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Abstract. The paper is concerned with linear thermoelastic plate

equations in the half-space Rn
þ ¼ fx ¼ ðx1; . . . ; xnÞ j xn > 0g:

utt þ�2uþ�� ¼ 0 and �t �����ut ¼ 0 in Rn
þ � ð0;1Þ;

subject to the boundary condition: ujxn¼0 ¼ Dnujxn¼0 ¼ �jxn¼0 ¼ 0 and initial

condition: ðu;Dtu; �Þjt¼0 ¼ ðu0; v0; �0Þ 2 H p ¼W 2
p;D � Lp � Lp, where W 2

p;D ¼
fu 2W 2

p j ujxn¼0 ¼ Dnujxn¼0 ¼ 0g. We show that for any p 2 ð1;1Þ, the associated
semigroup fT ðtÞgt�0 is analytic in the underlying space H p. Moreover, a solution

ðu; �Þ satisfies the estimates:

krjðr2uð�; tÞ; utð�; tÞ; �ð�; tÞÞk
Lq ðRn

þÞ
� Cp;qt

�j
2�

n
2

�
1
p�

1
q

�
kðr2u0; v0; �0Þk

LpðRn
þÞ

ðt > 0Þ

for j ¼ 0; 1; 2 provided that 1 < p � q � 1 when j ¼ 0, 1 and that 1 < p � q <1
when j ¼ 2, where rj stands for space gradient of order j.

1. Introduction.

In this paper, we shall consider the following equations:

utt þ�2uþ�� ¼ 0 and �t �����ut ¼ 0 in ��Rþ: ð1:1Þ

These equations describe a linear thermoelastic plate and they are derived in [6].

In (1.1), u denotes a mechanical variable denoting the vertical displacement of the

plate, while � denotes a thermal variable describing the temperature relative to a

constant reference temperature ��. Since the equations (1.1) represent the transfer

of the mechanical energy to the thermal energy through coupling, we expect that

total energy of the system decays, because of the thermal damping. In fact, when

� is a bounded reference configuration, the exponential stability of the associated

semigroup under several different kind of boundary conditions have been proved

by Kim [7], Munõz Rivera and Racke [17], Liu and Zheng [15], Avalos and
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Lasiecka [3], Lasiecka and Triggiani [8], [9], [10], [11] and Shibata [19]. But, more

significant aspect that the equations (1.1) have is that the associated semigroup is

analytic. Namely, although the first equation in (1.1) is a simply dispersive

equation (the product of two Schrödinger equations), the effect from the heat

equation through coupling is strong enough to have analyticity of the total

system. This fact was first proved by Liu and Renardy [13] and then it has been

studied by Liu and Liu [12], Liu and Yong [14] with different dampings in the L2

framework when � is also a bounded reference configuration (see a book due to

Liu and Zheng [16] for a survey).

The original equations describing the motion and transfer of the energy of

thermo-elastic plate is non-linear and it is widely accepted that the Lp approach is

more relevant to handle with the non-linear problem under less regularity

assumption on initial data. Therefore, it is worth while studying the equa-

tions (1.1) in the Lp settings. In this respect, recently Denk and Racke [5] proved

the generation of analytic semigroup and its decay property of the Cauchy

problem for equations (1.1) in the Lp framework. In fact, they studied more

general system, so called �-� system, consisting of the following equations:

utt þ Su� S�� ¼ 0 and �t þ S��þ S�ut ¼ 0 in ��Rþ: ð1:2Þ

where S ¼ ð��Þ� (� > 0) and �, � 2 ½0; 1� are parameters. They proved that the

region of analyticity is the set U ¼ fð�; �Þ j � � �; � � 2� � ð1=2Þg. In proving

resolvent estimates in Lp spaces they used the theory of parameter-elliptic mixed-

order systems by Denk, Mennicken and Volevich [4]. Moreover, they proved

decay rates for kðS1=2uð�; tÞ; utð�; tÞ; �ð�; tÞÞk
Lq ðRnÞ

if 2 � q � 1 and ð�; �Þ is the

analyticity region U , but also if 1=4 � � � 3=4 while � ¼ 1=2 (exemplarily). The

equations (1.1) are obtained, setting � ¼ 2 and � ¼ � ¼ 1=2, and therefore the

semigroup associated with (1.1) is analytic and kð�uð�; tÞ; utð�; tÞ; �ð�; tÞÞk
Lq ðRnÞ

(2 � q � 1) decays polynomially.

Before Denk and Racke [5] the �-� system was independently introduced by

Ammar Khodja and Benabdallah [2] and Munõz Rivera and Racke [18], and the

region of parameters was classified by smoothing property, decay property and

analyticity of associated semigroup by [2], [18], Liu and Liu [12] and Liu and

Yong [14] in the L2 or Hilbert space setting.

In this paper, we shall consider the initial boundary value problem for

equations (1.1) in the half-space Rn
þ ¼ fx ¼ ðx1; . . . ; xnÞ 2 Rn j xn > 0g subject to

the initial condition:

uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ v0ðxÞ; �ðx; 0Þ ¼ �0ðxÞ; ð1:3Þ
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and boundary condition:

ujxn¼0 ¼ Dnujxn¼0 ¼ �jxn¼0 ¼ 0: ð1:4Þ

We shall show that initial boundary value problem (1.1), (1.3) and (1.4) generates

an analytic semigroup in the LpðRn
þÞ framework and we shall show its decay

property. To state our result precisely, introducing the unknown function v ¼ ut
we rewrite (1.1) in the matrix form:

Ut ¼ AU in ��Rþ, U jt¼0 ¼ U0 ð1:5Þ

where we have set

U ¼
u

v

�

0
B@

1
CA; U0 ¼

u0

v0

�0

0
B@

1
CA; A ¼

0 1 0

��2 0 ��

0 � �

0
B@

1
CA: ð1:6Þ

To solve the initial boundary value problem (1.5) with (1.4), we consider the

corresponding resolvent problem:

ð�I � AÞU ¼ F in Rn
þ ð1:7Þ

subject to the boundary condition (1.4), where I denotes the n� n unit matrix.

To state our main result concerning the resolvent problem, we introduce several

spaces and some symbols. Lpð�Þ and Wm
p ð�Þ stand for the usual Lebesgue space

and Sobolev space, respectively. Let k k
Lpð�Þ

and k k
Wm
p ð�Þ

denote their norms. For

1 < p <1 the spaces W 2
p;0ðRn

þÞ, W 2
p;DðRn

þÞ and W 4
p;DðRn

þÞ are defined by the

formulas:

W 2
p;0ðRn

þÞ ¼ fu 2 W 2
p ðRn

þÞ j ujxn¼0 ¼ 0g;
Wm

p;DðRn
þÞ ¼ fu 2 Wm

p ðRn
þÞ j ujxn¼0 ¼ Dnujxn¼0 ¼ 0g ðm ¼ 2; 4Þ:

ð1:8Þ

The space H pðRn
þÞ for right member F in (1.7) and the space DpðRn

þÞ for solution
U in (1.7) are defined by the formulas:

H pðRn
þÞ ¼ fF ¼ T ðf; g; hÞ j f 2 W 2

p;DðRn
þÞ; g 2 LpðRn

þÞ; h 2 LpðRn
þÞg;

DpðRn
þÞ ¼ fU ¼ Tðu; v; �Þ j u 2W 4

p;DðRn
þÞ; v 2 W 2

p;DðRn
þÞ; � 2W 2

p;0ðRn
þÞg:

ð1:9Þ
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Here and hereafter, TM denotes the transposed M. For differentiation we use the

following symbols:

Dt ¼ @=@t; Dju ¼ @u=@xj; D
�
xu ¼ D�1

1 � � �D�n
n u ð� ¼ ð�1; . . . ; �nÞ 2 Nn

0 Þ;
r0u¼ u;r1u¼ru¼ðD1u; . . . ; DnuÞ; rju¼ðD�

xu j j�j ¼�1 þ � � � þ �n¼ jÞ ðj� 2Þ;

where N denotes the set of all natural numbers, N 0 ¼ N [ f0g, and Nn
0 ¼

N 0 � � � � �N 0
n-times

. Then, we have the following theorem.

