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order whose coefficients depend only on the time variable
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Abstract. In this paper we deal with hyperbolic operators of second order

whose coefficients depend only on the time variable and give necessary conditions

and sufficient conditions for the Cauchy problem to be C1 well-posed. In

particular, we give a necessary and sufficient condition (a complete character-

ization) for C1 well-posedness when the space dimension is equal to 2 and the

coefficients are real analytic functions of the time variable.

1. Introduction.

The Cauchy problem for hyperbolic operators of second order has been

investigated by many authors (see, e.g., [8], [5], [1] and [2]). However, a complete

characterization of C1 well-posedness of the Cauchy problem has not been

obtained even if the coefficients of the operators depend only on the time variable.

When the space dimension is equal to 1 and the coefficients are real analytic,

Nishitani obtained a necessary and sufficient condition (a complete character-

ization) for C1 well-posedness of the Cauchy problem in [8].

In [1] Colombini, Ishida and Orrú studied the Cauchy problem for hyperbolic

operators of second order whose coefficients depend only on the time variable, and

they gave sufficient conditions for C1 well-posedness. However, their conditions

are not always necessary ones (see Examples 7.1 and 7.2 below). In this paper we

shall deal with the same problem and give a necessary and sufficient condition for

C1 well-posedness when the space dimension is equal to 2 and the coefficients are

real analytic functions of the time variable. Moreover, we shall also give a

necessary and sufficient condition for C1 well-posedness without the restriction on

the space dimension when the coefficients are semi-algebraic functions of the time

variable (see Definition 1.6 below for the definition of semi-algebraic functions).

Let P ðt; x; �; �Þ � �2 þ
P1

j¼0

P
j�j�2�j aj;�ðt; xÞ�j�� be a polynomial of � and

� ¼ ð�1; � � � ; �nÞ of degree 2 whose coefficients aj;�ðt; xÞ are C1 functions of

2000 Mathematics Subject Classification. Primary 35L15; Secondary 35L10.

This research was supported by Grant-in-Aid for Scientific Research (No. 20540155), Japan

Society for the Promotion of Science.

Key Words and Phrases. Cauchy problem, hyperbolic, C1 well-posed, second order.

#2010 The Mathematical Society of Japan
J. Math. Soc. Japan
Vol. 62, No. 1 (2010) pp. 95–133

http://dx.doi.org/10.2969/jmsj/06210095


ðt; xÞ � ðt; x1; � � � ; xnÞ 2 ½0;1Þ �Rn. Here � ¼ ð�1; � � � ; �nÞ 2 ðZþÞn is a multi-

index, j�j ¼
Pn

j¼1 �j and �� ¼ ��1

1 ; � � � ; ��n
n , where Zþ ¼ N [ f0g (¼ f0; 1; 2;

3; � � �g). We consider the Cauchy problem

P ðt; x;Dt;DxÞuðt; xÞ ¼ fðt; xÞ in ½0;1Þ �Rn;

Dj
tuðt; xÞjt¼0 ¼ ujðxÞ in Rn (j ¼ 0; 1)

(
(CP)

in the C1 category, where Dt ¼ �i@=@t (¼ �i@t), Dx ¼ ðD1; � � � ; DnÞ ¼
�ið@=@x1; � � � ; @=@xnÞ, fðt; xÞ 2 C1ð½0;1Þ �RnÞ and ujðxÞ 2 C1ðRnÞ ( j ¼ 0; 1).

DEFINITION 1.1. We say that the Cauchy problem (CP) is C1 well-posed if

the following conditions (E) and (U) are satisfied:

(E) For any f 2 C1ð½0;1Þ �RnÞ and uj 2 C1ðRnÞ ( j ¼ 0; 1) there is u 2
C1ð½0;1Þ �RnÞ satisfying (CP).

(U) If s > 0, u 2 C1ð½0;1Þ �RnÞ, uð0; xÞ ¼ Dtuðt; xÞjt¼0 ¼ 0 and

supp P ðt; x;Dt;DxÞuðt; xÞ � ½s;1Þ �Rn, then supp u � ½s;1Þ �Rn.

We assume throughout the paper that aj;�ðt; xÞ � aj;�ðtÞ for j 2 Zþ and � 2
ðZþÞn with jþ j�j ¼ 2, that is, the coefficients of the principal part of

P ðt; x;Dt;DxÞ do not depend on x. Moreover, in studying the Cauchy problem

(CP), we may assume that a1;�ðtÞ � 0 if j�j ¼ 1. Indeed, if �ðt; �Þ �P
j�j¼1 a1;�ðtÞ��=2 does not vanish identically, we make a change of variables

from x to y:

yj ¼ xj �
1

2

Z t

0

a1;ejðrÞ dr ð 1 � j � nÞ;

where ej denotes the vector in ðZþÞn whose k-th component is equal to �j;k
(k ¼ 1; 2; � � � ; n). Therefore, we can assume without loss of generality that

P ðt; x; �; �Þ ¼ �2 � aðt; �Þ þ b0ðt; xÞ� þ bðt; x; �Þ þ cðt; xÞ;

where

aðt; �Þ ¼
Xn
j;k¼1

aj;kðtÞ�j�k; bðt; x; �Þ ¼
Xn
j¼1

bjðt; xÞ�j

and aj;kðtÞ ¼ ak;jðtÞ. Taking account of the Lax-Mizohata theorem we assume that

96 S. WAKABAYASHI



(H) aðt; �Þ � 0 for ðt; �Þ 2 ½0;1Þ �Rn

(see [7]). Define

V ¼ f� 2 Rn; aðt; �Þ � 0 in t 2 ½0;1Þg:

Then V is a subspace of Rn since aðt; �Þ � 0. It follows from Theorem 4.1 of [4]

that bðt; x; �Þ � 0 in ðt; xÞ 2 ½0;1Þ �Rn for � 2 V if the Cauchy problem (CP) is

C1 well-posed (see, also, [12]). So we can also assume without loss of generality

that

(F) V ¼ f0g, i.e., aðt; �Þ 6� 0 in t for any � 2 Rn n f0g.

Moreover, we assume that aðt; �Þ satisfies the following condition (A):

(A) For any t0 � 0 there are a neighborhood U of t0 in ½0;1Þ, N 2 N ,

Lebesgue measurable conic subsets �j (1 � j � N) of Rn, ejðt; �Þ 2
C1ðU;L1ð�jÞÞ, C > 0, mj 2 Zþ, a

j
kð�Þ 2 L1ð�jÞ (1 � k � mj) such that

�ðRn n ð
SN

j¼1 �jÞÞ ¼ 0, the ejðt; �Þ are positively homogeneous of degree 2

in �, the ajkð�Þ are positively homogeneous of degree 0, ejðt; �Þ � 0, the

ajkð�Þ are real-valued and

@tejðt; �Þ � Cejðt; �Þ;
aðt; �Þ ¼ ejðt; �Þqjðt; �Þ;

qjðt; �Þ ¼ ðt� t0Þmj þ aj1ð�Þðt� t0Þmj�1 þ � � � þ ajmj
ð�Þ

for ðt; �Þ 2 U � �j, where � denotes the Lebesgue measure on Rn.

In the condition (A) we may assume that � > 0 satisfies � � t0=2 if t0 > 0, and

U ¼ ½ðt0 � �Þþ; t0 þ ��, where aþ ¼ maxfa; 0g for a 2 R. The condition (F) implies

that ejðt; �Þ 6� 0 in t for any � 2 Rn n f0g. We remark that the condition (A) is

satisfied with inffejðt; �Þ; t 2 U and � 2 �jg > 0 under the assumptions (H) and

(F) if the aj;kðtÞ are real analytic in ½0;1Þ (see Lemma 2.1 below). In order to

obtain a sufficient conditon on C1 well-posedness we impose the following two

conditions (B) and (L):

(B) The coefficients do not depend on x, i.e.,

b0ðt; xÞ � b0ðtÞ; bðt; x; �Þ � bðt; �Þ; cðt; xÞ � cðtÞ:
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(L) For any t0 � 0 there is C > 0 such that for each j with 1 � j � N

min
�2Rjð�Þ

jt� � j � jbðt; �Þj � C
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt; �Þ

p
for ðt; �Þ 2 U � �j;

where

Rjð�Þ ¼ fðRe�Þþ; � 2 C ; qjð�; �Þ ¼ 0 and Re� 2 ½t0 � 2�; t0 þ 2��g

for � 2 �j, min�2Rjð�Þ jt� � j ¼ 1 if Rjð�Þ ¼ ;, and N , U, the �j and the

qjðt; �Þ are as in the condition (A) and depend on t0.

Put pðt; � ; �Þ ¼ �2 � aðt; �Þ and define

�ðpðt; �; �Þ; #Þ ¼ fð�; �Þ 2 Rnþ1; � >
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt; �Þ

p
g;

where # ¼ ð1; 0; � � � ; 0Þ 2 Rnþ1. We define

K	
ðt0;x0Þ ¼ fðtðsÞ; xðsÞÞ 2 ½0;1Þ �Rn; 	s � 0 and fðtðsÞ; xðsÞÞg is

a Lipschitz continuous curve in ½0;1Þ �Rn satisfying

ðd=dsÞðtðsÞ; xðsÞÞ 2 �ðpðt; �; �Þ; #Þ
 ða:e: sÞ and
ðtð0Þ; xð0ÞÞ ¼ ðt0; x0Þg;

where ðt0; x0Þ 2 ½0;1Þ �Rn and �
 ¼ fðt; xÞ 2 Rnþ1; t� þ x � � � 0 for any

ð�; �Þ 2 �g. K	
ðt0;x0Þ are called generalized (half) flows for p. Concerning sufficiency

of C1 well-posedness, we have the following

THEOREM 1.2. Assume that the conditions ðBÞ and ðLÞ are satisfied ðin
addition to the assumptions ðHÞ, ðFÞ and ðAÞÞ. Then the Cauchy problem ðCPÞ is
C1 well-posed. Moreover, if ðt0; x0Þ 2 ð0;1Þ �Rn and u 2 C1ð½0;1Þ �RnÞ
satisfies ðCPÞ, ujðxÞ ¼ 0 near fx 2 Rn; ð0; xÞ 2 K�

ðt0;x0Þg ðj ¼ 0; 1Þ and f ¼ 0 near

K�
ðt0;x0Þ ðin ½0;1Þ �RnÞ, then ðt0; x0Þ =2 supp u.

REMARK.

(i) If u 2 C1ð½0;1Þ �RnÞ satisfies the Cauchy problem (CP), then

supp u � fðt; xÞ 2 ½0;1Þ �Rn; ðt; xÞ 2 Kþ
ðs;yÞ for

some ðs; yÞ 2
[1
j¼0

f0g � supp uj

 !
[ supp fg:
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(ii) It follows from the proof given in Section 3 that one can replace Rjð�Þ
(1 � j � N) in the condition (L) by R0

jð�Þ satisfying Rjð�Þ � R0
jð�Þ and

sup�2�j
#R0

jð�Þ < 1, where #A denotes the number of the elements of a set A.

Let ðt0; x0Þ 2 ½0;1Þ �Rn and �0 2 Sn�1 satisfy aðt0; �0Þ ¼ 0. In the study on

necessity of C1 well-posedness we impose the following conditions ðAÞ0ðt0;�0Þ which
corresponds to the condition (A):

(A)0ðt0;�0Þ There are a neighborhood U of t0 in ½0;1Þ, a conic neighborhood �

of �0, eðt; �Þ 2 C1ðU � �Þ, m 2 N , akð�Þ 2 C1ð�Þ (1 � k � m) such that

eðt; �Þ is positively homogeneous of degree 2 in �, eðt; �Þ > 0, the akð�Þ are
positively homogeneous of degree 0 and real-valued, akð�0Þ ¼ 0 and

aðt; �Þ ¼ eðt; �Þqðt; �Þ;

qðt; �Þ ¼ ðt� t0Þm þ a1ð�Þðt� t0Þm�1 þ � � � þ amð�Þ

for ðt; �Þ 2 U � �.

Note that the condition ðAÞ0ðt0;�0Þ is satisfied under the assumptions (H) and (F) if

the aj;kðtÞ are real analytic in ½0;1Þ (see Lemma 2.1 below). Let �0 > 0 and �jð�Þ
(1 � j � n) be real-valued continuous functions defined in ½0; �0� such that

�jð�Þ 2 C1ðð0; �0�Þ, �ð0Þ ¼ �0 and the �jð�Þ can be expanded into formal Puiseux

series of �, i.e., �ð�Þ � ð�1ð�Þ; � � � ;�nð�ÞÞ � �0 þ
P1

k¼1 �
k�k=L, where L 2 N and

�k 2 Rn (k 2 N). It is easy to see that the roots of the equation qðtþ t0;�ð�ÞÞ ¼ 0

in t can be expanded into formal Puiseux series of � (see, e.g., [10] for general

results). We denote by �jð�; �Þ (1 � j � m) the real parts of the roots of the

equation qðtþ t0;�ð�ÞÞ ¼ 0 in t which can be expanded into formal Puiseux series.

