y IHA#) — (- 1)) = A (6Y)) - 1) S (1)

k=0

Applying 74, we have the equality (2.11) by (2.3) and by Lemma 2.20 with (2.8)
for ¢ = 0, since

(Y HAN() — (1= 1))

r—1 r—1
=143 A (EY) —r) =14 AF(d*(&Y) =) o' F (&)
k=1 k=1

=1—-7"(*(&Y)=r)—a' (&) =1 mod F(Y).

As an application of Lemma 2.20, we have:

LEMMA 2.23 (cf. [8, Section V]). Let X be a connected Noetherian
scheme. Then, for any k > 0, FF(X) is generated by elements of the form
o (&) -+ (&) for locally free sheaves & on X of rank r;, where j; are positive
integers such that 22:1 ji > k. In other words, F*(Y) is generated by elements
of the form

e (8(O(1) D)=L §(o(1)W)rHi)
for the fiber product p: P = P(&1)xx---xxP(&.) — X of projective space bundles

Px (&) — X associated with the locally free sheaves &;, where p, = pZ?: K*(P) —
K*(X), and (1)) denotes the pullback to P of the tautological invertible sheaves
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O (1) on Px(&;) with respect to &;.

PROOF. By definition, F¥(X) is generated by elements of the form
~™ (xq1) - -y™(x,) for positive integers m; with m; + --- + m, > k, where
x; = clo(¥%;) —r; for alocally free sheaf &; of rank r;. By Lemma 2.20, (3), ™ (z;)
is expressed as a linear combination of certain products of 6 (%4,”) for m > 0 and
o'(¥;) = 6(det¥,Y). Thus, by Lemma 2.20, F*(X) is generated by elements of the
form 071 (&) - - - 71(&) for positive integers j; with jy+- - -+7j; > k, where & is a lo-
cally free sheaf of rank r;. For the morphism p: P = Px(&1)xx - -xxPx (&) - Y
above, we have

o (1) 07 (&) = pa (SO (01

by applying Lemma 2.8 successively. Thus, we are done. O
Applying Lemma 2.23, we shall prove the following well-known:

PROPOSITION 2.24 ([22, Exp. VI, Théoreme 6.9], [13, Chapter V, Corollary
3.10]). Let X be a Noetherian scheme of dimension at most n admitting ample
invertible sheaves. Then, F"T1(X) = 0.

PrROOF. By Lemma 2.23, it is enough to prove that py(xz) = 0 for a fiber
product p: P = Px(&1)Xx-+-xx Px(&) — X of projective space bundles Py (&;)
associated with a locally free sheaf of rank r; and for

z=68(0(1)M)yntin-l. 5oyt

where (1)) is the pullback to P of the tautological invertible sheaf ¢(1) on
Px (&;) with respect to &; and j; are positive integers with 22:1 j4i > n+1. Now,
P has also an ample invertible sheaf, since p is a projective morphism. Since
dim P < n+dim P/X =n+Y'_ (r;—1), we have ' (ri+ji — 1) > dim P+ 1.
It is enough to show that & = 0 in K*(P). Therefore, we are reduced to proving
the assertion that

0L, ..., L) =0(4) - 0(Lngr) =0 € K°(X)

for any invertible sheaves .%; on X. Since X has an ample invertible sheaf, any
invertible sheaf is written as a difference of ample invertible sheaves. In fact,
for an invertible sheaf . and for an ample invertible sheaf & on X, there is a
positive integer b such that .2 ® &7 is ample. Hence, .Z ~ (£ ®.%/®%) @.a/®(~b),
Thus, by Remark 1.4, we may assume that Z; are all ample. Moreover, by taking
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b above too large, we may assume that there is a section oy € H°(X,.%}) such
that o7 does not vanish at any associated prime of X (cf. [22, Exp. VI, Lemma
6.8]). In particular, oy : Y — Ox is injective and the Cartier divisor V(o) has
codimension at least one. Similarly, we may assume that there exists a section
og € HO(X, %) such that

U§/|V(al)i $2v|V(al) - ﬁ\/(al)

is injective. Continuing the same reduction, we may assume finally that there
exist sections o; € HO(X,.L”Z-) for 1 < i < mn+1 such that 0 = (01,...,0,41) is
a regular section of & := A @ -+ & Z£,11. Here, V(o) = 0, since dim V(o) =
dimX — (n+ 1) < 0. Hence, 6(A,...,Lnt1) = A_1(&Y) = 0 by the exact
sequence (1.4) for & and F = Ox. Thus, we are done. O

By Lemmas 2.18 and 2.23, we have the following result related to Fact 2.21,

(3).

PROPOSITION 2.25.

w7 (F2(X)) C F2(Y).
In particular, I &y (z) := det(r (z)) gives rise to a homomorphism G41(X) —
GL(Y) ~ Pic(Y).

PROOF. It is enough to prove that 77 (z) € F2(Y) for x € F™2(X) of the
form

T = p*(d(ﬁ(l)(l))n-i-ﬁ—l e 5(@(1)(1))”4-]'1_1)

as in Lemma 2.23, where j; + --- + j; > d + 2. Here p*.%# is flat over Y, and
mop: P — Y is a projective morphism satisfying Assumption 2.1. Then, by
Lemma 2.9, we have

I o7y (2) = det ((7r op)i*ﬂ(z)) = det (ﬂ'?(p*(z))) = det W*y(it)

for z = §(O(1)M)ti—1...§(0(1)D)1 i1 Note that Y2t_ (r; +j; — 1) >
dim P/X + d + 2 > dim(Supp p*.#)/Y + 2. Hence, .# - 7y (2) ~ Oy by Lemma
2.18. Thus, we are done. O

DEFINITION 2.26. Let m: X — Y be a locally projective morphism of
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Noetherian schemes and let .% be a coherent sheaf on X which is flat over Y.
Assume that the relative dimension d := dim(Supp.#)/Y is constant. We define
the intersection sheaf Jp;;fy(x) for x € FIL(X) by

/p;;fy = detow,‘f}: K*(X) — K*(Y)pert — Pic(Y).

If 7w satisfies Assumption 2.1, then we define .% &,y (1) for n € G(X) as in
Proposition 2.25.

By Proposition 2.25, we infer that if 7 satisfies Assumption 2.1, then
erf
jpg/y(x) ~Izv(n)

for x € F1(X) and n = x mod F9*+?(X) € G4T(X).

LEMMA 2.27. Let h: Y’ —Y be a morphism from a Noetherian scheme Y,
X' =X xyY', and F' = qf F for the first projection q1: X' — X. Then

eI (2) = I (gF )

for any x € FIH1(X) even if 7 is only a locally projective morphism. If m and the
second projection qa: X' — Y’ satisfy Assumption 2.1, then

h* fgz/y(ﬂ) ™~ ]y//yl((ﬁn)

for any n € G4H1(X).

Proor. It is enough to prove the first isomorphism. By Lemmas 2.8 and
2.12, we have

(2)Z (¢Fx) = h* (77 (z)) € Ker(e: K*(Y)pers — Z)

for any 2 € FAt1(X). This induces the first isomorphism by Definition 2.26. [

LEMMA 2.28. Assume that Y is a projective scheme defined over a field k
with dimY = 1. Then, for any n € G4*1(X),

degy i I 7y () = ix/k(n; 7).
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PrOOF. Let x € FIT1(X) be a representative of n € GI¥1(X). We
have 77 (z) € FY(Y) by Lemma 2.12. Hence, 77 (z) = 8(.% %,y (n)), since
F2(Y') = 0 by Proposition 2.24. On the other hand, degy (M) = iyi(c' (M) =
degg vk (@ 0(.4)) for any invertible sheaf .# on Y (cf. Definition 1.11). For the
structure morphisms px: X — Speck and py: Y — Speck, we have

Pxx(t cla(F)) = py«(ma(@cle(F))) = pya (@77 (7)) = py2(#6(F 5y (0))

by Lemma 2.6, (1). Thus, ix/x(n; F) = degy . & 7y (1)- O

The following Lemma 2.29 and Corollary 2.30 are similar to the projection
formulas shown in [8, Proposition IV.2.2 (b)], and [33, Propositions 5.2.1 and
5.2.2].

LEMMA 2.29. Let ¢: Y — S be a projective surjective flat morphism to a
connected Noetherian scheme S with the relative dimension e = dimY/S, and ¢4
a locally free sheaf on'Y of finite rank. Suppose that F is flat over S and that S
admits an ample invertible sheaf when 7 is not flat. Then, there exist isomorphisms

I gomgs(n-10) ~ Ig,5(c' (I z/v(n))-0),

I gomas() - 70) 2 T pg(0) 5 (1)
for any n € GY(X), 0 € GUX), 0 € G¢(Y), and 0' € GTH(Y).
PROOF. The assertion follows from the projection formula
w O (@) = o) (7] (2) - y) (2.12)
for any x € K*(X) and y € K*(Y). This is derived from the quasi-isomorphism
Rpom) (F @19 @ (87 Y)) ~qis Rp(Y @ V) " Rr (F @ &))

for any locally free sheaves & on X and 7 on Y of finite rank. O

COROLLARY 2.30. For § € G4(X) and an invertible sheaf .# on'Y, one has
an tsomorphism

I zy(0-c (7)) ~ Wiz (0)
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PROOF. Apply the second isomorphism in Lemma 2.29 to § € G%(X) and
cl( ) € GHY) in the case where 1 is the identity map of Y. O

The following is a combination of variants of Lemmas 2.13 and 2.14. This is
proved by the same arguments as in the proofs of the both lemma; so we omit the
proof.

LEMMA 2.31. Let & be a locally free sheaf on X of rank d+ 1 and let o be
an F -regular section of & on X. For the zero subscheme V := V (o), assume that

(1) if depth Oy, = 0 (resp. = 1), then Supp.F NV Nn~1(y) is empty (resp.
finite).
Then, there exists uniquely an effective Cartier divisor D(a) on'Y with Supp D(o)
C w(Supp V) satisfying the following properties:

]Q/Y(cd+1((§’)) = ﬁY(D(J))V and D(U)|Spcc Oy,y — DiVﬁyyy (W*(ﬁ & ﬁv))

for any point y € Y with depth Oy = 1. Moreover, D(c) has the following base
change property: Let h: Y' — 'Y be a morphism from another Noetherian scheme
Y’ and let q: X' — X be the first projection from the fiber product X' = X xy Y.
Assume that

(2) if depth Oy’ 4 =0 (resp. = 1), then Supp.Z NV (o) N7~ (h(y')) is empty
(resp. finite).
Then, the divisor D(g*c) on Y’ with respect to ¢*.F /Y’ exists, and h*D(o) =
D(q*0).

The following is regarded as a generalization of Proposition 2.15 (cf. Lemma
2.37 below):

PROPOSITION 2.32. Let & be a locally free sheaf on X of rank d +1 admit-
ting a surjection ™9 — & for a locally free sheaf 4 on'Y of finite rank. Then
iz /vy (! (&)) > 0 and there is a natural surjection

d: Symiﬂ/"(cd(éa))(%) — fﬂ/Y(CLHl(éB))'

PrROOF. We shall prove by essentially the same argument as in Proposition
2.15. Let q: P := Py(9Y) — Y be the projective space bundle and &'(1) the
tautological invertible sheaf associated with ¢V. Let Px be the fiber product
X xy P, and let p;: Px — X and ps: Px — P be the natural projections.
Pulling back the natural injection &(—1) — ¢*¢ to Px, we can consider the
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composite
p30(=1) = p3q"9 = pim*Y — pi&

and hence a section o of p;&®p3 0 (1). The zero subscheme V' = V(o) is isomorphic
to Px () for the kernel % of 7*4 — &. Thus, we have a diagram:

C P1

V——=Px(HV)—=Px —>X
le Trl
Py(4V)——p—1>v.

Since V' — X is smooth, the section o is regular and furthermore pj.%-regular.
We define cl*(Oy) := A_1(pi&Y @ p50(—1)). Then, by Lemma 1.7, we have:

Dl (Ov)) = cla(Oy),  I*(Oy)cle(pi F) = clo(p}F © Oy),  and
c*(Ov) = ()T (pi Y @ p3O(-1)) — (d +1)).

We insert here a claim.

CLAIM 2.33.
det ((p2)27 (A1*(0V)) = ¢* (I 2,y (T (&))) @ O(1)8 /7 ("(E)),

Proor. We set | = cl*(0(—-1)) € K*(P),y = 6(0(1)) =1—1, and x =
cl*(&V) € K*(X). Then

Aa(pte-p3l) =Y (1) st (Ve (@) - (30)"
k>0

=D pi(W@) - pily - 1)

k>0

= 5 (D)o o

0<j<k<d+1

=0 k=j J
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By Lemma 2.8, we have

()07 (1*(Ov)) = jifﬂf(%(—l)k‘j <k> Ak(l‘)) )

k=j

d+1
=1l (\1(2)) + q*ﬂ'?(Z(—l)klk)\k(x)) -y mod F?(P).

Hence, Claim 2.33 follows from the equality:

€ (wf“ ( %(—1)klmk(cr(5w)>) =ce(rlc!(&)). (2.13)

k=1

We shall show (2.13) as follows: Comparing the coefficients of ¢ on the both sides
of the equality

we have

d
Y= (d+1) =) (=) F(d+1—k)N(z)

= d+1 d+1
= (=Dd+ 1) Y (=DM (@) = ()Y (1) kA (=)
k=0 k=1
d+1
= (-D)%d+ A1 (z) + (—1)d<Z(—1)’“1k)\k(x)>.
k=1

Here e(m7 A_1(z)) = (77 ¢?*1(&£)) = 0 by Lemmas 1.7 and 2.12. Thus, we have
the equality (2.13) by

e(rl (&) = (1) (x (&)

= (—1)?e(nl 4@ — (d+ 1)) = 6<7T,%7(Z(—1)k1k>\k(x))>. 0
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PROOF OF PROPOSITION 2.32 CONTINUED. We infer that ps(Supppi# N
V) does not contain any fiber of ¢: P — Y by dim(Suppp;# NV)/Y = N —
1 = dim P/Y — 1. Thus, as in the proof of Proposition 2.15, we infer that if
depth Op 4, = 0 (resp. = 1), then Supppi.Z NV Npy ! (w) is empty (resp. finite).
Hence, by Lemma 2.31, we have an effective Cartier divisor D = D(o) on P such
that Supp D C p2(Supp p;# NV) and

det(p2)3 7 (c1*(0v)) = Op (D).
By Claim 2.33, we have a global section of
¢ (I 7y (&) @ 6(1)Pi/v (6D,

Restricting it to a fiber of ¢, we infer that iz /y (c?(£)) > 0. The global section
gives a surjection

D: Symiﬁ/Y(Cd(g))(g) — fgc’/Y(CdJrl(g))'

by the same argument as in the proof of Proposition 2.15. O

LEMMA 2.34. Let h: Y’ — Y be a morphism from a Noetherian scheme Y.
For the fiber product X' = X xy Y’, let g1: X' — X and n': X' — Y’ be the
first and second projections. In the situation of Proposition 2.32, let ©: n*9 —
& be the surjection, and set F' := qj(F), & = ¢i&, 9' = WY, and V' =
aGW): 7*(9") = ¢§(7*Y) — &' Let

: Sym'>/¥ T ENG) gy (M) and

o': Sym's v G (1 (G)) T 50y (g E))

be the surjections defined in Proposition 2.32 for (mw, % ,¢) and for (x', F' '),
respectively. Then, ®' and h*(®) are isomorphic to each other.

PROOF. Let D = Dz s be the effective relative Cartier divisor on Py (¢4")
in the proof of Proposition 2.32. Let D' = D g/ & be the similarly defined effective
relative Cartier divisor on Py+(¥4’V). It suffices to check that D’ is the pullback of
D by the natural morphism Py/(9"V) ~ Py (4V) xy Y’ — Py (4V). Then, it is
enough to apply the latter half of Lemma 2.31 and essentially the same argument
in the proof of Lemma 2.16. (]
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REMARK 2.35 (cf. Remark 2.17). Let D = Dg ¢ be the effective relative
Cartier divisor on P = Py (94") in the proof of Proposition 2.32. By Lemma 2.34,
we infer that, for a point y € Y, the effective divisor Dy, = Dl;-1(, on the fiber
¢ !(y) of ¢: P — Y is characterized by the following two conditions:

(1) For the tautological invertible sheaf ¢(1) of the projective space ¢~ '(y),
one has

O41(y)(Dy) = O(1)%5/7 (),

(2) Let v be a non-zero element of ¥ ® k(y). Let [v] be a point of ¢~ (y)
corresponding to the surjection vV: ¥V ® k(y) — k(y), and let vX be the
global section of & @ O -1(y) defined by 7*¢ — &. Then [v] € Supp D, if
and only if V (vX) N Supp.Z = 0 for the zero subscheme V (vX) C 771 (y).