THEOREM 1.1. Let 1 < p <1 and set Cþ ¼ f� 2 C n f0g j Re� � 0g.
Then, for any � 2 Cþ and F ¼ T ðf; g; hÞ 2 H pðRnÞ resolvent equation (1.7)

admits a unique solution U ¼ T ðu; v; �Þ 2 DpðRn
þÞ which satisfies the estimate:

X2
j¼0

j�j
2�j
2 kðrjþ2u;rjv;rj�Þk

LpðRn
þÞ
� Ckðr2f; g; hÞk

LpðRn
þÞ
;

X1
j¼0

j�j
4�j
2 krjuk

LpðRn
þÞ
� Ckðj�jf; g; hÞk

LpðRn
þÞ
:

ð1:10Þ

Concerning the evolution equation (1.5) with boundary condition (1.4), we

introduce the operator A p which is defined by the operation:

A pU ¼ AU for U 2 DpðRn
þÞ: ð1:11Þ

Then, we have the following theorem.

THEOREM 1.2. Let 1 < p <1. Let �ðA pÞ be the resolvent set of A p. Then,

Cþ � �ðA pÞ and A p generates an analytic semigroup fTpðtÞgt�0 on H pðRn
þÞ.

REMARK 1.3. Theorem 1.2 tells us that if we set UðtÞ ¼ TpðtÞF for F 2
H pðRn

þÞ, then UðtÞ 2 DpðRn
þÞ for t > 0, UðtÞ satisfies the equation (1.5) and

attains the initial data in the following way:

lim
t!0þ

kTpðtÞU � Fk
W2
p ðRn

þÞ�LpðR
n
þÞ�LpðR

n
þÞ
¼ 0:

To show some asymptotic behaviour of solutions to (1.5) with boundary

condition (1.4), we use the homogeneous space _Wm
p;DðRn

þÞ instead of Wm
p;DðRn

þÞ for
m ¼ 2; 4, which are defined by the following formulas:
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_W 2
p;DðRn

þÞ ¼ ff 2W 2
p;locðRn

þÞ j D�
xu 2 LpðRn

þÞ ðj�j ¼ 2Þ; ujxn¼0 ¼ Dnujxn¼0 ¼ 0g;
_W 4
p;DðRn

þÞ ¼ ff 2W 4
p;locðRn

þÞ \ _W 2
p;DðRn

þÞ j D�
xu 2 LpðRn

þÞ ð2 � j�j � 4Þg:
ð1:12Þ

Let kuk
_W2
p;D

ðRn
þÞ

denote the seminorm defined by kr2uk
LpðRn

þÞ
. For u 2 _W 2

p;DðRn
þÞ,

what r2u ¼ 0 implies that u ¼ 0, because ujxn¼0 ¼ Dnujxn¼0 ¼ 0. Therefore,

_W 2
p;DðRn

þÞ is a Banach space equipped with norm k k
_W2
p;D

ðRn
þÞ
. Moreover, C1

0 ðRn
þÞ is

dense in _W 2
p;DðRn

þÞ. We introduce the spaces _H pðRn
þÞ, _DpðH Þ, norm k k

_H pðRn
þÞ
and

the operator _A p by the formulas:

_H pðRn
þÞ ¼ fF ¼ T ðf; g; hÞ j f 2 _W 2

p;DðRn
þÞ; g 2 LpðRn

þÞ; h 2 LpðRn
þÞg;

kFk
_H pðRn

þÞ
¼ kðr2f; g; hÞk

LpðRn
þÞ
;

_DpðRn
þÞ ¼ fU ¼ T ðu; v; �Þ j u 2 _W 4

p;DðRn
þÞ; v 2 W 2

p;DðRn
þÞ; � 2W 2

p;0ðRn
þÞg;

_A pU ¼ AU for U 2 _DpðRn
þÞ:

ð1:13Þ

Concerning the asymptotic behaviour of solutions to equations (1.5) with

boundary condition (1.4), we have the following theorem.

THEOREM 1.4. Let 1 < p <1. Then, _A p generates an analytic semigroup

f _T ðtÞgt�0 on
_H pðRn

þÞ which satisfies so called Lp-Lq estimates. Namely, for any q

with p � q and j ¼ 0; 1; 2 there exists a constant Cp;q such that there hold the

estimates:

krj _TpðtÞFk _H q ðRn
þÞ
� Cp;qt

� j
2�

n
2

1
p�

1
q

� �
kFk

_H pðRn
þÞ

ðt > 0; F 2 _H pðRn
þÞÞ ð1:14Þ

provided that q � 1 when j ¼ 0, 1 and q <1 when j ¼ 2.

REMARK 1.5. (1) Since H pðRn
þÞ � _H pðRn

þÞ, T ðtÞF ¼ _T ðtÞF for F ¼
T ðu0; v0; �0Þ 2 H pðRn

þÞ, and therefore Theorem 1.4 tells us that solution ðu; �Þ to
the initial boundary value problem (1.1) with (1.3) and (1.4) satisfies the

estimates:

krjðr2uð�; tÞ; Dtuð�; tÞ; �ð�; tÞÞk
Lq ðRn

þÞ
� Cp;qt

� j
2�

n
2

1
p�

1
q

� �
kðr2u0; v0; �0Þk

LpðRn
þÞ

ðt > 0Þ
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provided that 1 < p � q � 1 when j ¼ 0, 1 and 1 < p � q <1 when j ¼ 2.

(2) Our assumptions on the exponents p and q are optimal from a view point of

Gagliardo-Nirenberg-Sobolev inquality, while the exponents should satisfy

stronger restrictions in Denk and Racke [5] like p � 2 and 1=pþ 1=q ¼ 1.

REMARK 1.6. To make our results clear, we consider (1.1) subject to the

cramped boundary conditions:

ujxn¼0 ¼ �ujxn ¼ �jxn¼0 ¼ 0: ð1:15Þ

As was observed in Liu and Renardy [13], introducing the new variables w ¼ �u

and v ¼ ut, equations (1.1) are rewritten in the matrix form with new unknown

functions: U ¼ T ðw; v; �Þ as follows:

Ut ¼
0 1 0

�1 0 �1

0 1 1

0
B@

1
CA�U; U jt¼0 ¼ �u0 v0 �0ð Þ;

subject to the boundary condition: wjxn¼0 ¼ vjxn¼0 ¼ �jxn¼0 ¼ 0. Since the

characteristic equation for the matrix:
0 1 0
�1 0 �1
0 1 1

0
@

1
A is �3 � �2 þ 2�� 1, which

has three different roots ��, �� and � �� (cf. Lemma 3.2), there exists a non-

singular matrix B such that

� 0 0

0 � 0

0 0 ��

0
B@

1
CA ¼ B

0 1 0

�1 0 �1

0 1 1

0
B@

1
CAB�1:

Introducing new unknown V ¼ BU ¼ T ðv1; v2; v3Þ, finally we have

DtV ¼
� 0 0

0 � 0

0 0 ��

0
B@

1
CA�V ðt > 0Þ; V jxn¼0 ¼ 0; V jt¼0 ¼ BT ð�u0; v0; �0Þ:

Namely, we can factorize the system (1.1) with initial condition and boundary

condition (1.15), and therefore we have the theorems corresponding to Theo-

rems 1.1 and 1.2 by using known results for the heat equation. But, in case of
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(1.4), we do not have any nice transformations unlike the case of (1.15), and

therefore we have to treat the essential difficulty arising from the boundry

conditions.