When t0 > 0, m is even and we can rearrange f�jð�; �Þg so that �jð�; �Þ �
�m=2þjð�; �Þ (1 � j � m=2). We may assume that t0 þ �jð�; �Þ > 0 for � 2 ½0; �0�
when t0 > 0, modifying �0 if necessary. Put Ord�#0f ¼ � if fð�Þ 2 Cð½0; �0�Þ and

there are c 2 C n f0g and � 2 R satisfying fð�Þ ¼ c��ð1þ oð1ÞÞ as � # 0. If fð�Þ ¼
Oð�NÞ (� # 0) for any N 2 Zþ, then we define Ord�#0f ¼ 1.

THEOREM 1.3. Assume that the condition ðAÞ0ðt0;�0Þ is satisfied ðin addition to

the assumptions ðHÞ and ðFÞÞ. Moreover, we assume that the following condition

ðCÞðt0;x0;�0Þ is satisfied:

ðCÞðt0;x0;�0Þ There are �0 > 0 and real-valued continuous functions T ð�Þ and

�jð�Þ ð1 � j � nÞ defined in ½0; �0� such that T ð�Þ;�jð�Þ 2 C1ðð0; �0�Þ, t0 þ
T ð�Þ > 0 for � 2 ð0; �0�, T ð�Þ and �ð�Þ � ð�1ð�Þ; � � � ;�nð�ÞÞ can be

expanded into formal Puiseux series of �, T ð0Þ ¼ 0, �ð0Þ ¼ �0 and
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Ord�#0

n
min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj � jbðt0 þ T ð�Þ; x0;�ð�ÞÞj
o

< Ord�#0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt0 þ T ð�Þ;�ð�ÞÞ

p
:

Then the Cauchy problem ðCPÞ is not C1 well-posed.

REMARK.

(i) We have

min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj ¼ min
�2Rð�ð�ÞÞ

jt0 þ T ð�Þ � � j;

where

Rð�Þ ¼ fðRe�Þþ; � 2 C and qð�; �Þ ¼ 0g: ð1.1Þ

(ii) The condition ðCÞðt0;x0;�0Þ can be restated in terms of Newton polygons (see

Lemma 2.2 below).

Under the condition ðAÞ0ðt0;�0Þ we define the condition ðLÞðt0;x0;�0Þ as follows:

(L)ðt0;x0;�0Þ There are a neighborhood U of t0 in ½0;1Þ, a conic neighborhood

� of �0 and C > 0 such that

min
�2Rð�Þ

jt� � j � jbðt; x0; �Þj � C
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt; �Þ

p
for ðt; �Þ 2 U � �; ð1.2Þ

where Rð�Þ is the set defined by (1.1).

Assume that the aj;kðtÞ are real analytic functions of t on ½0;1Þ. Then, for any

T > 0 there is �T > 0 such that the aj;kðtÞ are analytic in �T � ft 2 C ; Re t 2
ð��T ; T þ �T Þ and j Im tj < �Tg. So the aj;kðtÞ are analytic in �1 �

S1
j¼1 �j.

Moreover, there are a neighborhood Uðt0;x0Þ of t0 in ½0;1Þ and a conic

neighborhood �ðt0;x0Þ of �
0 such that the condition ðAÞ0ðt0;�0Þ is satisfied with U ¼

Uðt0;x0Þ and � ¼ �ðt0;x0Þ (see Lemma 2.1 below), and there are a neighborhood Ut0 of

t0 in ½0;1Þ, �1; � � � ; �N 2 Sn�1 and conic neighborhoods �j of �
j (1 � j � N) such

that
SN

j¼1 �j ¼ Rn n f0g and the conddition (A) with U ¼ Ut0 is satisfied. It is

obvious that the Rjð�Þ in the condition (L) and Rð�Þ in the condition ðLÞðt0;x0;�0Þ
can be replaced by

Rð�Þð¼ Rjð�ÞÞ ¼ fðRe�Þþ; � 2 �1 and að�; �Þ ¼ 0g ð � 2 Rn n f0gÞ:
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THEOREM 1.4. Assume ðin addition to the assumptions ðHÞ and ðFÞÞ that

n ¼ 2, and that the aj;kðtÞ and bjðt; xÞ ð j=1,2Þ are real analytic functions of

t 2 ½0;1Þ. Then the condition ðLÞðt0;x0;�0Þ is valid if the Cauchy problem ðCPÞ is C1

well-posed.

From Theorems 1.2 and 1.4 we have the following main result.

THEOREM 1.5. Assume that n ¼ 2 and the condition ðBÞ is satisfied ðin
addition to the assumptions ðHÞ and ðFÞÞ, and that the aj;kðtÞ and bjðtÞ ðj ¼ 1; 2Þ are
real analytic functions of t in ½0;1Þ. Then the condition ðLÞ is a necessary and

sufficient condition for the Cauchy problem ðCPÞ to be C1 well-posed.

REMARK. The condition (L) can be restated in terms of Newton polygons,

which is similar to the condition given in [8] (see Lemma 2.2 below).

DEFINITION 1.6.

(i) Let f : RN 3 X ¼ ðX1; � � � ; XNÞ 7! fðXÞ 2 R. We say that fðXÞ is a semi-

algebraic function if the graph fðX; yÞ 2 RNþ1; y ¼ fðXÞg of f is a semi-algebraic

set. For the definition of semi-algebraic sets we refer to [3], for example.

(ii) Let X0 2 RN , U be a neighborhood of X0, and let f : U ! R. We say that

f is semi-algebraic at X0 if there is c > 0 such that the set fðX; yÞ 2 RNþ1; y ¼
fðXÞ and jX �X0j < cg is a semi-algebraic set. Moreover, we say that f is semi-

algebraic in U if f is semi-algebraic at each X 2 U . When f : U ! C , we say that f

is semi-algebraic in U if Re f and Im f are semi-algebraic in U .

For basic properties of semi-algebraic functions we refer to [11]. In the next

theorem we impose the following conditions ðA-aÞðt0;�0Þ and ðA-bÞðt0;x0;�0Þ:

(A-a)ðt0;�0Þ The condition ðAÞ0ðt0;�0Þ is satisfied, and the akð�Þ are semi-algebraic

in �, where � and the akð�Þ are as in ðAÞ0ðt0;�0Þ.

(A-b)ðt0;x0;�0Þ There are 	ðt; �Þ and ~bðt; �Þ in C1ðU � �Þ such that 	ðt; �Þ 6¼ 0

for ðt; �Þ 2 U � �, ~bðt; �Þ is semi-algebraic in U � � and

bðt; x0; �Þ ¼ 	ðt; �Þ~bðt; �Þ in U � �;

where U and � are as in ðAÞ0ðt0;�0Þ.

THEOREM 1.7. Assume that the condition ðA-a)(t0,�0) and ðA-b)(t0,x0,�0)

are satisfied ðin addition to the assumptions ðHÞ and ðFÞÞ. Then the condition

ðLÞðt0;x0;�0Þ is satisfied if the Cauchy problem ðCPÞ is C1 well-posed.
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REMARK.

(i) If the aj;kðtÞ and bjðt; x0Þ (1 � j � n) are semi-algebraic at t0, then the

conditions ðA-aÞðt0;�0Þ and ðA-bÞðt0;x0;�0Þ are satisfied (see Lemma 2.3 below and

[11]).

(ii) Assume that the condition (B) is satisfied (in addition to the assumptions

(H) and (F)), and that the aj;kðtÞ and bjðtÞ (1 � j � n) are semi-algebraic at any

t0 2 ½0;1Þ. Then it follows from Theorems 1.2 and 1.7 that the Cauchy problem

(CP) is C1 well-posed if and only if the condition (L) is satisfied, since the aj;kðtÞ
and bjðtÞ (1 � j � n) are real analytic in ½0;1Þ (see the proof of Theorem 10 of

[11]). (iii) From Theorem 1.7 one may conjecture that the condition (L) is a

necessary and sufficient condition for the Cauchy problem (CP) to be C1 well-

posed under the conditions (H), (F) and (B) if the coefficients of P ðt;Dt;DxÞ are
real analytic in ½0;1Þ.

The remainder of this paper is organized as follows. In Section 2 we shall give

preliminary lemmas. Theorem 1.2 (sufficiency of C1 well-posedness) will be

proved in Section 3. Theorem 1.3 will be proved in Section 4. In Section 5 and

Section 6 we shall prove Theorems 1.4 and 1.7, respectively. Some examples and

remarks will be given in Section 7.

2. Preliminaries.

First let us consider the condition (A).

LEMMA 2.1. Assume that the conditions ðHÞ and ðFÞ are satisfied, and that

for any ðt; �Þ 2 ½0;1Þ � Sn�1 there is l 2 Zþ satisfying @l
taðt; �Þ 6¼ 0. Then the

condition ðAÞ is satisfied. In particular, the condition ðAÞ is satisfied ðunder the

conditions ðHÞ and ðFÞÞ if the aj;kðtÞ are real analytic on ½0;1Þ.

REMARK. In the condition (A) we can choose the �j as open cones in

Rn n f0g, and ejðt; �Þ 2 C1ðU � �jÞ so that ejðt; �Þ > 0 for ðt; �Þ 2 U � �j, if the

hypotheses of the lemma are fulfilled.

PROOF. Let ðt0; �0Þ 2 ½0;1Þ � Sn�1 satisfy aðt0; �0Þ ¼ 0. We may assume

that aðt; �Þ belongs to C1ðð�1;1Þ �RnÞ and is real-valued. From the Malgrange

preparation theorem there are a neighborhood Uðt0;�0Þ of t0 in ½0;1Þ, an open conic

neighborhood �ðt0;�0Þ of �0, m 2 N , eðt; �Þ 2 C1ðUðt0;�0Þ � �ðt0;�0ÞÞ and real-valued

functions akð�Þ in C1ð�ðt0;�0ÞÞ (1 � k � m) such that eðt; �Þ and the akð�Þ are

positively homogeneous of degree 2 and 0, respectively, eðt; �Þ > 0, akð�0Þ ¼ 0 and

aðt; �Þ ¼ eðt; �Þfðt� t0Þm þ a1ð�Þðt� t0Þm�1 þ � � � þ amð�Þg
in Uðt0;�0Þ � �ðt0;�0Þ:
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Since Sn�1 is compact, we can choose �1; � � � ; �N 2 Sn�1 so that
SN

j¼1 �ðt0;�jÞ ¼
Rn n f0g. This proves the lemma. �

Let ðt0; x0; �0Þ 2 ½0;1Þ �Rn � Sn�1 satisfy aðt0; �0Þ ¼ 0, and assume that the

condition ðAÞ0ðt0;�0Þ is satisfied. Let �jð�Þ (1 � j � n) be real-valued continuous

functions defined on ½0; �0� such that �jð�Þ 2 C1ðð0; �0�Þ, �ð�Þ � ð�1ð�Þ; � � � ;�nð�ÞÞ
can be expanded into formal Puiseux series of � and �ð0Þ ¼ �0, where �0 > 0. We

denote by �jð�; �Þ (1 � j � m) the real parts of the roots of the equation qðtþ
t0;�ð�ÞÞ ¼ 0 in t which can be expanded into formal Puiseux series, where m and

qðt; �Þ are as in ðAÞ0ðt0;�0Þ. Let 1 � j � m. If there is l 2 Zþ such that

Ord�#0ð@l
tbÞððt0 þ �jð�; �ÞÞþ; x0;�ð�ÞÞ < 1; ð2:1Þ

then we can write

tbððt0 þ �jð�; �ÞÞþ þ t; x0;�ð�ÞÞ �
X1
k¼0

t	j;kðtÞ��jþk=L;

	j;0ðtÞ 6� 0;

where L 2 N . Indeed, we write fl0; l1; l2 � � �g ¼ fl 2 Zþ; l satisfies (2.1)}, where

0 � l0 < l1 < l2 < � � �. Then, putting �j;k ¼ Ord�#0ð@lk
t bÞððt0 þ �jð�; �ÞÞþ; x0;�ð�ÞÞ,

we have �j ¼ minf�j;k; k ¼ 0; 1; 2; � � �g. Moreover, we have

XN�1

k¼0

	j;kðtÞ��jþk=L

¼
X

�þj�j<MjðNÞ

ððt0 þ �jð�; �ÞÞþ � t0Þ�ð�ð�Þ � �0Þ�

�!�!
ð@�

t @
�
� bÞðt0 þ t; x0; �0Þ

þOð��jþN=LÞ as � # 0;

where MjðNÞ is a positive integer satisfying Ord�#0fððt0 þ �jð�; �ÞÞþ � t0Þ� �
ð�ð�Þ � �0Þ�g � �j þN=L for �þ j�j � MjðNÞ. This implies that 	j;kðtÞ 2
C1ð½�t0;1ÞÞ. If Ord�#0ð@l

tbÞððt0 þ �jð�; �ÞÞþ; x0;�ð�ÞÞ ¼ 1 for every l 2 Zþ, then

we put �j ¼ 1. If �j < 1, we define

�j;k ¼ 1þOrdt#0	j;kðtÞ ð k ¼ 0; 1; 2; � � �Þ:

We denote by �1;jð�Þ the Newton polygon of tbððt0 þ �jð�; �ÞÞþ þ t; x0;�ð�ÞÞ, i.e.,
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�1;jð�Þ ¼ ch
h [
k�0; �j;k<1

ðfð�j þ k=L; �j;kÞg þ ðRþÞ2
i
;

where ch½A� denotes the convex hull of A, Rþ ¼ ½0;1Þ and �1;jð�Þ ¼ ; if �j ¼ 1.