REMARK 2.36. In the situation of Proposition 2.32, let X’ € X be a closed
subscheme such that % is an Ox/-module and that X’ — Y also satisfies As-
sumption 2.1. Then, applying Proposition 2.32 to X’ — Y, we have a similar
homomorphism

@: Sym' s O G) - S gy (T(6)).

Here, ®' is isomorphic to ®. 1In fact, by Remark 2.5, ig/y(cd(cf)) and
I 7y (€(&£)) do not depend on the choice of X and X’. Moreover, by the
same reason, the isomorphism in Claim 2.33 also does not depend on the choice.
Therefore, ® ~ ® by the proof of Proposition 2.32.

LEMMA 2.37. If & = LA & -+ @ ZLyy1 for invertible sheaves £; and if
Y =% P DYy for locally free sheaves 94; of finite rank with surjections
™Y, — £, then the natural surjection

Sym®(¥4) — Sym® (%) ® - - - ® Sym® (¥))

to a component is compatible with the surjections ® in Propositions 2.15 and 2.32,
where

d+1
ei=ig/y( L., L1, L1, Lap) and e =igy(ch(&)) = Zei~
=1

PrROOF. Let ¥ be the locally free sheaf @f;l 01D on Py = Py (9)) xy
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Xy Py(9),,), where 0(1) is the pullback of the tautological invertible sheaf
by Py — Py (%,). Then there is a birational morphism p: P(¥) — Py (94") for
the projective space bundle w: P(¥) — Py such that the tautological invertible
sheaf on P(¥') associated to ¥ is just the pullback of the tautological invertible
sheaf on Py (%4Y) by p. Let T; C P(¥) be the projective subbundle associated
with the quotient locally free sheaf ¥ /€(1)®) for 1 < i < d+ 1. Then T is a
Cartier divisor such that

Op(T) @@ 0(1)D ~ p*0(1) and wl;) = Py(9V/9") C Py(9Y).

For a point y € Y, let v = (v1,...,v4+1) be a non-zero element of ¥4 ® k(y) such
that v; € 4 ®k(y). Then [v] € Py(4V) Xy y is not contained in p(T;) if and only
if v; #0. Let Dy = D#, o be the effective relative Cartier divisor on Py defining
® in the proof of Proposition 2.15. Let D; = D # ¢ be the effective relative Cartier
divisor on Py (¢") defining ® in the proof of Proposition 2.32. Then,

d+1
w* Do + ZeiFi ~ p* Dy,

=1

where ~ denotes the linear equivalence relation, and p.(w*Dgy) = D; over
Py (@) \ Ufill 1(T;), by Remarks 2.17 and 2.35. Hence,

d+1
W*DO + ZGZF7 = ,u*Dl,

i=1

since the invertible sheaves ¢’(1)(¥) are linearly independent in Pic(Py). For the
structure morphism ¢: Py — Y, the divisor w* Dy is defined by a section of

d+1
@' I gy (A, L) @@ ( ®(ﬁ(1)(l))®e"’>
i=1
and p* D1 is defined by a section of

DG I (L Lugr) @ ptO(1)E,

where the two sections correspond to the surjections ® in Propositions 2.15 and
2.32. The difference > e;T'; is defined by the natural injection
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d+1 , d+1
= (@@ ) = Qu o) = o)

i=1
The push-forward (¢ o w), of the injection is just the natural injection

d+1
(R Sym (9) — Sym*(4").

i=1
Hence, two ® are related by

d+1
P Syme(%)ﬂ®3ymei(%) ij?/)’(glw-wgd—i-l)' O
i=1

2.4. A positivity problem.
Finally in Section 2, we shall consider a kind of positivity problem as an
application of Proposition 2.32.

DEFINITION 2.38 ([14]). Let P = P(z1,22,...,2,) € Q[z1,...,2,] be a
weighted homogeneous polynomial of degree n such that the weight of z; is ¢ for
any 1 < <r. If

ivie(P(c(&),...,c"(£));V) >0

for any n-dimensional projective variety V' defined over a field k and for any ample
vector bundle & of rank r on V', then P is called numerically positive for ample
vector bundles.

Note that, in [14], the intersection number iy k(P (c'(&),...,c"(&));V) is
denoted by [, P(c'(&),...,c"(&£)).

Facr 2.39. If P € Zx4,...,x,] is a weighted homogeneous polynomial of
degree n such that the weight of x; is ¢ for any 1 < ¢ < r, then P is expressed
uniquely as ), axPy for the Schur polynomial Py = Px(x1,...,x,) associated
with a partition A of n by non-negative integers < r and for a) € Z; the partition
A is given by a non-increasing sequence

A=A 2> 20

of integers with 2121 Ai = n, Ay < r, and the Schur polynomial Py is defined as
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the determinant of the n x n-matrix (b; j)1<i,j<n Whose (,7)-component is given
by

Tr—itj, 1< N —i+7 <
bij =141, if\;j—i4+75=0;

0, otherwise.

This is a well-known result in the theory of symmetric functions (cf. [30]). Fulton-
Lazarsfeld have proved in [14, Theorem I], that P is numerically positive for ample
vector bundles if and only if P # 0 and a) > 0 for any A.

REMARK 2.40. The Schur polynomial P, above corresponds to the usual
Schur function Sy, associated with the conjugate partition \'. Here, X' = (\] >
Ay > --->0) for A, =sup({0}U{j>1]|X\; >i}) and

A]‘-‘r’!'—i

Sx(y1,y2, -, yr) = det (yZ )19.7].9/ det (y:_i)lgi,jgr’

in which we have the equality

Py(e1(y),---ser(y)) = Sx(y1, -, 4r) (2.14)

for the elementary symmetric polynomials ey (y) defined by

)= D Vi Vi

1<iy < <ip<r

The equality (2.14) is called the Jacobi-Trudi formula for elementary symmetric
polynomials.

THEOREM 2.41. Let P € Z[xy,...,x,] be a weighted homogeneous polyno-
mial of degree d+ 1 such that the weight of x; is i for any 1 <i <r. Assume that
P is numerically positive for ample vector bundles. Let & be a locally free sheaf
on X of rank r generated by finitely many global sections and F a coherent sheaf
on X flat over Y with dim(Supp #)/Y = d. Then .Z z;y(P(c*(&),...,c"(&)))
is generated by finitely many global sections.

PROOF. We may assume that P is a Schur polynomial Py for a partition
A=A >+ >0) of d+ 1 with \; < r, by Fact 2.39. We write P(&) :=
P(c'(&),...,c"(&)). We shall show that there exist a smooth projective morphism
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q: W — X (which is a composition of projective space bundles) and a locally free
sheaf 7 on W of rank N := d+ 1+ dimW — dim X such that J# is generated
by finitely many global sections and g (cV () = P(&) € G¥(X) for the
homomorphism ¢, = G(gx): G*(W) — G*(X) defined in Remark 2.22. Once this
is proved, we have

wl (P(6)) = 7 (g (e (H))) = (w0 ) 7 (V())

by Lemma 2.9: Thus, .# 7y (P(&)) ~ fq*(g/y(cN(f%”)) and this is generated by
finitely many global sections by Proposition 2.32.

Therefore, the proof is reduced to constructing q: W — X and 5. For the
purpose, we follow some arguments in [24]. Let ¥ — & be a surjection from
a free Ox-module ¥ of rank n > r +d + 1. We fix a sequence 7,: 0 C ¥, C
<+« C Vp_, of subbundles of ¥ such that, for any i, ¥ is a free &x-module of
rank v(i) := r + i — A;. Note that v(i) < v(j) for any ¢ < j and that if we set
h(i) :==n—(n—r)—wv(i)+1i, then h(i) = \;. Let F := F(¥,) be the scheme over X
defined in [24, Section 1], for the sequence ¥,: The scheme F parametrizes flags
61 C €5 C -+ C 6y—r of subbundles of ¥ such that €; is a subbundle of ¥; and
rank%; =i, forany 1 <i<n-—r. Let 2, C --- C Z,_, be the universal flag
on F. By an argument just before Lemma 3 of [24], we know that the structure
morphism ¢: F' — X is a composite of the structure morphisms of projective
space bundles and

dimF/X = i(v(z) —1) = i(r —A)=Mm—r)r—(d+1).
i=1 i=1

Let G := Grass,_.(¥) be the Grassmann scheme over X parametrizing subbun-
dles of ¥ of rank n—r. Let & be the universal subbundle on G and 2 the universal
quotient bundle, i.e., 2 ~ ¢*(¥)/Z for the structure morphism ¢: G — X. By
the subbundle Z,,_, C ¥*(¥), we have a morphism a: F' — G over X such that
a*9 = P, _,. Let p; and py denote the projections from F' X x G to F and to G,
respectively. The morphism « defines a section s: F — F' X x G of the projection
p1. Thus, we have a commutative diagram:

F—S>F><XGL>F

R

P
G——G——X.
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By the proof of [24, Lemma 2], s(F') is the zero subscheme (cf. Definition 1.6) of
a regular section of the locally free sheaf 5 := pi 2 . ® p52 of rank r(n —r),
and hence

clo (cye(s(F))) mod FL" Y F x x Q)

= G(@)( () € Gl (F xx G)
for G(¢): G*(F xx G) — G2, (F xx G). Note that the locally free sheaves 2V,
2 . ~a*(2V), and 2 are all generated by finitely many global sections; hence,

so is /. By [24, Lemma 2], we have

cr(n_r)(fff) =N (Ct(pgg —pI1D),...,ci(p3 2 — pyf‘@n—r))
c Gr(nfr) (F X x G),

where A..(---) is defined in [24, Section 1], and c(ps2 — pi%;) =
ci(p32)/ct(pi Z;) for the Chern polynomial ¢ (z) = 3 (P ().

We have homomorphisms pa,: T F x x G) — FHH(G) for d + 1+
i >0, since d+ 1 = r(n —r) — dim(F/X). By the proof of Lemmas 3, 4, and
Theorem 5 of [24], we have

Pox (" TTN(A)) = Pr(c1(2),...,¢(2)) = P\(2). (2.15)

In fact, [24, Lemma 3], corresponds to the equality (2.11) in Remark 2.22 and the
argument in the proof of [24, Lemma 4], can be applied by the projection formula
(2.10) in Remark 2.22. Since h(i) =n— (n—7r) —v(i) +i = X; and ¢;(¥;) = 1 for
any ¢, we have

Pox (" (A)) = Ay

.....

by the proof of Lemma 4 and Theorem 5 in [24].

Let v: X — G be the section of ¢: G — X corresponding to the surjection
¥ — &. Thus, v*(£2) = &. Let ¢: W — X be the pullback of po: F xx G — G
by v and pu: W — F X x G be the other projection from the fiber product W;
hence we have a Cartesian diagram:
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% P1
W—FxxG——F

|

X——=a X.

Then, pyopu: W — F is an isomorphism over X. Hence, dimW/X =dim F/X =
(n—7r)r — (d+1). The locally free sheaf

H = (A ) = ) (01 D @ 932) = WPt (D) @ ¢ (8)
is also generated by finitely many global sections, and
rank # = rank /£ = rln—r)=d+14+dimW —dim X = N.

Applying the base change formula v*(pay(z)) = ¢ (p*(x)) for z € K*(F xx G)
proved in Lemma 2.8, we have

V¥ pax(¢"TN(A)) = qupt (¢TI (A0)).

Here, the left hand side equals v*(Py(2)) = P\(&) by (2.15), and the right hand
side equals g, (c"("~")(J#)). Thus, we have the expected equality g, (c™(#)) =
Py(&) in G*1(X), and the proof has been completed. O

3. Intersection sheaves over normal base schemes.

We generalize the definition of the intersection sheaf .# z /y (1) to the following
situation:

e m: X — Y is alocally projective surjective morphism to a normal separated
Noetherian scheme Y.

e 1 € GL(X) for an integer d > 0.

e 7 is a coherent sheaf on X such that dim(7~1(y) N Supp #) < d for any
yeY.

The new intersection sheaf .# z vy (1) is an invertible sheaf on Y. If .7 is flat over
Y and if 7 satisfies Assumption 2.1, then the new intersection sheaf coincides with
the intersection sheaf defined in Section 2 (cf. Definition 2.26).

Recall that a proper surjective morphism 7: X — Y to an integral scheme
Y is called equi-dimensional if, for every irreducible component X,, 7(X,) =Y
and the function y — dim(7~!(y) N X,) is constant on Y (cf. [21, Sections 13.2,
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13.3]). Hence, if Supp .# — Y is equi-dimensional and d = dim(Supp .#)/Y, then
Z satisfies the condition above.

In Section 3.1, we shall define .# 5,y (1) as a reflexive sheaf of rank one on Y
for .F satisfying a weaker condition than above, and in Section 3.2, the invertibility
of .7 # v (n) is proved (cf. Theorem 3.14). Some base change properties and their
applications are given in Section 3.3.

3.1. Definition of intersection sheaves.
We begin with a discussion on some condition of the dimension of fibers. The
following result is known for proper flat morphisms (cf. Section 1.2).

LEMMA 3.1. Letm: X — Y be a proper morphism of Noetherian schemes
and let d be a non-negative integer. For an integer ¢ > 1, assume that
dim7~Y(y) < d for any point y € Y with dim Oy, < i. Then, T, FLHH(X) C
Fi (Y) for the homomorphism ms: K¢(X) — Ko(Y).

con

PROOF. The inclusion is derived from the assertion that, for a closed integral
subscheme Z of X, if codim Z > d + i, then codimn(Z) > i. We shall derive a
contradiction by assuming codimZ > d + i and codimn(Z) < i. Let x be the
generic point of Z and set y = f(x). Then, for the residue field k(y) at y, we
have:

dim Ox o < dim Oy + dim Ox o ®e,., k(y). (3.1)
Since codimZ = dimOx4, codim7(Z) = dimOy,, and dim,7 '(y) =
dim Ox » ® k(y), we have dimz 7~ 1(y) > d by (3.1). This contradicts our as-
sumption that dimg 7~ (y) < dim7~!(y) < d. O

Applying Lemma 2.23, we shall show:

PROPOSITION 3.2 (cf. [22, Exp. X, Théoreme 1.3.2]). Let X be a Noethe-
rian scheme. Then ¢(F*(X)) = FF(X)cle(Ox) C FE,
FP(X)F&n(X) C FELA(X) for any p, ¢ 2 0.

con

(X). More generally,

PRrROOF. Note that codim(W; C Wa) + codim(We C W3) < codim(W; C
W3) for any closed irreducible subsets W7 C Wo C Ws. Thus, by induction on
codimension, it is enough to prove the first inclusion: ¢(F*(X)) C F¥ (X). By

the same argument as in the proof of [22, Exp. X, Théoréme 1.3.2], especially the
proof of (1.3.6), we infer that

(L) cly(Ox) € F}

con

(X)
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for any invertible sheaf . on X. Hence, by induction on k, we can prove that

(S(gl) cee 5($]€)C1.(ﬁx) € Fk

con (X)
for any invertible sheaves .27, ...,.%; on X. By this property and by Lemma 2.23,
we shall prove the proposition. Let p: P = Px(&1) Xy -+ Xy Px(&]) — X be
the fiber product of the projective space bundles Py (&;) associated with locally
free sheaves &; on X of rank r;. We set e := dim P/X = Zizl(ri —1). Since p
is smooth, we have p,(F&He(P)) ¢ EF (X) for any k. Hence, by Lemma 2.23,
d(FF(X)) C FE_(X) is derived from
BMA) - 8 M) Aa(O) € Flie(P)

for invertible sheaves .#; on P. 1In fact, F¥(X) is generated by elements
of the form pZ7(§(M1) -+ 6(Myse)), and ¢(pl¥(2)) = pi(zcle(Op)) for z =
O( M) O(Mpge) (cf. Lemma 2.6, (1)). Thus, we are done. O

REMARK. In [22, Exp. X, Remarque 1.4], there is a discussion on a similar
property to Proposition 3.2 for a filtration of K¢(X) defined by ‘codimension’
under the assumption that the scheme is universally catenary.

In what follows in Section 3, let us fix a proper surjective morphism 7: X — Y
to a normal separated Noetherian scheme Y and fix a non-negative integer d.
Furthermore, we assume that Y is integral, for the sake of simplicity.

