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Abstract. In this paper, we consider generalized moment maps for

Hamiltonian actions on H-twisted generalized complex manifolds introduced by

Lin and Tolman [15]. The main purpose of this paper is to show convexity and

connectedness properties for generalized moment maps. We study Hamiltonian

torus actions on compact H-twisted generalized complex manifolds and prove

that all components of the generalized moment map are Bott-Morse functions.

Based on this, we shall show that the generalized moment maps have a convex

image and connected fibers. Furthermore, by applying the arguments of Lerman,

Meinrenken, Tolman, and Woodward [13] we extend our results to the case of

Hamiltonian actions of general compact Lie groups on H-twisted generalized

complex orbifolds.

1. Introduction.

The notion of H-twisted generalized complex structures was introduced by

Hitchin [9] inspired by physical motivations. It provides us with a unifying

framework for both complex and symplectic geometry and with a useful geometric

language for understanding some recent development in string theory. The

associated notion of H-twisted generalized Kähler structures was introduced by

Gualtieri [8], showing that this notion is essentially equivalent to that of

bihermitian structures. This equivalence was first observed by physicists in their

study [5] of a super-symmetric nonlinear sigma model.

For Hamiltonian group actions on manifolds, moment maps are a very useful

tool in geometry. In generalized complex geometry, Lin and Tolman studied the

notions of Hamiltonian actions and generalized moment maps for actions of

compact Lie groups on H-twisted generalized complex manifolds [15], and

established a reduction theorem. In the present paper we study the convexity

properties of generalized moment maps for Hamiltonian actions. Both convexity

and connectedness for moment maps in symplectic geometry were studied by

Atiyah [1] and Guillemin-Sternberg [7] in the case of torus actions on compact

symplectic manifolds. We here consider Hamiltonian torus actions on compact
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connected H-twisted generalized complex manifolds and prove such convexity

and connectedness for generalized moment maps (cf. Sections 2 and 3).

TEHEOREM A. Let an m-dimensional torus Tm act on a compact connected

H-twisted generalized complex manifold ðM;JÞ in a Hamiltonian way with a

generalized moment map � : M ! t� and a moment one form � 2 �1ðM; t�Þ. Then

1. the levels of � are connected,

2. the image of � is convex, and

3. the fixed points of the action form a finite union of connected generalized

complex submanifolds C1; � � � ; CN :

FixðTmÞ ¼
[N
i¼1

Ci:

On each component the generalized moment map � attains a constant:

�ðCiÞ ¼ faig, and the image of � is the convex hull of the images a1; � � � ; aN of

the fixed points, that is,

�ðMÞ ¼
XN
i¼1

�iai j
XN
i¼1

�i ¼ 1; �i � 0

( )
:

For the proof of the theorem, we need to show that all components of the

generalized moment map are Bott-Morse functions, that is, the function �� :

M ! R is a Bott-Morse function for all � 2 t (cf. Proposition 3.9). This is crucial

in the proof, and is obtained by the maximum principle for pseudoholomorphic

functions on almost complex manifolds.

In the latter part of this paper, we shall extend our results to the case of

general compact Lie group actions on H-twisted generalized complex orbifolds

under the assumption of weak nondegeneracy (cf. Definition 4.1) for generalized

moment maps, where weak nondegeneracy is always the case for compact

orbifolds. Recall that the non-abelian convexity theorem in symplectic geometry

was proved by Kirwan [11] and Lerman-Meinrenken-Tolman-Woodward [13]. A

subset � of a vector space V is polyhedral if it is an intersection of finitely many

closed half-spaces, and is locally polyhedral if for each point p 2 � there exist a

neighborhood U of p in V and a polyhedral set P in V such that U \� ¼ U \ P .

Then we obtain:

TEHEOREM B. Let ðM;JÞ be a connected H-twisted generalized complex
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orbifold with a Hamiltonian action of a compact connected Lie group G, a proper

generalized moment map � : M ! g�, and a moment one form � 2 �1ðM; g�Þ.
Suppose that the generalized moment map � has weak nondegeneracy.

1. Let t�þ be a closed Weyl chamber for the Lie group considered as a subset of

g�. The moment set � ¼ �ðMÞ \ t�þ is a convex locally polyhedral set. In

particular, if M is compact then � is a convex polytope.

2. The levels of � are connected.

Let us explain the real meaning of the convexity property for generalized

moment maps. In general, an H-twisted generalized complex structure is of an

intermediate type, i.e., it is neither a complex structure nor a symplectic

structure. Then the manifold is locally fibered over a complex base space such

that symplectic structures appear in the fiber directions. The generalized moment

map is thought of as a ‘‘relative version’’ of the ordinary moment map. Now our

theorems on generalized moment maps show not only the convexity of the image

of each fiber but also the convexity of the global image of the generalized moment

maps (cf. Section 4.4).

This paper is organized as follows. In Section 2 we briefly review the theory of

generalized complex structures and generalized Kähler structures. Furthermore

we introduce generalized complex submanifolds of H-twisted generalized complex

manifolds in the sense of Ben-Bassat and Boyarchenko [2]. In Section 3 we

consider the notion of generalized moment maps [15] for Hamiltonian actions on

H-twisted generalized complex manifolds and prove that all components of the

generalized moment map are Bott-Morse functions. After that we shall give a

proof of TheoremA. Finally in the last section, we give a proof of TheoremB. Our

proof follows that of the non-abelian convexity and connectedness properties in

symplectic geometry by Lerman-Meinrenken-Tolman-Woodward in [13]. To

complete our proof, we need an additional constraint ‘‘weak nondegeneracy’’ for

generalized moment maps and a generalized complex geometry analogue of the

cross-section theorem in [13] (cf. Theorem 4.9).

2. Generalized complex structures.

We recall the basic theory of generalized complex structures; see [8] for the

details. Throughout this paper, we assume that all manifolds and orbifolds are

connected.

2.1. Generalized complex structures.

Given a closed differential 3-form H on an n-dimensional manifold M, we

define the H-twisted Courant bracket of sections of the direct sum TM � T �M of

the tangent and cotangent bundles by
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½X þ �; Y þ ��H ¼ ½X; Y � þLX� �L Y ��
1

2
d �ðXÞ � �ðY Þð Þ þ iY iXH;

where LX denotes the Lie derivative along a vector field X. The vector bundle

TM � T �M is also endowed with a natural inner product of signature ðn; nÞ:

hX þ �; Y þ �i ¼ 1

2
ð�ðXÞ þ �ðY ÞÞ:

DEFINITION 2.1. Let M be a manifold and H be a closed 3-form on M. A

generalized almost complex structure on M is a complex structure J on the

bundle TM � T �M which preserves the natural inner product. If sections of theffiffiffiffiffiffiffi
�1

p
-eigenspace L of J are closed under the H-twisted Courant bracket, then J

is called an H-twisted generalized complex structure of M. If H ¼ 0, we call it

simply a generalized complex structure.

An H-twisted generalized complex structure J can be fully described in

terms of its
ffiffiffiffiffiffiffi
�1

p
-eigenbundle L, which is a maximal isotropic subbundle of

ðTM � T �MÞ �C satisfying L \ �L ¼ f0g and to be closed under the H-twisted

Courant bracket. For the natural projection � : ðTM � T �MÞ �C ! TM �C ,

the codimension of �ðLÞ in TM �C is called the type of J and written by

type ðJÞ.

EXAMPLE 2.2 (Complex structures (type n)). Let J be a complex structure

on an n-dimensional complex manifold M. Consider the endomorphism

JJ ¼
J 0

0 �J�

 !
;

where the matrix is written with respect to the direct sum TM � T �M. Then JJ

is a generalized complex structure of type n on M; the
ffiffiffiffiffiffiffi
�1

p
-eigenspace of JJ is

LJ ¼ T1;0M � T 0;1M, where T1;0M is the
ffiffiffiffiffiffiffi
�1

p
-eigenspace of J .

EXAMPLE 2.3 (Symplectic structures (type 0)). Let M be a symplectic

manifold with a symplectic structure !, viewed as a skew-symmetric isomorphism

! : TM ! T �M via the interior product X 7! iX!. Consider the endomorphism

J! ¼
0 �!�1

! 0

 !
:
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Then J! is a generalized complex structure on M of type 0; the
ffiffiffiffiffiffiffi
�1

p
-eigenspace

of J! is given by

L! ¼ fX �
ffiffiffiffiffiffiffi
�1

p
iX! j X 2 TM �Cg:

EXAMPLE 2.4 (B-field shift). Let ðM;JÞ be an H-twisted generalized

complex manifold and B 2 �2ðMÞ be a closed 2-form on M. Then the endo-

morphism

JB ¼
1 0

B 1

 !
J

1 0

�B 1

 !

is also an H-twisted generalized complex structure. It is called the B-field shift of

J . The type of JB coincides with that of J . Indeed, the
ffiffiffiffiffiffiffi
�1

p
eigenspace LB of

JB can be written as

LB ¼ fX þ �þ iXB j X þ � 2 Lg;

where L is the
ffiffiffiffiffiffiffi
�1

p
eigenspace of J .

The type of an H-twisted generalized complex structure is not required to be

constant along the manifold and it may jump along loci. Gualtieri constructed a

generalized complex structure on C2 which is type 2 along a complex line and

type 0 outside the complex line. The detailed construction can be seen in [8].