We put

2�1;jð�Þ ¼ fð2�; 2�Þ 2 R2; ð�; �Þ 2 �1;jð�Þg:

It is easily seen that

�1;jð�Þ ¼
\
p�0

fð�; �Þ 2 ðRþÞ2;

� þ p� � minf�j þ k=Lþ p�j;k; k � 0 and �j;k < 1gg:

Denote by �0;jð�Þ the Newton polygon of aððt0 þ �jð�; �ÞÞþ þ t;�ð�ÞÞ.

LEMMA 2.2. The following two conditions ðiÞ and ðiiÞ are equivalent:

(i) If T ð�Þ is a real-valued continuous function defined in ½0; �0�, T ð�Þ 2
C1ðð0; �0�Þ, T ð0Þ ¼ 0, t0 þ T ð�Þ > 0 for � 2 ð0; �0� and T ð�Þ can be

expanded into a formal Puiseux series, then

Ord�#0

n
min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj � jbðt0 þ T ð�Þ; x0;�ð�ÞÞj
o

� Ord�#0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt0 þ T ð�Þ;�ð�ÞÞ

p
: ð2:2Þ

(ii) 2�1;jð�Þ � �0;jð�Þ ð1 � j � mÞ.

PROOF. Choose real-valued continuous functions �kð�Þ defined in ½0; �0� and
subsets Ik of f1; 2; � � � ;mg (1 � k � r) so that �kð�Þ 2 C1ðð0; �0�Þ can be expanded

into formal Puiseux series,
Sr

k¼1 Ik ¼ f1; 2; � � � ;mg, Ord�#0ððt0 þ �jð�; �ÞÞþ � t0 �
�kð�ÞÞ ¼ 1 for 1 � k � r and j 2 Ik,

�1ð�Þ < �2ð�Þ < � � � < �rð�Þ for � 2 ð0; �0�;

k � Ord�#0ð�kþ1ð�Þ � �kð�ÞÞ < 1 ð 1 � k � r� 1Þ

and �1ð�Þ � 0 if Ord�#0�1ð�Þ ¼ 1, modifying �0 if necessary. Put
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S0 ¼ fðt; �Þ 2 ½ðt0 � 1Þþ; t0 þ 1� � ½0; �0�; t� t0 < �1ð�Þg;
S2k�1 ¼ fðt; �Þ 2 ½ðt0 � 1Þþ; t0 þ 1� � ½0; �0�;

�kð�Þ � t� t0 < ð�kð�Þ þ �kþ1ð�ÞÞ=2g;
S2k ¼ fðt; �Þ 2 ½ðt0 � 1Þþ; t0 þ 1� � ½0; �0�;

ð�kð�Þ þ �kþ1ð�ÞÞ=2 � t� t0 < �kþ1ð�Þg;
S2r�1 ¼ fðt; �Þ 2 ½ðt0 � 1Þþ; t0 þ 1� � ½0; �0�; �rð�Þ � t� t0 � 1g;

where 1 � k � r� 1. First assume that (i) is valid. Let 1 � j � m and p � 0.

Putting

Tpðt; �Þ ¼ ðt0 þ �jð�; �ÞÞþ � t0 þ �pt ð 1=2 � t � 1Þ;

we have

Ord�#0aðt0 þ Tpðt; �Þ;�ð�ÞÞ ¼ minf� þ p�; ð�; �Þ 2 �0;jð�Þg

for a generic t 2 ½1=2; 1�. Moreover, we have

Ord�#0 min
1�k�m

jt0 þ Tpðt; �Þ � ðt0 þ �kð�; �ÞÞþj ¼ p

for a generic t 2 ½1=2; 1�. By assumption we have

Ord�#0f�ptbððt0 þ �jð�; �ÞÞþ þ �pt; x0;�ð�ÞÞg

� Ord�#0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aððt0 þ �jð�; �ÞÞþ þ �pt;�ð�ÞÞ

q
for a generic t 2 ½1=2; 1�:

This gives

minf� þ p�; ð�; �Þ 2 2�1;jð�Þg � minf� þ p�; ð�; �Þ 2 �0;jð�Þg;

which implies that (ii) is valid. Next assume that (ii) is valid. Let T ð�Þ be a real-

valued continuous function defined in ½0; �0� such that T ð�Þ 2 C1ðð0; �0�Þ,
T ð0Þ ¼ 0, t0 þ T ð�Þ > 0 for � 2 ð0; �0� and T ð�Þ can be expanded into a formal

Puiseux series. First consider the case T ð�Þ 2 S0 for 0 < � � 1. Similarly, we can

deal with the case T ð�Þ 2 S2r�1. Write

T ð�Þ ¼ �1ð�Þ � c�pð1þ oð1ÞÞ as � # 0;
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where c > 0 and p � 0. We note that S0 ¼ ; if t0 ¼ 0 and �1ð�Þ � 0. This implies

that t0 þ �jð�; �Þ > 0 for 0 < � � 1 and 1 � j � m and m is even. So we can write

aðt;�ð�ÞÞ ¼ eðt;�ð�ÞÞ
Ym=2

j¼1

ððt� t0 � �jð�; �ÞÞ2 þ �jð�; �ÞÞ;

rearranging f�jð�; �Þg if necessary, where the �jð�; �Þ are continuous functions

defined in ½0; �0�, expanded into formal Puiseux series and satisfying �jð�; �Þ 2
C1ðð0; �0�Þ and �jð�; �Þ � 0. It is obvious that

Ord�#0ðT ð�Þ � �jð�; �ÞÞ ¼ Ord�#0ð�1ð�Þ � �jð�; �Þ � t�pÞ

for t > 0. Therefore, we have

Ord�#0aðt0 þ T ð�Þ;�ð�ÞÞ ¼ Ord�#0aðt0 þ �1ð�Þ � t�p;�ð�ÞÞ
¼ minf� þ p�; ð�; �Þ 2 �0;jð�Þg for t > 0 and j 2 I1: ð2:3Þ

We have also

Ord�#0 min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj ¼ p: ð2:4Þ

It follows from assumption, (2.3) and (2.4) that

2Ord�#0

n
min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj � jbðt0 þ T ð�Þ; x0;�ð�ÞÞj
o

� 2Ord�#0f�ptbððt0 þ �lð�; �ÞÞþ þ �pt; x0;�ð�ÞÞg
¼ minf� þ p�; ð�; �Þ 2 2�1;lð�Þg � Ord�#0aðt0 þ T ð�Þ;�ð�ÞÞ ð2:5Þ

for a generic t < 0, where l 2 I1. Next consider the case T ð�Þ 2 S2k�1 for 0 < � � 1,

where 1 � k � r� 1. Similarly, we can deal with the case T ð�Þ 2 S2k (1 � k �
r� 1). If Ord�#0ðT ð�Þ � �kð�ÞÞ ¼ 1, then (2.2) holds trivially. Now write

T ð�Þ ¼ �kð�Þ þ c�pð1þ oð1ÞÞ as � # 0;

where c > 0 and p � 
k. We note that k ¼ 1, j 2 I1, t0 ¼ 0 and �1ð�Þ � 0 if j 2 Ik
and t0 þ �jð�; �Þ < 0 for some � 2 ð0; �0�. For j 2 Ik we have
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Ord�#0fT ð�Þ � �jð�; �Þg ¼
p if t0 þ �jð�; �Þ � 0 for � 2 ð0; �0�;
minfp; Ord�#0�jð�; �Þg

if t0 þ �jð�; �Þ < 0 for some � 2 ð0; �0�:

8><>:
This yields

Ord�#0fT ð�Þ � �jð�; �Þg ¼ Ord�#0f�kð�Þ � �jð�; �Þ þ �ptg for t 2 ð0; c�:

Therefore, we have

Ord�#0aðt0 þ T ð�Þ;�ð�ÞÞ ¼ Ord�#0aðt0 þ �kð�Þ þ �pt;�ð�ÞÞ
¼ minf� þ p�; ð�; �Þ 2 �0;jð�Þg for t 2 ð0; c�

if j 2 Ik. It is obvious that (2.4) is valid in this case. Finally we see that (2.5) is

valid with l 2 Ik for a generic t 2 ð0; c�, which proves the lemma. �

LEMMA 2.3. Let ðt0; x0; �0Þ 2 ½0;1Þ �Rn � Sn�1 satisfy aðt0; �0Þ ¼ 0. Then

the conditions ðA-aÞðt0;�0Þ and ðA-bÞðt0;x0;�0Þ are valid if the conditions ðHÞ and ðFÞ
are satisfied and the aj;kðtÞ and bjðt; x0Þ ð1 � j � nÞ are semi-algebraic at t0.

PROOF. Assume (in addition to the conditions (H) and (F)) that the aj;kðtÞ
and bjðt; x0Þ (1 � j � n) are semi-algebraic at t0. From Theorem 10 of [11] and its

proof we can see that the aj;kðtÞ are real analytic at t0 and that there are

irreducible polynomials Pj;kðz; tÞ ( 6� 0) satisfying Pj;kðaj;kðtÞ; tÞ ¼ 0 in a neighbor-

hood of t0. Choose � > 0 so that the aj;kðtÞ are continued analytically to

U� � ftþ is 2 C ; t; s 2 R, jt� t0j < � and jsj < �g, and write

Pj;kðz; !Þ ¼ �j;k
0 ð!Þzmðj;kÞ þ �j;k

1 ð!Þzmðj;kÞ�1 þ � � � þ �j;k
mðj;kÞð!Þ

¼ �j;k
0 ð!Þ

Ymðj;kÞ

l¼1

ðz� �j;k
l ð!ÞÞ;

where the �j;k
l ð!Þ are polynomials of ! and �j;k

0 ð!Þ 6� 0. We note that

aj;kð!Þ 2 f�j;k
1 ð!Þ; � � � ; �j;k

mðj;kÞð!Þg if ! 2 U� and �j;k
0 ð!Þ 6¼ 0. Let us first prove that

the aj;kðtþ isÞ are semi-algebraic at ðt; sÞ ¼ ðt0; 0Þ. Put

a1j;kð!Þ ¼ Re aj;kð!Þ ð¼ ðaj;kð!Þ þ aj;kð!ÞÞ=2Þ;

a2j;kð!Þ ¼ Im aj;kð!Þ ð¼ ðaj;kð!Þ � aj;kð!ÞÞ=ð2iÞÞ
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for ! 2 U�, and eU� ¼ fðt; sÞ 2 R2; tþ is 2 U�g. For a polynomial pðz; !Þ ¼P
p�;�z

�!� we define �pðz; !Þ ¼
P

�p�;�z
�!� (¼ pð�z; �!Þ). Then it is obvious that

Pj;kðaj;kðtþ isÞ; t� isÞ ¼ 0 for ðt; sÞ 2 eU� and that

Pj;kðz; �!Þ ¼ �j;k
0 ð!Þ

Ymðj;kÞ

l¼1

ðz� �j;k
l ð!ÞÞ:

Put

eP 1
j;kðz; t; sÞ ¼ j�j;k

0 ðtþ isÞj2mðj;kÞ

�
Ymðj;kÞ

�;�¼1

fz� ð�j;k
� ðtþ isÞ þ �j;k

� ðtþ isÞÞ=2g:

eP 1
j;kðz; t; sÞ is a polynomial of z, the �j;k

l ðtþ isÞ and the �j;k
l ðtþ isÞ and, therefore, a

polynomial of ðz; t; sÞ. Indeed, put

pðz;�0; � � � ; �mÞ ¼ �0z
m þ � � � þ �m ¼ �0

Ym
j¼1

ðz� �jð�1=�0; � � � ; �m=�0ÞÞ:

Then

Qðz;�0; � � � ; �mÞ

� ð�0 ��0Þm
Ym
�;�¼1

ð2z� ��ð�1=�0; � � � ; �m=�0Þ � ��ð��1=��0; � � � ; ��m=��0ÞÞ

¼ ��m
0

Ym
�¼1

pð2z� ��ð��1=��0; � � � ; ��m=��0Þ;�0; � � � ; �mÞ

is a polynomial of z, �0, � � �, �m, ��0, ��1=��0, � � �, ��m=��0. Similarly, Qðz;�0; � � � ; �mÞ
is a polynomial of z, ��0, � � �, ��m, �0, �1=�0, � � �, �m=�0. This implies that