DEFINITION 3.3. Let ”//7r(d)(X) be the set of closed integral subschemes Z
of X such that dim(Z N7~ !(y)) < d for any point y € Y with dim Oy, <
1. We define Kfrd)(X) to be the subgroup of K,(X) generated by the images
of K¢(Z) — Ko(X) for all the closed integral subschemes Z € 7/7r(d)(X). We
also define Cohgrd)(X ) to be the set of coherent sheaves % on X such that any
irreducible component of Supp.# belongs to 7/7r(d)(X ).

Note that, for a closed integral subscheme Z, if 7(Z) = Y and if dim(Z N
77 1(%)) < d for the generic point * of Y, then Z € AS) (X). Indeed, Oy, is a
discrete valuation ring if dim Oy, = 1, and hence, 0z is flat over the discrete
valuation ring if 7(Z) =Y.

LEMMA 3.4. (1) If€ € K\P(X), then mp (F4Hi(X)¢) C FY

con
2

(2) I]"Z AL (X) and 7(Z) £Y, then

(Y) fori=1,
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T (FTHX) cla(07)) C (n|2)« (FEN(2)) C F2

con COH(Y).

PrROOF. (1): Replacing X with a closed subscheme in ”f/ﬁ(d)(X), we may
assume that X is integral and X € 7% (X). Since FIti(X)¢ ¢ FE(X) by
Proposition 3.2, it suffices to show m, FLHi(X) C F (V) for i = 1, 2. This is
done by Lemma 3.1.

(2): The first inclusion is derived from FIt1(Z)cly(0z) C F4EY(Z) (cf.

con
Proposition 3.2). If codim7(Z) > 2, then the second inclusion follows from

(712) (Ka(2)) € Tmage(Ko((2)) — Ko(Y)) C F2

COH(Y)'
Thus, we may assume that 7(Z) is a prime divisor. Then, dim Z N7~ 1(y) < d
for the generic point y of (7). Hence, by applying Lemma 3.1 to Z — 7(Z), we
have

(7]2)« (FEEN(Z)) C Image (FLL,(7(2)) — Ko(X)) C F2

con con con

(Y).

Thus, we are done. O

DEFINITION 3.5. Let m: X — Y be a proper surjective morphism from
a Noetherian scheme X to a normal separated integral Noetherian scheme Y,
and let d be a non-negative integer. For elements £ € K}(Td) (X), 0 € GYX),
and n € G (X), we define the relative intersection number i¢/y(0) and the
intersection sheaf % ¢y (n) by

ie/y(0) == ly(ma(z€)) € Z and  F¢/y(n) := det(my(y€)) € Ref (V)

for representatives x € F4(X) and y € F4T'(X) of 6 and 7, respectively, where

ly is the isomorphism G?

Gl

con

Y a(Y) =~ Z in Lemma 1.14, and det is the isomorphism
(V) ~ Ref! (V) in Lemma 1.17. These are well-defined by Lemma 3.4, (1).

CONVENTION.

(1) If 0 = 6x(A,...,%) mod FIYY(X) and n = 6x (A4, .., Lr1) mod
F+1(X) for invertible sheaves .}, ..., %1 on X, then we write

ic/y(0) =ig)y (LA, ..., L) and  I¢v(n) = I¢v(A,. .., Lar).

(2) If € = clo(.F) for a coherent sheaf .Z belonging to Coh!® (X), then ¢ €
K (X), and we write iz/y (-) = i¢/y (1) and 7 5y () = I v ().
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(3) If £ = cle(V) for a closed subscheme V whose irreducible components all
belong to VAS (X), then i¢/y and F¢/y are written by iy,y and Sy )y,
respectively. Similarly, if £ = cle(Z) for an algebraic cycle Z whose irre-
ducible components all belong to ”f/ﬂ(d) (X), then i¢/y and .Sy are written
by iz/y and . z/y, respectively.

REMARK. For a closed immersion +: X «— X’ into another proper Y-scheme
X', and for ¢’ € G4(X'), ' € G4HL(X'), we have

ie)y (0'|x) =i, v(0) and Iy (|x) =20 v ().

Thus, the definitions of iz /vy, iv)y, iz/v, L z/v, vy, and & 2,y above cause
no confusion.

REMARK 3.6. Let .# be a coherent sheaf on X flat over Y and let n be an
element of G1(X) for d = dim(Supp.#)/Y. If 7 satisfies Assumption 2.1, then
S 7y (n) defined in Definition 3.5 coincides with the intersection sheaf .%7 5,y (1)
defined in Definition 2.26. In fact, this is derived from the equalities

¢ (7 (2)) = me(vcle(F)) and  det (y) = det(y)

for any z € K*(X) and y € K*(Y) (cf. Lemma 2.6, (1), and Lemma 1.17).

Even if 7 is only locally projective, .# z,y () is isomorphic to the intersection
sheaf f‘;;fy(x) defined in Definition 2.26 for a representative x € F4T!(X) of
n € G4T1(X). This is shown by similar formulas

Gpert (17 (7)) = mu(zcla(F)) and  det(¢pe(y)) = det(y)

for the Cartan homomorphism ¢.¢: K*(Y)pert — Ko(Y) and for y € K*(Y)pext-
Here, the latter formula is shown by Lemma 1.17 and by an argument in [26,
Chapter II] (cf. [32, Chapter 5, Section 3]).

EXAMPLE 3.7. Assume that Ox € Cohgrd) (X) and d = 0; in other words,
m: X — Y is generically finite. Then .# x,y (%) for an invertible sheaf . on X
is nothing but the reflexive sheaf
vV

(detm,.Z @ det(m.0x)")"" ~ (det(r.Ox) @ det(m.2™)Y)

If X is normal and ¢ = Ox (D) for a Cartier divisor D, then .%xy () ~
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Oy (D) for the push-forward 7, D as a Weil divisor. In fact, we have an isomor-
phism

\%

(det(m.Ox) ® det(m.Ox (~A)Y)"" = Oy (m.A)
for an effective Weil divisor A on X, and applying it to effective Weil divisors D1,
Dy with D = Dy — Do, we have the isomorphism above (cf. Remark 1.4).

REMARK 3.8. In Section 3, we are assuming that the base scheme Y to be
normal. If Y is only a separated integral scheme, then the intersection sheaves
I x1y (LA, .., Zay1) are not naturally defined for an equi-dimensional morphism
m: X — Y of relative dimension d and invertible sheaves .%Z; on X. For example,
we consider the following situation: Let Y be a nodal rational cubic plane curve
defined over C' and 7: X — Y the normalization. Let P € X be a point not lying
over the node of Y. One can consider the push-forward . (P) as a divisor on Y.
So, the intersection sheaf .# x,y(€/(1)) for the tautological invertible sheaf /(1)
on X ~ P! is expected to be the invertible sheaf Oy (., P). However, if P’ € X is
not lying over the node, then . (P) is linearly equivalent to m.(P’) if and only if
P = P'. Hence, we have no natural definition of .# x v (€(1)).

LEMMA 3.9. Let ¥ be a coherent sheaf belonging to Cohgrd)(X) and n €
G¥Y(X). Then

T ziy() = I (7 )y M)

where Fy ¢ /vy is defined in Definition 1.15. Let {Z;}ier be the set of irreducible
components of Supp.# dominating Y and let e; be the length lz,(F) of F along
Z; (cf. Definition 1.1). Then Z; € YAS (X) foranyie I, and

I zv(n) =~ (® fz,i/Y(n)g)ei) VV.

iel

PROOF. Let {Z}};c; be the set of irreducible components of Supp .# not
dominating Y. Then, UjeJ 7} = Supp Fiory and U Zi = Supp Fit. /vy Here,
Zi, Zj € #(X), since Z € Coh? (X). We have

Tu (FHX) clo(Fior)y)) C Fan(Y)

by Lemma 3.4, (2), since cle(Fior/y) € > c s Image(Ke(Z)) — Ko(X)). Thus,
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the first isomorphism is derived from clg(#) = cle(Fior/y) + cle(Fi 5.y ). Hence,
we may assume that .., /y = 0 from the beginning. Let X " be a closed subscheme
of .7 such that .7 is an Ox,-module. Then, .# z /v (n) ~ .% v (n|x’). Hence, by
replacing X with a closed subscheme, we may assume that X = Supp .%#. Then,
{Zi}ier is the set of irreducible components of X, and cle(F) — >, eicle(Z;) €
Fl (X) by Lemma 1.14. We have m (FFHX)FL (X)) C m(F4EE(X)) C
F2 (Y) by Lemma 3.1 and Proposition 3.2. Hence, for a representative z €

FIHL(X) of n € GML(X), we have

me(zcle(F)) =) eim(zcla(0z,)) mod F2 (Y),
el

which induces the second isomorphism. O

REMARK 3.10. In order to study the intersection sheaf .% &,y (n) for .F €
Cohgrd)(X ), we may assume that %, /y = 0 by Lemma 3.9. Thus, we may remove
the irreducible components of X which do not dominate Y, i.e., we may replace
Ox with (Ox)¢+./y. Hence, we may assume that there is an open subset U C Y’
with codim(Y \ U) > 2 such that 7 and .# are flat over U. Then, for the sheaf
19?[/] = yt.f./y“—l(U) = §|W—1(U), we have

iz )y (0) =izy v 01 (v)) = in-1(y) /k(y) (Olr-1(); FO @ On-1(y)),

I zry() = 3 (F 2 0 le10)))

fory € U, 0 € G4X), n € G¥(X), and for the open immersion j: U — Y,
where the latter isomorphism follows from a property of reflexive sheaves shown
in [23, Proposition 1.6]. Note that, by Remark 3.6, . 2, /i (1|z—1(r)) is just the
intersection sheaf defined in Definition 2.26 when w|,—1y: 71 (U) — U is a
projective morphism.

LEMMA 3.11. Letv: X — X bea proper morphism and let Z be a coherent
sheaf on X belonging to Cohgi)l,(X). Then, the i-th higher direct image sheaf

F; =R’ 1. F belongs to Coh\®(X) for any i > 0. If dim(Supp.Z; N7 1(x)) < d
for the generic point x of Y for any i > 0, then

I gy W) = Iz, v ()

for any n € GITH(X).
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Proor. Ify €Y isa point with dim Oy, < 1, then
dim (v(Supp JZZ\) Nn~'(y)) < dim (Supp 7N v ir (y)) < d.

Hence, .%; € Cohgrd) (X), since Supp .%; C v(Supp f) We have

—

(mov)u(v*(z)  clo(F)) =D (—1)'me(z cle(F))

i>0

for a representative x € F4t1(X) of n € G¥*1(X), by the projection formula (1.1).
Assume that dim(Supp .%#; N7 1(x)) < d for any i > 0. Let Z be an irreducible
component of Supp .%; for i > 0. If 7(Z) # Y, then m,(zcle(2)) € F2 (V) by

Lemma 3.4, (2), since Z € 7/7T(d)(X). If n(Z) =Y, then Z € ”//7r(d_1)(X); thus

me(zcle(Z)) € F2, (Y) by Lemma 3.4, (1). Therefore, s (zcle(F;)) € F2 (Y)
for any ¢ > 0. Thus,

(10 )y (V¥ (2) - clo(F)) = mu(zcla(Fo)) mod F2 (V).
Hence, we have the expected isomorphism by Definition 3.5. O

LEMMA 3.12. Let7:Y' — Y be a dominant morphism from another normal
separated Noetherian integral scheme Y’ such that codim 7~ 1(B) > 2 for any closed
set B C Y of codim(B) > 2. Let X' be the fiber product X xy Y', and let
p1: X' — X and po: X' — Y’ be the natural projections. For a coherent sheaf .F
of X belonging to Cohgrd) (X) and for n € GITY(X), one has an isomorphism

I ez v (i) = (7 I 5 ().

PrOOF. We may replace Y with a Zariski open subset U such that codim(Y"\
U) > 2, since the isomorphism of the reflexive sheaves follows from that on 7=1(U)
(cf. [23, Proposition 1.6]). Thus, we may assume that Y is regular and 7 is flat.
Applying the flat base change formula (1.2): 7*m,(x) = poxpT(z) tox = yclo (F) €
Ko(X) for a representative y € FIT1(X) of n € G4*1(X), we have the expected
isomorphism, since pt cle(F) = clo(p].F). O

The following corresponds to Corollary 2.30:

LEMMA 3.13. For€ € K7(Td)(X), 0 € GYX), and for an invertible sheaf .4
on 'Y, one has an isomorphism
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I ey Ot (m* M) = @D,

PROOF. For a representative z € F4(X) of 6, and for y = §(.#) € F1(Y),
we have m,(2€) mod F) (Y) = i¢/y(0) by Definition 3.5, and m,(z{n*(y)) =
74 (2€)y by the projection formula (1.1). Hence we have the expected isomorphism
by

S ey (0! (7)) = det (m, (wEm*(y)) = det(ic)y (O)y) = 4%/, O

3.2. Invertibility for equi-dimensional morphisms.

We shall show that the intersection sheaf .# /v (n) for & € Coh™(X) and
n € G¥1(X) is invertible under certain conditions. The following is one of such
results:

THEOREM 3.14. Let m: X — Y be a proper surjective morphism onto a
normal separated Noetherian scheme Y. Let F be a coherent sheaf on X such
that dim(Supp Z N7~ 1(y)) < d for anyy € Y.

(1) If A, ..., %41 are invertible sheaves on X such that m*n.t — % is
surjective for any i, then S z /v (L, ..., Zay1) is an invertible sheaf.
(2) If m is locally projective, then .7 z ;v (n) is invertible for any n € G4T(X).

The first proof of this theorem is given after Lemmas 3.15 and 3.17. Theorem
3.18 below on the Q-factoriality of Y is obtained by applying Theorem 3.14. The
first assertion (1) of Theorem 3.14 is generalized to Proposition 3.20, which gives
a second proof. The third proof but in the case where 7 is projective, is given by
the proof of Proposition 3.22 in Section 3.3, which covers Proposition 3.20 in the
same case (cf. Remark 3.23).

LEMMA 3.15 (cf. Lemma 2.31). Let . be a coherent sheaf on X belonging
to Cohgrd) (X) and let & be a locally free sheaf on X of rank d + 1. Let o be an
F -reqular section of &. Then, % z vy (cH(&)) = Oy (D) for the codimension
one part D of the effective algebraic cycle m, cyc(F @ Oy (,y). Moreover,

cle(D) = clo(m(F ® Oy () = e cle(F ® Oy(,)) mod F2 (V).
Proor. By Lemma 1.7,

&) = A1 (V) mod FI2(X) and A_1(8Y)cle(F) = clo(F ® Oy ().
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Since cls(cyc(F @ Oy (4))) = clo(F ® Oy () and since cyc(F @ Oy (,)) does not
dominate Y, we have
cle(D) = micle(F @ Oy (ry) mod F2 (V)

for the codimension one part D of 7, cyc(F ® Oy (,)). Therefore, .7 z v (c?(&))
~ Oy (D). Since codim Supp R’ 7, (.F @ Oy (s)) > 2 for i > 0, we have

cle (7‘('*(9 ® ﬁv(a))) = Ty Cl.(ﬁ ® ﬁv(g)) mod FCQOH(Y). U

REMARK 3.16. In the situation of Lemma 3.15, if 7~ !(y) N Supp(F @
Ov(s)) = 0 for a point y € Y, then .# 7,y (c?*1(&)) is invertible at y, since
y & Supp D.

LEMMA 3.17. Let V be a Noetherian scheme over a Noetherian local ring
A, and £ an invertible sheaf on V generated by finitely many global sections
00y-..,0N. Suppose that the residue field k(A) = A/my is an infinite field. For
coherent sheaves F1, ..., Fy on 'V, there exists a global section o of £ such that
s Z;VZO Aoy, ¢ HY(V, %) and o is F;-regular for any 1 < i < m.

PrOOF. It is enough to consider the case: m = 1. In fact, it is enough to
prove for the coherent sheaf .# = @." | .#,;. Let J be the set of points z € V with
depth(:#,) = 0; in other words, J is the set of associated primes of .%. Let W (x)
be the closure of {x} for € J. Then, a global section o of £ is %#-regular if and
only if oy (z) # 0 as a section of Z|y () for any x € J.

By the finite global sections oy, . . ., o, we have a morphism ¢: V — P4’ such
that ¢*@(1) ~ 2. It is enough to find an element o € RN (A) := H°(PY, 0(1))
such that the divisor {o = 0} on P} does not contain (W (z)) for any = € J.

We may replace A by the residue field k(A). In fact, if we find a global section
7 € RN(k(A)) = HO(P,?([A), 0 (1)) ~ RN(A) ®4 k(A) which does not vanish along
(W (x)) for any x, then alift o € RV (A) of & also does not vanish along (W (x)).
Thus, we may assume A to be a field k.