The paper is orginized as follows: In section 2, we shall discuss the resolvent

problem: �I � A ¼ F in the whole space Rn. We give an exact formula of ð�I �
AÞ�1 by using the Fourier transform and drive the optimal resolvent estimate by

applying the Fourier multiplier theorem, although the resolvent estimates were

obtained by Denk and Racke [5] for the general �-� system given in (1.3) by using

the Newton polygon method (cf. also Agranovich and Vishik [1] and Denk,

Mennicken and Volevich [4], Volevich [28]). Because, the results obtained in

Section 2 are used to derive the representation formula of solutions to

equation (1.7) as well as to obtain estimate (1.10). In section 3 we shall derive

a solution formula to equation (1.7) and prepare several technical lemmas to

estimate solutions. In section 4 we prove Theorem 1.1. In section 5 we prove

Theorems 1.2 and 1.4. In section 6, we make a remark about the extension of

fTpðtÞgt�0 to _H 1ðRn
þÞ.

2. Analysis in Rn.

In this section, we consider the resolvent problem:

ð�I � AÞU ¼ F in Rn ð2:1Þ

and we shall prove the following theorem.

THEOREM 2.1. Let 1 < p <1. Set

H pðRnÞ ¼ fF ¼ T ðf; g; hÞ j f 2W 2
p ðRnÞ; g 2 LpðRnÞ; h 2 LpðRnÞg;

DpðRnÞ ¼ fU ¼ T ðu; v; �Þ j u 2W 4
p ðRnÞ; v 2 W 2

p ðRnÞ; � 2W 2
p ðRnÞg;

�� ¼ f� 2 C n f0g j jarg�j � �� �g:

ð2:2Þ

Then, there exists an � ð0 < � < �=2Þ such that for any � 2 �� and F ¼ T ðf; g; hÞ 2
H pðRnÞ there exists a U ¼ T ðu; v; �Þ 2 W pðRnÞ which solves resolvent problem

(2.1) uniquely and satisfies the estimates:

X2
j¼0

j�j
2�j
2 kðrjþ2u;rjv;rj�Þk

LpðRnÞ
� Ckðr2f; g; hÞk

LpðRnÞ

X1
j¼0

j�j
4�j
2 krjuk

LpðRnÞ
� Ckðj�jf; g; hÞk

LpðRnÞ
:

ð2:3Þ
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REMARK 2.2. � will be given in Lemma 2.4, below.

For aðxÞ ¼ aðx1; . . . ; xnÞ its Fourier transform is defined by the formula:

âð	Þ ¼ F ½a�ð	Þ ¼
Z
Rn
e�ix�	aðxÞ dx ð	 ¼ ð	1; . . . ; 	nÞÞ:

Applying the Fourier transform to (2.1) we have

�Ûð	Þ � Âð	ÞÛð	Þ ¼ F̂ ð	Þ in Rn; ð2:4Þ

where we have set

Ûð	Þ ¼
ûð	Þ
v̂ð	Þ

�̂ð	Þ

0
B@

1
CA; F̂ ð	Þ ¼

f̂ð	Þ
ĝð	Þ

�̂ð	Þ

0
BB@

1
CCA; Âð	Þ ¼

0 1 0

�j	j4 0 j	j2

0 �j	j2 �j	j2

0
BB@

1
CCA:

If we write

�I � Âð	Þ ¼ Â�ð	Þ ¼

� �1 0

j	j4 � �j	j2

0 j	j2 �þ j	j2

0
BB@

1
CCA

then (2.4) is written in the form:

Â�ð	Þ T ðûð	Þ; v̂ð	Þ; �̂ð	ÞÞ ¼ T ðf̂ð	Þ; ĝð	Þ; ĥð	ÞÞ: ð2:5Þ

To solve (2.5), we have to investigate some property of the inverse operator

Â�ð	Þ�1. For this purpose we consider the determinant of Â�ð	Þ, which is given by

the formula:

det Â�ð	Þ ¼ �3 þ �2j	j2 þ 2�j	j4 þ j	j6: ð2:6Þ

LEMMA 2.3. Let us define a polynominal pðtÞ by the formula: pðtÞ ¼
t3 þ t2 þ 2tþ 1. Then, there exist a real number � ð0 < � < 1Þ and a complex

number � ðRe� ¼ 1��
2 > 0Þ such that pðtÞ ¼ ðtþ �Þðtþ �Þðtþ ��Þ, where �� denotes

the complex conjugate of �. Moreover, we have
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det Â�ð	Þ ¼ ð�þ �j	j2Þð�þ �j	j2Þð�þ ��j	j2Þ ¼ j	j6pð�=j	j2Þ:

PROOF. In view of (2.6), obviously det Â�ð	Þ ¼ j	j6pð�=j	j2Þ. Concerning the

roots of the polynomial pðtÞ, there exists a unique real number � with 0 < � < 1

such that pð��Þ ¼ 0, because pð0Þ ¼ 1 > 0, fð�1Þ ¼ �1 < 0 and p0ðtÞ > 0 for all

t 2 R. Since p is a polynomial with real coefficients, there exists a complex number

� such that pðtÞ ¼ ðtþ �Þðtþ �Þðtþ ��Þ. In particular, we have �þ � þ �� ¼ 1,

which implies that Re� ¼ ð1� �Þ=2 > 0. This completes the proof of the

lemma. �

LEMMA 2.4. Let � and � be the same numbers as in Lemma 2.3. Let � be the

argument of �, that is � ¼ j�jei�. Let � be a small number such that 0 < � <

ð�=2Þ � �. Then, we have the estimates:

j�þ 
j	j2j � sin
�

2
ðj�j þ j
jj	j2Þ ð
 ¼ �; �; ��Þ ð2:7Þ

for any � 2 ��, where �� is the same set as in (2.2).

REMARK 2.5. Since Re � > 0, we see that 0 < arg� < �=2 or 3�=2 <

arg � < 2�. We consider � and �� at the same time, so that we may assume that

0 < arg� < �=2 without loss of generality.

PROOF. Set � ¼ j�jei� and � ¼ j�jei� . If � 2 ��, then ��þ �þ � < � <

�þ �� �. Observe that

j�þ �j	j2j2 ¼ j�j2j���1 þ j	j2j2 ¼ j�j2j�jj�j�1eið���Þ þ j	j2j2

¼ j�j2½ðj�jj�j�1Þ2 þ j	j4 þ 2 cosð� � �Þj�jj�j�1j	j2�

The condition that ��þ � < � � � < �� 2�� � < � implies that cosð� � �Þ �
cosð��þ �Þ ¼ � cos �, and therefore

j�þ �j	j2j2 � j�j2½ðj�jj�j�1Þ2 þ j	j4 � 2 cos �j�jj�j�1j	j2�

¼ cos �j�j2½ðj�jj�j�1Þ2 � 2j�jj�j�1j	j2 þ j	j4� þ ð1� cos �Þj�j2½ðj�jj�j�1Þ2 þ j	j4�

� 2 sin2
�

2
j�j2ððj�jj�j�1Þ2 þ j	j4Þ �

h
sin

�

2
j�jðj�jj�j�1 þ j	j2Þ

i2
;

which implies (2.7). Other two cases in (2.7) are obtained in the similar

manner. �
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Calculating the cofactor matrix of Â�ð	Þ, we have

Â�ð	Þ�1 ¼

�ð�þ j	j2Þ þ j	j4 �þ j	j2 j	j2

�ð�þ j	j2Þj	j4 �ð�þ j	j2Þ �j	j2

j	j6 ��j	j2 �2 þ j	j4

0
BB@

1
CCA

ð�þ �j	j2Þð�þ �j	j2Þð�þ ��j	j2Þ

and therefore we have

ûð�; 	Þ ¼
ð�2 þ �j	j2 þ j	j4Þf̂ð	Þ þ ð�þ j	j2Þĝð	Þ þ j	j2ĥð	Þ

ð�þ �j	j2Þð�þ �j	j2Þð�þ ��j	j2Þ
;

v̂ð�; 	Þ ¼
�ð�þ j	j2Þj	j4f̂ð	Þ þ �ð�þ j	j2Þĝð	Þ þ �j	j2ĥð	Þ

ð�þ �j	j2Þð�þ �j	j2Þð�þ ��j	j2Þ
;