Qðz;�0; � � � ; �mÞ is a polynomial of z, �0, � � �, �m, ��0, � � �, ��m. So there is an

irreducible polynomial P 1
j;kðz; t; sÞ ( 6� 0) satisfying P 1

j;kða1j;kðtþ isÞ; t; sÞ � 0. Sim-

ilarly, there is an irreducible polynomial P 2
j;kðz; t; sÞ ( 6� 0) satisfying P 2

j;kða2j;k
ðtþ isÞ; t; sÞ � 0. Theorem 11 of [11] implies that the aj;kðtþ isÞ are semi-

algebraic at ðt; sÞ ¼ ðt0; 0Þ. We define
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að!; �Þ ¼
Xn
j;k¼1

aj;kð!Þ�j�k for ! 2 U� and � 2 Rn:

Then aðtþ is; �Þ is semi-algebraic at ðt; s; �Þ ¼ ðt0; 0; �0Þ. By the proof of Lemma

2.1 and the Weierstrass preparation theorem there are an analytic function eð!; �Þ
defined in U� � V� (� U� � f� 2 Rn; j� � �0j < �g), C0 > 0, m 2 N and real

analytic functions ajð�Þ (1 � j � m) defined in V� such that the ajð�Þ are real-

valued and

C�1
0 � jeð!; �Þj � C0;

að!; �Þ ¼ eð!; �Þðð!� t0Þm þ a1ð�Þð!� t0Þm�1 þ � � � þ amð�ÞÞ

in U� � V�, with a modification of � if necessary. Note that the ajð�Þ are uniquely

determined. We define

A ¼ fð�; a1; a2; � � � ; amÞ 2 Rn �Rm; � 2 V� and for any ! 2 U�

there is c 2 C satisfying C�1
0 � jcj � C0 and

að!; �Þ ¼ cðð!� t0Þm þ a1ð!� t0Þm�1 þ � � � þ amÞg:

The Tarski-Seidenberg theorem implies that A is a semi-algebraic set in Rnþm.

Choose �0 > 0 so that �0 � � and

ð!� t0Þm þ a1ð�Þð!� t0Þm�1 þ � � � þ amð�Þ 6¼ 0 if � 2 V�0 and ! 2 C n U�:

Since að!; �Þ=ðð!� t0Þm þ a1ð!� t0Þm�1 þ � � � þ amÞ can be regarded as an analytic

function of ! in U� for ð�; a1; � � � ; amÞ 2 A with � 2 V�0 , we have aj ¼ ajð�Þ
(1 � j � m), i.e.,

A \ ðV�0 �RmÞ ¼ fð�; a1ð�Þ; � � � ; amð�ÞÞ 2 Rn �Rm; � 2 V�0 g:

So the ajð�Þ are semi-algebraic at �0, which proves the lemma. �

3. Proof of Theorem 1.2.

In this section we assume that the hypotheses of Theorem 1.2 are fulfilled,

and we shall prove Theorem 1.2. Put
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P"ðt; � ; �Þ ¼ P ðt; �; �Þ � "j�j2

ð¼ �2 � aðt; �Þ � "j�j2 þ b0ðtÞ� þ bðt; �Þ þ cðtÞÞ

for " 2 ½0; 1�. We note that P"ðt;Dt;DxÞ is strictly hyperbolic if " > 0. Consider the

Cauchy problem

P"ðt;Dt;DxÞu"ðt; xÞ ¼ fðt; xÞ in ½0;1Þ �Rn;

Dj
tu"ðt; xÞjt¼0 ¼ ujðxÞ in Rn (j ¼ 0; 1);

(
(CP)"

where f 2 C1ð½0;1Þ;H1ðRn
xÞÞ and uj 2 H1ðRnÞ ( j ¼ 0; 1). Here HsðRnÞ denotes

the Sobolev space over Rn of order s and H1ðRnÞ ¼
T

s2R HsðRnÞ. By partial

Fourier transformation in x, the Cauchy problem ðCPÞ" is reduced to the Cauchy

problem for an ordinary differential operator with parameters �:

P"ðt; Dt; �Þv"ðt; �Þ ¼ f̂ðt; �Þ for ðt; �Þ 2 ½0;1Þ �Rn;

Dj
tv"ðt; �Þjt¼0 ¼ ûjðxÞ for � 2 Rn (j ¼ 0; 1);

(
ð3:1Þ

where f̂ðt; �Þ and ûjð�Þ ( j ¼ 0; 1) denote the partial Fourier transforms of fðt; xÞ
and ujðxÞ with respect to x, respectively, for example, f̂ðt; �Þ ¼

R
Rn e�ix��fðt; xÞ dx.

We note that the Cauchy problem (3.1) has a unique solution v"ðt; �Þ 2
C1ð½0;1Þ;C1ðRn

� ÞÞ. Let t0 ¼ 0, and let U, N, the �j, the Rjð�Þ and so forth be

as in the conditions (A) and (L). We may assume that U ¼ ½0; �� with some � > 0.

Let 1 � j � N, and put

�jðt; �Þ ¼ tþ
X

�2Rjð�Þ
logð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� �Þ2h�i þ 1

q
þ ðt� �Þh�i1=2Þ

for ðt; �Þ 2 ½0; �� � �j if the equation qjðt; �Þ ¼ 0 in t does not have simple real roots

for any � 2 �j, and

�jðt; �Þ ¼tþ
X

�2Rjð�Þ
logð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� �Þ2h�i þ 1

q
þ ðt� �Þh�i1=2Þ

þ logð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2h�i4=3 þ 1

q
þ th�i2=3Þ ð3:2Þ

for ðt; �Þ 2 ½0; �� � �j if the equation qjðt; �Þ ¼ 0 in t has a simple real root for some

� 2 �j. We also put
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Wjðt; �Þ ¼ @t�jðt; �Þ for ðt; �Þ 2 ½0; �� � �j:

We note that the �jðt; �Þ and the Wjðt; �Þ are measurable, and that

@t logð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðt; �Þ2 þ 1

q
þ �ðt; �ÞÞ ¼ @t�ðt; �Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðt; �Þ2 þ 1

q
:

For simplicity we define �jðt; �Þ by (3.2) even if the equation qjðt; �Þ ¼ 0 in t does

not have simple real roots for any � 2 �j. We define, for ðt; �Þ 2 ½0; �� � �j, " 2 ½0; 1�
and  > 0,

E ";jðt; �; Þ ¼ E";jðt; �Þ exp½��jðt; �Þ�;
E";jðt; �Þ ¼ j@tv"ðt; �Þj2 þ ðaðt; �Þ þ "j�j2 þWjðt; �Þ2Þjv"ðt; �Þj2: ð3:3Þ

Let ðt; �Þ 2 ½0; �� � �j and " 2 ½0; 1�. A simple calculation yields

@tE ";jðt; �; Þ ¼ f@tE";jðt; �Þ � Wjðt; �ÞE";jðt; �Þg exp½��jðt; �Þ�;

@tE";jðt; �Þ ¼ 2Refð�f̂ðt; �Þ þ ðbðt; �Þ þ cðtÞ þWjðt; �Þ2Þv"ðt; �ÞÞ@tv"ðt; �Þg

þ 2 Im b0ðtÞ � j@tv"ðt; �Þj2 þ ð@taðt; �Þ þ 2@tWjðt; �Þ �Wjðt; �ÞÞjv"ðt; �Þj2:

Noting that @tWjðt; �Þ � Wjðt; �Þ2, we have

@tE ";jðt; �; Þ

�
�
jf̂ðt; �Þj2=Wjðt; �Þ � f � 3� ðjcðtÞj þ 2 Im b0ðtÞÞ=Wjðt; �Þg

�Wjðt; �Þj@tv"ðt; �Þj2

� ðIjðt; �; Þ þ "j�j2Wjðt; �Þ2Þjv"ðt; �Þj2=Wjðt; �Þ
�
exp½��jðt; �Þ�; ð3:4Þ

where

Ijðt; �; Þ ¼aðt; �ÞWjðt; �Þ2 þ ð � 3ÞWjðt; �Þ4 � jbðt; �Þj2

� jcðtÞjWjðt; �Þ � @taðt; �Þ �Wjðt; �Þ: ð3:5Þ

Choose  > 0 so that

 � 3� jcðtÞj � 2 Im b0ðtÞ � 0 ð t 2 ½0; ��Þ: ð3:6Þ
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First consider the case th�i2=3 � 1. Then we have, with some C > 0,

h�i2=3=
ffiffiffi
2

p
� Wjðt; �Þ � Ch�i2=3

for ðt; �Þ 2 ½0; �� � �j. Therefore, we have Ijðt; �; Þ � 0 if

 � 3þ 2
ffiffiffi
2

p
sup
t2½0;��

fð@taðt; �Þ þ jbðt; �Þj2Þ=j�j2 þ jcðtÞjg: ð3:7Þ

We choose  > 0 so that (3.7) is valid. For each � 2 �j there are rjð�Þ; r0;jð�Þ 2 Zþ,

�j;lð�Þ 2 N (1 � l � r0;jð�Þ), �j;kð�Þ 2 R and �j;kð�Þ � 0 (1 � k � rjð�Þ) and

�0;j;lð�Þ � 0 (1 � l � r0;jð�Þ) such that the �j;lð�Þ are odd and

aðt; �Þ ¼ ejðt; �Þ
Yrjð�Þ
k¼1

fðt� �j;kð�ÞÞ2 þ �j;kð�Þg
Yr0;jð�Þ
l¼1

ðt� �0;j;lð�ÞÞ�j;lð�Þ ð3:8Þ

for t 2 ½0; ��. We note that

mj ¼ 2rjð�Þ þ
Xr0;jð�Þ
l¼1

�j;lð�Þ; ð3:9Þ

Rjð�Þ ¼ fð�j;kð�ÞÞþ; 1 � k � rjð�Þg [ fð�0;j;lð�ÞÞþ; 1 � l � r0;jð�Þg;

jt� �j;kð�Þj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� �j;kð�ÞÞ2 þ �j;kð�Þ

q
; ð3:10Þ

jt� �0;j;lð�Þj�1 � t�1; ð3:11Þ

jt� �0;j;lð�Þj�j;lð�Þ�1 � Cjt� �0;j;lð�Þj�j;lð�Þ=2 if �j;lð�Þ > 1 ð3:12Þ

for ðt; �Þ 2 ð0; �� � �j, where C > 0. Next consider the case where th�i2=3 � 1 and

min�2Rjð�Þ jt� � j � h�i�1=2. Then we have

Wjðt; �Þ � ðh�i1=2 þ t�1Þ=
ffiffiffi
2

p
: ð3:13Þ

It follows from the condition (A) and (3.8) – (3.13) that there are positive

constants C and C0 such that

@taðt; �Þ � Cðaðt; �Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt; �Þ

p
j�j þ t�1aðt; �ÞÞ

� C0ðaðt; �ÞWjðt; �Þ þ j�j2=ð4Wjðt; �ÞÞÞ
� C0ðaðt; �ÞWjðt; �Þ þWjðt; �Þ3Þ
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for ðt; �Þ 2 ½0; �� � �j. This, together with (3.5) and (3.13), gives Ijðt; �; Þ � 0 if

 � 3þ C0 þ sup
t2½0;��

f4jbðt; �Þj2=j�j2 þ jcðtÞjg: ð3:14Þ

Let us consider the case where th�i2=3 � 1 and min�2Rjð�Þ jt� � j � h�i�1=2. Then by

(3.8) and (3.9) we have, with some positive constants C1 and C2,

Wjðt; �Þ � ð
ffiffiffi
2

p
min

�2Rjð�Þ
jt� � jÞ�1 þ ð

ffiffiffi
2

p
tÞ�1; ð3:15Þ

@taðt; �Þ � C1aðt; �Þ þ
ffiffiffi
2

p
mjWjðt; �Þaðt; �Þ � C2Wjðt; �Þaðt; �Þ ð3:16Þ

for ðt; �Þ 2 ½0; �� � �j, since jt� �j;kð�Þj=fðt� �j;kð�ÞÞ2 þ �j;kð�Þg � jt� �j;kð�Þj�1 �
ðt� ð�j;kð�ÞÞþÞ