Let L(z) C RN (k) for * € J be the vector subspace consisting of elements
vanishing along ¥(W (x)). Then L(x) is a proper subspace. Since k is infinite, we
can find an expected element o in RN (k) \ U, ; L(x). O

We shall prove Theorem 3.14.

PRrOOF OF THEOREM 3.14.
(1): By a flat base change (cf. Lemma 3.12 and [23, Proposition 1.8]), we may
assume that Y = Spec A for a local ring A. If the residue field k(A) is finite, then



556 N. NAKAYAMA

we replace A with the localization B = A[xz],, of the polynomial ring Alx] at the
maximal ideal m = ma[z] + zA[z]. Then Spec B — Spec A is flat and the residue
field k(B) = k(A)(x) is infinite. Thus, we may assume that k(A) is infinite.

Now, ., are all generated by global sections. Applying Lemma 3.17 succes-
sively, for the closed point y € Y, we can find global sections o; € H(X,.%)
such that o = (01,...,0441) is F-regular and 7~ 1(y) N V(o) = 0 for the zero
subscheme V(o) (cf. Definition 1.6). In fact, o; are constructed as follows: By
Lemma 3.17, we have a section o1 € HO(X,DZ') which is .Z-regular and also
Or—1(yy-regular. Similarly, for the zero subscheme V3 = V' (01), we have a section
oy € H'(X, %) which is . ® Oy, -regular and Or-1(y) @ Oy, -regular. Continuing
the same process, we have sections o; € HO(X7.,%) for 1 < i < d+ 1 such that
o= (01,...,0441) is F-regular and Oy -1(y)-regular. The latter property implies
that 7=1(y) N V(o) = 0, since dim(rm~*(y) N V(o)) =d — (d + 1) < 0. Therefore,
I 7y (L1, ..., ZLay1) is invertible at y by Lemma 3.15 and Remark 3.16.

(2): By Lemma 2.23, we may assume that there exist locally free sheaves
&,...,8 on X with r; = rankd; < oo and positive integers ji,...,J with
Zi:l ji = d+ 1 such that

n= p*(é(ﬁ(l)(l))7'1+jl—1 e 5(@(1)(1))7.l+j,_1) mod F“+2(X)

for the fiber product p: P = Px(&1) Xx -+ xx P(&) — X of the projective
space bundles Py (&) — X, where /(1)) is the pullback to P of the tautological
invertible sheaf &'(1) on Px(&;). Then, we have

dim(Suppp*F Np~ 7~ (y))
= dim P/X + dim(Supp.Z N7~ (y)) < d + dim P/ X,

l
D o(ri+ji—1) = dimP/X 41, and

i=1

Iy ) = Ly (OO (o)),

Therefore, we may assume that n = ¢'(Z£)- - c'(Zyy1) for some invertible
sheaves .4, ..., %411 on X from the beginning. As in the proof of (1), we can
localize Y. Hence, we may assume that X admits a relatively very ample invertible
sheaf with respect to 7. Thus, by the linearity of .# 7y, we may assume that .Z;
are all relatively very ample. Then the assertion follows from (1). O

As an application of Theorem 3.14, we have:
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THEOREM 3.18. Let w: X — Y be an equi-dimensional locally projective
surjective morphism between normal separated Noetherian integral schemes. If X
18 Q-factorial, then so is'Y .

PROOF. Let FE be a prime divisor on Y. We shall show that some positive
multiple of E is Cartier. Thus, we may assume m to be projective by localizing
Y. Let </ be a m-ample invertible sheaf on X and set 6 = ¢!(&/)? € G¥(X) for
d = dim X/Y. Then ix/y(0) > 0. We can take a Zariski open subset U C Y
such that codim(Y \ U) > 2 and E|y is Cartier. Since 7 is equi-dimensional,
codim(X \ 771(U)) > 2. Therefore, there exists uniquely an effective divisor D
on X such that the restriction of D to 7=(U) is just the pullback of the Cartier
divisor E|y by 7|z-1): 7~ (U) — U. By assumption, kD is Cartier for some
k > 0. Thus, .7 x/y (0c'(Ox(kD))) is an invertible sheaf by Theorem 3.14. On
the other hand,

I xyy (0 (Ox (kD)) |y ~ Oy (ixy (0)kE)|v,

by Lemma 3.13. Hence, ix/y (6)kE is Cartier. O
The following is analogous to Lemma 2.29.

LEMMA 3.19. Lety:Y — S be a proper surjective morphism to a normal
separated Noetherian integral scheme S of relative dimension e = dimY/S, and ¢
a torsion free coherent sheaf on'Y . Assume that

o 7, 1, and Y o are locally projective morphisms, and
o dim(Supp.Z N7~ (y)) < d and dim(Supp.F N7~ tp~1(s)) < d+ e for any
yeY andseS.

Then there exist isomorphisms

I Fomags(m*0) = Iq s (cl(,ﬂgj/y(n))e)7
I ganas(T0) = L s(0) 217 00
for n € GHUX), 0 € GIX), 0 € GX(Y), and 0' € GHL(Y).

PROOF. Let U be an open subset of Y such that codim(Y \U) > 2 and that
% is locally free on U. Then,

Te(zcle(F @ 7°9)) |y = T (2 cle(F))|v - 1*(Z|v)
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for any z € K*(X). Let # € F4T1(X) be a representative of 7. Then
D(8(F 7y (1)) = mu(wcle(F)) mod F&,(Y),
since .# # vy (n) is invertible by Theorem 3.14. Hence,

Te(zcle(F @ T°9)) = ¢(6(F 7,y (1)) cle(¥) mod F2

con

(Y).

Let o’ € F%(X) be a representative of /. Then iz y (n') = e(mi(z cla(F))), and
hence

(2 clo(F @YD) =iz )y () cle(¥4) mod FL.(Y).

Let y € Fe(Y) and v/ € F°t(Y) be representatives of § and ¢, respectively.
Then,

1/}* (nyon(Y)) + 11[}* (y/Fclon(Y)) - 11[}* (Ffotf (Y)) - Fgon(s)
by Proposition 3.2 and Lemma 3.1, since Y € "I/dfe)(Y). Therefore,

Oama (- (1Y) - clo(F @ 71°9)) = Uu (8(F 5y (0) -y - cle(9))  mod F2,(S)
6 (Ig/s(c" (I z/v(n)-0)) mod F2 (5),
iz /vy () ey cla(¥)) mod FZ,(S)
=iz;y()8(Fgs(0') mod Fi,(S).

eTre (@ - (7*Y') - clo(F @ T°9))

Hence, we have the expected isomorphisms. O

The following is a generalization of Theorem 3.14, (1). This is proved by an
argument analogous to Propositions 2.15 and 2.32 in Section 2. In particular, the
proof is independent of that of Theorem 3.14.

PrROPOSITION 3.20. Let & be a locally free sheaf on'Y of rank N + 1 and
& a locally free sheaf on X of rank d + 1 admitting a surjection 7*9¢ — &. Let
q: P=P(9V) — Y be the projective space bundle, 0(1) the tautological invertible
sheaf on P with respect to 4V, and let p1: Px — X and py: Px — P be the
natural projections from Px = X xy P. Let F be a coherent sheaf on X such
that dim(7~'(y) N Supp.#) < d for any point y € Y. Then & z v (c*T1(&)) is
invertible and i z ;v (c?(&)) > 0. Moreover, there exist an effective relative Cartier
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divisor D on P with respect to q: P —'Y, an isomorphism
Op(D) = " (S 5y (¢ (6))) © O(1) 17 (1D, (3:2)
and a surjection
& Symig/”(cd(‘g))(%) — I gy (&)

PROOF. As in the proof of Proposition 2.32, from the natural injection
O(—1) — ¢*9, considering the composition

p30(—=1) — p3q"Y = pin*Y — pi &,

we have a global section o of pf& ® p5€(1). Then V(o) is isomorphic to V =
Px (V) for the kernel £ of 7*4 — &. Thus, we have a diagram:

V=——=Px(#V)—>Px 2> X
PQi ﬂl
Py(¥V)—— P —>vY.

Since V' — X is smooth, the closed immersion V < Px is locally of complete
intersection. Thus, the section o is Op,-regular, and furthermore it is pj.%#-
regular, since V is flat over X. By Lemma 1.7, we have

A1 ((pi€ ®p30(1)Y) mod FH2(Py) = T (pi& @ p30(1)),  (3.3)
A1 ((pi€ ©@p30(1)Y) cle(P1.F) = clo(p1.F @ Oy). (3.4)

Since ¢'(1) is invertible, we have

™ (pi& @ ps0(1) = ¢ (pi6) + ' (pi6)ct (p30(1))

d+1
+Y e pi ) (p0 (1)
=2

in G4 (Px) (cf. Remark 1.8). Hence, by (3.3),
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A1 (i€ @p30(1))Y)
=pr(A-1(6Y)) + i (2)p3 8(0(1)) + 2p3(8(0(1))*) +y (3.5)
for a representative z € F4(X) of ¢%(&) € G4(X) and for some z € K*(Px) and

y € F4t2(Pyx). Note that pay(ycle(p;.#)) € F2 (P) by Lemma 3.4, (1), since
every fiber of Supp(p;.%#) C Px 22, P has dimension at most d. Furthermore,

Do (xpg(é(ﬁ(l))Q) cl.(p’{ﬁ)) = 5(@’(1))2172* (m Cl.(p}‘f)) € FCQOH(P).
Therefore, we have the following from (3.4) and (3.5):

P2s (cle(p7.F @ Ov)) = par (A1 (P16 @ p30(1))Y) - cla(p}.F))
= poxT(A_1(EY) clo(F)) +8(O(1)) - pospt(2cle(F)) mod F2

= ¢* 1 (A1 (EY)cle(F)) +8(0(1)) - ¢*Tu(2cle(F)) mod F2 (P). (3.6)

(P)

Since c?(&) = zmod F41(X), c?t1(&) = A_1(&Y) mod F4*+2(X), and since ¢ is
flat, we have

¢ (my(zcle(F))) = Z'g/y(cd(éa)) cle(0p) mod FL (P), and

det(q*me(A_1(E"Y) cle(F))) = ¢ det(mu (A1 (EY) cla(F))) = ¢* I 5 )y (cTT1(£))

by Definition 3.5, where in the second isomorphism, we use the fact that the
pullback of a reflexive sheaf by a flat morphism is also reflexive (cf. [23, Proposition
1.8]). Therefore, (3.6) induces an isomorphism

det (pas(cle (D}.F @ OV))) = ¢* I 5y (&) @ 6(1) %o () (3.7)

Let D be the codimension one part of pa, cyc(p;# ® Oy ). Then Supp D C p2(V N
py ' (Supp #)) and

Op(D) = det (pas (cla(p}.F ® OV))).

In particular, the expected isomorphism (3.2) is derived from (3.7). For an arbi-
trary point y € Y, Supp D does not contain the fiber ¢~ (y), since
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dim(Supp D N g~ (y)) < dim (V Npy ' (Supp Z N7~ (y)))
<dimV/X+d=(N-d—1)+d=N—1.

Hence, ¢* .7 7y (¢*7(&)) is invertible along the non-empty set ¢~*(y) \ Supp D
by (3.2). Thus, f{g/y(cd"’l(éa)) is invertible at y, and D is a relative Cartier
divisor with respect to q. Moreover,

iz/yv(c!(£)) = deg Op(D)|g-1(y) 2 0.
The effective divisor D defines a global section of

0 (0" 7 5y (&) @ (1)@ /v (6N

— 7 5y (e (&)) @ Symi# /v (16D (V)

from which we have an expected homomorphism ® by considering the natural
pairing Sym'(%) ® Sym'(4V) — Oy. The surjectivity of ® is shown by the same
argument as in the proof of Proposition 2.15. (]

REMARK. If # is flat over Y, then, by construction, the surjection & in
Proposition 3.20 is isomorphic to the surjection ® in Proposition 2.32.

By Proposition 3.20 and by the proof of Theorem 2.41, we have:

COROLLARY 3.21.  Let.Z be a coherent sheaf with dim(Supp . #Nn~1(y)) < d
for any y € Y, and let & be a locally free sheaf on X of rank r generated by
finitely many global sections. If r = d + 1, then 5 z,y(c"(&)) is an invertible
sheaf generated by finitely many global sections. More generally, if P(x1,...,x,)
is a weighted homogeneous polynomial of degree d + 1 numerically positive for
ample vector bundles, then . z ;v (P(c'(&),...,c"(&))) is also an invertible sheaf
generated by finitely many global sections.

3.3. Base change properties for equi-dimensional morphisms.

We shall give some of the base change properties of the intersection sheaves
4 7,v(n) by a morphism h: Y’ — Y from another normal separated Noetherian
scheme Y’. Note that if .% is flat over Y and w: X — Y satisfies Assumption 2.1,
then by Lemma 2.27, the pullback h* .# z,y (n) is isomorphic to the intersection
sheaf on Y’ associated to the pullbacks of .# and 7. However, m and .% are not
necessarily flat over Y in the situation of Section 3.

Proposition 3.22 below gives some of fundamental base change properties.
The proof uses results in Section 2 but not in Section 3.2.
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PROPOSITION 3.22.  Let .Z be a coherent sheaf on X such that dim(Supp FN
7 (y)) < d for any pointy €Y. Let h: Y' — Y be a proper surjective morphism
from a Noetherian integral scheme Y’ such that F' := (q1.F )ys./y: is flat over
Y’ for the first projection q1: X xy Y’ — X. Let X' be a closed subscheme of
X xy Y’ such that F' is an Ox-module. Letv: X' — X and 7’ : X' — Y’ be the
restrictions of q1 and the second projection qa: X Xy Y' — Y’ to X', respectively.
Suppose that

e 7 is a projective morphism, and
o 7' X' =Y’ satisfies Assumption 2.1.

Let .7 z//y:(n') be the intersection sheaf defined in Definition 2.26 for n' €
G (X") with respect to 7': X' — Y' and F'. Then, the following assertions
hold for any n € G (X) :

(1) If V is a closed subscheme of a fiber of h, then
]y//yl(l/*n)h/ ~ ﬁv

(2) Assume that n = c?TY(&) for a locally free sheaf & of rank d+1 on X with
a surjection 79 — & for a locally free sheaf 4 of finite rank on'Y. Then
I 7y (n) is invertible and the surjection

o' Sym e/ EN (1 G) — 7 )y (e (14 E))
on 'Y’ appearing in Proposition 2.32 descends to a surjection
: Sym's/COG) o 75 (THE) = I 5y ().

(3) F #/y(n) is an invertible sheaf. If Oy ~ h.Oy: orif w satisfies Assumption
2.1, then

I gy (V) =~ W I /v (n).

(4) There exist a finite birational morphism9: Y* — Y from an integral scheme
Y*! and an isomorphism

0 I gy (V) =9I 7 ().

PrOOF. (1): Let %, be the pullback of .’ to X' xy+V and let W be a closed
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subscheme of X’ xy~ V such that .%{, is an Oy-module and Supp .#{, = Supp W.
Then,

I gy Wl =~ Iz v (@ nlw)

by Lemma 2.27 and Remark 2.5. Let y be the point A(V'). Then, the image T' of

the composite W — X’ xy Y’ — X’ — X is contained in Supp.# N7~ !(y). Thus,

dimT < d, and n|r € F4*(T) = 0 by Proposition 2.24. Since v*n|y is the image

of n|r by K*(I') — K*(W), we have v*n|w = 0. Therefore, .7 z/ /vy (v*n)|y =~ Oy .
(2): The surjection ®’ defines a morphism

p: Y — Py (Symi#/v (7 (9)(g))

over Y so that & gy (c¥T1(&)) ~ ¢*C(1) for the tautological invertible sheaf
O(1). Then p(Y') — Y is a finite morphism by (1). By Remark 3.10, we may
assume that .# and X are flat over an open subset U C Y with codim(Y'\U) > 2.
Then, by Proposition 2.32, .# 7 /y (¢*t1(&))|u is invertible and there is a surjection

Py Symi?/"(cd(éa))(g)b — ff;?/Y(CdH(@@))‘U

Here, h{;(®y) and ®’|y+ are isomorphic to each other by Lemma 2.34 and Remark
2.36, where U’ = h™1(U) and hy = h|y/: U' — U. Thus, p(Y’) — Y is an
isomorphism over U. Since Y is normal and ¢(Y”) is integral, we have ¢(Y') ~ Y.
Hence, @’ descends to a surjection

OF Symiﬁ”/‘/(cd(g))(g) A

to an invertible sheaf .# with 4|y ~ Iz, (c(&))|y. Thus, A ~
I 7y (cT1(&)), since both sides are reflexive sheaves on Y.