Next we describe the notions of H-twisted generalized complex structures

from the view point of differential forms. For the details, see [8]. Let ðM;JÞ be a
2n-dimensional H-twisted generalized complex manifold with its

ffiffiffiffiffiffiffi
�1

p
-eigenspace

L. Recall that the exterior algebra ^�T �M carries a natural spin representation

for the metric bundle TM � T �M; the Clifford action of X þ � 2 TM � T �M on

’ 2 ^�T �M is given by

ðX þ �Þ � ’ ¼ iX’þ � ^ ’:

The annihilator K of L by the spin representation forms a complex line subbundle

of the complex spinors ^�T �M �C . We call K the canonical line bundle of J :

K ¼ f’ 2 ^�T �M �C j ðX þ �Þ � ’ ¼ 0 ð8X þ � 2 LÞg:

Then the
ffiffiffiffiffiffiffi
�1

p
-eigenspace L can also be viewed as an annihilator of K.
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Conversely, for a complex spinor ’ 2 ^�T �M �C , consider L’ the annihi-

lator of ’:

L’ ¼ fX þ � 2 ðTM � T �MÞ �C j ðX þ �Þ � ’ ¼ 0g:

Then the subspace L’ 	 ðTM � T �MÞ �C is always isotropic. If L’ is maximal

isotropic, ’ is called a complex pure spinor. A necessary and sufficient condition

that ’ is pure can be described as follows. We call a complex differential k-form �

to be decomposable if it has the algebraic form � ¼ �1 ^ � � � ^ �k at each point,

where �1; � � � ; �k are linearly independent complex 1-forms. Then the spinor ’ is

pure if and only if it can be written locally as

’ ¼ eBþ
ffiffiffiffiffi
�1

p
! ^ �;

where B and ! are real 2-forms and � is a complex decomposable k-form. The

condition L’ \ �L’ ¼ f0g is equivalent to an additional constraint on ’:

!2ðn�kÞ ^ � ^ �� 6¼ 0:

A complex pure spinor ’ which satisfies the condition above is said to be

nondegenerate. If a complex differential form ’ 2 �� �C is a nondegenerate

complex pure spinor at every point on M, then we have ðTM � T �MÞ �C ¼
L’ � �L’, and L’ defines a generalized almost complex structure on M. For each

point, the integer k defined above coincides with the type of the generalized

almost complex structure. The canonical line bundle is generated by the complex

pure spinor ’.

Finally as shown in [8], the involutivity of L’ under the Courant bracket is

equivalent to the condition that there exist a section X þ � of ðTM � T �MÞ �C

such that

d’þH ^ ’ ¼ ðX þ �Þ � ’:

2.2. Generalized Kähler structures.

We briefly review the notion of H-twisted generalized Kähler structures.

DEFINITION 2.5. Let M be a manifold and H a closed 3-form on M. An

H-twisted generalized Kähler structure on M is a pair of commuting H-twisted

generalized complex structures ðJ1;J2Þ so that G ¼ �J1J2 is a positive
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definite metric, that is, G 2 ¼ id, G preserves the natural inner product and

G ðX þ �;X þ �Þ :¼ hG ðX þ �Þ; X þ �i > 0 for all non-zero X þ � 2 TM � T �M.

EXAMPLE 2.6. Let ðM; g; JÞ be a Kähler manifold and ! ¼ gJ be the Kähler

form. As seen in the examples above, J and ! induce generalized complex

structures JJ and J! respectively. Moreover, we see that JJ commutes with

J!, and

G ¼ �JJJ! ¼
0 g�1

g 0

 !

is a positive definite metric on TM � T �M. Hence ðJJ ;J!Þ is a generalized

Kähler structure on M.

EXAMPLE 2.7. Let ðJ1;J2Þ be an H-twisted generalized Kähler structure,

and B be a closed 2-form on M. Then ððJ1ÞB; ðJ2ÞBÞ is also an H-twisted

generalized Kähler structure. It is called the B-field shift of ðJ1;J2Þ.

In [8], a characterization of H-twisted generalized Kähler structures was

given in terms of Hermitian geometry, which is represented below.

THEOREM 2.8 (M. Gualtieri, [8]). For each H-twisted generalized Kähler

structure ðJ1;J2Þ, there exists a uniquely determined 2-form b, a Riemannian

metric g and two orthogonal complex structures J
 such that

J1;2 ¼
1

2

1 0

b 1

 !
Jþ 
 J� �ð!�1

þ � !�1
� Þ

!þ � !� �ðJ�
þ 
 J�

�Þ

 !
1 0

�b 1

 !
;

where !
 ¼ gJ
 with the condition

dc�!� ¼ �dcþ!þ ¼ H þ db: ð1Þ

Conversely, any quadruple ðg; b; J
Þ satisfying the condition (1) defines an

H-twisted generalized Kähler structure.

Not every H-twisted generalized complex manifold admits an H-twisted

generalized Kähler structure. However, the following lemma claims that every

H-twisted generalized complex manifold always admits a ‘‘generalized almost

Kähler structure’’. This is a generalized complex geometry analogue of the fact

that a symplectic manifold admits an almost complex structure which is
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compatible with the symplectic structure.

LEMMA 2.9. Let ðM;JÞ be an H-twisted generalized complex manifold.

Then there exists a generalized almost complex structure J 0 which is compatible

withJ , that is,J 0 is a generalized almost complex structure which commutes with

J , and G ¼ �JJ 0 is a positive definite metric.

PROOF. Choose a Riemannian metric g on M and put

~G ¼
0 g�1

g 0

 !
:

Then ~G is a positive definite metric on TM � T �M. Define a symplectic structure

W on TM � T �M by

W ðX þ �; Y þ �Þ ¼ hJðX þ �Þ; Y þ �i:

Since ~G and W are nondegenerate, there exists an endomorphism A on

TM � T �M which satisfies

W ðX þ �; Y þ �Þ ¼ ~G ðA ðX þ �Þ; Y þ �Þ

for all X þ �; Y þ � 2 TM � T �M. The endomorphism A is skew-symmetric with

respect to the positive definite metric ~G because W ¼ ~GA is an alternating 2-form

on TM � T �M. Let A � be the adjoint operator of A with respect to ~G . Since A is

invertible, AA � ¼ �A 2 is symmetric and positive, that is, ðAA �Þ� ¼ AA � and

~G ðAA �ðX þ �Þ; X þ �Þ > 0

for all non-zero X þ � 2 TM � T �M. Hence we can define
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

the square root

of AA �. Here
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

is also symmetric and positive definite.

Let J 0 be an endomorphism on TM � T �M defined by

J 0 ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

Þ�1A :

Since A commutes with
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

, J 0 commutes with both A and
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

. Hence

we obtain ðJ 0Þ2 ¼ �id. By the definition of A , we have AJ ¼ �JA �1 and

hence J commutes with
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

. In particular, we see that J 0 commutes with

J . Moreover, since J 0 is orthogonal with respect to ~G , we can check easily that
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J 0 is orthogonal with respect to the natural inner product on TM � T �M. Hence

J 0 is a generalized almost complex structure on M which commutes with J .

Finally G :¼ �JJ 0 is a positive definite metric on TM � T �M since G ¼
~G
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

. This completes the proof. �

If J 0 is a generalized almost complex structure which is compatible with an

H-twisted generalized complex structure J , then we can apply the argument of

Gualtieri in [8] and construct a 2-form b, a Riemannian metric g and two

orthogonal almost complex structures J
 which satisfy the equation

J ¼
1

2

1 0

b 1

 !
Jþ þ J� �ð!�1

þ � !�1
� Þ

!þ � !� �ðJ�
þ þ J�

�Þ

 !
1 0

�b 1

 !
: ð2Þ

In general, Jþ and J� may not be integrable.

2.3. Generalized complex submanifolds.

Here we introduce the notion of generalized complex submanifolds in the

sense of Ben-Bassat and Boyarchenko in [2]. Let i : S ! M be a submanifold of an

H-twisted generalized complex manifold ðM;JÞ. For each p 2 S, define a

subspace ðLSÞp 	 ðTpS � T �
p SÞ �C by

ðLSÞp ¼ fX þ i�� 2 ðTpS � T �
p SÞ �C j X þ � 2 Lpg;

where L is the
ffiffiffiffiffiffiffi
�1

p
-eigenspace of J . Clearly ðLSÞp is an isotropic subspace of

ðTpS � T �
p SÞ �C . Furthermore it is easy to see that dimC ðLSÞp ¼ dimS and

hence ðLSÞp is a maximal isotropic subspace. However, the distribution LS :¼
[p2SðLSÞp may not be a subbundle of ðTS � T �SÞ �C in general. We refer the

reader to [4] for a detailed discussion in the case of submanifolds of Dirac

manifolds. In particular, Courant’s arguments can be easily adapted to give a

necessary condition under which LS is a subbundle of ðTS � T �SÞ �C (cf. [4],

Theorem 3.1.1), and to prove that if LS is a subbundle and L is integrable, then so

is LS (cf. [4], Corollary 3.1.4).

DEFINITION 2.10 (Ben-Bassat, Boyarchenko, [2]). We say that S is a

generalized complex submanifold of M if LS is a subbundle of ðTS � T �SÞ �C

and satisfies that LS \ �LS ¼ f0g.

If i : S ! M is a generalized complex submanifold of an H-twisted

generalized complex manifold ðM;JÞ, then LS gives an i�H-twisted generalized

complex structure on S.
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EXAMPLE 2.11. Let S be a complex submanifold of a complex manifold

ðM;JÞ. Note that S has a natural complex structure induced by J. Then we have

LS ¼ T1;0S � T 0;1S;

which is of course a subbundle of ðTS � T �SÞ �C and satisfies LS \ �LS ¼ f0g.
Hence S is a generalized complex submanifold of ðM;JJÞ. The induced

generalized complex structure of S is the natural generalized complex structure

which is induced by the complex structure of S.

EXAMPLE 2.12. Let i : S ! M be a symplectic submanifold of a symplectic

manifold ðM;!Þ. Then for the generalized complex structure J! induced by the

symplectic structure !, we have

LS ¼ fX �
ffiffiffiffiffiffiffi
�1

p
iXði�!Þ j X 2 TS �Cg;

which coincides with the
ffiffiffiffiffiffiffi
�1

p
-eigenspace of the generalized complex structure

J i�! induced by the symplectic structure i�!. In particular S is a generalized

complex submanifold of ðM;J!Þ.