�̂ð�; 	Þ ¼
j	j6f̂ð	Þ � �j	j2ĝð	Þ þ ð�2 þ j	j4Þĥð	Þ
ð�þ �j	j2Þð�þ �j	j2Þð�þ ��j	j2Þ

:

ð2:8Þ

To derive a slightly simpler formula than that in (2.8), we use the following

formulas:

�k

ð�þ �j	j2Þð�þ �j	j2Þð�þ ��j	j2Þ
¼
X3
j¼1

Aj;k

ð�þ �jj	j2Þj	j4�2k
ð2:9Þ

for k ¼ 0; 1; 2. Here and hereafter, we use the following symbols:

�1 ¼ �; �2 ¼ �; �3 ¼ ��

A1;0 ¼ A�; A2;0 ¼ �A�

�� ��

� � ��
; A3;0 ¼ A�

�� �

� � ��

A1;1 ¼ �A��; A2;1 ¼ A�

ð�� ��Þ�
� � ��

; A3;1 ¼ �A�

ð�� �Þ ��
� � ��

A1;2 ¼ A��
2; A2;2 ¼ �A�

ð�� ��Þ�2

� � ��
; A3;2 ¼ A�

ð�� �Þ ��2

� � ��

ð2:10Þ

where we have set A� ¼ �
ð��1Þð��3Þ. We see easily that

A1;0 þA2;0 þ A3;0 ¼ 0; A1;1 þA2;1 þ A3;1 ¼ 0; A1;2 þA2;2 þ A3;2 ¼ 1 ð2:11Þ
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Combining (2.8) and (2.9), we have

ûð	Þ ¼
X3
j¼1

Aj;0 þ Aj;1 þ Aj;2

�þ �jj	j2
f̂ð	Þ þ

Aj;0 þAj;1

ð�þ �jj	j2Þj	j2
ĝð	Þ þ

Aj;0

ð�þ �jj	j2Þj	j2
ĥð	Þ

" #

v̂ð	Þ ¼
X3
j¼1

�
ðAj;0 þ Aj;1Þj	j2

�þ �jj	j2
f̂ð	Þ þ

Aj;1 þ Aj;2

�þ �jj	j2
ĝð	Þ þ

Aj;1

�þ �jj	j2
ĥð	Þ

" #

�̂ð	Þ ¼
X3
j¼1

Aj;0j	j2

�þ �jj	j2
f̂ð	Þ �

Aj;1

�þ �jj	j2
ĝð	Þ þ

Aj;2 þ Aj;0

�þ �jj	j2
ĥð	Þ

" #

ð2:12Þ

Using (2.11) and the formula:

1

ð�þ �jj	j2Þj	j2
¼

1

�

1

j	j2
�

1

��1
j �þ j	j2

 !
; ð2:13Þ

we have also the representation formula for ûð	Þ as follows:

ûð	Þ¼
X3
j¼1

Aj;0 þ Aj;1 þ Aj;2

�þ �jj	j2
f̂ð	Þ�

�jðAj;0 þAj;1Þ
�ð�þ �jj	j2Þ

ĝð	Þ�
�jAj;0

�ð�þ �jj	j2Þ
ĥð	Þ

" #
: ð2:14Þ

Set

uðxÞ ¼ F�1
	 ½ûð	Þ�ðxÞ; vðxÞ ¼ F�1

	 ½v̂ð	Þ�ðxÞ; �ðxÞ ¼ F�1
	 ½�̂ð	Þ�ðxÞ:

Here and hereafter, F�1
	 ½að	Þ�ðxÞ denotes the Fourier inverse transform of að	Þ

which is defined by the formula:

F�1
	 ½að	Þ�ðxÞ ¼

1

ð2�Þn
Z
Rn
eix�	að	Þ d	:

To estimate u, v and �, we use the Fourier multiplier theorem (cf. [20], [24], [25]).

THEOREM 2.6 (Fourier multiplier theorem). Let 1 < p <1, let S ðRnÞ
denote the Schwartz space of rapidly decreasing funtions on Rn, and let mð	Þ 2
C1ðRn n f0gÞ satisfy the multiplier condition:
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jD�
	 mð	Þj � C�j	j�j�j for any multi-index � 2 Nn

0 :

Then, the operator T defined on S ðRnÞ by Tf ¼ F�1
	 ½mð	Þf̂ð	Þ�ðxÞ admits an

extension to a bounded linear operator T : LpðRnÞ ! LpðRnÞ. Furthermore, the

norm of the operator T is estimated by cðp; nÞmaxfC� j j�j < n=2g with some

absolute constant cðp; nÞ depending only on n and p.

By (2.7) we have

jD�
	 ðð�þ �jj	j2Þ�1Þj � C�;�ðj�j þ j	j2Þ�1j	j�j�j

for any multi-index � ¼ ð�1; . . . ; �nÞ 2 Nn
0 and ð�; 	Þ 2 �� � ðRn n f0gÞ. And also,

jD�
	 ð	jj	j

�1Þj � C�j	j�j�j:

Applying Fourier multiplier theorem to the solution formulas (2.12) and (2.14),

we have immediately the estimates:

kðj�jr2u; j�j
1
2r3u;r4uÞk

LpðRnÞ
� Ckðr2f; g; hÞk

LpðRnÞ

kðj�jv; j�j
1
2rv;r2vÞk

LpðRnÞ
� Ckðr2f; g; hÞk

LpðRnÞ

kðj�j�; j�j
1
2r�;r2�Þk

LpðRnÞ
� Ckðr2f; g; hÞk

LpðRnÞ

kðj�j2u; j�j
3
2ruÞk

LpðRnÞ
� Ckðj�jf; g; hÞk

LpðRnÞ

for any � 2 ��. This completes the proof of Theorem 2.1.

3. Solution formula and some technical lemmas.

To prove Theorem 1.1, first of all we reduce equation (1.7) to the case where

F ¼ 0. For this purpose, we make the odd extension of F ¼ ðf; g; hÞ 2 H p;KðRn
þÞ

which is defined as follows: Given k defined on Rn
þ, k

o and ke denote its odd and

even extension to Rn, that is

koðxÞ ¼
kðx0; xnÞ (xn > 0)

�kðx0;�xnÞ (xn < 0)

(
; keðxÞ ¼

kðx0; xnÞ (xn > 0)

kðx0;�xnÞ (xn < 0)

(

where x0 ¼ ðx1; . . . ; xn�1Þ. Using this notation, let ðu0; v0; �0Þ be a solution to the
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whole space resolvent problem (2.1) with F ¼ T ðfo; go; hoÞ, which are defined by

using the formula (2.12) as follows:

û0ð	Þ ¼
X3
j¼1

Aj;0 þAj;1 þ Aj;2

�þ �jj	j2
f̂oð	Þ þ

Aj;0 þ Aj;1

ð�þ �jj	j2Þj	j2
ĝoð	Þ þ

Aj;0

ð�þ �jj	j2Þj	j2
ĥoð	Þ

" #

v̂0ð	Þ ¼
X3
j¼1

�
ðAj;0 þ Aj;1Þj	j2

�þ �jj	j2
f̂oð	Þ þ

Aj;1 þAj;2

�þ �jj	j2
ĝoð	Þ þ

Aj;1

�þ �jj	j2
ĥoð	Þ

" #

�̂0ð	Þ ¼
X3
j¼1

Aj;0j	j2

�þ �jj	j2
f̂oð	Þ �

Aj;1

�þ �jj	j2
ĝoð	Þ þ

Aj;0 þAj;2

�þ �jj	j2
ĥoð	Þ

" #

ð3:1Þ

Since f 2W 2
q ðRn

þÞ and fjxn¼0 ¼ 0, fo 2 W 2
p ðRnÞ with DnðfoÞ ¼ ðDnfÞe and

D2
nðfoÞ ¼ ðD2

nfÞ
o, and therefore

krjfok
LpðRnÞ

� Ckrjfk
LpðRn

þÞ
ðj ¼ 0; 1; 2Þ; kðgo; hoÞk

LpðRnÞ
� 2kðg; hÞk

LpðRn
þÞ

ð3:2Þ

Applying Theorem 2.1 and using (3.2), we have

ð�I � AÞT ðu0; v0; �0Þ ¼ Fo ¼ T ðfo; go; hoÞ in Rn; ð3:3Þ

kðj�jr2u0; j�j
1
2r3u0;r4u0Þk

LpðRnÞ
� Ckðr2f; g; hÞk

LpðRn
þÞ

kðj�jðv0; �0Þ; j�j
1
2rðv0; �0Þ;r2ðv0; �0ÞÞk

LpðRnÞ
� Ckðr2f; g; hÞk

LpðRn
þÞ

ð3:4Þ

kðj�j2u0; j�j
3
2ru0Þk

LpðRnÞ
� Ckðj�jf; g; hÞk

LpðRn
þÞ

Moreover, thanks to the odd extension of ðf; g; hÞ we have

u0 ¼ v0 ¼ �0 ¼ 0 when xn ¼ 0: ð3:5Þ

Setting u ¼ u0 þ w, v ¼ v0 þ z and � ¼ �0 þ � , we have the equation for new

unknown functions w, z, � as follows:

�w� z ¼ 0

�zþ�2wþ�� ¼ 0

�� ��� ��z ¼ 0

9>=
>; in Rn

þ ð3:6Þ
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subject to the boundary conditions:

wjxn¼0 ¼ � jxn¼0 ¼ 0; Dnwjxn¼0 ¼ �Dnu0jxn¼0: ð3:7Þ

Setting z ¼ �w in (3.7), we have

�2wþ�2 þ�� ¼ 0

�� ��� � ��w ¼ 0

)
in Rn

þ ð3:8Þ

To solve (3.8) with (3.7), we apply the partial Fourier transform with respect to x0

variables to (3.8), and then we have the system of ordinary differential equations:

�2 ~wþ ðD2
n � j	0j2Þ2 ~wþ ðD2

n � j	j2Þ~� ¼ 0

�~� � ðD2
n � j	0j2Þ~� � �ðD2

n � j	0j2Þ ~w ¼ 0

)
in ð0;1Þ ð3:9Þ

subject to the boundary conditions:

~wjxn¼0 ¼ ~� jxn¼0 ¼ 0; Dn ~wjxn¼0 ¼ ~Gjxn¼0: ð3:10Þ

where G ¼ �Dnu0. Here and hereafter, for aðxÞ ¼ aðx0; xnÞ (x0 ¼ ðx1; . . . ; xn�1Þ) we
define the partial Fourier transform ~að	0; xnÞ (	0 ¼ ð	1; . . . ; 	n�1Þ) by the formula:

~að	0; xnÞ ¼
Z
Rn�1

e�ix
0 �	0 aðx0; xnÞ dx0:

To solve (3.9) with (3.10), we consider the characteristic root of the determinant

of the following matrix:

Lð�; 	0; tÞ ¼
�2 þ ðt2 � j	0j2Þ t2 � j	0j2

��ðt2 � j	0j2Þ �� ðt2 � j	0j2Þ

 !

Then,

detLð�; 	0; tÞ ¼
Y3
j¼1

ð�þ �jðj	0j2 � t2ÞÞ

Here and hereafter, �1 ¼ �, �2 ¼ � and �3 ¼ �� are the same as in Lemma 2.3 and
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(2.10). Therefore, the characteristic roots for the system of ordinary differential

equations (3.9) are: �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��1
j �þ j	0j2

q
( j ¼ 1; 2; 3). In what follows, let � and ��

denote the number given in Lemma 2.4 and the set defined in (2.2), respectively.

When � 2 ��, we have

jarg ��1
j �j < �� � ðj ¼ 1; 2; 3Þ ð3:11Þ

In fact, what � 2 �� means that ��þ �þ � < arg� < �� �� �. Since �1 ¼ � 2 R,

argðð�1Þ�1�Þ ¼ arg�. Recall that � ¼ �2 and that arg� ¼ �. We have

argð��1
2 �Þ ¼ arg�� �, which implies that ��þ � < argðð�2Þ�1�Þ < �� 2�� � <

�� �. Recall that �3 ¼ ��, and then arg �3 ¼ ��, argðð�3Þ�1�Þ ¼ arg�þ �, which

implies that �� � > argðð�3Þ�1�Þ > ��þ 2�þ � > ��þ �. Therefore, we have

(3.11). In what follows, for the notational simplicity we set

Aj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�jÞ�1�þ j	0j2

q
ðj ¼ 1; 2; 3Þ:

Combining (2.7) with (3.11), we have

ðsinð�=2ÞÞ
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�jj�1j�j þ j	0j2

q
� ReAj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�jj�1j�j þ j	0j2

q
; ðj ¼ 1; 2; 3Þ: ð3:12Þ

We shall look for the solutions ~w and ~� to equation (3.9) of the formulas:

~wð�; 	0; xnÞ ¼
X3
j¼1

Pje
�Ajð�;	0Þxn ; ~�ð�; 	0; xnÞ ¼

X3
j¼1

Qje
�Ajð�;	0Þxn :

Plugging these formulas into equation (3.9) and using the formulas:

ðD2
n � j	0j2Þ‘e�Ajxn ¼ ðA2

j � j	0j2Þ‘e�Ajxn , we have

ð�2 þ ðA2
j � j	0j2Þ2ÞPj þ ðA2

j � j	0j2ÞQj ¼ 0 ð3:13Þ

ð�� ðA2
j � j	0j2ÞÞQj � �ðA2

j � j	0j2ÞPj ¼ 0 ð3:14Þ

From (3.13) we set

Qj ¼ �
�2 þ ðA2

j � j	0j2Þ2

A2
j � j	0j2

Pj;
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and then using the fact that detLð�; 	0; Ajð�; 	0ÞÞ ¼ 0, we see that ðPj;QjÞ also

satisfies (3.14). From this observation, we set

~wð�; 	0; xnÞ¼
X3
j¼1

Pje
�Ajð�;	0Þxn ; ~�ð�; 	0; xnÞ¼

X3
j¼1

�2 þ ðj	0j2 �Ajð�; 	0Þ2Þ2

j	0j2 � Ajð�; 	0Þ2
Pje

�Ajð�;	0Þxn :

Recalling that t3 þ t2 þ 2tþ 1 ¼ ðtþ �1Þðtþ �2Þðtþ �3Þ (cf. Lemma 2.3 and

(2.10)), we have �3j þ 2�j ¼ �2j þ 1. Using this formula, we have

�2 þ ðj	0j2 � Ajð�; 	0Þ2Þ2

j	0j2 �Ajð�; 	0Þ2
¼ �

�2 þ ð��1
j �Þ2

���1
j �

¼ �
1þ �2j

�j
� ¼ �ð�2j þ 2Þ�

and therefore we arrive at the formulas:

~wð�; 	0; xnÞ ¼
X3
j¼1

Pje
�Ajð�;	0Þxn ; ~�ð�; 	0; xnÞ ¼

X3
j¼1

ð��Þð�2j þ 2ÞPje�Ajð�;	0Þxn ð3:15Þ

To decide Pj, we use the boundary condition. Plugging the formulas in (3.15) into

the boundary condition, we have

P1 þ P2 þ P3 ¼ 0

�ðA1P1 þ A2P2 þA3P3Þ ¼ ~Gð	0; 0Þ
��ðð�21 þ 2ÞP1 þ ð�22 þ 2ÞP2 þ ð�23 þ 2ÞP3Þ ¼ 0

ð3:16Þ

In view of (3.16), we define the Lopatinski matrix �ð�; 	0Þ by the formula:

�ð�; 	0Þ ¼
1; 1; 1

�A1; �A2; �A3

�21 þ 2; �22 þ 2; �23 þ 2

0
B@

1
CA ð3:17Þ

and then

det�ð�; 	0Þ ¼ �½ð�22 � �23ÞA1 þ ð�23 � �21ÞA2 þ ð�21 � �22ÞA3� ð3:18Þ

~wð�; 	0; xnÞ ¼
X
ðj;k;‘Þ

�2k � �2‘
det�ð�; 	0Þ

e�Ajð�;	0Þxn ~Gð	0; 0Þ

~�ð�; 	0; xnÞ ¼ �
X
ðj;k;‘Þ

�ð�2j þ 2Þð�2k � �2‘ Þ
det�ð�; 	0Þ

e�Ajð�;	0Þxn ~Gð	0; 0Þ
ð3:19Þ
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Setting

wðxÞ ¼ F�1
	0 ½ ~wð�; 	0; xnÞ�ðx0Þ; vðxÞ ¼ �wðxÞ; �ðxÞ ¼ F�1

	0 ½~�ð�; 	0; xnÞ�ðx0Þ ð3:20Þ

ðw; v; �Þ is a required solution to (3.6) with boundary condition (3.7).