(3): First assume that 7 satisfies Assumption 2.1. Then, as in the proof
of Proposition 2.25 and that of Theorem 3.14, (2), we may assume that n =
ct(A) e (Lyy1) for m-ample invertible sheaves .%; such that 7*7m..% — %
is surjective and R? 7,.%; = 0 for any p > 0. If = is flat, then 7,.%; are locally
free. If not, then Y admits an ample invertible sheaf, hence there exist surjections
9; — m.%; from locally free sheaves &; of finite rank. Thus, .# & /v (1) is invertible
and we have the base change isomorphism % z/y:(v*n) ~ h* .7 z /v (n) by (2).
Since Assumption 2.1 is satisfied locally on Y, . 5,y (1) is always invertible.

Second, assume that Oy =~ h,Oy:,. By the argument above, we infer that
S /vy (v*n) is the pullback of an invertible sheaf on Y at least locally on Y.
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Thus, & /vy (v*n) ~ h*.# for an invertible sheaf .# on Y by the assumption:
Oy ~ h,Oy:. Let U C X be the open subset in the proof of (2) and let hy: U’ =
h=Y(U) — U be the restriction of h. Then,

hi (I z vy (u) = I 2y (V) |vr

by Lemma 2.27. Thus, we have an isomorphism .#|y ~ % z,y(n)|u by taking
hy.. Hence, # ~ .7 7,y (n), since both sides are invertible sheaves and codim(Y"\
U) > 2.

(4): Considering the Stein factorization of h, we have a finite surjective mor-
phism 91: Y7 — Y and a proper surjective morphism h;: Y’ — Y7 such that
h = 91 o hy and ¥1.0y, ~ h.Oy+. Then, there is an invertible sheaf .#; on Y;
such that . z/ /vy (v*n) ~ hi.#\, since I z/ /y:(v*n) is isomorphic to the pullback
of an invertible sheaf on Y locally on Y. Let U C Y be the open subset in the
proof of (2). Then, ///1|19;1(U) is isomorphic to the pullback of .# &y (1)|v by the
proof of (3).

The double-dual of V1. 0y, = h.0y is a coherent &x-module having an Oy-
algebra structure. Thus, we have a finite morphism vy : Ylﬁ — Y7 such that Vl*ﬁylﬁ

is isomorphic to the double-dual of ¥1,0y,. Since Y is normal, so is Ylﬁ. Conse-
quently, Ylti is the normalization of Y;. Then, there is an isomorphism

vl = viv] I z v (1), (3.8)

since both sides are invertible sheaves and we have such an isomorphism over the
open subset v; 197 (U) whose complement has codimension at least two. Let Y*
be an integral closed subscheme of Y’ xy, Y{ which dominates Y'. Let 9: V¥ — Y’
be the induced finite surjective morphism, which is a birational morphism, since
so is v1. Then, (3.8) induces an expected isomorphism

0 I gy (vin) = 9" hidly ~9°h" I 7 v (n).

Thus, we are done. O

REMARK 3.23. By Proposition 3.22, (3), we have another proof of Theorem
3.14, (2), as follows. We may assume that 7 is projective and that Y is affine by
localizing Y. As a flattening (cf. [38], [39]) of .# over Y, we have a projective
birational morphism h: Y’ — Y from an integral scheme Y’ such that %' =
(g7 F )14,y is flat over Y/ for the first projection ¢;: X xy Y’ — X. Then, Y and
Y’ have ample invertible sheaves. Thus, m and the second projection go: X Xy
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Y’ — Y both satisfy Assumption 2.1. Hence, we can apply Proposition 3.22, (3).
In this way, we have a proof of Theorem 3.14, (2).

REMARK 3.24. In the situation of Proposition 3.22, we have assumed that
7 is projective. However, in order to prove Proposition 3.22; (3)—(4), we do not
need the projectivity assumption on 7 but the local projectivity. In fact, the same
arguments in the proofs work if we replace the intersection sheaf .7, /() with
ff:jif(*) (cf. Definition 2.26). For example, Proposition 3.22, (3) is proved as
follows when 7 is only locally projective and Oy ~ h,0y:: Let x € FIt1(X) be
a representative of n € G1(X). Let U C X be the open subset in the proof of
Proposition 3.22, (2). Then, we can consider the intersection sheaf .# p;;f/U(xU)
for Zy = F|—1) and 2y = | -1(v), since Fy and 7~ H(U) are flat over U. By
Remark 3.6, we have an isomorphism

jr;;f/y(xU) ~ I zv()lu,

where .# z /v (1) is the intersection sheaf defined in Definition 3.5. By Lemma 2.27
and Proposition 2.25, we have also an isomorphism

h;}(ejpye;f/U(Z'U)) ~ jgz//yz(qf’[])h]/

for U' = h™*(U) and hy = h|yr: U’ — U. Therefore, 4|y ~ .7 z v (n)|u for the
invertible sheaf .# in the proof of Proposition 3.22, (3), and the rest is done by
the same argument.

The base change properties in Lemma 3.12 and Proposition 3.22 are general-
ized to:

THEOREM 3.25. Let m: X — Y be a projective surjective morphism to a
normal separated Noetherian integral schemeY , and % a coherent sheaf on X with
dim(Supp Z N7~ 1(y)) < d for any point y € Y. Let h: Y' — Y be a dominant
morphism of finite type from another normal separated Noetherian integral scheme
Y'. Let q1: X' — X be the first projection from the fiber product X' = X xy Y’
and let F' be the sheaf (q1-F )v5.)y:. Then, for any n € G¥Y(X), one has an
isomorphism

I 7y (@) =0 I z,v(n).

PrROOF. We may assume that .% and X are flat over an open subset U C Y
with codim(Y \ U) > 2, by Remark 3.10. Let X”” C X’ be the closed subscheme
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defined by Ox» = (Ox:)ys./y,- We may replace Y’ with an open subset whose
complement has codimension greater than one, since both sides of the isomorphism
in question are invertible sheaves. Hence, we may assume that .#’ and X" are
flat over Y. By Remark 3.10, note that the intersection sheaf .# &,y (n') for n' €
G (X’) in the sense of Definition 3.5 is just the intersection sheaf . z/ v+ (0| x» )
in the sense of Definition 2.26 associated with the &x»-module #’ flat over Y.
By Nagata’s completion theorem [34], [35] (cf. [29], [5]), Y is realized as an open
subset of an integral scheme Y’ proper over Y. By taking a flattening (cf. [38] and
[39]), we have a proper birational morphism ¢: Y — Y satisfying the following
conditions:

@ 1(Y") — Y' is an isomorphism.

F" = (p1-F )y.t./vn is flat over Y for the first projection p1: X xyY"” — X.
The restriction of .#" to X xy ¢~ *(Y”) is isomorphic to the pullback of .Z’
by the isomorphism X xy ¢ (V') ~ X xy Y/ = X'.

The closed subscheme X" of X xy Y” defined by O x.» = (Oxxyyr)es)yr
is flat over Y.

X" N (X xy ¢~ 1Y) is isomorphic to X" by the isomorphism X xy
e Y ~ X xy Y = X

We can apply Proposition 3.22 to h”: Y” 5 Y7 - Y, 2", and X" — Y, since
F'" is an Oxm-module. As a consequence, by Proposition 3.22, (4), we have a
finite birational morphism ¥: Y# — Y from an integral scheme Y* such that

* ]g///yu (p‘f’lﬂX//b) ~ ﬁ*h//* ]g/y('f])

Since = 1(Y') ~ Y’ is normal, ¥ is an isomorphism over ¢~ !(Y’). Thus, re-
stricting the isomorphism to o~ 1(Y’) ~ Y’, we have the expected isomorphism
I gy (@in) = h* I z,v(n). O

The following gives a base change property by morphisms from normal sepa-
rated Noetherian schemes which are not necessarily dominant.

PROPOSITION 3.26. Letm: X — Y be a projective surjective morphism to a
normal separated Noetherian integral scheme Y , and % a coherent sheaf on X with
dim(Supp.Z N7~ (y)) < d for any point y € Y. Let v: B — Y be a morphism
from a normal separated Noetherian integral scheme B. Let u: W — X and
w: W — B be the first and second projections from the fiber product W = X xy B.
Then there exist a coherent sheaf F on W and a positive integer e such that
Suppagz\c =t (Supp #) and
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®e ~ .
VI 2y~ I 5 (1)

for any n € G*Y(X). Moreover, if dim(Supp.Z N7 1 (y)) = d for any point
y €Y, then one can find the .F satisfying also dim(Supp.# N w1 (b)) = d for
any b € B.

REMARK. If % is flat over Y and 7 satisfies Assumption 2.1, then one can
take e =1 and & = p*.%, by Lemma 2.27.

PROOF OF PROPOSITION 3.26. We may assume that X = Supp.%,
dim(Supp #)/Y = d, and Fio/y = (Ox)ior)y = 0 by Remark 3.10. Let
h:Y’ — Y be a projective birational morphism from an integral scheme Y which
gives a flattening of both .%#/Y and X/Y. Then, &' = (p}{.# )¢ sy for the first
projection p1: X Xy Y’ — X’ and the closed subscheme X’ C X xy Y’ defined
by Ox' = (Oxxyv')i.t./y’ are both flat over Y’. Note that Oy ~ h.0y, since Y’
is normal and & is a proper birational morphism from the integral scheme Y’. In-
deed, h is an isomorphism outside a closed subset of Y of codimension at least two,
thus (h.Oy/)VY ~ Oy by [23, Proposition 1.6], which implies that Oy — h. Oy
is isomorphic. We set 7’: X’ — Y’ to be the flat morphism induced from the
second projection ps: X Xy Y’ — Y’. Then, by Proposition 3.22, (3), we have an
isomorphism

We can find a closed integral subscheme B’ C Y’ xy B such that the second
projection induces a surjective and generically finite morphism 7: B’ — B. Indeed,
it is enough to take B’ = {b'} for a closed point b’ of the generic fiber of Y’ xy
B — B. Note that 7 is a finite morphism over B\ ¥ for a closed subset ¥ with
codim X > 2. In fact, this is true if 7 is birational. In the non-birational case, let
B’ — B” — B be the Stein factorization of T and let B be the normalization of
B”. Then, B — B'is a finite morphlsm since 0 is the double-dual of O~ as a

coherent &g-module. Since B’ x gn B — Bis birational, this is an isomorphism
outside a closed subset > C B with codim ¥ > 2. Hence, it suffices to set ¥ C B
to be the image of ¥. As a consequence, we have 7, F2_(B') C F2 (B) for the

homomorphism 7, : Ke(B') — K¢(B). Let e be the rank of 7.0/, i.e., the degree
of B' — B. Since cly(R' 74(0p/)) € F2(B) for i > 0, we have

con

T (cle(Op:)) = clo(1.0p/)) = ecle(Op) mod F.

con

(B) (3.10)

by Lemma 1.14.
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Let v/: B’ — Y’ be the restriction of the first projection Y’ xy B — Y’ and
let W’ be the fiber product X’ xy+ B’. Let p: W — W, @’: W — B’, and
1 W' — X’ be the induced morphisms. Then, we have commutative diagrams

wlsx  owtex wLlew
- Wl lw, ”'l iw, wl (3.11)
B $ }/’ B/ # }//7 B/ ;. B

in which the first two are Cartesian, and in the last diagram, the induced morphism
W' — W xp B’ is a closed immersion. We set %y}, := p/*.#'. Then

Iz, 5 (W PInlx0) = V" Iz v (Pinlxr)
by Lemma 2.27, since #' and X’ are flat over Y. Combining with (3.9), we have
Iz, W Dinlx)) = v I gy (pinlx) = 70" Iz /v (). (3.12)
On the other hand, for a representative x € F4T(X) of n € G4 (X), we have
Fl
8 (I 7,5 (W (pinlx))) = (@)™ (W™ (pizlxr)) mod F*(B),  (3.13)
by Definition 2.26. For the right hand side of (3.13), we have
Fl
T (@)™ (W (pTalx)) = el (W piw) - clo(Fy)) (3.14)
for the Cartan homomorphism ¢: K*(B’) — K.(B’) and the push-forward homo-
morphism 7, : K¢(B’') — K¢(B). Since W — W x g B’ is a closed immersion and

7: B — B is a finite morphism over B\ ¥, we have %y, € Coh(T?w,(W') and
w(Supp R’ p+. ;1) # B for any i > 0. Thus, by Lemma 3.11,

det (rea, (5" piz) - cla(Fiy))) = 7 7, 1 (WD)

~ Iz P wn) =Sz (W) (3.15)

for the direct image sheaf F = p, (Fy) on W. Note that there is an inclu-
sion Supp.# C u~'(Supp.Z) by construction. In fact, by a natural surjection
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W (pi Flx) = p*u*F — Flyy., we have Supp Fy,, C p~ = (Supp F), which in-
duces the inclusion above. In particular, dim(Supp .#Nw~1(b)) < d for any b € B.
Therefore, .7 5 / (1) is an invertible sheaf by Theorem 3.14. As a consequence of
(3.10) and (3.12)—(3.15), we have

5 (. 5,5(* ) cla(05) = 8 (v* 7 2y (0)) - o(cle(O5))

_66(V* jﬁ/Y(n)) Cl.(ﬁB> mod F(:Qon(B)’

which induces the expected isomorphism
V' I giy()® = I 5,5 (1 n).

Suppose that dim(Supp.# N 7~ '(y)) = d for any point y € Y. Then,
dim(Supp F#;,,)/B’ = d. Since we have the inclusion Suppj\C = (Supp Z),
dim(Supp TN ! (b)) = d holds for any point b € B, by the upper semi-continuity
of dimensions of fibers. Thus, we are done. O

As a corollary of the proof of Proposition 3.26, we have:

COROLLARY 3.27.  In the situation of Proposition 3.26, suppose that X =
Supp.Z and that X and % are flat over the generic point of v(B). Then, for any
n € GML(X), one has an isomorphism

v I zry(n) = I ez 8(070).

Proor. We follow the proof of Proposition 3.26 and use the same no-
tions and the same symbols. We may assume that dim X/Y = d and F,/y =
(Ox )tor/y = 0 by Remark 3.10. Then the flattening v: Y’ — Y is isomorphic over
the generic point of v(B), by assumption. Hence, the generically finite morphism
7: B' — B is birational, i.e., e = 1. Moreover, (p*pu*.% )yt /vy =~ Fy, by construc-
tion. By applying Proposition 3.22, (4) to W — B and B’ — B, we have a finite
birational morphism ¥: Bf — B’ such that

Iz, e (0 () 275 ez (07 0).
Thus, by (3.12),

TV I gy () 2T I ez e (0FN).
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Taking the direct image sheaves for the birational morphism 7o 9: Bf — B, we
have the expected isomorphism

V' I ziy(n) = I ez (1FN). O

As an application of Corollary 3.27, we have:

PRrROPOSITION 3.28. Letw: X =Y and ¢: Y — S be surjective morphisms
of Noetherian schemes, s € S a closed point, and let d be a non-negative integer
in which the following conditions are satisfied:

(1) 7 is a projective morphism.

(2) Y and the fiber Ys := 1 ~1(s) are separated integral normal schemes.
(3) 7 is flat over the generic point of Y.

(4) dim7~Y(y) < d for any pointy €Y.

Then, for any n € G4TY(X), one has an isomorphism
I xv(n) ®ey Oy, = I x, v, (ly.)-

Proor. This follows from Corollary 3.27 applied to B = Ys — Y and
F = 0x. O

We finish Section 3 by applying Proposition 3.26 to prove the following result,
which is an analogue of [41, Théoréme 2] on Kéahler spaces:

THEOREM 3.29. Let m: X — Y and ¢:Y — S be proper morphisms of
Noetherian schemes. Assume that Y is a normal separated Noetherian scheme
and 7 is an equi-dimensional surjective morphism. If wom: X — S is a projective
morphism, then sois:Y — S.