EXAMPLE 2.13. Let S be a Lagrangian submanifold of a symplectic

manifold ðM;!Þ. Then we can see easily that LS ¼ TS �C and hence LS is a

maximal isotropic subbundle of ðTS � T �SÞ �C . However, since it is clear that

LS \ �LS ¼ TS �C 6¼ f0g, the submanifold S is not a generalized complex

submanifold.

In general, it may not be easy to determine if a given submanifold is a

generalized complex submanifold. Here we give a simple sufficient condition.

PROPOSITION 2.14. Let ðM;JÞ be an H-twisted generalized complex

manifold, and J 0 be a generalized almost complex structure of M which is

compatible with J . We denote ðg; b; J
Þ the corresponding quadruple. If i : S ! M

is an almost complex submanifold of M with respect to both Jþ and J�, then S is a

generalized complex submanifold of ðM;JÞ.

PROOF. Let T

1;0M 	 TM �C be the

ffiffiffiffiffiffiffi
�1

p
-eigenspace of J
. Then we can

check easily that L is given by

L ¼ fX þ ðbþ gÞðXÞ j X 2 Tþ
1;0Mg � fY þ ðb� gÞðY Þ j Y 2 T�

1;0Mg:

Hence for a given almost complex submanifold S, the subspace LS can be written

as
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LS ¼ fX þ i�ðbþ gÞðXÞ j X 2 Tþ
1;0Sg � fY þ i�ðb� gÞðY Þ j Y 2 T�

1;0Sg;

where T

1;0S is the

ffiffiffiffiffiffiffi
�1

p
-eigenspace of the restriction of J
 to S. In particular, LS is

a subbundle of ðTS � T �SÞ �C . In addition if ðX þ i�ðbþ gÞðXÞÞ þ
ðY þ i�ðb� gÞðY ÞÞ 2 LS \ �LS for X 2 Tþ

1;0S and Y 2 T�
1;0S, then we see that

ðX þ ðbþ gÞðXÞÞ þ ðY þ ðb� gÞðY ÞÞ 2 L \ �L ¼ f0g. Thus we obtain X ¼ Y ¼ 0,

and hence LS \ �LS ¼ f0g. This proves the proposition. �

REMARK 2.15. If M is an orbifold and H is a closed 3-form on M, we can

define the notions of H-twisted generalized complex structures of M in usual way.

The detailed description is as follows. A definition of orbifolds can be seen in [18]

for example. Let M be an orbifold and ðVi; Gi; �iÞi2I be a local uniformizing system

of M. A generalized almost complex structure J of M is a family of endo-

morphisms fJ i : TVi � T �Vi ! TVi � T �Vigi2I such that J i is a generalized

almost complex structure on Vi for each i 2 I and they are equivariant under the

local group actions and compatible with respect to the injections. If each J i is

integrable with respect to H-twisted Courant brackets, then J is called to be

integrable and we call it a H-twisted generalized complex structure of an orbifold

M.

In the case that ðM;JÞ is an H-twisted generalized complex orbifold, we can

describe the same notions in Section 2, and the assertions in Section 2 still hold in

the language of orbifolds.

3. Hamiltonian actions and generalized moment maps.

3.1. Hamiltonian actions on H-twisted generalized complex mani-

folds.

In this section we recall the definition of Hamiltonian actions on H-twisted

generalized complex manifolds given by Lin and Tolman in [15].

DEFINITION 3.1 (Y. Lin and S. Tolman, [15]). Let a compact Lie group G

with its Lie algebra g act on an H-twisted generalized complex manifold ðM;JÞ
preservingJ , where H 2 �3ðMÞ is a G-invariant closed 3-form. The action of G is

said to be Hamiltonian if there exist a G-equivariant smooth function � : M ! g�,

called the generalized moment map, and a g�-valued one form � 2 �1ðM; g�Þ,
called the moment one form, such that

1. �M �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ lies in L for all � 2 g, where �M denotes the

induced vector field on M, and

2. i�MH ¼ d�� for all � 2 g.
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Since L is an isotropic subbundle, we have

�M �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ; �M �

ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ

D E
¼ 0

and hence ��M�
� ¼ ��Md�

� ¼ 0 for each � 2 g.

EXAMPLE 3.2. Let a compact Lie group G act on a symplectic manifold

ðM;!Þ preserving the symplectic structure !, and � : M ! g� be an usual moment

map, that is, � is G-equivariant and i�M! ¼ d�� for all � 2 g. Then G also preserves

J!, � is also a generalized moment map, and � ¼ 0 is a moment one form for this

action. Hence the G-action on ðM;J!Þ is Hamiltonian.

EXAMPLE 3.3. Let ðM;JÞ be a complex manifold and G act on ðM;JJÞ in a

Hamiltonian way. Then G also preserves the original complex structure J . Since

LJ ¼ T1;0M � T 0;1M and �M 2 �ðLJÞ, we have �M ¼ 0 for all � 2 g. Thus if G is

connected, the G-action on M must be trivial.

EXAMPLE 3.4. Let G act on an H-twisted generalized complex manifold

ðM;JÞ with a generalized moment map � : M ! g� and a moment one form

� 2 �1ðM; g�Þ. If B 2 �2ðMÞG is closed, then G acts on M preserving the B-field

shift of J with generalized moment map � and moment one form �0, where

ð�0Þ� ¼ �� þ i�MB for all � 2 g.

By the definition, we can treat the notion of generalized moment maps as a

generalization of the notion of moment maps in symplectic geometry. Generalized

moment maps are studied by Lin and Tolman in [15]. In their paper, they showed

that a reduction theorem for Hamiltonian actions of compact Lie groups on

H-twisted generalized complex manifold holds. We shall use this fact later. Note

that since i�MH ¼ d�� and ��M�
� ¼ 0 for each � 2 g, we can see H þ � as an

equivariantly closed form.

LEMMA 3.5 (Y. Lin, S. Tolman, [15]). Let a compact Lie group G act freely

on a manifold M. Let H be an invariant closed 3-form and � be an equivariant

mapping from g to �1ðMÞ. Fix a connection � 2 �ðM; gÞ. Then if H þ � is

equivariantly closed, there exists a natural form � 2 �2ðMÞG such that i�M� ¼ ��

for all � 2 g. In particular, H þ �þ dG� 2 �3ðMÞ 	 �GðMÞ, where �GðMÞ is the

set of equivariant differential forms of M and dG denotes the equivariant exterior

differential, is closed and basic and so descends to a closed form ~H 2 �3ðM=GÞ
such that the cohomology class ½ ~H� is the image of ½H þ �� under the Kirwan map.

THEOREM 3.6 (Y. Lin, S. Tolman, [15]). Let a compact Lie group G act on
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an H-twisted generalized complex manifold ðM;JÞ in a Hamiltonian way with a

generalized moment map � : M ! g� and a moment one form � 2 �1ðM; g�Þ. Let
Oa be a coadjoint orbit through a 2 g� so that G acts freely on ��1ðOaÞ. Given a

connection on ��1ðOaÞ, the twisted generalized complex quotient Ma ¼ ��1ðOaÞ=G
inherits an ~H-twisted generalized complex structure ~J , where ~H is defined as in

Lemma 3.5. Up to B-field shift, ~J is independent of the choice of connection.

Finally, for each p 2 Oa,

typeð ~JÞ½p� ¼ typeðJÞp:

In the case that ðM;JÞ is an H-twisted generalized complex orbifold, we can

define the notion of Hamiltonian actions of a compact Lie group on ðM;JÞ in

usual way. In this case, the reduction theorem still holds in the language of

orbifolds. The detailed statement is as follows. Let a compact Lie group G act on

an H-twisted generalized complex orbifold ðM;JÞ in a Hamiltonian way with a

generalized moment map � : M ! g� and a moment one form � 2 �1ðM; g�Þ. For
a coadjoint orbit Oa through a 2 g�, suppose that the G-action on ��1ðOaÞ is

locally free. Given a connection on ��1ðOaÞ, the twisted generalized complex

quotient Ma ¼ ��1ðOaÞ=G is an orbifold and inherits an ~H-twisted generalized

complex structure ~J , where ~H is defined as in Lemma 3.5. Up to B-field shift, ~J

is independent of the choice of connection and the type is preserved.

Before we begin a proof of TheoremA, we shall prove a remarkable fact of

generalized moment maps. At first we prove the following lemmata.

LEMMA 3.7. Let a compact Lie group G act on an H-twisted generalized

complex manifold ðM;JÞ preserving J . Then there exists a G-invariant

generalized almost complex structure which is compatible with J .

PROOF. Choose a G-invariant Riemannian metric g on M and put

G ¼
0 g�1

g 0

 !
:

Then G is a G-invariant positive definite metric on TM � T �M. Let A be an

endomorphism on TM � T �M defined by A ¼ G�1J . Since G and J are

G-invariant, A is also G-invariant. Now if we define

J 0 ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffi
AA �p

Þ�1A ;

then J 0 is a generalized almost complex structure on M which is compatible with
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J . Furthermore since A is G-invariant, J 0 is also G-invariant. This completes

the proof. �

LEMMA 3.8. Let an m-dimensional torus Tm act on an H-twisted general-

ized complex manifold ðM;JÞ in a Hamiltonian way with a generalized moment

map � and a moment one form �. Then for an arbitrary subtorus G 	 Tm the fixed

point set of G-action

FixðGÞ ¼ fp 2 M j � � p ¼ p ð8� 2 GÞg

is a generalized complex submanifold of ðM;JÞ.

PROOF. Choose a G-invariant generalized almost complex structure J 0

which is compatible with J . Then there exist a Riemannian metric g, a 2-form b,

and two orthogonal almost complex structures J
 which satisfy the equation (2).