In what follows, we shall estimate wðxÞ, vðxÞ, �ðxÞ. For this purpose, we

introduce some terminologies concerning the Fourier multiplier theorem.

DEFINITION 3.1. Let 1 < p <1 and � be a set in C . Let mð�; 	0Þ be a

function defined on �� ðRn�1 n f0gÞ.
(1) We call mð�; 	0Þ a Fourier multiplier of first kind if it satisfies the following

condition: For any multi-index � ¼ ð�1; . . . ; �n�1Þ 2 Nn�1
0 , there exists a constant

C�0;� depending on �0 and � such that

jD�0

	0 mð�; 	0Þj � C�0;�ðj�j
1
2 þ j	0jÞ�j�0j ðð�; 	0Þ 2 �� ðRn�1 n f0gÞÞ:

(2) We call mð�; 	0Þ a Fourier multiplier of second kind if it satisfies the following

condition: For any multi-index � ¼ ð�1; . . . ; �n�1Þ 2 Nn�1
0 , there exists a constant

C�0;� depending on �0 and � such that

jD�0

	0 mð�; 	0Þj � C�0;�j	0j�j�0j ðð�; 	0Þ 2 �� ðRn�1 n f0gÞÞ:

Since ðj�j
1
2 þ j	0jÞ�j�0j � j	0j�j�0j, a Fourier multiplier of first kind is also that of

second kind. The multiplication of several multipliers of first kind and second kind

becomes a Fourier multiplier of second kind. If mð�; 	0Þ is a Fourier multiplier of

first kind or second kind, then setting M�½g�ðyÞ ¼ F�1
	0 ½mð�; 	0Þ~gð	0; ynÞ�ðy0Þ, by

Theorem 2.6 we have

kM�½g�k
LpðRn

þÞ
� Cn;p

X
j�0 j�n�1

f max
ð�;	0Þ2��ðRn�1nf0gÞ

jD�0

	0 mð�; 	0Þjgkgk
LpðRn

þÞ
ð3:21Þ

where Cn;p is a constant depending on n and p. The following two lemmas are the

bases of our estimations.

LEMMA 3.2. Let � and �� be the same number and set as in Lemma 2.4,

respectively. Then, for any real number s and multi-index �0 2 Nn�1
0 we have

jD�0

	0 Ajð�; 	0Þsj � C�0;�;sðj�j
1
2 þ j	0jÞs�j�0j;

jD�0

	0 j	0j
sj � C�0;sj	0js�j�0 j;

jD�0

	0 ðAjð�; 	0Þ þ j	0jÞsj � C�0;sj	0js�j�0 j
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where the constants C�0;�;s and C�0;s depend on �0, �, s and �0, s, respectively.

LEMMA 3.3. Let 1 < p <1 and let � be a subset of C . Let m1ð�; 	0Þ and

m2ð�; 	0Þ be a Fourier multiplier of first kind multiplier and that of second kind

defined on �� ðRn�1 n f0gÞ, respectively. Let us define the operators Kj‘ð�Þ by the

formulas:

½Kj1ð�Þg�ðxÞ ¼
Z 1

0

F�1
	0 ½m1ð�; 	0Þj�j

1
2e�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

½Kj2ð�Þg�ðxÞ ¼
Z 1

0

F�1
	0 ½m2ð�; 	0Þj	0je�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

½Kj3ð�Þg�ðxÞ ¼
Z 1

0

F�1
	0 ½m1ð�; 	0Þj	0j2M ð�; 	0; xn þ ynÞ~gð	0; ynÞ�ðx0Þ dyn

where we have set

M jð�; 	0; xnÞ ¼
e�Ajð�;	0Þxn � e�j	0 jxn

Ajð�; 	0Þ � j	0j :

Then, Kj‘ð�Þ is a bounded linear operator on LpðRn
þÞ and

kKj‘ð�Þgk
LpðRn

þÞ
� Cn;p;�kgk

LpðRn
þÞ

for any g 2 LpðRn
þÞ with some constant Cn;p;� depending on n, p and �.

Lemma 3.2 was proved in [22, Lemma 4.4] and [23, Lemma 5.4] and

Lemma 3.3 can be proved by the same argument as in the proof of Lemma 3.4 in

[21].

In what follows, we use the symbol: Ajð�;D0ÞajD0jb defined by the formula:

½Ajð�;D0ÞajD0jbg�ðxÞ ¼ F�1
	0 ½Ajð�; 	0Þaj	0jb~gð	0; xnÞ�ðx0Þ:

In particuler, we have

kAjð�;D0ÞajD0jbgk
LpðRn

þÞ
� Cn;p;a;�

X
0�c�a

j�j
a�c
2

X
j�0 j¼bþc

kD�0

x0 gkLpðRn
þÞ
; ð3:22Þ

where D�0

x0 ¼ D�1

1 � � �D�n�1

n�1 and �0 ¼ ð�1; . . . ; �n�1Þ 2 Nn�1
0 . In fact, writing
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Ajð�; 	0Þ ¼
Ajð�; 	0Þ2

Ajð�; 	0Þ
¼

�

�jAjð�; 	0Þ
�
Xn�1

k¼1

i	k

Ajð�; 	0Þ
i	k; j	0j ¼ �

Xn�1

k¼1

i	k

j	0j
i	k; ð3:23Þ

and noting that �=ð�jAjð�; 	0Þj�j
1
2Þ, i	k=Ajð�; 	0Þ, i	k=j	0j are Fourier multipliers of

second kind, by (3.21) we have (3.22).

We shall prepare two lemmas for estimations of w, v and � defined in (3.20).

LEMMA 3.4. Let 1 < p <1 and let mð�; 	0Þ be a Fourier multiplier defined

on �� � ðRn�1 n f0gÞ of first kind. Let Bj;kð�Þ ðj; k ¼ 1; 2; 3Þ be an operator defined

by the formula:

½Bj;kð�Þg�ðxÞ ¼
Z 1

0

F�1½mð�; 	0ÞAkð�; 	0Þe�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn:

Then, for any � 2 �� we have

kBj;kð�Þgk
LpðRn

þÞ
� Cp;�kgk

LpðRn
þÞ
:

PROOF. Using (3.23), we write

½Bj;kð�Þg�ðxÞ ¼
Z 1

0

F�1½m1ð�; 	0Þj�j
1
2e�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

þ
Z 1

0

F�1½m2ð�; 	0Þj	0je�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

where we have set

m1ð�; 	0Þ ¼ ðmð�; 	0Þ�Þ=ð�kAkð�; 	0Þj�j1=2Þ; m2ð�; 	0Þ ¼ ðmð�; 	0Þj	0jÞ=Akð�; 	0Þ:

By Lemma 3.2 we see that m1ð�; 	0Þ and m2ð�; 	0Þ are Fourier multipliers of first

kind and of second kind, respectively. Therefore, applying Lemma 3.3 we have the

lemma immediately. �

LEMMA 3.5. Let 1 < p <1 and Cþ ¼ f� 2 C j Re� � 0g. Let  0ðsÞ be a

function in C1
0 ðRÞ such that  0ðsÞ ¼ 1 for jsj � r0 and  0ðsÞ ¼ 0 for jsj � r1 with

some positive numbers r0 and r1 such that r0 < r1. For � 2 Cþ let mð�; 	0Þ be a

function defined on supp 0ðj�j=j	0j2Þ. Assume that

jD�0

	0 mð�; 	0Þj � C�0;�j	0j�j�0j ð3:24Þ
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for any �0 2 Nn�1
0 , � 2 Cþ and 	0 2 supp 0ðj�j=j	0j2Þ.