PROOF. Let & be a relatively ample invertible on X with respect to ¢ o .
We set n = cl()?*! € GHL(X) for d = dim X/Y. It is enough to prove that
the invertible sheaf . x/y (n) = S x/y (&, ..., <) is relatively ample with respect
to . For the purpose, we may replace S with its open subset. Thus, we may
assume that S is affine. Also we may replace .27 by suitable power &Z®*. Hence,
we may assume that there is a surjection 7*¢Y*9 — & for a free Og-module ¥ of
finite rank; in other words, & is generated by finitely many global sections. Then,
S x;v(n) is generated by finitely many global sections by Corollary 3.21. Thus,
there is a morphism h: Y — P& over S for some N such that h* (1) ~ .7 x ;v (n).
In order to show .# x/y (1) to be ample, it is enough to prove that
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degcr & x v (M)lc >0

for any closed irreducible curve C' on an arbitrary fiber 1) =1(s) of v, where k =
k(s). Let v: B — C be the normalization and pu: X Xy B — X the induced finite

morphism. Then there exist a coherent sheaf .# on X xy B and a positive integer
e such that dim Supp.# =d+ 1 and

v I xpy()® = I 5 (1 )

by Proposition 3.26. Since B is a non-singular curve, we may assume that 7 is
flat over B by Remark 3.10. Hence,

o~

edego S x/v (e =degpn I 5, 5(1*N) = ixxy /(1™ n; F )

=ixuxyp(W L, .. )l F)>0
by Lemma 2.28, since p*<7 is ample. Thus, we are done. U

4. Intersection sheaves for varieties over a field.

In what follows, we shall work in the category of k-schemes for a fixed field k.
A variety (over k) is by definition an integral separated scheme of finite type over
Spec k. We shall study the intersections sheaves for surjective morphisms X — Y
of normal projective varieties. In Section 4.1, we study some numerical properties
of #x/y. In Section 4.2, for a family Z of effective algebraic cycles of pure
dimension on X parametrized by Y (hence, Z is a cycle on X xY") and for an ample
invertible sheaf 7 on X, we show that the intersection sheaf .% 7,y (p7.<7, ..., p] &)
is just the pullback of an ample invertible sheaf by the morphism to the Chow
variety of X determined by Z/Y. An application to the study of endomorphisms
of complex projective normal varieties is given in Section 4.3.

4.1. Numerical properties of intersection sheaves.

Let m: X — Y be a proper surjective equi-dimensional morphism from a
projective variety X to a normal variety Y. Then Y is also projective by Theorem
3.29. We set d = dim X/Y and m = dim Y. Then the intersection sheaf .% x/y (1)
for n € G4T1(X) is also defined as m,G(¢)(n) modulo F2 (V) = F,,_»(Y) for
G(¢p): GHY(X) - GHNX) = G (X) and Tyt G 1(X) — G 1 (Y).

con

REMARK. In order to calculate .# x,y (1), we may replace X with its nor-

malization by Lemmas 3.9 and 3.11. In fact, the normalization v: X > Xisa
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finite birational morphism. Hence, 7 o v is also equi-dimensional, R v, & ¢ = 0 for
i >0, and Ix(v«Og) = 1. Thus,

2y W) = I wog)y(n) = I x/v(n)

by Lemmas 3.11 and 3.9.

In Lemma 4.1 and Theorem 4.2 below, we shall give sufficient conditions for
an intersection sheaf .# x /3 () to be ample or nef.

CONVENTION (“nef”). An invertible sheaf .# on a projective variety Y is
called nef if the intersection number

M- C =iy (e (M); C) = degep, M|

is non-negative for any irreducible closed curve C on Y. Note that .# is nef (resp.
ample) if and only if its pullback to Y = Y Xgpeck Speck is nef (resp. ample)
for the algebraic closure k of k. The notion of nef is introduced by Reid (cf.
[40, (0.12) (f)]), but formerly, it was called numerically effective, arithmetically
effective, or numerically semi-positive (cf. [25, Chapter I, Section 4], [11, Section
2]). The following property is known by Nakai’s criterion of ampleness (cf. [36],
[25, Chapter I11]): An invertible sheaf .4 on a projective variety is nef if and only
if PR .47 is ample for any ample invertible sheaf o/ and for any positive integer
a.

LEMMA 4.1.  Let 1 be an element of G (X) such that ix,(n; W) >0 for
any closed irreducible subset W C X of dimension d + 1. Then % x,y(n) is nef.

PROOF. By assumption, ix/g(n;9) > 0 for any coherent sheaf ¢ with
dim Supp¥ < d + 1, since clo(¥) = > m;cle(W;) mod Fy(X) for some closed
irreducible subsets W; with integers m; > 0. It is enough to prove that
degc/i 7 x/v (M)lc > 0 for any closed irreducible curve C' on Y. Let B — C
be the normalization. Then, by Proposition 3.26, there exist a positive integer e
and a coherent sheaf .Z of X xy B such that dim(Supp é\\) =d+1 and

edegeyr I x/v(n)lo = degpp, jg?/B(ﬂ*n)

—

for the induced finite morphism p: X xy B — X. We may assume that .% is flat
over B by Remark 3.10. Thus the right hand side of the equality above is equal
to
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— —~

ixXxy BN T ) = ixe(n; s ) 20

by Lemmas 2.28 and 1.12, since dim(Supp p+.% ) < dim(Supp F# ) =d+ 1. Thus,
we are done. O

CONVENTION (“algebraic equivalence” and “numerical equivalence”). Let
M, M1, and A5 be invertible sheaves on a projective variety Y.

o /1 is called algebraically equivalent to .#5 if there exist a connected alge-
braic scheme S, two k-rational points s1, s of S, and an invertible sheaf
A on X x S such that

/fl 2j|x><{sl} and .///22/,%V|X><{82}.

If A is algebraically equivalent to Oy, then . is called algebraically equiv-
alent to zero.

o ./ is called numerically trivial if A4 - C(= deg.#|c) = 0 for any closed
irreducible curve C on Y. If .Z; ® ///2_1 is numerically trivial, then . is
called numerically equivalent to M.

Note that if .# is algebraically equivalent to zero, then .# is numerically trivial.

THEOREM 4.2. Let m: X — Y be an equi-dimensional proper surjective
morphism of normal projective varieties defined over a field. Let 0 be an element
of GX(X) ford = dim X/Y . For an invertible sheaf £ of X, the intersection sheaf
M = I x,y(0c' (L)) has the following properties:

(1) If £ is algebraically equivalent to zero, then so is A .
(2) If & is numerically trivial, then so is M .

Assume that ix(0; W) > 0 for any closed subscheme W C X with dim W = d.
Then the following hold:

(3) If £ is nef, then so is M .
(4) If £ is ample and if ix;y(0) > 0, then A4 is ample.

Proor. (1): By assumption, we may assume that there exist a variety S
with two k-rational points s, 1 € S and an invertible sheaf .Z on X x S such
that 92”30 ~ Ox and 92”31 ~ %, where 92” for a k-rational pomt se S denotes
the invertible sheaf on X isomorphic to the restriction of £ to X x {s} ~
We apply Proposition 3.28 to 7 xidg: X x S — Y x .S and the second projection
Y xS — S. Since 7 is flat over Y\ X for a proper closed subset 3, 7 X idg is also
flat over (Y \ X) x .S; thus, 7 x idg is flat over the generic point of Y x {s} for any
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seY. We set

M= I (xx5)/(vxs) (pT(0)c' (L))

for the first projection p;: X x S — X. Then, we have isomorphisms %:0 ~ Oy
and ,//Z; ~ # by Proposition 3.28 applied to ¥ x {s} = Y x S for s = sg and
s1. Therefore, .# is algebraically equivalent to zero.
(2): ix/k(0c'(ZL);W') = 0 for any closed subscheme W’ C X of dimension
d + 1, since .Z is numerically trivial and 0 cly(W') € F4(X)Fy1(X) C F1(X).
Hence, .# and .#" are both nef by Lemma 4.1. Thus, .# is numerically trivial.
(3): By Lemma 4.1, it suffices to show

ixk(0c' (L); W) >0 (4.1)

for any closed subvariety W~ C X of dimension d + 1. If . is ample, then there
exist a finite field extension k' O k, an ample divisor A’ on X' = X Xgpec Speck’,
and a positive integer k such that

[ ﬁX/(A/) ~ q*.,%@k, and
o dimg Y (W~)N A’ =d (cf. Lemma 3.17),

for the induced morphism ¢: X’ — X. In this situation, for e := [k’ : k], we have

kix e (0c' (L), W™) = ixi e (¢*(0) - ' (" LFF);¢7 (W)
= ixw (g% (0); 7 (W) N A)
= (1/e)ix k(" (0):q~ (W) N A)
= (1/e)ix/k(0;qxcla(g” (W) N A)) 20
by Lemmas 1.12 and 1.13, since g4 cle (¢~ (W~) N A’) is expressed by an effective
algebraic cycle of dimension d on X. Thus, (4.1) holds if .# is ample. Even if &

is only nef, Z®N ® 7 is ample for any ample invertible sheaf .7 of X and for any
N > 0. Thus

0 < ix/p(0c (LN @ A);W™) = Nixs(0c' (L); W) +ix (0! (); W)
for any N > 0. Hence, (4.1) holds for any nef invertible sheaf Z.

(4): Let # be an ample invertible sheaf on Y. Then #®* @ n*#~! is ample
for some b > 0. By Lemma 3.13, we have an isomorphism
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I xy (0 (L2 @ A7) = M @ I 5y (O (77 )"
2%®b®%®(_iX/Y(e)), (42)

where the left hand side is nef by (3). Hence, .# is ample. O

In Lemma 4.3 and Proposition 4.5 below, we shall give sufficient conditions
for an intersection sheaf .# x,y () to be effective, big, or pseudo-effective.

CONVENTION (“effective”, “big”, and “pseudo-effective”). Assume that the
base field k is algebraically closed. Let .# be an invertible sheaf on a normal
projective variety X.

o ./ is called effective if H*(X,.#) # 0, or equivalently, .# ~ Ox (D) for an
effective Cartier divisor D.

o ./ is called big if .#®® ® o/~ is effective for some ample invertible sheaf
&/ and a positive integer b.

o ./ is called pseudo-effective if . #®" ® < is big for any positive integer n
and for any ample invertible sheaf 7.

From the definition, we have the following properties:

(1) If A is effective or big, then .# is pseudo-effective.

(2) Ample invertible sheaves are big, and nef invertible sheaves are pseudo-
effective.

(3) A is pseudo-effective if and only if, for any ample invertible sheaf o7 and for
any positive integer n, there is a positive integer k such that (.#%" @ o7)®*
is effective.

LEMMA 4.3. Let B C Y be a closed subset of codim(B) > 2 and Z an
effective algebraic cycle on X \ 7=1(B) of codimension d such that any irreducible
component of Z dominates Y \ B. Let § € G*(X) be an element such that

G(®) (0] x\r-1(p)) = cle(Z) mod FLHX \ 77 1(B)) €G?

con con (X \ W_l(B))
If D is an effective Cartier divisor on X which does not contain any irreducible
component of Z, then the intersection sheaf I x ;v (0c' (Ox(D))) is effective.

PROOF. Let Z = > n;Z; be the irreducible decomposition. Since dim Z; =
dim Y, the restriction morphism Z; — Y of « is generically finite and dominant.
By replacing B with a closed subset B’ C X with B’ D B and codim B’ > 2, we
may assume from the beginning that Z; — Y \ B is a finite surjective morphism
for any i. Then
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I xv (0 (Ox(D))yv\5 = & 2/3\5)(Ox (D))

= ® jZi/(Y\B) (ﬁZi (D|Zi))®ni

by Lemma 3.9, since the appearing intersection sheaves are all invertible by The-
orem 3.14.

If ./ is an invertible sheaf on Y, then H'(Y,.#) ~ H(Y \ B', .#) for a closed
subset B’ with codim(B’) > 2. Thus, by replacing Y with Y \ B’ for a closed
subset B’ D B with codim(B’) > 2, and by replacing X with Z, we are reduced
to proving the existence of a non-zero global section of .# = . x,y (Ox (D)) for a
finite surjective morphism 7: X — Y of not necessarily projective varieties, where
Y is normal, and for an effective Cartier divisor D on X. We may also assume
that X is normal by Lemmas 3.9 and 3.11 as above. Therefore, the assertion
follows from the property that the push-forward =D is effective and from the
isomorphism Oy (1.D) ~ .# x;y (Ox (D)) (cf. Example 3.7). O

DEFINITION 4.4 (cf. [42]). Let .4 be an invertible sheaf on a normal pro-
jective variety X defined over an algebraically closed field, and W C X a closed
subset. If the following condition is satisfied, then .4 is called weakly positive
outside W:

e For an ample invertible sheaf & on X, an arbitrary point & € X \ W, and
for any positive rational number e, there exist a positive integer m with
me € Z and an effective divisor D such that Ox (D) ~ A ®™ @ &/®™¢ and
x & Supp D.

PRrROPOSITION 4.5. Let m: X — Y be an equi-dimensional proper surjective
morphism of normal projective varieties defined over an algebraically closed field
with d = dim X/Y . Let M, ..., Mg be invertible sheaves on X which are weakly
positive outside m=(B) for a closed subset B C Y of codim(B) > 2. For an
invertible sheaf £ of X, the intersection sheaf M = 9 x;y (M, ..., Nq, L) has
the following properties:

(1) If & is pseudo-effective, then so is A .
(2) If & is big and if ix/y (M, ..., Ng) >0, then A is big.

PRrROOF.

(1): Let o be an ample invertible sheaf on X and ¢ a positive rational number.
Then there is an effective divisor A such that Oy (A) ~ Z®'® .o/ ®* for some [ > 0
with le € Z. By the weak positivity, there exist also positive integers mq,...,mqg
and effective divisors Dy, ..., D4 such that

e mic € Z and Ox(D;) ~ ,/Vi®mi ® /®™i€ for any 1 < i < d,
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e codim(VNAN7T LY\ B)) =d+1 for the intersection V = Dy N---N Dy,
and
e every irreducible component of V' dominates Y.

Hence, .#x/y(Ox(D1),...,0x(Dq),0x(A)) has a non-zero global section by
Lemma 4.3. We set z; = ¢'(A4) for 1 < i < d, x441 = c}(¥), and a = ().
Then

jx/y(ﬁx(Dl), ey ﬁx(Dd), ﬁx(A)) ~ ﬂx/y(mn)

for m = Imyms - - - my and for

d+1 d+1
77=H x; +ea) Zed+1 i1, xag1)eld? EGdH(X)@)Q,
i=1
where e;(z1,...,2Za4+1) € Z[x1,...,Z4+1] is the elementary symmetric polynomial

of degree j (cf. Remark 2.40). Thus,

d+1
7 x )y (mn) ®///®(mf ) (4.3)
for the invertible sheaves
,ﬂj = jX/Y(ed+1fj(x1, . ,xd+1)aj).

Note that % = & x)y(M,..., N4, L) = A . For an ample invertible sheaf J#
on Y and for a positive integer b, we can take the positive rational number € so
that, for any 0 < j < d,

%(k) % @ B (—bk(d+1)e)
J
is ample for a positive integer k with ke € Z. Indeed, %V ® ///j_l is ample for

N > 0 and it is possible to take b(d + 1)e? < 1/N. We can take k so that %’9(]6)
above are all effective. By (4.3), we infer that

d -
(///@)b ®%)®mk(d+1) ~ jX/Y(mn)@)bk(dJrl) ® ®%®km ®///]®(—bkM(d+l)aJ)
3=0
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d
~ S xpy (mn) D @ Q) (M)
j=0

is effective, since so is . x/y (mn). We can take b to be an arbitrary positive
integer. Therefore, .# is pseudo-effective.

(2): £®° @ n* 1 is effective for an ample invertible sheaf /# on Y and
a positive integer b. By (1) above and by (4.2), we infer that .#®® @ (- is
pseudo-effective for i = ix,;y (A1,...,.4q) > 0. Thus, .Z is big. a

COROLLARY 4.6. Let m: X — Y be an equi-dimensional proper surjec-
tive morphism of normal projective varieties defined over an algebraically closed
field with d = dim X/Y. Let A,...,ZLar1 be invertible sheaves on X. If all
of % have one of the following three properties (i)—(iii) at the same time, then
Ix)v (L, ..., Zay1) also has the same property:

(i) ample; (ii) nef; (iil) nef and big.