Since J and J 0 are G-invariant, g and J
 are also G-invariant. For each

p 2 FixðGÞ and � 2 G, the differential of the action of � at p

ð��Þp : TpM ! TpM

preserves the almost complex structures J
. In addition, since G-action preserves

the metric g, the exponential mapping expp : TpM ! M with respect to the metric

g is equivariant, that is,

exppðð��ÞpXÞ ¼ � � expp X

for any � 2 G and X 2 TpM. This concludes that the fixed point of the action of �

near p corresponds to the fixed point of ð��Þp on TpM by the exponential mapping,

that is,

TpFixðGÞ ¼
\
�2G

kerð1� ð��ÞpÞ:

Since J
 commutes with the endomorphism ð��Þp, the eigenspace with eigenvalue

1 of ð��Þp is invariant under J
, and hence an almost complex subspace. In

particular we see that FixðGÞ is a generalized complex submanifold of ðM;JÞ by
applying Proposition 2.14. �

Now we consider a Hamiltonian Tm-action on a compact H-twisted

generalized complex manifold ðM;JÞ with a generalized moment map � : M !
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g and a moment one form � 2 �1ðM; g�Þ, and examine the functions �� : M ! R

for all � 2 g. The following proposition shows that these are Bott-Morse functions

with even indices and coindices. This is crucial to prove the connectedness of

fibers of the generalized moment map. In our proof, the maximum principle for

pseudoholomorphic functions on almost complex manifolds plays a central role.

The maximum principle for pseudoholomorphic functions on almost complex

manifolds is provided by the work of Boothby-Kobayashi-Wang in [3].

PROPOSITION 3.9. Let an m-dimensional torus Tm act on a compact

H-twisted generalized complex manifold ðM;JÞ in a Hamiltonian way with a

generalized moment map � : M ! t� and a moment one form � 2 �1ðM; t�Þ. Then
�� is a Bott-Morse function with even index and coindex for all � 2 t.

PROOF. For each � 2 t, we denote T� the subtorus of Tm generated by �.

First we shall prove that the critical set

Critð��Þ ¼ fp 2 M j ðd��Þp ¼ 0g

coincides with the fixed point set of T�-action FixðT�Þ. Choose a Tm-invariant

generalized almost complex structure J 0 which is compatible with J . Then J

can be written in the form of the equation (2) for the corresponding quadruple

ðg; b; J
Þ. Note that the metric g and orthogonal almost complex structures J
 are

all Tm-invariant.

Since �M �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ 2 L by the definition of Hamiltonian actions,

ðd��Þp ¼ 0 implies p 2 FixðT�Þ. In particular we obtain Critð��Þ 	 FixðT�Þ. On the

other hand, since FixðT�Þ ¼ fp 2 M j ð�MÞp ¼ 0g, we see that �� þ
ffiffiffiffiffiffiffi
�1

p
d�� 2 �L on

FixðT�Þ. Hence there exists a complex vector field X on M which satisfies that

�� þ
ffiffiffiffiffiffiffi
�1

p
d�� ¼ gðXÞ and X 2 Tþ

0;1M \ T�
0;1M on FixðT�Þ because the

ffiffiffiffiffiffiffi
�1

p
-eigen-

space L can be written by

L ¼ fX þ ðbþ gÞðXÞ j X 2 Tþ
1;0Mg � fY þ ðb� gÞðY Þ j Y 2 T�

1;0Mg:

Since the almost complex structures J
 are orthogonal with respect to the metric

g, we see that �� þ
ffiffiffiffiffiffiffi
�1

p
d�� is a holomorphic 1-form on FixðT�Þ. Moreover, since

�� is a closed 1-form on FixðT�Þ, we can view the function �� locally as an

imaginary part of a pseudoholomorphic function on an almost complex manifold

ðFixðT�Þ; J
Þ. By applying the maximum principle and compactness of FixðTmÞ,
we see that �� is constant on each connected component of FixðT�Þ. Moreover the

gradient of �� with respect to the metric g is tangent to FixðT�Þ because g and ��

are T�-invariant. This shows that FixðT�Þ 	 Critð��Þ, and hence we obtain
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Critð��Þ ¼ FixðT�Þ. In particular, Critð��Þ is a generalized complex submanifold of

M.

To prove that the function �� is a Bott-Morse function, we shall calculate the

Hessian r2�� of �� on Critð��Þ. Since �M �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ 2 L for each � 2 g,

we have

Jð�M �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��ÞÞ ¼

ffiffiffiffiffiffiffi
�1

p
ð�M �

ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��ÞÞ: ð3Þ

In addition, by using the equation (2) for the H-twisted generalized complex

structure J , for the natural projection � : ðTM � T �MÞ �C ! TM �C we

obtain the following equation;

�ðJð�M �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��ÞÞÞ

¼ 1

2
ðJþ þ J�Þð�MÞ � ð!�1

þ � !�1
� Þð�bð�MÞ �

ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��ÞÞ

� �
: ð4Þ

By combining the equations (3) and (4), we see that the induced vector field �M
can be written as

�M ¼
1

2
!�1
þ ðd��Þ � !�1

� ðd��Þ
� �

: ð5Þ

Let r be the Riemannian connection with respect to the metric g. Then by an easy

calculation we have the following equality for �
M :¼ !�1

 ðd��Þ ¼ �J
g

�1ðd��Þ;

gðr2��ðY Þ; ZÞ ¼ gððrY J
Þ�
M;ZÞ þ gðJ
ðrY �


MÞ; ZÞ: ð6Þ

Since the vector field �
M vanishes on Critð��Þ, the equation (6) shows that

ðr2��ÞpðYpÞ ¼ J
ðrYp
�
MÞ ð7Þ

for each p 2 Critð��Þ and Yp 2 TpM. Let ðL�Þp be an endomorphism on TpM

defined by ðL�ÞpðY Þ :¼ ½�M; Y �p ¼ �rYp
�M . Then by the equations (5) and (7), we

see that ðL�Þp can be written as

ðL�Þp ¼ �
1

2
ðJþ � J�Þðr2��Þp: ð8Þ

Now we shall prove TpCritð��Þ ¼ kerðr2��Þp. Since each connected compo-

nent Critð��Þ is a submanifold of M, it is clear that TpCritð��Þ 	 kerðr2��Þp.
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Therefore we may only show that kerðr2��Þp 	 TpCritð��Þ. At first we have

kerðr2��Þp 	 kerðL�Þp by the equation (8). If we identify ðL�Þp with a vector field

on TpM, the one parameter family of diffeomorphisms fðexp t��Þpgt2R on TpM

coincides with fexp tðL�Þpgt2R. Hence kerðL�Þp coincides with the fixed point set of

fðexp t��Þpgt2R. Therefore we have

kerðr2��Þp 	 TpCritð��Þ;

and this shows that TpCritð��Þ ¼ kerðr2��Þp. In particular, we see that �� is a

Bott-Morse function.

Finally, we shall show that the function �� has even index and coindex. By

equation (7), we see that

gððr2��ÞpðJ
Y Þ; ZÞ ¼ gððr2��ÞpZ; J
Y Þ ¼ gðJ
ðrZ�


MÞ; J
Y Þ ¼ gðrZ�



M; Y Þ

for each p 2 Critð��Þ and Y ; Z 2 TpM. Since �M ¼ 1
2 ð�

þ
M � ��MÞ and �M is a Killing

vector field, we obtain

gððr2��ÞpðJþ � J�ÞðY Þ; ZÞ ¼ gðrZð�þM � ��MÞ; Y Þ ¼ 2gðrZ�M; Y Þ
¼ �2gðrY �M; ZÞ ¼ �gðrY ð�þM � ��MÞ; ZÞ
¼ gððJþ � J�Þðr2��ÞpðY Þ; ZÞ:

Hence we see that ðr2��Þp commutes with Jþ � J� for all p 2 Critð��Þ. Now we

define a differential 2-form by gðJþ � J�Þ. Then since g is positive definite and

Jþ � J� commutes with ðr2��Þp, Jþ � J� preserves each eigenspace of ðr2��Þp
and hence gðJþ � J�Þ is nondegenerate on each non-zero eigenspace of ðr2��Þp.
Thus each non-zero eigenspace of ðr2��Þp is even dimensional, in particular the

index and coindex of the critical manifold are even. �

REMARK 3.10. The compactness assumption here is essential. If M is

noncompact, then a generalized moment map can not be seen a Bott-Morse

function in general. Indeed, if we consider a trivial torus action on a complex

manifold ðM;JÞ, then the imaginary part of an arbitrary holomorphic function is

a generalized moment map for this action. (See also Remark 4.12.)

3.2. A proof of Theorem A.

In this section we shall prove TheoremA. This proof involves induction over

m ¼ dimTm. Consider the statements:

Convexity properties of generalized moment maps 1187



Am : ‘‘the level sets of � are connected, for any Tm-action’’; and

Bm : ‘‘the image of � is convex, for any Tm-action’’:

At first we see that A1 holds by Proposition 3.9 and the fact that level sets of a

Bott-Morse function on a connected compact manifold are connected if the

critical manifolds have index and coindex 6¼ 1 (see [17] for example). The claim

B1 holds clearly because in R connectedness is equivalent to convexity.

Now we prove Am�1 ) Bm. Choose a matrix A 2 Zm � Zm�1 of maximal

rank. If we identify A with a linear mapping A : Rm�1 ! Rm and Tm with

Rm=Zm, then A induces an action of Tm�1 on M by

� : p 7! ðA�Þ � p;

for � 2 Tm�1 and p 2 M. The Tm�1-action is a Hamiltonian action with a

generalized moment map �AðpÞ :¼ At�ðpÞ and a moment one form ��
A :¼ �A�,

where At denotes the transpose of A.