�1 and 0 � ðt� �0;j;lð�ÞÞ�1 � t�1. It follows from the condition (L),

(3.5), (3.15) and (3.16) that Ijðt; �; Þ � 0 if

 � maxfC2 þ 2C2; 3þ sup
t2½0;��

jcðtÞjg; ð3:17Þ

where C is the constant in the condition (L). Choose  > 0 so that (3.6), (3.7),

(3.14) and (3.17) are valid. Then we have Ijðt; �; Þ � 0. Moreover, by (3.4) we

have

@tE ";jðt; �; Þ � jf̂ðt; �Þj2 exp½��jðt; �Þ�=Wjðt; �Þ

for ðt; �Þ 2 ½0; �� � �j and " 2 ½0; 1�. This gives

E ";jðt; �; Þ � E ";jð0; �; Þ þ
Z t

0

exp½��jðs; �Þ�jf̂ðs; �Þj2=Wjðs; �Þ ds ð3:18Þ

for ðt; �Þ 2 ½0; �� � �j and " 2 ½0; 1�. By definition there is bC > 0 such that

�ðm=2Þ logh�i � bC � �jðt; �Þ � ðm=2þ 2=3Þ logh�i þ bC
for 1 � j � N and ðt; �Þ 2 ½0; �� � �j, where m ¼ max1�j�N mj. This gives

e�bCh�i�
 � exp½��jðt; �Þ� � e
bCh�i
 ð3:19Þ

for 1 � j � N and ðt; �Þ 2 ½0; �� � �j, where 
 ¼ ðm=2þ 2=3Þ. Therefore, from
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(3.3), (3.18) and (3.19) there is C > 0 such that

jv"ðt; �Þj2 þ j@tv"ðt; �Þj2

� C
n
h�i2
þ2ðjû0ð�Þj2 þ jû1ð�Þj2Þ þ

Z t

0

h�i2
jf̂ðs; �Þj2 ds
o

ð3:20Þ

for 1 � j � N and ðt; �Þ 2 ½0; �� � �j. Put

Aðt; �Þ ¼
0 h�i

h�i�1ðaðt; �Þ þ "j�j2 � bðt; �Þ � cðtÞÞ �b0ðtÞ

 !
:

Then v"ðt; �Þ satisfies

Dt

h�iv"ðt; �Þ
Dtv"ðt; �Þ

 !
¼ Aðt; �Þ

h�iv"ðt; �Þ
Dtv"ðt; �Þ

 !
þ

0

f̂ðt; �Þ

 !

and, therefore,

Dkþ1
t

h�iv"ðt; �Þ
Dtv"ðt; �Þ

 !
¼
Xk
�¼0

k

�

� �
Dk��

t Aðt; �Þ �D�
t

h�iv"ðt; �Þ
Dtv"ðt; �Þ

 !

þ
0

Dk
t f̂ðt; �Þ

 !
ð k ¼ 0; 1; 2; � � �Þ: ð3:21Þ

Put

u"ðt; xÞ ¼ F�1
� ½v"ðt; �Þ�ðxÞ for ðt; xÞ 2 ½0; �� �Rn and " 2 ½0; 1�;

Ek;l½u�ðtÞ ¼
Xk
�¼0

khDxilþk��D�
t uðt; xÞk

2
L2 ;

where k 2 Zþ, l 2 R, uðt; xÞ 2 C1ð½0; ��;H1ðRn
xÞÞ, kuðt; xÞkL2 ¼ ð

R
Rn juðt; xÞj2

dxÞ1=2 and F�1
� denotes the inverse Fourier transformation with respect to �. It

follows from (3.20) and Plancherel’s theorem that u"ðt; xÞ and Ek;l½u"�ðtÞ (k ¼ 0; 1,

l 2 R) are well-defined and that
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Ek;l½u"�ðtÞ � C
nX1

�¼0

khDxikþlþ
þ1u�ðxÞk2L2

þ
Z t

0

khDxikþlþ
fðs; xÞk2L2 ds
o

ð3:22Þ

for k ¼ 0; 1, l 2 R, t 2 ½0; �� and " 2 ½0; 1�. Moreover, u"ðt; xÞ satisfies ðCPÞ", with
½0;1Þ �Rn replaced by ½0; �� �Rn, for " 2 ½0; 1�.

LEMMA 3.1. For " 2 ½0; 1� u"ðt; xÞ 2 C1ð½0; ��;H1ðRn
xÞÞ. Moreover, for any

k 2 Zþ and l 2 R there is Ck;l > 0 such that

max
0�t��

Ek;l½u"�ðtÞ � Ck;l

nX1
�¼0

khDxikþlþ
þ1u�ðxÞk2L2

þ max
0�t��

khDxikþlþ
fðt; xÞk2L2

þ max
0�t��

Xk�2

�¼0

khDxikþl���2D�
t fðt; xÞk

2
L2

o
ð3:23Þ

for " 2 ½0; 1�, where
Pk�2

�¼0 � � � ¼ 0 if k < 2.

PROOF. By (3.22) it is obvious that (3.23) is valid for k ¼ 0; 1. Now suppose

that u"ðt; xÞ 2 CK�1ð½0; ��;H1ðRn
xÞÞ and (3.23) is valid if k � K � 1, where K 2 N

and K � 2. Then it follows from (3.21) with k ¼ K � 2 that h�ilv"ðt; �Þ 2
CKð½0; ��;L2ðRn

� ÞÞ, i.e., u"ðt; xÞ 2 CKð½0; ��;H1ðRn
xÞÞ. Note that EK;l½u"�ðtÞ ¼

EK�1;lþ1½u"�ðtÞ þ khDxilDK
t u"ðt; xÞk2L2 . (3.21), with k ¼ K � 2, yields

khDxilDK
t u"ðt; xÞkL2

� CK

XK�2

�¼0

n
khDxilþ2D�

t u"ðt; xÞkL2 þ khDxilD�þ1
t u"ðt; xÞkL2

o
þ khDxilDK�2

t fðt; xÞkL2

for t 2 ½0; �� and " 2 ½0; 1�, where CK > 0. Therefore, (3.23) is valid for k ¼ K, since

h�ilþ2 � h�ilþ1þK�1�� and h�il � h�ilþ1þK�1�ð�þ1Þ for 0 � � � K � 2 and

khDxilDK
t u"ðt; xÞk2L2

� C0
KfEK�1;lþ1½u"�ðtÞ þ khDxilDK�2

t fðt; xÞk2L2g: �
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Put uðt; xÞ ¼ u0ðt; xÞ for ½0; �� �Rn. Since

P"ðt;Dt;DxÞðu"ðt; xÞ � uðt; xÞÞ ¼ �"�xuðt; xÞ;
Dj

tðu"ðt; xÞ � uðt; xÞÞjt¼0 ¼ 0 ð j ¼ 0; 1Þ

(

and ðu"ðt; xÞ � uðt; xÞÞ;�xuðt; xÞ 2 C1ð½0; ��;H1ðRn
xÞÞ, it follows from uniqueness

theorem for ordinary differential equations and Lemma 3.1 that

max
0�t��

Ek;l½u" � u�ðtÞ

� Ck;l"
2
n
max
0�t��

E0;kþlþ
þ2½u�ðtÞ þ max
0�t��

Ek�2;lþ2½u�ðtÞ
o

� C0
k;l"

2
nX1

�¼0

khDxikþlþ2
þ3u�ðxÞk2L2 þ max
0�t��

khDxikþlþ2
þ2fðt; xÞk2L2

þ max
0�t��

Xk�4

�¼0

khDxikþl���2D�
t fðt; xÞk

2
L2

o

for k 2 Zþ, l 2 R and " 2 ½0; 1�, where E�;l½u�ðtÞ � 0 if � < 0. This implies that for

any k 2 Zþ and l 2 R

Dk
tD

�
xu"ðt; xÞ ! Dk

tD
�
xuðt; xÞ uniformly on ½0; �� �Rn as " # 0:

Denote by K	
";ðt1;x1Þ the generalized flows for p"ðt; � ; �Þ � �2 � aðt; �Þ � "j�j2. It is

easy to see that

�ðp"1ðt; �; �Þ; #Þ  �ðp"2ðt; �; �Þ; #Þ for t � 0 and 0 � "1 � "2 � 1

and that for any t � 0 and any open conic set � with � � �ðpðt; �; �Þ; #Þ [ f0g there

is "0 2 ð0; 1� satisfying

� � �ðp"ðt; �; �Þ; #Þ for " 2 ½0; "0�

So, for any ðt1; x1Þ 2 ð0;1Þ �Rn and any neighborhood V of K�
ðt1;x1Þ \ ft � 0g

there is "0 2 ð0; 1� satisfying

K�
";ðt1;x1Þ \ ft � 0g � V for " 2 ½0; "0� ð3:24Þ
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(see, e.g., Section 3 of [14] and [13]). Since P"ðt;Dt;DxÞ is strictly hyperbolic for

" 2 ð0; 1�, we can show that ðt1; x1Þ =2 supp w if " 2 ð0; 1�, ðt1; x1Þ 2 ð0;1Þ �Rn,

wðt; xÞ 2 C1ð½0;1Þ �RnÞ, supp P"ðt; Dt;DxÞwðt; xÞ \K�
";ðt1;x1Þ \ ft � 0g ¼ ; and

f0g � ðsupp wð0; xÞ [ supp ðDtwÞð0; xÞÞ \K�
";ðt1;x1Þ ¼ ; (see, e.g., [6]). Let ’ðt; xÞ 2

C1
0 ðRnþ1Þ satisfy ’ðt; xÞ ¼ 1 (jðt; xÞj � R) and ’ðt; xÞ ¼ 0 (jðt; xÞj � Rþ 1), where

R � 1. Assume that ~uðt; xÞ 2 C1ð½0;1Þ �RnÞ satisfies

P ðt;Dt;DxÞ~uðt; xÞ ¼ fðt; xÞ in ½0; �� �Rn;

Dj
t ~uðt; xÞjt¼0 ¼ ujðxÞ in Rn (j ¼ 0; 1):

(
ð3:25Þ

Put gðt; xÞ ¼ P ðt;Dt;DxÞð’ðt; xÞ~uðt; xÞÞ (2 C1ð½0; �� �RnÞ). Since ’~u; g 2 C1ð½0;
1Þ;H1ðRnÞÞ and w0ðxÞ � ’ð0; xÞu0ðxÞ, w1ðxÞ � ðDt’Þð0; xÞu0ðxÞ þ ’ð0; xÞu1ðxÞ 2
H1ðRnÞ, it follows from uniqueness theorem for ordinary differential equations

that the Cauchy problem

P"ðt; Dt;DxÞw"ðt; xÞ ¼ gðt; xÞ in ½0; �� �Rn;

Dj
tw"ðt; xÞjt¼0 ¼ wjðxÞ in Rn (j ¼ 0; 1)

(

has a unique solution w"ðt; xÞ 2 C1ð½0;1Þ;H1ðRnÞÞ for " 2 ½0; 1�, and that

w0ðt; xÞ ¼ ’ðt; xÞ~uðt; xÞ. Let ðt1; x1Þ 2 ½0; �� �Rn, and assume that supp f \
K�

ðt1;x1Þ \ ft � 0g ¼ ; and f0g � ðsupp u0 [ supp u1Þ \K�
ðt1;x1Þ ¼ ;. Then, taking

R � 1 we have supp g \K�
ðt1;x1Þ \ ft � 0g ¼ ;. Therefore, by (3.24) there is "0 2

ð0; 1� such that ðt1; x1Þ =2 supp w" for " 2 ð0; "0�. Since w" ! ’~u uniformly on

½0; �� �Rn as " # 0, We have ðt1; x1Þ =2 supp ~u. In particular, this proves unique-

ness of the Cauchy problem (3.25) in C1ð½0; �� �RnÞ. Next consider the Cauchy

problem

P ðt;Dt;DxÞuðt; xÞ ¼ fðt; xÞ in ½�;1Þ �Rn;

Dj
tuðt; xÞjt¼� ¼ ujðxÞ in Rn (j ¼ 0; 1);

(

and repeat the arguments. Finally we can prove Theorem 1.2, using finite

propagation property.