PrROOF. Weset 0 :=c' (&) - c' (L) € GYX). Let W be a closed integral
subscheme W C X of dimension d. If .#; are all ample, then ix/,(6; W) > 0; in
particular, ix,/y(0) > 0, since

ix/y(0) =ixm(0; F) =ip/m(0|F)

for a general closed fiber F' of 7 (cf. Remark 3.10). If .Z are all nef, then
ix/k(0; W) > 0 by [25, Chapter III, Section 2, Theorem 1]. Thus, the assertions
for the properties (i) and (ii) follow from (4) and (3), respectively, of Theorem
4.2 applied to £ = Z;41. For the rest of the proof, we may assume that .Z; are
all nef and big. Then, .%; are all weakly positive on the whole space X. Hence,
by applying Proposition 4.5, (2) to £ = Z;1, the proof is reduced to showing
ix/y(#) > 0. This well-known inequality is shown as follows: Since .#; is big,
we have an isomorphism $1®k ~ o/ @ Ox (D) for a positive integer k, an ample
invertible sheaf &/ on X, and for an effective Cartier divisor D on X. Then,
D := DI is also an effective divisor on F for a general closed fiber F of . Hence,

Kix vy (0) —ix;y (o, Lo, ..., L) =ix)y (D, Ls,...,24)
=ipm(D|F, L2|F, ..., ZalF) = iﬁ/k($2|57""$d|ﬁ) >0,

since .|y are all nef. Therefore, we may replace %} with &/ for the proof.
Similarly, we may replace .#; with an ample invertible sheaf. Then, ix/y () > 0
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is shown as above. O

For the numerically positive polynomials for ample vector bundles discussed
in Section 2.4, we have the following:

THEOREM 4.7. Letw: X — Y be an equi-dimensional proper surjective mor-
phism of normal projective varieties defined over a field such that d = dim X/Y.
Let & be an ample locally free sheaf of rank r on X and let P € Z[x1,...,x,] be
a weighted homogeneous polynomial of degree d + 1 such that the weight of x; is
i for any 1 < ¢ < r. If P is numerically positive for ample vector bundles, then
I x)v (P(c'(&),...,c"(£))) is ample.

PrOOF. We write P(&) := P(c'(&),...,c"(&)) € G (X) for short. Let
p: Px(&) — X be the projective space bundle associated with & and let &'(1)
be the tautological invertible sheaf on Px (&) associated with &. Let J# be an
ample invertible sheaf on Y. Then, 0(a) ® p*n*#~! is ample for a positive
integer a, since €(1) is ample. There exist a finite surjective morphism 7: X’ —
X from a normal projective variety X’ and an invertible sheaf #”’ on X' such
that 7*7* () ~ #'®% (cf. [14, Lemma 1.1]). Then, the locally free sheaf
(&) @ #'~1 is ample. We set n = P(7*(&) @ #'71) € G4TH(X'). Then,
ixs/k(n; W) > 0 for any closed subvariety W C X' of dimension d + 1, since P is
numerically positive for ample vector bundles. Therefore, .# x:,y () is nef on Y’
by Lemma 4.1. It is enough to prove that

I x)y (P(E)® = I x1/y (n)®° @ %K (4.4)
for some positive integers b, ¢, and k. We define
Sy)=S1,...,y:) = Plei(y),...,er(y))

for the elementary symmetric polynomials ey (y) (cf. Remark 2.40). Then S(y)
is a symmetric polynomial in Zy;,...,y,]. There exist weighted homogeneous
polynomials P9 (zy,...,2,) € Z[x1,...,2,] of weighted degree 0 < i < d such
that

d+1
Sr+t,....yr+t) = Pler(y),....er(y) + > /P (ei(y), ... en(y)) (4.5)

i=1

as a polynomial in Z[yy,...,y,,t]. Therefore, we have
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d+1
P(T (éa) %/ 1 *(57 +Z 2 1 %/ ( (d+1—1')(7_*é0))

d+1

+Z z el %/ i *(P(dJrl z)((gz))

for 7*: G¥T1(X) — G9TY(X'). Let I be the degree of 7; in other words, [ is the
rank of 7.0x:. Then & x/ /v (T%¢) = & x /v (€)' for any ¢ € G+ (X) by Lemmas
3.9 and 3.11. Let m be a positive integer divisible by a*1. Since /"' ~ 7*71* (),
the m-th power .# x//y (17)®™ is isomorphic to

Ixyy (P(E)™ @ I v (el ) PO (£)) 20D @ 7y (el (w0 )%6)
for some 6 € G¥71(X), where
I x)y (e (T H)%0) ~ Oy  and I x)y(c! (1" H)P\D(8)) ~ 4%

for s := ix/y(P(d)(g)) by Lemma 3.13. Thus, we have the isomorphism (4.4) for
(b,¢, k) = (ml, m, (m/a)ls), where the remaining inequality s = iX/y(P(d)(éa)) >
0 is a consequence of Lemma 4.8 below. In fact,

0S8

P(d)(el(y)a"'aeT(y)) ot

— 1+t Yy + 1)
t=0

by (4.5), and hence P9 (zy,...,z,) is numerically positive for ample vector bun-
dles by Lemma 4.8; thus ix,y (P(Y(&)) = ip(P@(&|p)) > 0 for a general fiber
F of w (cf. Lemma 2.12 and Remark 3.10). O

LEMMA 4.8. Let S(y) = S(y1,---,9r) € Zly1,--.,Yr| be a symmetric homo-
geneous polynomial of degree d+1. Suppose that S(y) is expressed as a numerically
positive polynomial for ample vector bundles of weighted degree d+ 1, i.e., there is
a weighted homogeneous polynomial P(x1,...,x,) € Z[x1,...,x,| such that

(1) P(x1,...,z,) is numerically positive for ample vector bundles,
(2) P(e1(y),--..er(y)) = S(y) for the elementary symmetric polynomials ey (y).

Then, the symmetric polynomial

as(y +t Yy 1)
1 s Yr
ot —o
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is also expressed as a numerically positive polynomial for ample vector bundles of
weighted degree d.

PROOF. By [14, Theorem I], together with Fact 2.39 and Remark 2.40, we
may assume that S is the Schur function Sy for a partition A = (Ay > Ay > -+ > 0)
of d + 1 such that A,.;1 = 0. Then, P above equals the Schur polynomial Py in
the sense of Fact 2.39, where )\’ is the conjugate partition of A\. By definition,

det (yi)‘j'”_j

Sxa(yr; - yp) = '

)1<ij<r Nj+r—j
————=20=C = det (y;7 )
det (y; j)lgi,jgr '

yijerDWL - Yr) T
(4.6)
for the Vandermonde polynomial

A= T @i—w)-

1<i<j<r
For an integral vector m = (mq,...,m,) € Z", we write
Am(yr,- - yr) = det(y i<ijer € Z[yi ']

Note that A, (y) = 0 if m; = m; for some i # j. For 1 < k < r, let €[k] be the
unit vector (0,...,0,1,0,...,0), where 1 lies at the k-th place. Then,

O0Am
—(y1+t,..., Y+ 1)

ot =D kA (Y1 Yr)-

=0 k=1

We introduce § := (r — 1,7 —2,...,1,0) = >, _,(r — k)e[k] € Z". Regarding the
partition X\ as a vector A = (A1,...,\.) € Z", we have

Alyr, . yr)Syr +t, .o yr +8) = Axss(yn + 4, ..,y + 1)

by (4.6). Hence,

S
Ao y) G+ b+ 1)
t=0

= Z(/\k + 17— k)Axis—e] (Y15 YUr)- (4.7)
k=1
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Note that if A\ = Apy1, then Axis5_cp(y) = 0 or \p +7 —k = 0. Indeed,
A+d—cekpr=A+0—¢[k 1 ifk<r—1,and \y+r—k=0for k =1r
if Ar = A\r41(=0). Thus, the right hand side of (4.7) is regarded as the sum for
integers k with Ay > Aiy1. Let k be such an integer. Then, the coeflicient A\ +r—k
is positive. Moreover, we have a partition = (g > +-+ > pp > pipy1 = 0) of the
integer d by setting p; := A; for i # k and pg := Ax — 1, and p satisfies

Su(y17 e 7y’r‘) = A)\+5—€[k] (y17 e 7yT’)A(y1> e 7y7’)_1-

Therefore (0/0t)S(y1 + 1, ..., yr +1)|t=0 is expressed as a positive linear combina-
tion of some Schur polynomials associated with partitions of d. This is numerically
positive for ample vector bundles by [14, Theorem IJ. O

4.2. Morphisms into Chow varieties.

Let X be a projective variety, Y a normal variety, and let p;: X XY — X
and po: X XY — Y be the natural projections. Let us fix a non-negative integer
d.

DEFINITION 4.9. Let Z =Y n;Z; be an effective algebraic cycle on X x Y,
where n; > 0 and Z; is a closed integral subscheme of X xY. The cycle Z is called
a family of effective algebraic cycles on X of dimension d parametrized by Y if
p2|z;: Z; — Y is an equi-dimensional surjective morphism of relative dimension d
for any i. We denote by Supp Z the reduced scheme | J; Z;.

Let Z =Y n;Z; be a family of effective algebraic cycles on X of dimension d
parametrized by Y. For a point y € Y, the fiber Z; xy y is a closed subscheme of
Xy = X Xspeck Spec k(y) of pure dimension d, where k(y) denotes the residue
field of Oy,. Thus, for the associated cycles cyc(Z; Xy y), we can define the
algebraic cycle Z(y) on X, to be > n,;cyc(Z; Xy y).

Let 7: Y/ — Y be a surjective morphism from another normal variety Y.
Then one can consider the pullback 7°Z as follows: Let {Z];} be the set of
irreducible components of Z; xy Y’ such that Z;) ; dominates Y’. Let l; ; be the
length of Z; xy Y" along Z; ;, i.e.,

l’i,j - ZZ;,,]' (ﬁz XyY’)'

We set 7°Z to be the cycle 3, inil; ;jZ; ;.
algebraic cycles on X of dimension d parametrized by Y’. For any n € G4T(X),
we have an isomorphism

Then, 77 is a family of effective
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I ez (PIN) = 7" I 7,y (PN) (4.8)

by Lemma 3.9 and Theorem 3.25 (cf. Convention after Definition 3.5), where p;
denotes the first projection X xY — X or X x Y’ — X.

THEOREM 4.10. Let X be a projective variety, Y a normal projective variety,
and Z a family of algebraic cycles on X of dimension d parametrized by Y. Then,
there exists uniquely up to isomorphism a proper surjective morphism @:Y — T
into a normal projective variety T with connected fibers such that, for a closed sub-
set B of Y, o(B) is a point if and only if dim py (Supp ZN(X x B)) < d. Moreover,
there exist a family Zp of algebraic cycles on X of dimension d parametrized by
T, and a positive integer m such that

(1) mZ = p*Zr,

(2) ©* I 2py7(FN) = I z)v (PTN)™ for any n € GTH(X),

(3) I zr (DY, . .., DT Hy11) is ample for any ample invertible sheaves <7; on
X

)

where p1 denotes the first projection X xY — X or X xT — X. Here, one
can take m = 1 if the function field k(Y') is separable, or equivalently, separably
generated, over k(T).

The proof is given after Lemmas 4.11 and 4.12.

LEMMA 4.11.  Let Z be a family of effective algebraic cycles on X of dimen-
sion d parametrized by Y. Let B C'Y be a connected closed algebraic subset and
let F' be the image p1(Supp Z N (X x B)) C X. Suppose that dim F < d. Then
Supp Z N (X x B) = F x B as an algebraic subset of X x Y.

PrROOF. We write S = Supp Z. By construction, there is a natural inclusion
SN (X x B) C F x B. Note that the equality SN (X x B) = F x B holds if
and only if SN (X x {b}) = F x {b} for any b € B. Hence, in order to show the
equality, we may assume B to be irreducible, since B is connected. Furthermore,
we can reduce to the case where Z; — Y is flat for any i as follows: We can find
a birational morphism Y’ — Y from a normal projective variety Y’ which gives a
flattening of Z; — Y for any i. Let Z! be the irreducible component of Z; xy Y’
flat over Y’. Then Z! — Z; is surjective, since it is birational. Let S’ be the union
U; Z;. Then S’'N (X x B") C F' x B’ for B’ = B xy Y’ and for the image F' C X
of S"N(X x B’) by the first projection X x Y’ — X. Here, F = F’, since S’ — S
is surjective. Thus, if S’ N (X x B’) = F' x B, then we have SN (X x B) = F x B
by considering the image by X x Y’ — X x Y.

Therefore, we may assume that B is irreducible and Z; — Y is flat for any 1.
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Let {V; ;} be the set of irreducible components of Z; (X x B). Then p2(V; ;) = B
and dim V; ; = dim B + d, since V; ; — B is flat at the generic point of V; ;. Let
F; ; be the image p1(V; ;). Then the natural inclusion V; ; C F; ; X B is just the
equality, since the both sides are irreducible subvarieties of X x Y of the same
dimension. Therefore, Z; N (X x B) = F; X B for the union F; = Uj F; ;, and
finally, SN(X x B)=F x Bby F=JF,. O

Let A, ..., 9511 be very ample invertible sheaves on X. Then we can con-
sider the intersection sheaf .# := % 7y (p1 4, . .., piFay1). Here, A is generated
by global sections by Corollary 3.21. Let ¢: Y — T be the Stein factorization of
the morphism

D4 Y — )Y = PHY, A)) = Proj(SymH (Y, .#))
associated with the linear system |.#|. In other words,  is the canonical morphism

Y — T = Proj @ HO(Y,.4%").
>0

LEMMA 4.12.  For an integral closed subscheme B CY, p(B) is a point if
and only if dimpy(Z N (X x B)) < d. In particular, the morphism ¢ does not
depend on the choice of very ample invertible sheaves <7;.

PrROOF. Let 7: Y’ — Y be a projective birational morphism from a normal
projective variety Y’ which gives a flattening of Z; — Y for any ¢. Then 7*.# ~
I 77y (ptn) by (4.8), where n = ' () - -- ¢! (Hg41). Thus ¢ o 7 is associated
with the family 7*Z of algebraic cycles parametrized by Y’. Hence, we can replace
Y with Y in order to prove the lemma. Therefore, we assume from the beginning
that Z; — Y is flat for any ¢. Then,

M\ = I 7%y B/B(PTN)
by Lemma 2.27. Assume that dimp;(Supp Z N (X x B)) = d. Then, by Lemma
4.11, there is a closed subscheme W C X with dim W = d such that Z; xy B is a

subscheme of X x W for any i. For a representative z € F4t1(X) of n € G4T1(X),
we have

p;(.’L‘) Cl.(Zi Xy B) :pf<.’1,‘|w) Cl.(Zi Xy B) =0 € K.(Z,L Xy B),

since p¥(z|w) € F41 (W) = 0 by Proposition 2.24. Hence, .#|p ~ Op, and
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©(B) is a point. Assume next that dimp;(SuppZ N (X x B)) > d+ 1. Then
there is a closed irreducible curve C' C B such that dim(SuppZ N (X x C)) =
dimp; (Supp Z N (X x C)) =d+ 1 by Lemma 4.11. Hence

deg A |c =ixxc/(PIn Z xy C) >0

by Lemma 2.28, since 4, ..., ;1 are ample on X. This implies that p(B) is
not a point. Thus, we are done. O

We are ready to prove Theorem 4.10:

PrOOF OF THEOREM 4.10. The existence and the uniqueness of ¢: X — T’
is proved in Lemma 4.12. Let Z7; C X xT be the image of Z; by idx x¢: X XY —
X xT. Then the natural inclusion Z; C Zr; x7Y is an equality of algebraic sets by
Lemmas 4.11 and 4.12. In fact, for any closed point t € T and the fiber B = p~1(¢),
we have dim p;(Z; N (X x B)) < d by Lemma 4.12; and thus Z; N (X x B) = F; x B
for a subset F; of X by Lemmas 4.11. Hence, for any closed point y € B = ¢~ 1(¢),

(Zr,i % Y) N (X x {y}) = p1(Z7,: N (X x {t})) x {y} C Fi x {y}
=Z;N(X x{y})

as a subset of X x Y. This implies that Z; = Zr; X7 Y as a subset.

As a consequence, we infer that the morphism Zp; — T induced from the
second projection X x T' — T is a surjective equi-dimensional morphism of rela-
tive dimension d. Thus Zr; is a family of algebraic cycles on X of dimension d
parametrized by T'. Therefore, p*Z7r; = m;Z; as a family of algebraic cycles on
Y for the length m; of Zp; x7Y along Z;. Note that m; = 1 if k(Y") is separable
over k(T). In fact, in this situation, Zp; x Y is reduced at the generic point of
Z; (ct. [20, Proposition (4.2.4)]). We set m = lem{m;} and Zp := > (m/m;)Zr,.
Then, mZ = ¢*(Zr). Thus, (1) and the last assertion on m in Theorem 4.10 have
been proved.

The isomorphism (2) follows from (1) and (4.8). By (2), we have an isomor-
phism

MET @ fZT/T(Pik«@fh e DY)

On the other hand, .# is the pullback of an ample invertible sheaf on T' by the
construction of . Thus, (3) is derived. O
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REMARK 4.13. The morphism ¢: Y — T is regarded as the Stein factor-
ization of the morphism ¥ — Chow(X) to the Chow variety of X corresponding
to y — Z(y). This is show as follows. We fix a closed immersion X <— P" into
an n-dimensional projective space P™ and set & = 0(1)|x. Let R, be the vector
space H*(P", 0(1)). We set # = ¢! («7)? € G4(X) and n = ¢! ()%t € G (X).
Furthermore, we set

e=iyy(pi0) =izyy Pi,....p1) =iz)y (p1O(1),...,p10(1)),
M = jZ/Y(an) = fZ/Y(piko‘Z{wn,pTv‘Z{) = fZ/Y (pikﬁ(l)’ e Jﬁﬁ(l))-

Then, by Propositions 2.15 and 3.20 (cf. Lemma 2.37), we have a natural surjection

d+1
®: Q) Sym*(R,) @k Oy — M.