(1) Given ‘ 2 N 0, we set

C ‘
j0ð�Þ½g�ðxÞ ¼

��1

Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þj	0j�‘mð�; 	0Þfe�Ajð�;	0ÞðxnþynÞ � e�j	0 jðxnþynÞg~gð	0; ynÞ�ðx0Þ dyn

Then, for any ða; b; c; dÞ 2 N 4
0 with aþ bþ cþ d ¼ ‘þ 3, � 2 Cþ and j; k ¼ 1; 2; 3,

we have

j�j
a
2kDb

nAkð�;D0ÞcjD0jdC ‘
j0ð�Þ½g�kLpðRn

þÞ
� C‘;pkgk

LpðRn
þÞ
: ð3:25Þ

(2) Given ‘ 2 N 0, we set

D‘
j0ð�Þ½g�ðxÞ ¼

��1

Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þj	0j�‘mð�; 	0ÞðAjð�; 	0Þ � j	0jÞe�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

Then, for any ða; b; c; dÞ 2 N 4
0 with aþ bþ cþ d ¼ ‘þ 2, � 2 Cþ and j; k ¼ 1; 2; 3,

we have

j�j
a
2kDb

nAkð�;D0ÞcjD0jdD‘
j0ð�Þ½g�kLpðRn

þÞ
� C‘;pkgk

LpðRn
þÞ
: ð3:26Þ

REMARK 3.6. We note that Cþ � ��.

PROOF. (1) We write

j�j
a
2Db

nAkð�;D0ÞcjD0jdC ‘
j0ð�Þ½g�ðxÞ

¼ ��1ð�1Þb
Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þj�j

a
2 j	0j�‘þdmð�; 	0ÞAkð�; 	0Þc

� ðAjð�; 	0Þb � j	0jbÞe�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

þ ��1ð�1Þb
Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þj�j

a
2 j	0j�‘þbþdmð�; 	0ÞAkð�; 	0Þc

� fe�Ajð�;	0ÞðxnþynÞ � e�j	0 jðxnþynÞge�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn
¼ Ib þ IIb
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where Ib ¼ 0 when b ¼ 0. To estimate Ib, setting

n1ð�; 	0Þ ¼ ð�1Þbj	0j�‘�1þdAkð�; 	0Þc��1ðAjð�; 	0Þb � j	0jbÞmð�; 	0Þ;

we write

Ib ¼
Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þn1ð�; 	0Þj	0je�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn:

Using the identity:

� ¼ ðAjð�; 	0Þ � j	0jÞðAjð�; 	0Þ þ j	0jÞ�j ð3:27Þ

we have

Ajð�; 	0Þb � j	0jb

�
¼
Pb�1

m¼1Ajð�; 	0Þb�1�mj	0jm

�jðAjð�; 	0Þ þ j	0jÞ :

Therefore, by Lemma 3.2 and (3.24) we have

jD�0

	0 n1ð�; 	0Þj � C�0 j�j
a
2 j	0j�‘�1þdðj�j

1
2 þ j	0jÞcþb�2j	0j�j�0 j � C�0 j	0j�j�0 j ð3:28Þ

when 	0 2 supp 0ðj�j=j	0j2Þ, because aþ bþ cþ d ¼ ‘þ 3.

On the other hand,

jD�0

	0  0ðj�j=j	0j2Þj � C�0 ðj�j
1
2 þ j	0jÞ�j�0j ð3:29Þ

for any �0 2 Nn�1
0 and ð�; 	0Þ 2 C � ðRn�1 n f0gÞ. In fact, by the Bell formula we

have

D�0

	0  0ðj�j=j	0j2Þ

¼
Xj�0 j

‘¼1

ðD‘
s 0Þðj�j=j	0j2Þ

X
�0
1þ���þ�0

‘
¼�0

j�0
ij�1

��
0;‘
�0
1
;...;�0

‘
D
�0
1

	0 ðj�jj	0j
�2Þ � � �D�0

‘

	0 ðj�jj	0j
�2Þ

with suitable coefficients ��
0;‘
�0
1
;...;�0

‘
. Noting that r0 � j�j=j	0j2 � r1 on

supp
ð‘Þðj�j=j	0j2Þ (‘ � 1) and using Lemma 3.2 we have
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jD�0

	0  0ðj�j=j	0j2Þj � C�0
Xj�0 j

‘¼1

j
ð‘Þðj�j=j	0j2Þjðj�j=j	0j2Þ‘j	0j�j�0 j � Cðj�j
1
2 þ j	0jÞ�j�0 j;

which shows (3.29).

Combining (3.28) and (3.29), we see that  0ðj�j=j	0j2Þn1ð�; 	0Þ is a Fourier

multiplier of second kind. Therefore, applying Lemma 3.3 we have

kIbk
LpðRn

þÞ
� Cpkgk

LpðRn
þÞ
: ð3:30Þ

Using (3.27) and setting

n2ð�; 	0Þ ¼ ð�1Þbj�j
a
2 j	0j�‘�2þbþdmð�; 	0ÞAkð�; 	0Þcð�jðAjð�; 	0Þ þ j	0jÞÞ�1;

M jð�; 	0; xnÞ ¼
e�Ajð�;	0Þxn � e�j	0 jxn

Ajð�; 	0Þ � j	0j
;

we have

IIb ¼
Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þn2ð�; 	0Þj	0j2M jð�; 	0; xn þ ynÞ~gð	0; ynÞ�ðx0Þ dyn:

By Lemma 3.2, (3.24) and the assumption: aþ bþ cþ d ¼ ‘þ 3 we have

jD�0

	0 n2ð�; 	0Þj � C�0 j�j
a
2ðj�j

1
2 þ j	0jÞc�1j	0j�‘�2þbþdj	0j�j�0 j � C�j	0j�j�0j

when 	 2 supp 0ðj�j=j	0j2Þ, which combined with (3.29) implies that n2ð�; 	0Þ
 0ðj�j=j	0j2Þ is a Fourier multiplier of second kind. Therefore, applying Lemma 3.3

we have

kIIbk
LpðRn

þÞ
� Cpkgk

LpðRn
þÞ
;

which combined with (3.30) implies (3.25). Employing the same argument as in

proving (3.30) with b ¼ 1, we have (3.26), which completes the proof of the

lemma. �

LEMMA 3.7. Let 1 < p <1. Let  1ðsÞ be a function in C1ðRÞ such that

 1ðsÞ ¼ 1 for jsj � r1 and  1ðsÞ ¼ 0 for jsj � r0 with some positive numbers r0 and

r1 such that r0 < r1. For � 2 Cþ let mð�; 	0Þ be a function defined on
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supp 1ðj�j=j	0j2Þ. Assume that

jD�0

	0 mð�; 	0Þj � C�0 ðj�j
1
2 þ j	0jÞ�j�0 j ð3:31Þ

for any �0 2 Nn�1
0 , � 2 Cþ and 	0 2 supp 1ðj�j=j	0j2Þ. Given ‘ 2 N 0 we set

C ‘
j1ð�Þ½g�ðxÞ¼��1

Z 1

0

F�1
	0 ½ 1ðj�j=j	0j2Þj�j�

‘
2mð�; 	0Þe�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

Then, for any ða; b; c; dÞ 2 N 4
0 with aþ bþ cþ d ¼ ‘þ 3, � 2 Cþ and j; k ¼ 1; 2; 3,