4. Proof of Theorem 1.3.

In this section we assume that the hypotheses of Theorem 1.3 are fulfilled,

and we shall prove Theorem 1.3. Define �0; �1; � 2 Q by
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�0 ¼ Ord�#0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt0 þ T ð�Þ;�ð�ÞÞ

p
;

�1 ¼ Ord�#0

n
min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj � jbðt0 þ T ð�Þ; x0;�ð�Þj
o
;

� ¼ Ord�#0 min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj ð > 0Þ:

The condition ðCÞðt0;x0;�0Þ implies that �1 < �0. Write

bðt0 þ T ð�Þ þ v��; x;�ð�ÞÞ ¼ ����ðĉðv; xÞ þ oð1ÞÞ as � # 0; ð4:1Þ

where � 2 Q, ĉðv; xÞ 6� 0 in ðv; xÞ. Then ĉðv; xÞ is a polynomial of v and � � �1. If

ĉðv; x0Þ � 0 in v, we replace x0 2 Rn so that ĉðv; x0Þ 6� 0 in v. Let c0 > 0 be a

constant satisfying

min
1�j�m

jt0 þ T ð�Þ � ðt0 þ �jð�; �ÞÞþj � c0�
� for � 2 ½0; �0�: ð4:2Þ

If ĉð0; x0Þ ¼ 0, we replace T ð�Þ and �1 by T ð�Þ þ v0�
� and �, respectively, choosing

v0 2 ð0; c0=2� so that ĉðv0; x0Þ 6¼ 0. In fact, noting that

jT ð�Þ � �jð�; �Þj=2 � jT ð�Þ þ v0�
� � �jð�; �Þj � 3jT ð�Þ � �jð�; �Þj=2

for � 2 ½0; �0�, we have

�� � ¼ Ord�#0bðt0 þ T ð�Þ þ v0�
�; x0;�ð�ÞÞ

¼ min
x2Rn; v2R

Ord�#0bðt0 þ T ð�Þ þ v��; x;�ð�ÞÞ;

�0 ¼ Ord�#0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt0 þ T ð�Þ þ v0��;�ð�ÞÞ

q
:

Therefore, we may assume that ĉ � ĉð0; x0Þ 6¼ 0 and � ¼ �1 in (4.1) and

�1 � � ¼ Ord�#0bðt0 þ T ð�Þ; x0;�ð�ÞÞ
¼ min

x2Rn; v2R
Ord�#0bðt0 þ T ð�Þ þ v��; x;�ð�ÞÞ:

Let 
 and �0 be positive rational constants satisfying �0
 < 1, and choose " ¼ 	1 so

that "ĉ =2 ð�1; 0�. We shall impose further conditions on 
 and �0. Note that

exp½�i"�x � �ð��
Þ�P ðt; x;Dt;DxÞfexp½i"�x � �ð��
Þ�uðt; xÞg
¼ P ðt; x;Dt; "��ð��
Þ þDxÞuðt; xÞ;
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where � � 1. We make an asymptotic change of variables:

t ¼ tðs; �Þ � t0 þ T ð��
Þ þ ���
s;

x ¼ xðy; �Þ � x0 þ ��
0
�1y:

Put

P�ðs; y; �; �Þ ¼ P ðtðs; �Þ; xðy; �Þ; ��
�; "��ð��
Þ þ �1��0
�Þ:

Then we have

P�ðs; y; �; �Þ ¼ �2�
�2 � �2aðtðs; �Þ;�ð��
Þ þ "���0
�Þ
þ ��
b0ðtðs; �Þ; xðy; �ÞÞ�þ "�bðtðs; �Þ; xðy; �Þ;�ð��
Þ þ "���0
�Þ
þ cðtðs; �Þ; xðy; �ÞÞ:

A simple calculation yields

exp½�i��’ðs; y; �Þ�P�ðs; y;Ds;DyÞfexp½i��’ðs; y; �Þ�uðs; yÞg
¼ ½�2�
þ2�’2

s þ �2�
þ�ð�i’ss þ 2’sDsÞ þ �2�
D2
s

� �2aðtðs; �Þ;�ð��
Þ þ "���0
þ�ry’Þ

� �2�2�0

Xn
j;k¼1

aj;kðtðs; �ÞÞð�i��’jk þ 2��’jDk þDjDkÞ

� "�2��0

Xn
j¼1

ð@�jaÞðtðs; �Þ;�ð��
ÞÞDj

þ ��
þ�b0ðtðs; �Þ; xðy; �ÞÞ’s þ ��
b0ðtðs; �Þ; xðy; �ÞÞDs

þ "�bðtðs; �Þ; xðy; �Þ;�ð��
ÞÞ þ �1��0
þ�bðtðs; �Þ; xðy; �Þ;ry’Þ
þ �1��0
bðtðs; �Þ; xðy; �Þ; DyÞ þ cðtðs; �Þ; xðy; �ÞÞ�uðs; yÞ; ð4:3Þ

where � ð 2 QÞ > 0, Dj ¼ Dyj , ’s ¼ @s’ðs; y; �Þ, ’j ¼ @yj’ðs; y; �Þ and so on. We

choose 
; �0; � 2 Q as follows:


 ¼ ð�0 þ ð1þXÞ�Þ�1; �0 ¼ �0 þ �;

� ¼ ð1� 
ð�1 þ �ÞÞ=2;

(
ð4:4Þ

where X ¼ minf1=2; ð�0 � �1Þ=ð3�Þg. Then we have
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0 < �0
 < 1; � > 0; 2�
þ 2� ¼ 1� 
ð�1 � �Þ;
2�
þ � � 2� 2�0
; 2�
þ 2� > 2� 2�0
þ 2�:

(
ð4:5Þ

It is easy to see that there are r 2 Zþ, continuous functions �kð�; �Þ defined in

½0; �0� (1 � k � r) such that �kð�; �Þ 2 C1ðð0; �0�Þ, �kð�; �Þ � 0, the �kð�; �Þ can be

expanded into formal Puiseux series of � and

qðt;�ð�ÞÞ

¼
Yr
k¼1

fðt� t0 � �kð�; �ÞÞ2 þ �kð�; �Þg
Ym�2r

l¼1

ðt� t0 � �2rþlð�; �ÞÞ ð � 0Þ;

where
Q0

k¼1 � � � ¼ 1 and f�jð�; �Þg is rearranged so that �kð�; �Þ � �rþkð�; �Þ for

1 � k � r and Ord�#0�2rþlð�; �Þ ¼ 1 or �2rþlð�; �Þ � 0 for 1 � l � m� 2r and

� 2 ½0; �0�. Note that we can take r ¼ m=2 if t0 > 0. By (4.2) we have

jT ð��
Þ � �jð��
; �Þj=2
� jtðs; �Þ � �jð��
; �Þj � 3jT ð��
Þ � �jð��
; �Þj=2 if jsj � c0=2:

This gives

Ord�!1ðT ð��
Þ � �jð��
; �ÞÞ ¼ Ord�!1ðtðs; �Þ � �jð��
; �ÞÞ;
Ord�!1aðtðs; �Þ;�ð��
ÞÞ ¼ �2�0
 ð4:6Þ

if jsj � c0=2. Here � ¼ Ord�!1að�Þ means that, with c 6¼ 0, að�Þ ¼ c��ð1þ oð1ÞÞ as
� ! 1. Write

aðtðs; �Þ;�ð��
Þ þ "���0
þ��Þ

¼ aðtðs; �Þ;�ð��
ÞÞ þ "���0
þ�
Xn
j¼1

ð@�jaÞðtðs; �Þ;�ð��
ÞÞ�j

þ ��2�0
þ2�
Xn
j;k¼1

aj;kðtðs; �ÞÞ�j�k ð4:7Þ

for � 2 Cn. Noting that aðt; �Þ � 0, we have, with C;C0 > 0,

jð@�jaÞðtðs; �Þ;�ð��
ÞÞj

� C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtðs; �Þ;�ð��
ÞÞ

p
� C0���0
 if jsj � c0=2: ð4:8Þ
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Since �0
� 1 < 0, (4.1) with � ¼ �1 and ĉ � ĉð0; x0Þ 6¼ 0 yield

"�bðtðs; �Þ; xðy; �Þ;�ð��
ÞÞ ¼ �1�
ð�1��Þð"ĉðs; x0Þ þ oð1ÞÞ as � ! 1 ð4:9Þ

if jsj � c0=2 and jyj � 1. Moreover, there is s0 > 0 such that s0 � c0=2 and

f"ĉðs; x0Þ; jsj � s0g \ ð�1; 0� ¼ ;: ð4:10Þ

It is easy to see that

2�
þ 2� ¼ 1� 
ð�1 � �Þ > 2� 2�0
þ 2� � 2� �0
þ � � �0


¼ 2�
þ � if X ¼ 1=2;

2�
þ 2� ¼ 1� 
ð�1 � �Þ > 2�
þ � � 2� �0
þ � � �0


� 2� 2�0
þ 2� > 0 if X ¼ ð�0 � �1Þ=ð3�Þ;

8>>>><>>>>: ð4:11Þ

2� 2�0
� � � 0; 2� 
ð� þ 2�0Þ � 0:

Put

0 ¼ ð2�
þ 2�Þ � ð2� 2�0
þ 2�Þ ð¼ 2
ð1�XÞ� � 
�Þ;

’ðs; y; �Þ ¼
Xl0
k¼0

��k0’kðs; y; �Þ; l0 ¼ �½��=0� � 1;

where ½a� denotes the largest integer � a, i.e., �½�a� is equal to the smallest

integer � a. We note that l0 ¼ 0 if X ¼ ð�0 � �1Þ=ð3�Þ, i.e., if �0 � �1 � 3�=2.

Then, by (4.3) – (4.8) and (4.11) we have

exp½�i��’ðs; y; �Þ�P�ðs; y;Ds;DyÞfexp½i��’ðs; y; �Þ�uðs; yÞg
¼ �2�
þ2�½’0;sðs; y; �Þ2 þ "�
ð�1��Þbðtðs; �Þ; xðy; �Þ;�ð��
ÞÞ

þ
Xl0
k¼1

��k0f2’0;sðs; y; �Þ’k;sðs; y; �Þ þ �"
kðs; y; �;’0; � � � ; ’k�1Þg

þ ���f2’0;sðs; y; �ÞDs � i’0;ssðs; y; �Þ � �2�2�0
��þ2�0
aðtðs; �Þ;�ð��
ÞÞ

� "�2�
ð�þ2�0Þþ�0

Xn
j¼1

ð@�jaÞðtðs; �Þ;�ð��
ÞÞ’0;jðs; y; �Þ

þ �l0;0�
��0�"

1ðs; y; �;’0Þ
þ ��1=LL "ðs; y;Ds;Dy; �;’0; � � � ; ’l0Þg�uðs; yÞ;
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where ðs; y; ��1Þ 2 � � ½�s0; s0� � V0 � ð0; ��1
0 �, V0 ¼ fy 2 Rn; jyj � 1g, L 2 N ,

�"
1ðs; y; �;’0Þ ¼ �

Xn
j;k¼1

aj;kðtðs; �ÞÞ’0;jðs; y; �Þ’0;kðs; y; �Þ;

the ’kðs; y; �Þ are bounded continuous functions of ðs; y; ��1Þ 2 � and their

derivatives with respect to s and y are all bounded and continuous in

ðs; y; ��1Þ 2 �, ’k;s ¼ @s’k, ’k;ss ¼ @2
s’k and so on. Here the �"

kðs; y; �;’0; � � � ;
’k�1Þ are functions of ðs; y; ��1Þ 2 �, which depend on ’0ðs; y; �Þ, � � �, ’k�1ðs; y; �Þ
and their first order derivatives, and the Dj

sD
�
y�

"
kðs; y; �;’0; � � � ; ’k�1Þ ( j 2 Zþ and

� 2 ðZþÞn) are bounded and continuous in ðs; y; ��1Þ 2 �. L "ðs; y;Ds;Dy; �;

’0; � � � ; ’l0Þ is a differential operator of second order, whose coefficients are

functions of ðs; y; ��1Þ 2 � and depend on ’0ðs; y; �Þ, � � �, ’l0ðs; y; �Þ and their

derivatives up to order 2. Moreover, the derivatives of the coefficients with respect

to s and y are all bounded and continuous in ðs; y; ��1Þ 2 �. It follows from (4.9)

and (4.10) that

"�
ð�1��Þbðtðs; �Þ; xðy; �Þ;�ð��
ÞÞ =2 ð�1; 0� for ðs; y; ��1Þ 2 �;

with a modification of �0 if necessary. Define

’0ðs; y; �Þ ¼ � i

Z s

s0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"�
ð�1��Þbðtð� ; �Þ; xðy; �Þ;�ð��
ÞÞ

q
d�

þ ijyj2 for ðs; y; ��1Þ 2 �;

where
ffiffiffi
z

p
for z =2 ð�1; 0� is the branch satisfying Re

ffiffiffi
z

p
> 0. Then there is c1 > 0

such that

Im’0ðs; y; �Þ � c1ðs0 � sÞ þ jyj2;

’0;sðs; y; �Þ ¼ �i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"�
ð�1��Þbðtðs; �Þ; xðy; �Þ;�ð��
ÞÞ

q
6¼ 0

for ðs; y; ��1Þ 2 �. So we can determine inductively ’kðs; y; �Þ (1 � k � l0) so as to

satisfy the equations

2’0;sðs; y; �Þ’k;sðs; y; �Þ þ �"
kðs; y; �;’0; � � � ; ’k�1Þ ¼ 0;

’kðs0; y; �Þ ¼ 0

(
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(k ¼ 1; 2; � � � ; l0). Next, putting

uðs; yÞ �
X1
j¼0

��j=Lujðs; y; �Þ;

we determine inductively fujðs; y; �Þgj¼0;1;��� so as to satisfy

2’0;sðs; y; �ÞDsujðs; y; �Þ � i’0;ssðs; y; �Þujðs; y; �Þ
��2�2�0
��þ2�0
aðtðs; �Þ;�ð��
ÞÞujðs; y; �Þ

�"�2�
ð�þ2�0Þþ�0

Xn
j¼1

ð@�jaÞðtðs; �Þ;�ð��
ÞÞ’0;jðs; y; �Þujðs; y; �Þ

þ�l0;0�
��0�"

1ðs; y; �;’0Þujðs; y; �Þ
þL "ðs; y;Ds;Dy; �;’o; � � � ; ’l0Þuj�1ðs; y; �Þ ¼ 0;

ujðs0; y; �Þ ¼ 0

8>>>>>>>>>>>><>>>>>>>>>>>>:
( j ¼ 0; 1; 2; � � �), where u�1ðs; y; �Þ � 0. Let �ðs; yÞ be a function in C1

0 ðR�RnÞ
satisfying �ðs; yÞ ¼ 1 near ðs; yÞ ¼ ðs0; 0Þ and supp � � ð0;1Þ � V0, and put

uNðs; y; �Þ ¼
XN�1

j¼0

��j=L exp½i��’ðs; y; �Þ�ujðs; y; �Þ�ðs; yÞ:

Then, applying the same argument as in Ivrii-Petkov [4] we can prove

Theorem 1.3.