By construction (cf. [32, Chapter 5, Section 4]), the associated morphism

v Y~P<?§>Sym8<Rn>>

is just the morphism to the Chow variety Chowg.(X) C Chowg.(P") of d-
dimensional algebraic cycles of degree e corresponding to y — Z(y). Therefore,
p:Y — T is just the Stein factorization of 1, by the definition of ¢ given just
before Lemma 4.12.

ProprosITION 4.14.  Letw: X ---—Y be a dominant rational map from a pro-
jective variety X to a normal projective variety Y with d = dim X/Y . Then there
exist a normal projective variety T and a birational map p: Y ---— T satisfying the
following two conditions:

(1) The graph Tt C X x T of the composite pomw: X -+—Y =T is equi-
dimensional over T by the second projection X x T — T, i.e., dim ' N
(X x{t})=d foranyteT.

(2) There is an ample invertible sheaf & on X such that . ;r(c' (pja/)* 1) =
Ivp (i, ... ,pi4) is ample.

The map p: Y ---—T is unique up to isomorphism, and the following conditions
are also satisfied:

(3) For any ample invertible sheaves @, ..., 31 on X, the intersection sheaf
Irp (DI, ., D1 ay1) is ample.
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(4) For any birational map p': Y ---—T' satisfying (1), there exists a birational
morphism v: T' — T such that u=vo .

DEFINITION 4.15.  For the birational map p: Y ---— T satisfying the condi-
tions (1) and (2) in the proposition above, the composite por: X =Y =T
is called the Chow reduction of w: X ---— Y.

PROOF OF PROPOSITION 4.14. First, we shall construct a birational map
w: Y --— T satisfying the conditions (1), (2), and (3). We can find a birational
morphism Y’ — Y from a normal projective variety Y’ which gives a flattening
of 'y — Y for the graph I'y of w: X ---— Y. Then, an irreducible component X’
of I'y xy Y’ is flat over Y’ and is birational to I'y. Thus, we have a morphism
X’ — X x Y’ such that the first projection gives a birational morphism X’ — X
and the second projection gives a flat morphism X’ — Y’. The image of X' —
X x Y’ is just the graph I'ys of X ---— Y --.—Y”, which is equi-dimensional over
Y’ since so is X’. Therefore, the rational map Y ---—Y” satisfies (1). Since T'y-
is regarded as a family of algebraic cycles on X of dimension d parametrized by
Y’, we have a morphism ¢: Y’ — T by applying Theorem 4.10. Here, T is a
normal projective variety, ¢ has only connected fibers, and there is a family Zp of
algebraic cycles on X of dimension d parametrized by T such that mI'y: = ¢*(Zr)
for some positive integer m. Since Zp is the image of I'ys by X x Y’ — X x T, the
first projection X x T" — X induces a birational morphism Zr — X. Hence, Z
is just the graph of the rational map X ---—Y’ — T, and ¢: Y’ — T is birational,
since dimY’ =dim X —d = dim Z7 —d = dim T. By Theorem 4.10, we infer that
m = 1 and that the rational map j: Y --— Y’ % T satisfies the conditions (1),
(2), and (3).

Second, we compare the birational map p: Y ---— T above with any other
birational map p': Y ---— T satisfying the condition (1). For such p’, there exist
birational morphisms vg: 7" — T and vy: T” — T’ from a normal projective
variety T" such that vy ' opu = vy ' o /. Here, p” := vyt op: Y. T" also
satisfies (1), since the graph I'rw of p” is contained in I'pr x¢7 T"” C X x T". Let
o/ be an ample invertible sheaf on X. We define

M= Iy (Pin), M =T, (pin), and A" = Iv, 0 (pin)

for n := c!(«/ )%+, where p; denotes the first projections X xT — X, X xT" — X,
and X x T — X, respectively. Then, .#" ~ vi.# ~ vi.#' by (4.8). Since .#
is ample, we infer that every fiber of v1: T"” — T’ is contracted to a point by
vo: T" — T. Hence, v = vgov; *: T' — T is a birational morphism. Consequently,
u satisfies the condition (4). In this situation, assume further that p': Y ---— T’
satisfies also the condition (2) for the ample invertible sheaf <. Then, .#' is also
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ample, and thus v: T/ — T is an isomorphism by the same reason. Therefore, the
uniqueness of the rational map Y ---— T satisfying (1) and (2) has been proved.
Thus, we are done. O

4.3. Endomorphisms of complex normal projective varieties.
In the last subsection, we shall study surjective endomorphisms f: X — X
of a normal projective variety X, mainly over the complex number field C'.

LEMMA 4.16. Letm: X =Y, 7 X' -Y' 1Y -Y, and 7: X' - X
be surjective morphisms for projective varieties X, X', Y, and Y' such that

(1) mor' =707,

(2) Y and Y' are normal,

(3) 7 is equi-dimensional of relative dimension d,

(4) for an open dense subset U' C'Y', the induced morphism '~ (U') — X xy
U’ is a surjective generically finite morphism of degree e.

Then, for any n € G4TY(X), one has an isomorphism
fX'/Y/ (7'/*77) ~7" fX/Y(U)®G-

Proor. Considering the fiber product X xy Y’, we have the following com-
mutative diagram:

1

Y':Y’%Y,

where p; and ps denote the natural projections X xy Y’ — X and X xy Y’ — Y,
respectively, and v is the induced morphism (7/,7'): X’ — X Xy Y’. By the
condition (4), Z := v(X’) is a unique irreducible component of X xyY” dominating
Y’. Thus, we have an isomorphism

fZ/Y' (pin) =~ ijYY'/Y' (pin) ~ 7" jX/Y(n)
by Lemma 3.9 and Theorem 3.25. Let .%; be the i-th higher direct image sheaf
R’ v, 0x:. Then, by the condition (4), dim(Supp.Z; N py ' (*)) < d for the generic

point * of Y for any ¢ > 0, and {7 (%#y) = e. Therefore,

fX//Y/(T/*n) = jﬁ/w (pin) ~ fZ/Y' (an)®€
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by Lemmas 3.11 and 3.9. Thus, we have the expected isomorphism. (]

ProPOSITION 4.17.  Let f: X — X be a surjective endomorphism of a nor-
mal projective variety X. Let m: X — Y be an equi-dimensional surjective mor-
phism of relative dimension d to a mormal projective variety Y such that m has
connected fibers and that wo f = hon for a surjective endomorphism h: Y — Y.
Let o7 be a nef and big invertible sheaf on X and let M be the intersection sheaf
I xy (e (D)) = I x )y (o, ..., o). Then, 4 is a nef and big invertible sheaf.
If o is ample, then so is M. The endomorphisms f and h have the following
properties:

(1) If f*o ~ %9 for an integer q, then h* #®¢ ~ A ®% for some e > 0.
(2) If f*o is numerically equivalent to @/®% for an integer q, then h*.# is
numerically equivalent to .4 ®19.

PrROOF. The first two assertions on the numerical properties on .# are
shown in Corollary 4.6. Hence, it is enough to prove the assertions (1) and (2)
for f and h. Note that f and h are finite morphisms. In fact, f* induces an
automorphism of NS(X) ® @Q for the Néron-Severi group NS(X), the group of
Cartier divisors on X modulo the algebraic equivalence relation: It is well-known
that NS(X) is a finitely generated abelian group. Thus, for any ample divisor A
on X, some positive multiple mA is linearly equivalent to the pullback of an ample
divisor on X. This implies that f is finite. The finiteness of h is derived from the
same argument. The induced morphism (f,7): X — X Xy ;Y is a finite surjective
morphism, since w has connected fibers. Thus, deg f = edegh for the mapping
degree e of (f, 7). Therefore, by Lemma 4.16, we have an isomorphism

Ixy(ffd .. [*d) =T x;y(f*n) = h* I x)y(n)® =h* H® (4.9)

for n := c'(&)¥! € G(X). In both cases (1) and (2), f*</ is numerically
equivalent to «7®4. Note that ¢ > 0, since f*< is nef and big. Thus, .# x/y (f*n)
is numerically equivalent to

d+1

jx/y(ﬂ(gq,...,d@q)ﬁ.%@q

by Theorem 4.2, (2). Hence, .#®1""" is numerically equivalent to h*.Z®¢ by
(4.9). Here, we have deg f = ¢#™X = ¢*™ for m = dimY, and degh = ¢} for
q1 = q%*t'e~! from the calculations
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q i (N () X) = ixyp (N ()T X) = ix (et (@) T clo (£ Ox))
= (deg f)ix (e* ()™ X) >0,

(@) My (e ()™ Y) = iy (M (WA ®)™Y) = iy i (' (A )™ clo (ha O))
= (deg h)e™iy i (e ()Y ) >0,

where we use Lemma 1.12. Furthermore, ¢ = ¢ and degh = ¢™ by deg f =
edeg h. In particular, h*.# is numerically equivalent to .#®%. In case (1), from
(4.9), we have

d+1

h*///®e ~ ‘//1®q ~ ‘///®qe_

Thus, we are done. O

In what follows, we assume the base field k to be the complex number field C.
Recall that a complex projective variety X is called uniruled if there is a dominant
rational map P! x Y ---— X from a projective variety Y with dimY = dim X — 1.
Note that X is uniruled if and only if X contains a dense subset which is a union
of rational curves. A complex projective variety X is called rationally connected
if, for arbitrary two closed points @y, s of X, there is an irreducible rational
curve C which contains x; and @2 (cf. [28, Theorem (2.1) and Definition-Remark

(2.2)]).

Fact (MRC fibration). Let M be a non-singular complex projective variety.
Then, there is a dominant rational map f: M ---— S, called the mazimal rationally
connected fibration, MRC fibration for short, satisfying the following conditions:

(1) S is a non-uniruled variety.

(2) There exist open dense subsets U C M and V' C S such that fly: U — V
is regular and proper.

(3) A general fiber of f is a rationally connected submanifold of M.

The MRC fibration is unique up to birational equivalence, i.e., if u: M’ --— M is
a birational map from a non-singular projective variety M’ and f': M'--— 8" is
an MRC fibration of M’, then fou = vo f’ for a birational map v: S’ ---— S. The
existence and the uniqueness of the rational map f: M ---— S satisfying (2), (3),
and the following condition (4), has been proved by [4, Théoreme 2.3] and [28,
Theorem (2.7)]:

(4) A sufficiently general fiber of f is a maximal rationally connected manifold.

Note that (1) and (3) imply (4). Later, it was proved in [16] that the rational
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map f: M --— S satisfying (2)—(4) also satisfies the condition (1).

Applying the Chow reduction (cf. Proposition 4.14), we have the notion of
special MRC fibration for a projective variety, as follows.

THEOREM 4.18. Let X be a complex projective variety. Then, there exists
a dominant rational map m: X ---—Y uniquely up to isomorphism satisfying the
following conditions:

(1) Y is a non-uniruled normal projective variety.

(2) The graph Ty C X XY of 7 is equi-dimensional overY .

(3) A general fiber of T'y — Y is rationally connected.

(4) If ' X =YY" is a dominant rational map satisfying (1)—(3), then there is
a birational morphism v:Y' —Y such that m =von'.

We call the rational map 7: X ---—Y above the special MRC fibration of X.

Proor. Let M — X be a resolution of singularities and let M ---— S be
an MRC fibration. Then, by Proposition 4.14, the Chow reduction 7: X ---+—Y of
the rational map X ---— M ---— S satisfies the required conditions. O

REMARK. For the special MRC fibration 7: X ---— Y, it is not always pos-
sible to find an open dense subset U C X such that 7|y : U — Y is regular and is a
proper surjective morphism to an open subset of Y. For example, let p: M — C be
a P'-bundle over a non-singular projective curve C of genus > 1 having a section
I" with negative self-intersection number, and let pi: M — X be the blow-down of
the section I'. Then the special MRC fibration 7: X ---+— Y is isomorphic to the
composite popu~t: X --— M — C. If 7|y is regular for an open subset U C X,
then ;4 ~1(U) NT = @; hence 7 does not induces a proper morphism from U. Note
that the surface X is not rationally connected, but it is rationally connected in
the sense of [4, Definition 2.1].

THEOREM 4.19. Let f: X — X be a surjective endomorphism of a normal
complex projective variety X. Let w: X ---—Y be the special MRC fibration. Then
there is an endomorphism h:Y — Y such that wo f = ho .

PrROOF. Note that f is a finite surjective morphism (cf. the proof of Propo-
sition 4.17). Let X --—Y; — Y be the Stein factorization of the composite
rof: X--—=Y; weset m: X---—Y; and 7: Y7 — Y. Let I'y and I'y; be the
graphs of rational maps 7 and 7, respectively. Then, we have a commutative
diagram:
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I'yy, ——Ty xy 1} Iy

l l l (4.10)
fxidy, idx X7
XxY)—— X xY, —— X XY,

where the vertical arrows are all closed immersions and the horizontal arrows
are all finite morphisms. In particular, the graph I'y, is equi-dimensional over
Y1, since 'y is so over Y. Let W C Y x Y7 be the image of the rational map
(mym): X-+-—Y x Y;. Then, a general fiber of the first projection W — Y
is rationally connected by a property of special MRC fibration. On the other
hand, Y7 is not uniruled, since 7: Y7 — Y is a finite surjective morphism to a
non-uniruled variety Y. Hence, the first projection W — Y is birational. The
second projection W — Y7 is also birational, since a general fiber of W — Y}
is also connected and since dimW = dimY;. Then, by Proposition 4.14, we
infer that 7 is the Chow reduction of 71, since I'y, is equi-dimensional over Y7.
Consequently, there is a birational morphism ¢: Y; — Y such that 7 = ¢ o 7.
We set n = (/)% € G4*1(X) for an ample invertible sheaf .7 of X and for
d = dimX/Y. A general fiber of 'y xy Y] — Y is irreducible, since this is
isomorphic to a general fiber of I'yy — Y. Thus, the morphism I'y, — I'y xy Y3
in the diagram (4.10) is a finite surjective morphism over an open dense subset of
Y1. Then, by Lemma 4.16, we have an isomorphism

Iy i (PT*0) = 75 Iry v (0T0)®°

for some b > 0, where p; denotes the first projection X xY — Y or X xY; —
Y;. Here, #r, /v (pin) is ample by Proposition 4.14. Thus, Iy, v (p¥f*n) is
also ample, since 7 is finite. Therefore, 71 : X ---— Y] is the Chow reduction of
itself by Proposition 4.14. As a consequence, ¢ is an isomorphism. Then, the
endomorphism h =70~ !: Y — Y satisfies mo f = hom. O

REMARK. In Theorem 4.19, if f is étale, then h is induced from the push-
forward morphism [f,]: Chow(X) — Chow(X) given by Z +— f.Z. In fact, for the
special MRC fibration 7: X ---— Y and its graph I'y, we have a finite morphism
¥: Y — Chow(X) which maps a general point y to the point [I'y (y)] correspond-
ing to the cycle T'y(y) = cyc(T'y xy {y}) (cf. Remark 4.13). For a general
point ¥, I'y(y) and also f(I'y (y)) = I'y(h(y)) are rationally connected. Since a
non-singular model of 'y (h(y)) is simply connected (cf. [3, Theorem 3.5]), every
irreducible component of f~!(I'y (h(y))) is birational to I'y (h(y)) by f. Hence,
f+«(Ty(y)) =Ty (h(y)) as a cycle. Therefore, 1 o h = [f.] o 9.
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COROLLARY 4.20. Let X be a normal complex projective variety admitting
a surjective endomorphism f: X — X such that f*o/ ~ &% for a nef and
big invertible sheaf </ and a positive integer q. Let w: X ---—Y be the special
MRC fibration. Then there exist an endomorphism h:Y — Y and a nef and big
invertible sheaf # on'Y such that mo f = how and h*.# ~ .#®?. Here, if o is
ample, then one can take A to be ample.

ProoF. We have h by Theorem 4.19. The intersection sheaf .#' =
Iy v (pfe ()1 is nef and big by Corollary 4.6. If & is ample, then so is
A" by Theorem 4.18. Then a suitable power .# = (.#')®¢ satisfies the required
condition by Proposition 4.17. O
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