Given any a 2 �AðMÞ and p0 2 ��1
A ðaÞ, we have the fiber of �A by

��1
A ðaÞ ¼ fp 2 M j �ðpÞ � �ðp0Þ 2 kerAtg:

By the assumption Am�1, �
�1
A ðaÞ is connected. Therefore, for each p0; p1 2 ��1

A ðaÞ,
if we connect p0 to p1 by a continuous path pt in ��1

A ðaÞ we obtain a path �ðptÞ �
�ðp0Þ in kerAt. Since At is surjective, kerAt is 1-dimensional. Hence �ðptÞ must go

through any convex combination of �ðp0Þ and �ðp1Þ, which shows that any point

on the line segment from �ðp0Þ to �ðp1Þ must be in �ðMÞ.
Any p0, p1 2 M with �ðp0Þ 6¼ �ðp1Þ can be approximated arbitrarily closely by

points p00 and p01 with �ðp01Þ � �ðp00Þ 2 kerAt for some matrix A 2 Zm � Zm�1 of

maximal rank. By the argument above, we see that the line segment from �ðp00Þ to
�ðp01Þ must be in �ðMÞ. By taking limits p00 ! p0, and p01 ! p1 we can conclude

that �ðMÞ is convex.
Next we prove Am�1 ) Am. By identifying t with Rm, we can express the

generalized moment map by � ¼ ð�1; � � � ; �mÞ. We call the generalized moment

map � to be effective if the 1-forms d�1; � � � ; d�m are linearly independent. Note

that p 2 M is a regular point of � if and only if ðd�1Þp; � � � ; ðd�mÞp are linearly

independent. If the generalized moment map � is not effective, the action reduces

to a Hamiltonian action of an ðm� 1Þ-dimensional subtorus. Indeed, If � is not

effective, there exists c ¼ ðc1; � � � ; cmÞ 2 Rm n f0g such that
Pm

i¼1 cid�i ¼ 0. Hence

if we denote the canonical basis of t ¼� Rm by �1; � � � ; �n, then we have
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Xm
i¼1

ci ð�iÞM þ �i

� �
¼
Xm
i¼1

ci ð�iÞM �
ffiffiffiffiffiffiffi
�1

p
ðd�i þ

ffiffiffiffiffiffiffi
�1

p
�iÞ

� �
2 L;

where � ¼ ð�1; � � � ; �mÞ. Since
Pm

i¼1 ci ð�iÞM þ �i

� �
is real and L \ �L ¼ f0g, we

obtain
Pm

i¼1 cið�iÞM ¼
Pm

i¼1 ci�i ¼ 0. Now consider a vector � ¼
Pm

i¼1 ci�i 2 t. By

the same argument in the earlier part of the proof of Proposition 3.9, we see that

Critð��Þ ¼ FixðT�Þ and hence the function �� is constant along M because �M ¼ 0.

For the simplicity, we may assume �1; � � � ; �m�1; � are linearly independent. Then

the Tm�1-action generated by �1; � � � ; �m�1 is a Hamiltonian action with a

generalized moment map �0 ¼ ð�1; � � � ; �m�1Þ and a moment one form

�0 ¼ ð�1; � � � ; �m�1Þ. Hence in this case the connectedness of fibers of � follows

from that of the reduced generalized moment map �0. Hence we may assume that

� is effective. Then for each � 2 t n f0g, �� is not a constant function, and the

critical manifold Critð��Þ is an even dimensional proper submanifold. Now

consider the union of critical manifolds

C ¼ [	2tnf0gCritð�	Þ:

We claim that the union C is indeed a countable union of even dimensional proper

submanifolds. To see this, recall that the critical points of �	 are the fixed points

of the action of the subtorus T	 	 Tm and form an even dimensional proper

submanifold. Since the fixed point set decreases as the torus increases it suffices to

consider 1-dimensional subtorus or, equivalently, integer vectors 	. This shows

the assertion about C. In particular, M n C is a dense subset of M. In addition,

since the condition p 2 M n C is equivalent to the condition that ðd�1Þ1; � � � ;
ðd�mÞp are linearly independent, we obtain M n C is open dense subset of M.

LEMMA 3.11. The set of regular values of � in �ðMÞ is a dense subset of

�ðMÞ.

PROOF. For each a ¼ �ðpÞ 2 �ðMÞ, there exists a sequence fpig1i¼1 	 M n C
which satisfies that limi!1 pi ¼ p. Since pi is a regular point of �, �ðMÞ contains a
neighborhood of �ðpiÞ by implicit function theorem. Moreover there exists a

regular value ai 2 t� which is sufficiently close to �ðpiÞ and ��1ðaiÞ 6¼ 
 by Sard’s

theorem. Hence the sequence faig1i¼1 approximates a. �

By a similar argument, we see that the set of a ¼ ða1; � � � ; amÞ 2 t� that

ða1; � � � ; am�1Þ is a regular value of ð�1; � � � ; �m�1Þ in �ðMÞ is also a dense subset of

�ðMÞ. Hence, by continuity, to prove that ��1ðaÞ is connected for every

a ¼ ða1; � � � ; amÞ 2 t�, it suffices to prove that ��1ðaÞ is connected whenever
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ða1; � � � ; am�1Þ is a regular value for the reduced generalized moment map

ð�1; � � � ; �m�1Þ. By the induction hypothesis, the submanifold

Q ¼ \m�1
i¼1 ��1

i ðaiÞ

is connected for a regular value ða1; � � � ; am�1Þ of ð�1; � � � ; �m�1Þ. To complete the

proof, we need the following lemma.

LEMMA 3.12. If ða1; � � � ; am�1Þ is a regular value for ð�1; � � � ; �m�1Þ, the

function �m : Q ! R is a Bott-Morse function of even index and coindex.

PROOF. By the hypothesis, Q is a 2n� ðm� 1Þ dimensional connected

submanifold of M. For each p 2 Q, the subspace W of the cotangent space T �
pM

generated by ðd�1Þp; � � � ; ðd�m�1Þp is ðm� 1Þ dimensional because p is regular.

Therefore the tangent space TpQ of Q coincides with the annihilator of W ;

TpQ ¼ fX 2 TpM j �ðXÞ ¼ 0 ð8� 2 W Þg:

Hence we see that p 2 Q is a critical point of �m : Q ! R if and only if there exist

real numbers c1; � � � ; cm�1 such that

Xm�1

i¼1

ciðd�iÞp þ ðd�mÞp ¼ 0:

This means that p is a critical point of the function �� : M ! R, where

� ¼ ðc1; � � � ; cm�1; 1Þ 2 t. By Proposition 3.9, �� is a Bott-Morse function with

even index and coindex. Furthermore, by Lemma 3.8 and the fact

Critð��Þ ¼ FixðT�Þ, the critical set Critð��Þ is a finite union of generalized

complex submanifolds. Now we shall prove the critical manifold Critð��Þ
intersects Q transversally at p, that is,

TpM ¼ TpCritð��Þ þ TpQ:

For a subspace S 	 TpM, we denote by S0 	 T �
pM the annihilator of S;

S0 ¼ f� 2 T �
pM j �ðXÞ ¼ 0 ð8X 2 SÞg:

Then since ðTpQÞ0 ¼ W , we obtain
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ðTpCritð��Þ þ TpQÞ0 ¼ ðTpCritð��ÞÞ0 \ ðTpQÞ0 ¼ ðTpCritð��ÞÞ0 \W:

Hence the critical manifold Critð��Þ intersects Q transversally at p if and only if

ðTpCritð��ÞÞ0 \W ¼ f0g. Thus we may only show that the differentials

ðd�1Þp; � � � ; ðd�m�1Þp remain linearly independent when restricted to the subspace

TpCritð��Þ. Consider the vector fields �þ1 ; � � � ; �þm�1 on M defined by

d�i ¼ !þð�þi Þ; i ¼ 1; � � � ;m� 1:

Since !þ ¼ gJþ, the vector field �þi can be written as �þi ¼ �Jþg
�1ðd�iÞ. The

Tm-invariance of the function �i implies

ð��Þpg�1ðd�iÞp ¼ g�1ðð��1Þ�d�iÞp ¼ g�1ðdðð��1Þ��iÞÞp ¼ g�1ðd�iÞp

for each � 2 T�. In particular, we see that the vector field g�1ðd�iÞ is tangent to

Critð��Þ because TpCritð��Þ ¼ TpFixðT�Þ ¼
T

�2T� kerð1� ð��ÞpÞ. Moreover, since

the critical manifold Critð��Þ is an almost complex submanifold of ðM;JþÞ, the
vector filed �þi ¼ �Jþg

�1ðd�iÞ is also tangent to Critð��Þ. On the other hand,

ð�þ1 Þp; � � � ; ð�þm�1Þp are linearly independent on TpM because p is regular. Hence

they are also linearly independent on TpCritð��Þ. Since the 2-form !þ is still

nondegenerate when it is restricted to Critð��Þ, the 1-forms ðd�1Þp; � � � ; ðd�m�1Þp
are linearly independent on T �

pCritð��Þ and hence Critð��Þ intersects Q trans-

versally as claimed. In particular, the critical set Critð�mjQÞ of �m : Q ! R is a

finite union of submanifolds of Q because Critð�mjQÞ ¼ Critð��Þ \Q.

For each X 2 TpM which is orthogonal to TpCritð��Þ, we have

ðd�iÞpðXÞ ¼ gpðg�1ðd�iÞ; XÞ ¼ 0

for i ¼ 1; � � � ;m� 1. This implies that the orthogonal complement ðTpCritð��ÞÞ? of

the subspace TpCritð��Þ is contained in TpQ. Hence the Hessian of �� at p is

nondegenerate on TpQ \ ðTpCritð��ÞÞ? ¼ ðTpCritð��ÞÞ? with even index and

coindex. In other words, Critð��Þ \Q is the critical manifold of ��jQ of even

index and coindex. The same holds for �mjQ since it only differs from �� by the

constant
Pm�1

i¼1 ciai. Thus we have proved that the function �m : Q ! R is a Bott-

Morse function with even index and coindex. �

By applying Lemma 3.12, if ða1; � � � ; am�1Þ is a regular value for

ð�1; � � � ; �m�1Þ, then the level set ��1
m ðamÞ \Q ¼ ��1ðaÞ is connected. This shows

that Am�1 ) Am.