5. Proof of Theorem 1.4.

Let n ¼ 2, and let ðt0; x0; �0Þ 2 ½0;1Þ �R2 � S1 satisfy aðt0; �0Þ ¼ 0. In this

section we assume that the hypotheses of Theorem 1.4 are fulfilled, and that the

Cauchy problem (CP) is C1 well-posed. By assumption we take eðt; �Þ and the

ajð�Þ in the condition ðAÞ0ðt0;�0Þ to be real analytic. Let e be a vector in S1 satisfying

e?�0, and choose �0 > 0 so that �0 � f�ð�0 þ �eÞ; � > 0 and j�j � �0g � �, where �

is as in ðAÞ0ðt0;�0Þ. Since n ¼ 2, �0 is a conic neighborhood of �0. We put

a	ðt; �Þ ¼ aðt; �0 	 �eÞ; e	ðt; �Þ ¼ eðt; �0 	 �eÞ;

q	ðt; �Þ ¼ ðt� t0Þm þ a1ð�0 	 �eÞðt� t0Þm�1 þ � � � þ amð�0 	 �eÞ;
b	ðt; �Þ ¼ bðt; x0; �0 	 �eÞ:
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Since the ajð�0 þ �eÞ are real analytic in �, with a modification of �0 if necessary,

there are r	 2 Zþ and real-valued continuous functions �	k ð�Þ and �	
k ð�Þ

(1 � k � r	) and �	0;lð�Þ (1 � l � r0;	) defined in ½0; �0� such that 2r	 ¼ m if

t0 > 0, the �	k ð�Þ, the �	
k ð�Þ and the �	0;lð�Þ can be expanded into convergent

Puiseux series in ½0; �0�,

�	1 ð�Þ � �	2 ð�Þ � � � � � �	r	ð�Þ; �	0;1ð�Þ � � � � � �	0;r0;	ð�Þ � 0;

�	
k ð�Þ � 0 ð 1 � k � r	Þ;

q	ðt; �Þ ¼
Yr	
k¼1

fðt� t0 � �	k ð�ÞÞ
2 þ �	

k ð�Þg
Yr0;	
l¼1

ðt� t0 � �	0;lð�ÞÞ ð5:1Þ

for � 2 ½0; �0�, where r0;	 ¼ m� 2r	. Note that

�	k ð0Þ ¼ �	
k ð0Þ ¼ �	0;lð0Þ ¼ 0 ð 1 � k � r	; 1 � l � r0;	Þ;

and that

�	k ð�Þ 6¼ �	� ð�Þ for � 2 ð0; �0� if �	k ð�Þ 6� �	� ð�Þ in ½0; �0�;

�	0;lð�Þ 6¼ �	0;�ð�Þ for � 2 ð0; �0� if �	0;lð�Þ 6� �	0;�ð�Þ in ½0; �0�:

Let us consider only the ‘‘þ’’ case, since the ‘‘�’’ case can be treated similarly. Let

r 2 N and �jð�Þ (1 � j � r) be continuous functions satisfying

0 � �1ð�Þ < �2ð�Þ < � � � < �rð�Þ;

f�1ð�Þ; � � � ; �rð�Þg ¼

fðt0 þ �þ1 ð�ÞÞþ � t0; � � � ; ðt0 þ �þrþð�ÞÞþ � t0g
if m ¼ 2rþ;

f0; ðt0 þ �þ1 ð�ÞÞþ � t0; � � � ; ðt0 þ �þrþð�ÞÞþ � t0g
if m > 2rþ;

8>>>><>>>>:
for � 2 ½0; �0�. We may assume that j�þk ð�Þj � 1 and j�þ0;lð�Þj � 1 for 1 � k � rþ,

1 � l � r0;þ and � 2 ½0; �0�, modifying �0 if necessary. It follows from Theorem 1.3

with �ð�Þ ¼ �0 þ �e and Lemma 2.2 that

2�þ
1;j � �þ

0;j ð 1 � j � rÞ; ð5:2Þ

where �þ
0;j and �þ

1;j denote the Newton polygons of aþðt0 þ �jð�Þ þ t; �Þ and
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tbþðt0 þ �jð�Þ þ t; �Þ, respectively. We put

�k ¼ Ord�#0�
þ
k ð�Þ ð > 0Þ for 1 � k � rþ;


j;k ¼ Ord�#0ð�jð�Þ � �þk ð�ÞÞ ð > 0Þ for 1 � j � r and 1 � k � rþ;


0;j;l ¼ Ord�#0ð�jð�Þ � �þ0;lð�ÞÞ ð > 0Þ for 1 � j � r and 1 � l � r0;þ:

First consider the case where � 2 ½0; �0� and ðt0 � 1Þþ � t < t0 þ �1ð�Þ. Similarly

we can deal with the case where t0 þ �rð�Þ � t � t0 þ 1. Note that there does not

exist ðt; �Þ 2 ½0;1Þ � ½0; �0� satisfying ðt0 � 1Þþ � t < t0 þ �1ð�Þ if t0 þ �1ð�Þ � 0.

So we may assume that t0 þ �1ð�Þ > 0, r0;þ ¼ 0 and rþ ¼ m=2. Write t ¼
t0 þ �1ð�Þ � � , and put

�1 ¼ fð�; �Þ 2 R� ½0; �0�; 0 < � � �1ð�Þ þ t0 � ðt0 � 1Þþg:

By (5.1) we have

aþðt0 þ �1ð�Þ � �; �Þ � �2r1
Y
k2I1

ð�2 þ �
̂1;kÞ uniformly in �1;

i.e., with C > 0,

C�1�2r1
Y
k2I1

ð�2 þ �
̂1;kÞ � aþðt0 þ �1ð�Þ � �; �Þ

� C�2r1
Y
k2I1

ð�2 þ �
̂1;kÞ for ð�; �Þ 2 �1;

where 
̂1;k ¼ minf2
1;k; �kg (> 0), r1 ¼ #fk 2 N ; k � rþ and 
̂1;k ¼ 1g and

I1 ¼ fk 2 N ; k � rþ and 
̂1;k < 1g. Therefore, we have

aþðt0 þ �1ð�Þ � �; �Þ � �2r1
Xrþ�r1

l¼0

�2ðrþ�r1�lÞ��1;l uniformly in �1;

where �1;0 ¼ 0 and 0 < �1;l < 1 (1 � l � rþ � r1). This gives

�0;1 ¼ ch
h [rþ�r1

l¼0

ðfð�1;l; 2ðrþ � lÞÞg þ ðRþÞ2Þ
i
: ð5:3Þ

On the other hand, we have
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min
�2Rð�0þ�eÞ

jt0 þ �1ð�Þ � � � �j ¼ min
1�j�r

j�1ð�Þ � � � �jð�Þj ¼ �: ð5:4Þ

We can assume without loss of generality that bþðt; �Þ 6� 0. Then there is l 2 Zþ
satisfying ð@l

tb
þÞðt0 þ �1ð�Þ; �Þ 6� 0 in �. So we can write

bþðt0 þ �1ð�Þ � �; �Þ ¼
X1
k¼0

	1;kð�Þ��̂1þk=L; 	1;0ð�Þ 6� 0; ð5:5Þ

where L 2 N and �̂1 ð 2 QÞ � 0. Note that the 	1;kð�Þ are analytic in a

neighborhood of ð�1; t0 þ �1ð�Þ�. (5.2) gives

2~� þ 2p~� � minf� þ p�; ð�; �Þ 2 �þ
0;1g if ð~�; ~�Þ 2 �þ

1;1 and p � 0:

Tending p to 1, by (5.3) and (5.5) we have

Ord�#0	1;kð�Þ � r1 � 1 if 	1;kð�Þ 6� 0: ð5:6Þ

Put 
̂1 ¼
P

k2I1 
̂1;k=2. From (5.5) and (5.6) we can write

�bþðt0 þ �1ð�Þ � �; �Þ ¼
X

0�k<ð
̂1��̂1ÞL
�	1;kð�Þ��̂1þk=L þ �r1	1ð�; �Þ�
̂1 :

Here the 	1;kð�Þ are analytic in � and 	1ð�; �Þ is continuous. For 0 � k < ð
̂1 � �̂1ÞL
we can also write

�	1;kð�Þ ¼ �r1
X

0�j<rþ�r1

	1;k;j�
j þ ~	1;kð�Þ�rþ ;

where 	1;k;j 2 C and ~	1;kð�Þ is analytic. If 	1;k;j 6¼ 0, then ð�̂1 þ k=L; r1 þ jÞ 2 �þ
1;1

and, therefore, ð2ð�̂1 þ k=LÞ; 2ðr1 þ jÞÞ 2 �þ
0;1. So we have, with C > 0,

�r1þj��̂1þk=L � C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþðt0 þ �1ð�Þ � �; �Þ

p
for ð�; �Þ 2 �1

if 0 � k < ð
̂1 � �̂1ÞL, 0 � j < rþ � r1 and 	1;k;j 6¼ 0. This, together with (5.4),

yields

min
�2Rð�0þ�eÞ

jt0 þ �1ð�Þ � � � �j � jbþðt0 þ �1ð�Þ � �; �Þj

� C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþðt0 þ �1ð�Þ � �; �Þ

p
for ð�; �Þ 2 �1:
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Next consider the case where 1 � j � r� 1, � 2 ½0; �0� and �jð�Þ � t� t0 <

ð�jð�Þ þ �jþ1ð�ÞÞ=2. Similarly we can deal with the case where � 2 ½0; �0� and

ð�jð�Þ þ �jþ1ð�ÞÞ=2 � t� t0 < �jþ1ð�Þ. Put

e�j ¼ fð�; �Þ 2 R� ½0; �0�; 0 � � < cjg;

where pj ¼ Ord�#0ð�jþ1ð�Þ � �jð�ÞÞ and

cj ¼ lim
�!þ0

2��pjð�jþ1ð�Þ � �jð�ÞÞ=3:

Then we have

ð�jþ1ð�Þ � �jð�ÞÞ=2 � cj�
pj � 5ð�jþ1ð�Þ � �jð�ÞÞ=6

for � 2 ½0; �0�, modifying �0 if necessary. (5.1) gives

aþðt0 þ �jð�Þ þ ��pj ; �Þ �
Y
k2I1;j

ð�2pj�2 þ �
̂j;kÞ
Y
k2I2;j

�2pj�2

�
Y
k2I3;j

�
̂j;k

Y
l2I0;j

�pj�
Y
l2I 0

0;j

ð�pj� þ �
0;j;lÞ uniformly in e�j;

where 
̂j;k ¼ minf2
j;k; �kg, I1;j ¼ fk 2 N ; k � rþ, 
j;k ¼ 1 and 
̂j;k < 1g [
fk 2 N ; k � rþ and �þk ð�Þ < �jð�Þ for � 2 ð0; �0�g, I2;j ¼ fk 2 N ; k � rþ and


̂j;k ¼ 1g, I3;j ¼ fk 2 N ; k � rþ and k =2 I1;j [ I2;jg, I0;j ¼ fl 2 N ; l � r0;þ and


0;j;l ¼ 1g, and I 00;j ¼ fl 2 N ; l � r0;þ and 
0;j;l < 1g. Therefore, we can write

aþðt0 þ �jð�Þ þ ��pj ; �Þ

� �2r
0
j�2�j

Xr00j
l¼0

ð�pj�Þr
00
j�l��

0
j;l uniformly in e�j; ð5:7Þ

where r0j ¼ #I2;j þ#I0;j=2, �j ¼ pjr
0
j þ
P

k2I3;j 
̂j;k=2, r
00
j ¼ 2ð#I1;jÞ þ#I 00;j, �

0
j;0 ¼ 0

and 0 < �0j;l < 1 (1 � l � r00j ). Here we have used the fact that

�2pj�2 þ �
̂j;k � ð�pj� þ �
̂j;k=2Þ2 uniformly in e�j:

Let e�0;j be the Newton polygon of aþðt0 þ �jð�Þ þ ��pj ; �Þ. Then we have
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e�0;j ¼ ch
h[r00j
l¼0

ðfð2�j þ pjðr00j � lÞ þ �0j;l; 2r
0
j þ r00j � lÞg þ ðRþÞ2Þ

i
¼
\
p�0

fð~�; ~�Þ 2 R2; ~� þ ðpj þ pÞ~� � minf� þ ðpj þ pÞ�; ð�; �Þ 2 �þ
0;jgg:

On the other hand, we have

min
�2Rð�0þ�eÞ

jt0 þ �jð�Þ þ ��pj � �j

¼ min
1�l�r

j�jð�Þ þ ��pj � �lð�Þj � ��pj uniformly in e�j: ð5:8Þ

We can also write

bþðt0 þ �jð�Þ þ ��pj ; �Þ ¼
X1
k¼0

~	j;kð�Þ��̂
0
jþk=L; ~	j;0ð�Þ 6� 0; ð5:9Þ

where L 2 N , �̂0j ð 2 QÞ � 0 and the ~	j;kð�Þ are polynomials of � . Similarly, it

follows from (5.2) and (5.7) – (5.9) that

2e�þ
1;j � e�þ

0;j;

pj þ �̂0j � �j þ min
0�l�r00j

fpjðr00j � lÞ þ �0j;lg=2;

Ord�#0 ~	j;kð�Þ � r0j � 1;

min
�2Rð�0þ�eÞ

jt0 þ �jð�Þ þ ��pj � �j � jbþðt0 þ �jð�Þ þ ��pj ; �Þj

� C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþðt0 þ �jð�Þ þ ��pj ; �Þ

q
for ð�; �Þ 2 e�j;

where e�þ
1;j denotes the Newton polygon of ��pjbþðt0 þ �jð�Þ þ ��pj ; �Þ. Therefore,

by homogeneity the condition ðLÞðt0;x0;�0Þ with � replaced by �0 is valid, which

proves Theorem 1.4.