Finally, we shall prove the third claim, that is, the image of the generalized
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moment map � is the convex hull of the images of the fixed points of the action.

By Lemma 3.8, the fixed point set FixðTmÞ of the action decomposes into finitely

many even dimensional connected submanifolds C1; � � � ; CN of M. The generalized

moment map � is constant on each of these sets because Ci 	 Critð��Þ for i ¼
1; � � � ; N and any � 2 t. Hence there exist a1; � � � ; aN 2 t� such that

�ðCiÞ ¼ faig; i ¼ 1; � � � ; N:

By what we have proved so far the convex hull of the points a1; � � � ; aN is

contained in �ðMÞ. Conversely, let a 2 t� be a point which is not in the convex

hull of a1; � � � ; aN . Then there exists a vector � 2 t with rationally independent

components such that

aið�Þ < að�Þ; i ¼ 1; � � � ; N:

Since the components of � are rationally independent, we have Critð��Þ ¼
FixðTmÞ. Hence the function �� : M ! R attains its maximum on one of the sets

C1; � � � ; CN . This implies

sup
p2M

��ðpÞ < að�Þ;

and hence a =2 �ðMÞ. This shows that �ðMÞ is the convex hull of the points

a1; � � � ; aN and TheoremA is proved.

REMARK 3.13. By applying the same arguments of our proof and Theo-

rem 5.1 in [14], TheoremA still holds in the case that M is a compact connected

H-twisted generalized complex orbifold. In this case, all connected components

C1; � � � ; CN of the critical set are connected generalized complex suborbifolds.

4. Non-abelian convexity and connectedness properties.

The purpose of this section is to give a proof of TheoremB. Our proof is a

simple generalization of the argument of Lerman, Meinrenken, Tolman and

Woodward in [13] to generalized complex geometry.

4.1. Weak nondegeneracy of generalized moment maps.

In this subsection, we introduce an additional property ‘‘weak nondegener-

acy’’ for generalized moment maps, which always holds for compact cases.

DEFINITION 4.1. We say that a generalized moment map � : M ! g� has

weak nondegeneracy if the following equality holds for all � 2 g;
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Critð��Þ ¼ FixðT�Þ:

EXAMPLE 4.2. Let a compact Lie group G act on a symplectic manifold

ðM;!Þ in a Hamiltonian way with a moment map � : M ! g�. Then the G-action

on ðM;J!Þ is Hamiltonian with a generalized moment map � and a moment one

form � ¼ 0. In this case, the generalized moment map � has weak nondegeneracy.

Indeed, since d�� ¼ ��M! for each � 2 g, it follows that �M ¼ 0 if and only if

d�� ¼ 0.

EXAMPLE 4.3. Consider the trivial action of a compact torus Tm on a

complex manifold ðM;JÞ. Then by identifying the Lie algebra t with Rm, each

holomorphic map h ¼ ðh1; � � � ; hmÞ : M ! Cm defines a generalized moment map

� ¼ Im h and a moment one form � ¼ dðRehÞ ¼ ðdðReh1Þ; � � � ; dðRe hmÞÞ for the
Tm-action, where Re h (resp. Imh) denotes the real part (resp. the imaginary

part) of h. In this case, � has weak nondegeneracy if and only if h is locally

constant, because �M reduces to 0 for all � 2 t.

By the former part of the proof of Proposition 3.9, we see that a generalized

moment map for compact manifolds always has weak nondegeneracy. Moreover,

the latter part of the proof of Proposition 3.9 tells us that, for noncompact

manifolds, a generalized moment map having weak nondegeneracy is nondegen-

erate in the sense of abstract moment maps in Ginzburg-Guillemin-Karshon [6].

REMARK 4.4. Let a compact Lie group G act on an H-twisted generalized

complex orbifold ðM;JÞ in a Hamiltonian way with a generalized moment map

� : M ! g� and a moment one form � 2 �1ðM; g�Þ. If � has weak nondegeneracy,

as in the case of symplectic orbifolds, the image of the differential of the

generalized moment map at a point p 2 M is the annihilator of the corresponding

isotropy Lie algebra gp. In particular, we see that the following conditions are

equivalent:

1. p 2 M is a regular point of �.

2. gp ¼ f0g.
3. The G-action at p is locally free.

We prove the assertion here. Let ~TpM denote the uniformized tangent space of M

at p. For each � 2 g, weak nondegeneracy condition of the generalized moment

map implies that ðd��Þp ¼ 0 if and only if ð�MÞp ¼ 0. Since

ð��ÞpðXÞð�Þ ¼ ðd��ÞpðXÞ ð9Þ

for each X 2 ~TpM, we have ð��ÞpðXÞð�Þ ¼ 0 for all � 2 gp. This shows that the
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image of ð��Þp is contained in the annihilator ðgpÞ
0. On the other hand, the

equation (9) implies that X 2 kerð��Þp if and only if ðd��ÞpðXÞ ¼ 0 for all � 2 g.

Hence we obtain the equation kerð��Þp ¼ ðD�Þ0p, where ðD�Þp is the subspace of
~T �
pM generated by the differentials ðd��Þp for all � 2 g and ðD�Þ0p 	 TpM is its

annihilator. In addition, since dimðD�Þp ¼ dim g� dim gp by weak nondegeneracy

condition, we have dimkerð��Þp ¼ dimM � ðdim g� dim gpÞ. Hence we have

dimð��Þpð ~TpMÞ ¼ dim g� dim gp ¼ dimðgpÞ0

and so ð��Þpð ~TpMÞ ¼ ðgpÞ0. This shows the assertion. In particular, the generalized

moment map has constant rank on the principal stratum Mprin, an open dense

subset of M defined to be the intersection of the set of the points of principal orbit

type with the set of smooth points of M. (See [6] for the definition of the principal

orbit type.)

4.2. Generalized complex cuts.

In view of symplectic geometry, we introduce the notion of generalized

complex cutting. Let ðM;JÞ be an H-twisted generalized complex orbifold which

admits a Hamiltonian circle action with a generalized moment map � : M ! R

and a moment one form � 2 �1ðMÞ. We assume that the generalized moment map

� has weak nondegeneracy. For a regular value " 2 R of the generalized moment

map, consider the disjoint union

M½";þ1Þ ¼ ��1ðð";þ1ÞÞ [M"

obtained from the orbifold with boundary ��1ð½";þ1ÞÞ by collapsing the

boundary under the circle action. Then the disjoint union M½";þ1Þ admits a

natural structure of a twisted generalized complex orbifold. To see this, consider

the product M C of the orbifold with a complex plane. It has a natural product

H-twisted generalized complex structure:

JMC ¼
J 0

0 J!

 !
;

where J! is the natural generalized complex structure on C induced by the

standard symplectic structure ! ¼ ð
ffiffiffiffiffiffiffi
�1

p
=2Þdz ^ d�z. The function � : M C ! R

given by �ðp; zÞ ¼ �ðpÞ � ð1=2Þjzj2 is a generalized moment map for the diagonal

action of the circle, and the pull back of the moment one form � by the natural

projection from M C to M is a moment one form. Since � has weak
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nondegeneracy, so does �. The point " 2 R is a regular value of � if and only if it is

a regular value of �. Moreover, the map

fp 2 M j �ðpÞ � "g ! ��1ð"Þ; p 7! ðp;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðpÞ � "

p
Þ

induces a homeomorphism from M½";þ1Þ to the reduced space ��1ð"Þ=S1. By weak

nondegeneracy of the generalized moment map �, we see that the reduced space

admits a natural ~H-twisted generalized complex structure. In particular, M½";þ1Þ
also admits a twisted generalized complex structure which is induced by the
~H-twisted generalized complex structure on the orbifold ��1ð"Þ=S1.

DEFINITION 4.5. We call the twisted generalized complex orbifold M½";þ1Þ
the generalized complex cut of M with respect to the ray ½";þ1Þ.

The construction can be generalized to general torus actions as follows.

Consider a Hamiltonian action of an m-dimensional torus Tm on an H-twisted

generalized complex orbifold ðM;JÞ with a generalized moment map � : M ! t�

and a moment one form � 2 �1ðM; t�Þ. We assume that the generalized moment

map � has weak nondegeneracy. Let l 	 t denote the integral lattice. Choose N

vectors vj 2 l; j ¼ 1; � � � ; N . The endomorphism

JMCN ¼
J 0

0 J!

 !

is an H-twisted generalized complex structure on an orbifold M CN , where J!

is the natural generalized complex structure on CN induced by the standard

symplectic structure ! ¼ ð
ffiffiffiffiffiffiffi
�1

p
=2Þ
PN

i¼1 dz
i ^ d�zi. The map � : M CN ! RN

with j-th component

�jðp; zÞ ¼ h�ðpÞ; vji �
1

2
jzjj2

is a generalized moment map for the action of TN on M CN induced by the Lie

algebra homomorphism RN ! t, ej 7! vj, where fe1; � � � ; eNg is the standard basis

of RN . The RN -valued 1-form � with j-th component �jðp; zÞ ¼ h�ðpÞ; vji is a

moment one form. Because of weak nondegeneracy of �, the generalized moment

map � also has weak nondegeneracy. For each b ¼ ðb1; � � � ; bNÞ 2 RN , we define a

convex rational polyhedral set

P ¼ fx 2 t
� j hx; vji � bj; j ¼ 1; � � � ; Ng:
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The generalized complex cut of M with respect to a rational polyhedral set P is

the reduction of M CN at b. We denote it by MP . If b is a regular value of �,

then MP is a twisted generalized complex orbifold by Remark 4.4. Note that

regular values are generic by Sard’s theorem. Furthermore if P is a compact

polytope, then the fact that P is generic implies that P is simple, that is, the

number of codimension one faces meeting at a given vertex is the same as the

dimension of P .