6. Proof of Theorem 1.7.

Let ðt0; x0; �0Þ 2 ½0;1Þ �Rn � Sn�1 satisfy aðt0; �0Þ ¼ 0. In this section we

assume that the hypotheses of Theorem 1.7 are fulfilled. Moreover, we assume

that the condition ðLÞðt0;x0;�0Þ is not satisfied. Choose � > 0 so that ðt; �Þ 2 U � � if

j� � �0j2 þ jt� t0j2 � �2 and t � 0. We put
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A ¼ fðt; �; yÞ 2 Rnþ2; j� � �0j2 þ jt� t0j2 � �2; t � 0 and y ¼ qðt; �Þg;

B ¼ fðt; �; yÞ 2 Rnþ2; j� � �0j2 þ jt� t0j2 � �2; t � 0 and y ¼ j~bðt; �Þj2g;

C ¼ fðt; �; yÞ 2 Rnþ2; j� � �0j2 þ jt� t0j2 � �2; t � 0 and y ¼ min
�2Rð�Þ

jt� � j2g;

where ~bðt; �Þ is as in ðA-bÞðt0;x0;�0Þ. It is obvious that A and B are semi-algebraic

sets. Since aþ ¼ ðaþ jajÞ=2 for a 2 R and, with Aj � fð�; �Þ 2 Rnþ1; � ¼ ajð�Þg
(1 � j � m),

C ¼ fðt; �; yÞ 2 Rnþ2; j� � �0j2 þ jt� t0j2 � �2; t � 0; and there are

ð�; �jÞ 2 Aj ð 1 � j � mÞ and �j; �j; ~�j 2 R ð 1 � j � mÞ
such that ~�j � 0;

ðt0 þ �jÞ2 ¼ ~�2j ; sm þ �1s
m�1 þ � � � þ �m ¼

Ym
j¼1

ðs� �j � i�jÞ

for s 2 C ; jt� ðt0 þ �1 þ ~�1Þ=2j2 � jt� ðt0 þ �2 þ ~�2Þ=2j2

� � � � � jt� ðt0 þ �m þ ~�mÞ=2j2 and y ¼ jt� ðt0 þ �1 þ ~�1Þ=2j2g;

C is a semi-algebraic set. Put

� ¼ fð�; t; �; �Þ 2 Rnþ3; there are y; u; v; w 2 R satisfying

ðt; �; yÞ 2 A; ðt; �; uÞ 2 B; ðt; �; vÞ 2 C; �y ¼ 1;

wððj� � �0j2 þ jt� t0j2Þ�uvþ 1Þ ¼ 1 and � ¼ �uvwg:

Then � is a semi-algebraic set and

� ¼ fð�; t; �; �Þ 2 Rnþ3; j� � �0j2 þ jt� t0j2 � �2; t � 0; �qðt; �Þ ¼ 1

and � ¼ � min
�2Rð�Þ

jt� � j2 � j~bðt; �Þj2

� ððj� � �0j2 þ jt� t0j2Þ� min
�2Rð�Þ

jt� � j2 � j~bðt; �Þj2 þ 1Þ�1g:

For � > 0 we put

Kð�Þ ¼ fðt; �Þ 2 Rnþ1; j� � �0j2 þ jt� t0j2 � �2; t � 0 and �qðt; �Þ ¼ 1g:

Then Kð�Þ is compact and there is �0 > 0 such that Kð�Þ 6¼ ; for � � �0. Indeed,

we can take
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��1
0 ¼ maxfqðt; �Þ; j� � �0j2 þ jt� t0j2 � �2; and t � 0g;

since aðt0; �0Þ ¼ 0. This yields

f� 2 R; ð�; t; �; �Þ 2 � for some ðt; �; �Þ 2 Rnþ2g  f�; � � �0g:

Therefore, we can define

fð�Þ ¼ supf�; ð�; t; �; �Þ 2 � for some ðt; �Þ 2 Rnþ1g

for � � �0. Note that

fð�Þ ¼ max
n �min�2Rð�Þ jt� � j2 � j~bðt; �Þj2

ððj� � �0j2 þ jt� t0j2Þ�min�2Rð�Þ jt� � j2 � j~bðt; �Þj2 þ 1Þ
;

ðt; �Þ 2 Kð�Þ
o

ð6:1Þ

since Kð�Þ is compact. It follows from Theorem A.2.8 of [3] that there are

continuous functions eT ð�Þ, e�ð�Þ and �ð�Þ such that eT ð�Þ, e�ð�Þ and �ð�Þ can be

expanded into convergent Puiseux series for � � 1 and

ð�; t0 þ eT ð�Þ; e�ð�Þ; �ð�ÞÞ 2 �; fð�Þ ¼ �ð�Þ ð � 0Þ ð6:2Þ

(see, also, [9]). Since the condition ðLÞðt0;x0;�0Þ does not hold, there is fðtk; �kÞg 2
U � � satisfying ðtk; �kÞ ! ðt0; �0Þ and

min
�2Rð�Þ

jtk � � j � j~bðtk; �kÞj=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðtk; �kÞ

q
! 1 ð6:3Þ

as k ! 1. Put �k ¼ ðj�k � �0j2 þ jt� tkj2Þ1=2 and �k ¼ qðtk; �kÞ�1. Then we have

�k ! 0 and �k ! 1 as k ! 1. (6.2), together with (6.1) and (6.3), gives

�ð�kÞ ��k min
�2Rð�Þ

jtk � � j2 � j~bðtk; �kÞj2

� ð�2k�k min
�2Rð�Þ

jtk � � j2 � j~bðtk; �kÞj2 þ 1Þ�1

! 1 as k ! 1;

since �k ! 0 and �k min�2Rð�Þ jtk � � j2 � j~bðtk; �kÞj2 ! 1 as k ! 1. So we have

�ð�Þ ! 1, which implies that
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min
�2Rð�Þ

jt0 þ eT ð�Þ � � j � j~bðt0 þ eT ð�Þ; e�ð�ÞÞj= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt0 þ eT ð�Þ; e�ð�ÞÞq

! 1;

ð eT ð�Þ; e�ð�ÞÞ ! ð0; �0Þ

as � ! 1. If we put T ð�Þ ¼ eT ð��1Þ and �ð�Þ ¼ e�ð��1Þ, then T ð�Þ and �ð�Þ satisfy
the condition ðCÞðt0;x0;�0Þ except for t0 þ T ð�Þ > 0. If t0 þ T ð�Þ � 0, then, with N �
1 and T ð�Þ replaced by T ð�Þ þ �N , ðCÞðt0;x0;�0Þ is satisfied. By Theorem 1.3 the

Cauchy problem (CP) is not C1 well-posed. This proves Theorem 1.7.

7. Some remarks and examples.

Colombini, Ishida and Orrú proved in [1] that the Cauchy problem (CP) is

C1 well-posed if bðt; x; �Þ � bðt; �Þ and there are k 2 N and C > 0 such that k � 2

and

Xk
j¼0

j@j
t aðt; �Þj 6¼ 0 for ðt; �Þ 2 ½0;1Þ � Sn�1;

jbðt; �Þj � Caðt; �Þ1=2�1=k for ðt; �Þ 2 ½0;1Þ � Sn�1: ð7:1Þ

The following two examples show that (7.1) is not a necessary condition for C1

well-posedness.

EXAMPLE 7.1. Let n ¼ 2, and let aðt; �Þ ¼ t2ðt�1 � �2Þ2 and P ðt; x; �; �Þ ¼
�2 � aðt; �Þ þ b0ðtÞ� þ bðt; �Þ þ cðtÞ. Assume that bjðtÞ ( j ¼ 1; 2) are real analytic.

Let t0 > 0 and �0 ¼ ð�01; �02Þ 2 S1 satisfy aðt0; �0Þ ¼ 0. Then we have �01 6¼ 0,

t0 ¼ �02=�
0
1, and Rð�Þ ¼ f�2=�1g in a conic neighborhood of ðt; �Þ ¼ ðt0; �0Þ, where

Rð�Þ is the set defined by (1.1). It is obvious that (1.2) is valid in a neighborhood

of ðt0; �0Þ. Let t0 ¼ 0 and �0 2 S1. If �02 6¼ 0, then (1.2) is also valid in a conic

neighborhood of ðt0; �0Þ. Assume that �02 ¼ 0. Since Rð�Þ ¼ f0; ð�2=�1Þþg, (1.2) is

valid in a conic neighborhood of ð0; �0Þ if and only if

jbðt; �Þj � Cftj�j þ jt�1 � �2jg in a conic neighborhood of ð0; �0Þ:

Therefore, by Theorem 1.5 the Cauchy problem (CP) is C1 well-posed if and only

if b1ð0Þ ¼ 0. On the other hand, in (7.1) we can take k ¼ 4 and (7.1) is valid if and

only if there is 	ðtÞ 2 C1ð½0;1ÞÞ satisfying bðt; �Þ ¼ 	ðtÞtðt�1 � �2Þ. This implies

that (7.1) is not necessary for C1 well-posedness.
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Assume that P ðt; x; �; �Þ � P ðt; � ; �Þ. Let n0 2 N satisfy n0 < n, and write x0 ¼
ðx1; � � � ; xn0 Þ and x00 ¼ ðxn0þ1; � � � ; xnÞ for x ¼ ðx1; � � � ; xnÞ. As P ðt;Dt;DxÞ we takeeP ðt; Dt;Dx0 Þ ¼ P ðt; Dt;D1; � � � ; Dn0 ; 0; � � � 0Þ. Then the Cauchy problem (CP) foreP ðt; Dt;Dx0 Þ is C1 well-posed if the Cauchy problem (CP) for P ðt;Dt;DxÞ is C1

well-posed. This implies that a necessary condition for eP ðt;Dt;Dx0 Þ is also a

necessary one for P ðt; Dt;DxÞ. In the next example we use this fact to obtain a

necessary and sufficient condition.

EXAMPLE 7.2. Let mj 2 Zþ (1 � j � n), and let aðt; �Þ ¼ tm1�21 þ tm2�22 þ
� � � þ tmn�2n and P ðt; x; �; �Þ ¼ �2 � aðt; �Þ þ b0ðtÞ� þ bðt; �Þ þ cðtÞ. Let us prove that
the Cauchy problem (CP) is C1 well-posed if and only if

b
ðkÞ
j ð0Þ ¼ 0 for 1 � j � n and k < ½ðmj � 1Þ=2� ð7:2Þ

If (7.2) holds, then we have, with some C > 0,

min
�2Rð�Þ[f0g

jt� � j � jbðt; �Þj � C
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt; �Þ

p
for ðt; �Þ 2 ½0; 1� � Sn�1:

Therefore, it follows from Theorem 1.2 and its remark that the Cauchy problem

(CP) is C1 well-posed. Assume that the Cauchy problem (CP) is C1 well-posed.

Then, for a fixed j with 1 � j � n the Cauchy problem (CP) with n ¼ 1 and

P ðt; �; �1Þ replaced by P ðt; � ; �1ejÞ is also C1 well-posed, where ej 2 Rn and the

k-th component of ej is equal to �j;k (1 � k � n). It follows from [4] or the proof of

Theorem 1.3 that (7.2) is valid.
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