A topological description of the cut space is given by the following result.

This is a generalization of Proposition 2.4 in [13] to generalized complex geometry

and we can apply their proof of the theorem by replacing moment maps with

generalized moment maps.

PROPOSITION 4.6. Let an m-dimensional torus Tm act on an H-twisted

generalized complex orbifold ðM;JÞ effectively and in a Hamiltonian way with a

generalized moment map � : M ! t� and a moment one form � 2 �1ðM; t�Þ.
Suppose that the generalized moment map � has weak nondegeneracy. Consider a

generic rational polyhedral set P 	 t� and the set of all open faces FP . Then the

topological space ~MP defined by

~MP ¼
[

F2FP

��1ðF Þ=TF ;

where TF 	 Tm is the subtorus of Tm perpendicular to F , coincides with the

generalized complex cut of M with respect to P . In particular, ~MP is an H-twisted

generalized complex orbifold with a natural Hamiltonian action of the torus Tm.

Moreover, the map �P : ~MP ! t� induced by the restriction �j��1ðP Þ is a generalized

moment map, and the descending of the restriction �j��1ðP Þ of the moment one form

is a moment one form for this action. Consequently,

1. the cut space ~MP is connected if and only if ��1ðP Þ is connected;

2. the fibers of �P are connected if and only if fibers of �j��1ðP Þ are connected;

3. ~MP is compact if and only if ��1ðP Þ is compact.

Using the technique of generalized complex cuts, we can extend TheoremA

to the case that M is a noncompact orbifold and the generalized moment map has

weak nondegeneracy. The proof is the same with the proof of Theorem 4.3 in [13],

except one must use the generalized complex cuts.

THEOREM 4.7. Let an m-dimensional torus Tm act on a connected

H-twisted generalized complex orbifold ðM;JÞ in a Hamiltonian way with a

generalized moment map � : M ! t� and a moment one form � 2 �1ðM; t�Þ. If � is
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proper as a map into a convex open set U 	 t� and has weak nondegeneracy, then

1. the image of � is convex,

2. each fiber of � is connected, and

3. if for every compact set K 	 t�, the list of isotropy algebras for the

Tm-action on ��1ðKÞ is finite, then the image �ðMÞ is the intersection of U

with a rational locally polyhedral set.

4.3. The cross-section theorem.

Here we recall the notion of slices for group actions and prove a generalized

complex geometry analogue of the cross-section theorem in symplectic geometry.

DEFINITION 4.8. Suppose that a group G acts on an orbifold M. Given

p 2 M with isotropy group Gp, a suborbifold U 	 M containing p is called a slice

at p if U is Gp-invariant, G � U is a neighborhood of p, and the map

GGp
U ! G � U; ½a; u� 7! a � u

is an isomorphism.

Consider the coadjoint action of a connected compact Lie group G on g�. For

each x 2 g�, there is a unique largest open subset Ux 	 g�x 	 g� which is a slice at

x. We call Ux the natural slice at x for the coadjoint action. A detailed

construction can be seen in [13].

THEOREM 4.9 (Cross-section). Let a compact connected Lie group G act on

an H-twisted generalized complex orbifold ðM;JÞ in a Hamiltonian way with a

generalized moment map � : M ! g� and a moment one form � 2 �1ðM; g�Þ.
Consider the natural slice U at x 2 g� for the coadjoint action. Then the cross-

section R ¼ ��1ðUÞ is a Gx-invariant generalized complex suborbifold of M, where

Gx is the isotropy group of x. Furthermore the Gx-action on R is Hamiltonian with

a generalized moment map �R :¼ �jR and a moment one form �jR, the restriction

of � to R.

We shall give a proof of Theorem 4.9 below. First note that since the slice U is

Gx-invariant and the generalized moment map � is equivariant, the cross-section

R ¼ ��1ðUÞ is also Gx-invariant. By definition of the slice, coadjoint orbits

intersect U transversally. Since the generalized moment map is equivariant, it is

transversal to U as well. Hence the cross-section is a suborbifold of M. We need to

show that the cross-section R is a generalized complex suborbifold of M. We shall

show that ðLRÞr 	 ð ~TrR� ~T �
r RÞ �C defines an i�H-twisted generalized complex
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structure of R, where ~TrR is the uniformized tangent space of R at r 2 R. Then we

can see easily that R is a generalized complex suborbifold. Consider a local

representative ’ of L. If the pull back ði�’Þr is a nondegenerate complex pure

spinor, then it is a local representative of LR and hence LR defines an i�H-twisted

generalized complex structure. Hence we may only show that the pull back ði�’Þr
is a nondegenerate complex pure spinor of R below.

Since ’r is a nondegenerate complex pure spinor, there exist a decomposable

complex k-form � 2 ^k ~T �
r M �C and a complex 2-form Bþ

ffiffiffiffiffiffiffi
�1

p
! 2 ^2 ~T �

r M �C

such that

’r ¼ expðBþ
ffiffiffiffiffiffiffi
�1

p
!Þ ^ �:

The 2-form ! is nondegenerate on the 2ðn� kÞ-dimensional subspace

Sr ¼ fX 2 ~TrM j iXð� ^ ��Þ ¼ 0g:

Moreover, we claim that it satisfies that for each � 2 g, ið�M Þr! ¼ ðd��Þr on Sr.

Indeed, since ��M’r �
ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ ^ ’r ¼ 0 by the definition of generalized

moment maps, we have ��M� ¼ 0 and hence

��M ðBþ
ffiffiffiffiffiffiffi
�1

p
!Þ ^ � ¼

ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��Þ ^ �:

If we write � ¼ �1 ^ � � � ^ �k by some 1-forms �1; � � � ; �k 2 ~T
�
rM �C , the vectors

�1; � � � ; �k; ��1; � � � ; ��k are linearly independent because the complex pure spinor

’r ¼ expðBþ
ffiffiffiffiffiffiffi
�1

p
!Þ ^ � is nondegenerate. This implies that �X� ¼ 0 and

��M ðBþ
ffiffiffiffiffiffiffi
�1

p
!ÞðXÞ ^ � ¼

ffiffiffiffiffiffiffi
�1

p
ðd�� þ

ffiffiffiffiffiffiffi
�1

p
��ÞðXÞ ^ �

for each X 2 Sr. Hence we obtain ið�M Þr!ðXÞ ¼ ðd��ÞrðXÞ for each � 2 g and

X 2 Sr. This shows the claim.

Consider the complex form on ^� ~T �
r R�C defined by

ði�’Þr ¼ expði�Bþ
ffiffiffiffiffiffiffi
�1

p
i�!Þ ^ i��:

To prove that ði�’Þr is a nondegenerate complex pure spinor, we need to show the

following statements:

1. i�� ^ i� �� 6¼ 0, in particular i�� 6¼ 0.

2. i�! is nondegenerate on the subspace SrðRÞ ¼ fX 2 ~TrR j iXði�� ^ i� ��Þ ¼
0g.
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We first show the claim 1. For the Lie algebra g of G, gx denotes the Lie

algebra of the stabilizer of x 2 g�. Then there exists a Gx-invariant subspace m

such that g ¼ gx �m. For y ¼ �ðrÞ, the uniformized tangent space ~TyU is just the

annihilator of m. Consider the subspace mMðrÞ ¼ fð�MÞr j � 2 mg. Note that

mMðrÞ 	 Sr and dimmMðrÞ ¼ dimm. Now we show the following lemmata.

LEMMA 4.10. The subspace mMðrÞ is a symplectic vector space with respect

to the 2-form ! and is perpendicular to Sr \ ~TrR.

PROOF. First observe that for � 2 m and X 2 Sr \ ~TrR,

!ðð�MÞr; XÞ ¼ ðð��ÞrðXÞÞð�Þ ¼ 0

since ð��ÞrðXÞ 2 TyU ¼ m�. Hence mMðrÞ is perpendicular to Sr \ ~TrR with respect

to the 2-form !.

Now we show that the subspace mMðrÞ is a symplectic vector space. Since for

�; 	 2 m,

!ðð�MÞr; ð	MÞrÞ ¼ ðð��Þrð	MÞÞð�Þ ¼ ðad�ð	Þ�ðrÞÞð�Þ ¼ �yð½�; 	�Þ;

mMðrÞ is symplectic if and only if ad�ðmÞy is a symplectic subspace of the tangent

space TyðG � yÞ of the coadjoint orbit G � y. Since Gx � y 	 U and since m ¼ ðTyUÞ�,
for each � 2 m and 	 2 gx we have

yð½�; 	�Þ ¼ ad�ð	ÞðyÞ� ¼ 0;

that is, TyðGx � yÞ and ad�ðmÞy are symplectically perpendicular in TyðG � yÞ.
Hence it remains to show that the orbit Gx � y is a symplectic submanifold of the

coadjoint orbit G � y because TyðG � yÞ ¼ TyðGx � yÞ � ad�ðmÞy. Since the natural

projection pr : g� ! g�x is Gx-equivariant, we have prðGx � yÞ ¼ Gx � prðyÞ. By the

definition of the symplectic forms on a coadjoint orbit the restriction of the

symplectic form of G � y to Gx � y is just the pull-back by pr of the symplectic form

of the Gx coadjoint orbit Gx � prðyÞ. Hence Gx � y is a symplectic submanifold of

G � y, and this proves the lemma. �

LEMMA 4.11. The uniformized tangent space ~TrM can be decomposed into

the following direct sum:

~TrM ¼ ~TrR�mMðrÞ:
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PROOF. If X 2 ~TrR \mMðrÞ, then X is perpendicular to mMðrÞ with respect

to ! by Lemma 4.10. Since ! is nondegenerate on mMðrÞ, we have X ¼ 0 and hence
~TrR \mMðrÞ ¼ f0g. Furthermore, since dimR ¼ dimM � dimm, we see that

dim ~TrM ¼ dim ~TrRþ dimmMðrÞ, and obtain the decomposition ~TrM ¼
~TrR�mMðrÞ. �

The decomposition induces the decomposition of Sr;

Sr ¼ ðSr \ ~TrRÞ �mMðrÞ;

because mMðrÞ is contained in Sr. Hence we have the dimension

dimSr \ ~TrR ¼ dim ~TrR� 2k:

This shows that we can choose a basis of ~TrM �C ;

e1; � � � ; ea; u1; � � � ; u2k; v1; � � � ; v2ðn�kÞ�a;

where a ¼ dimSr \ ~TrR, fe1; � � � ; eag is a basis of Sr \ ~TrR, fe1; � � � ; ea; u1; � � � ; u2kg
is a basis of ~TrR and fv1; � � � ; v2ðn�kÞ�ag is a basis of mMðrÞ. Since ei; vj 2 Sr, we

have ieið� ^ ��Þ ¼ ivjð� ^ ��Þ ¼ 0. Hence we see that � ^ ��ðu1; � � � ; u2kÞ 6¼ 0 because

� ^ �� 6¼ 0 on ~TrM. This shows that i�� ^ i� �� 6¼ 0, and hence we have proved

Claim 1.

Now we prove Claim 2. We can check easily that Sr \ ~TrR 	 SrðRÞ. Since
i�� ^ i� �� 6¼ 0, we have

dimðSr \ ~TrRÞ ¼ dimSrðRÞ ¼ dimR� 2k:

Hence we obtain the equation Sr \ ~TrR ¼ SrðRÞ. Now take a vector X 2 SrðRÞ
which is perpendicular to SrðRÞ with respect to !, that is, !ðX; Y Þ ¼ 0 for any

Y 2 SrðRÞ. Then since !ðX; ð�MÞrÞ ¼ 0 for any � 2 m, we see that !ðX; Y Þ ¼ 0 for

any Y 2 Sr. Since ! is nondegenerate on Sr, we have X ¼ 0 and hence ! is also

nondegenerate on SrðRÞ. This proves Claim 2.

By Claims 1 and 2, we see that ði�’Þr is a nondegenerate complex pure spinor

and that R is a generalized complex suborbifold of M. Finally, it is clear that the

Gx-action on R preserves the induced i�H-twisted generalized complex structure

and is Hamiltonian with a generalized moment map �R ¼ �jR and the moment one

form i��. This completes the proof of Theorem 4.9. �
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4.4. A proof of Theorem B.

By Remark 4.4 and Theorem 4.9, we can extend Theorem 3.1 in Lerman-

Meinrenken-Tolman-Woodward [13] to generalized complex geometry, and we

see that there is a unique open face � of the Weyl chamber t�þ such that

1. �ðMÞ \ � is dense in �ðMÞ \ t�þ,

2. the preimage Y ¼ ��1ð�Þ is a connected T -invariant generalized complex

suborbifold of M, and the restriction �Y ¼ �jY and the pull back of � to Y

are a generalized moment map and a moment one form for the action of the

maximal torus T , and

3. the set G � Y is dense in M.

(See the proof of Theorem 3.1 in [13].) Since � is proper, the restriction �Y : Y !
t� is proper as a map into the open convex set �. By Theorem 4.7, the image �ðY Þ
is convex and is the intersection of � with a locally polyhedral set P , that is,

�ðY Þ ¼ � \ P . Therefore we have �ðMÞ \ t�þ ¼ �ðY Þ. Since the closure of a convex

set is also convex, the moment set �ðMÞ \ t�þ is convex. Moreover, since

�ðMÞ \ t�þ ¼ � \ P ¼ �� \ P , �ðMÞ \ t�þ is a locally polyhedral set. Thus we have

proved the first assertion. Now we shall show that the fiber ��1ðxÞ is connected for

all x 2 g�. We may assume x 2 t�þ. Since the fiber of �jY is connected, the fiber of

the restriction �jG�Y is also connected. Observe that since

��1ðG � xÞ=G ¼ ��1ðxÞ=Gx and the groups G and Gx are connected, the

connectedness of ��1ðxÞ is equivalent to that of ��1ðG � xÞ. To prove the

connectedness of ��1ðG � xÞ, it is suffices to show that for any convex open

neighborhood B of x in t�þ, the closure of the open set ��1ðG � ðB \ t�þÞÞ is

connected. By the condition 3 of the open face �, the intersection ��1ðG � ðB \
t�þÞÞ \G � Y ¼ G � ��1ðB \ �Þ is dense in ��1ðG � ðB \ t�þÞÞ and hence also dense in

its closure. Since B \ � \ �ðMÞ is convex and ��1ðyÞ is connected for each y 2 �,

the set G � ��1ðB \ �Þ is connected and therefore its closure is also connected. This

completes the proof of TheoremB.

REMARK 4.12. In noncompact cases, the assumption of weak nondegener-

acy is essential for the convexity property. For instance, consider the trivial

action of 3-dimensional compact torus G ¼ T 3 on a complex manifold M ¼ C

with the standard complex structure J and a holomorphic map h : M ! C3

defined by

hðzÞ ¼ ð
ffiffiffiffiffiffiffi
�1

p
z; z; z2Þ:

Then by identifying the Lie algebra t with R3, we see that the action is a

Hamiltonian action on a generalized complex manifold ðM;JJÞ with a
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generalized moment map

� ¼ Imh ¼ ðx; y; 2xyÞ

and a moment one form

� ¼ dðRehÞ ¼ ð�dy; dx; 2xdx� 2ydyÞ;

where z ¼ xþ
ffiffiffiffiffiffiffi
�1

p
y. Since the natural identification id : M ! R2 is proper, the

generalized moment map � : M ! R3 is also proper. In addition, � does not have

weak nondegeneracy because for � ¼ ð1; 0; 0Þ 2 t, we have d�� ¼ dx and hence

Critð��Þ ¼ 
. (Note that FixðT�Þ ¼ M for all � 2 t since the G-action is trivial.) In

this case, the convexity property of the generalized moment map does not hold.

Indeed, the image of the generalized moment map � is just the graph of the

function of two variables fðx; yÞ ¼ 2xy.

4.5. Concluding remarks.

A concept of generalized complex structures arises naturally when we

consider a deformation of symplectic structures. Then we can consider a

Hamiltonian action on a generalized complex manifold as a family of Hamiltonian

actions of symplectic manifolds. We shall give a simple example below.

Let CP2 be a 2-dimensional complex projective space with the homogeneous

coordinates ½z0 : z1 : z2�, and !F.S. the Fubini-Study metric on CP2. For each

w ¼ ðw1; w2Þ 2 C� C� we define a projective transformation Tw 2 PGLð3;CÞ by

Twð½z0 : z1 : z2�Þ ¼ ½z0 : jw1jz1 : jw2jz2�:

Then we have a deformation of the Fubini-Study metric T �
w!F:S:. Consider the

T 2-action on CP2 defined by

ð�1; �2Þ � ½z0 : z1 : z2� ¼ ½z0 : �1z1 : �2z2�

for all ð�1; �2Þ 2 T 2. Since the transformation Tw commutes with the T 2-action, the

action on a symplectic manifold ðCP2; T �
w!F.S.Þ is Hamiltonian with a moment

map

�wð½z0 : z1 : z2�Þ ¼ �
1

2jzj2
ðjw1j � jz1j2; jw2j � jz2j2Þ:

By symplectic convexity theorem, we see that the image �w of the moment map

�w is the convex hull of fð0; 0Þ; ð�jw1j=2; 0Þ; ð0;�jw2j=2Þg, which is of course a
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compact polytope.

Here we have obtained a family of Hamiltonian actions on symplectic

manifolds. By considering a generalized complex structure, we can treat them at

once. Consider the product M ¼ ðC�Þ2 CP2 of an algebraic torus with a

projective space. Since the 2-form T �
w!F.S. is a symplectic form of CP2 for each

w 2 ðC�Þ2, we can define a complex pure spinor ’ on M by

’ ¼ dw1 ^ dw2 ^ exp
ffiffiffiffiffiffiffi
�1

p
T �
w!F.S.:

Furthermore, since the complex pure spinor ’ is nondegenerate, it defines a

generalized complex structure J’ on M.

Now consider a T 2-action on a generalized complex manifold ðM;J’Þ
defined by lifting the T 2-action on CP2 to M;

ð�1; �2Þ � ðw; ½z0 : z1 : z2�Þ ¼ ðw; ½z0 : �1z1 : �2z2�Þ;

for each ð�1; �2Þ 2 T 2. The T 2-action on ðM;J’Þ is Hamiltonian with a

generalized moment map

�ðw; ½z0 : z1 : z2�Þ ¼ �wð½z0 : z1 : z2�Þ

and a moment one form � ¼ 0. The image � of the generalized moment map � is a

convex polyhedral set,

� ¼ fðx; yÞ 2 R2 j x � 0; y � 0g:

When we restrict the T 2-action to the fiber Mw ¼ fwg CP2 ¼� CP2, the action

on Mw is equivalent to the Hamiltonian T 2-action on CP2 and the generalized

moment map � restricted to Mw coincides with the moment map �w. This shows

that we can think of the Hamiltonian T 2-action on a generalized complex manifold

ðM;J’Þ as a family of Hamiltonian T 2-actions on symplectic manifolds

ðCP2; T �
w!F.S.Þ. Then the image � of the generalized moment map � coincides

with the union of �w;

� ¼ [w2ðC�Þ2�w:

Here we see that not only each �w is convex, but the union � is also convex. Note

that � is not compact although �w is a compact polytope for each w 2 ðC�Þ2.
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