we have

j�j
a
2kDb

nAkð�;D0ÞcjD0jdC ‘
j;1ð�Þ½g�k

LpðRn
þÞ
� C‘;pkgk

LpðRn
þÞ
: ð3:32Þ

PROOF. Employing the same argument as in proving (3.29), we have

jD�0

	0  1ðj�j=j	0j2Þj � C�0 ðj�j
1
2 þ j	jÞ�j�0j; ð3:33Þ

for any �0 2 Nn�1
0 and ð�; 	0Þ 2 C � ðRn�1 n f0gÞ. First, we consider the case

where d ¼ 0. In this case, we write

j�j
a
2Db

nAkð�;D0ÞcC ‘
j1ð�Þ½g�ðxÞ

¼
Z 1

0

F�1
	0 ½ 1ðj�j=j	0j2Þnð�; 	0Þj�j

1
2e�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn

where we have set nð�; 	0Þ ¼ ��1j�j�
‘
2�

1
2 j�j

a
2ð�1ÞbAjð�; 	0ÞbAkð�; 	0Þcmð�; 	0Þ. By

Lemma 3.2 and (3.31) we have

jD�0

	0 nð�; 	0Þj � C�0 j�j�
3
2�

‘
2þ

a
2ðj�j

1
2 þ j	0jÞ�ðbþcÞðj�j

1
2 þ j	0jÞ�j�0j � C�0 ðj�j

1
2 þ j	0jÞ�j�0j

when 	0 2 supp 1ðj�j=j	0j2Þ, because aþ bþ c ¼ ‘þ 3. Combining this with

(3.33) implies that  1ðj�j=j	0j2Þnð�; 	0Þ is a Fourier multiplier of first kind.

Applying Lemma 3.3, we have (3.32).

When d � 1, we write

j�j
a
2Db

nAkð�;D0ÞcjD0jdC ‘
j1ð�Þ½g�ðxÞ

¼
Z 1

0

F�1
	0 ½ 1ðj�j=j	0j2Þ~nð�; 	0Þj	0je�Ajð�;	0ÞðxnþynÞ~gð	0; ynÞ�ðx0Þ dyn
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where we have set ~nð�; 	0Þ ¼ ��1j�j�
‘
2 j�j

a
2ð�1ÞbAjð�; 	0ÞbAkð�; 	0Þcj	0jd�1mð�; 	0Þ. By

Lemma 3.2 and (3.31) we have

jD�0

	0 nð�; 	0Þj � C�0 j�j�1� ‘
2þ

a
2ðj�j

1
2 þ j	0jÞ�ðbþcÞj	0jd�1�j�0j � C�0 j	0j�j�0 j

when 	0 2 supp 1ðj�j=j	0j2Þ, because aþ bþ cþ d ¼ ‘þ 3 and d � 1. Combining

this with (3.33) implies that  1ðj�j=j	0j2Þ~nð�; 	0Þ is a Fourier multiplier of second

kind. Therefore, applying Lemma 3.3 we have (3.32), which completes the proof of

Lemma 3.7. �

4. A proof of Theorem1.1.

In this section, we shall prove Theorem 1.1. First of all, we shall examine the

behaviour of det�ð�; 	0Þ.

LEMMA 4.1. Let �ð�; 	0Þ be the same matrix as in (3.17). Assume that

Re� � 0. Then, there exist positive numbers �0 and �1 such that

jdet�ð�; 	0Þj � �0j�jj	0j�1 when j�j=j	0j2 � �1;

jdet�ð�; 	0Þj � �0ðj�j
1
2 þ j	0jÞ when j�j=j	0j2 � �1=2: ð4:1Þ

Moreover, for any multi-index �0 2 Nn�1
0 we have

jD�0

	0 ðdet�ð�; 	0ÞÞ�1j � C�0 j�j�1j	0j1�j�0j when j�j=j	0j2 � �1, ð4:2Þ

jD�0

	0 ðdet�ð�; 	0ÞÞ�1j � C�0 ðj�j
1
2 þ j	0jÞ�1�j�0j when j�j=j	0j2 � �1=2; ð4:3Þ

PROOF. Let �1 be a small positive number determined later and we first

consider the case where j�j=j	0j2 � �1. For the notational simplicity, we set

�1 ¼ �22 � �23 ; �2 ¼ �23 � �21 ; �3 ¼ �21 � �22 ; ð4:4Þ

and then by (3.18) we have

det�ð�; 	0Þ ¼ �
X3
j¼1

�jAjð�; 	0Þ ¼ �
X3
j¼1

�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��1
j �þ j	0j2

q
: ð4:5Þ

Since
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��1
j tþ 1

q
¼ 1þ ð2�jÞ�1tþOðt2Þ as t! 0, it follows from (4.5) that
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det�ð�; 	0Þ ¼ � j	0j
X3
j¼1

�jfð1þ ð2�jÞ�1tþOðt2ÞÞg;

where t ¼ �=j	0j2. Since

X3
j¼1

�j ¼ 0;
X3
j¼1

��1
j �j ¼ ð� � ��Þj�� �j2 ð4:6Þ

we have

jdet�ð�; 	0Þj � ð1=2Þj	0jjtjðj� � ��jj�� �j2 � CjtjÞ

with some constant C > 0. Choose �1 in such a way that C�1 � ð1=2Þj� �
��jj�� �j2, we have

jdet�ð�; 	0Þj � ð1=4Þj� � ��jj�� �j2j�jj	0j�1 when j�j=j	0j2 � �1: ð4:7Þ

Now, we consider the case where j�j=j	0j2 � ð�1=2Þ. Set

~� ¼ �ðj�j þ j	0j2Þ�1; ~	j ¼ 	jðj�j þ j	0j2Þ�
1
2 ðj ¼ 1; . . . ; n� 1Þ:

By (3.18) we have

det�ð�; 	0Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�j þ j	0j2

q
Dð ~�; ~	Þ ð4:8Þ

where

Dð~�; ~	Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��1
1

~�þ j~	0j2
q

ð�22 � �23Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��1
2

~�þ j~	0j2
q

ð�23 � �21Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��1
3

~�þ j~	0j2
q

ð�21 � �22Þ

What j�j=j	0j2 � �1=2 implies that

j ~�j ¼ ð1þ j	0j2=j�jÞ�1 � ð1þ ð2=�1ÞÞ�1;

and therefore the range of ð~�; ~	0Þ is in the following set:

�¼fð ~�; ~	0Þ 2C �Rn�1 j ð1þ ð2=�1ÞÞ�1 � j ~�j � 1; j ~�j þ j~	0j2 ¼ 1; Re ~� � 0g ð4:9Þ
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If we show that

det�ð�; 	0Þ 6¼ 0 when Re� � 0 and � 6¼ 0; ð4:10Þ

then from (4.8) and the fact that � is compact it follows that infð ~�;~	0Þ2�

jDð~�; ~	0Þj > 0, which combined with (4.8) and (4.7) implies (4.1).

Therefore, we shall prove (4.10) finally. Suppose that there exists a ð�; 	0Þ 2
C �Rn�1 such that Re � � 0 and det�ð�; 	0Þ ¼ 0. Then, by (3.17) there exists a

ðP1; P2; P3Þ 6¼ ð0; 0; 0Þ such that

P1 þ P2 þ P3 ¼ 0;

A1ð�; 	0ÞP1 þA2ð�; 	0ÞP2 þA3ð�; 	0ÞP3 ¼ 0;

ð�21 þ 2ÞP1 þ ð�22 þ 2ÞP2 þ ð�23 þ 2ÞP3 ¼ 0:

ð4:11Þ

Set

wðxnÞ ¼
X3
j¼1

Pje
�Ajð�;	0Þxn ; �ðxnÞ ¼ ��

X3
j¼1

ð�2j þ 2ÞPje�Ajð�;	0Þxn :

Then, by (3.15) and (4.11) we see that wðxnÞ and �ðxnÞ satisfy the homogeneous

system of ordinary differential equations:

�2wþ ðD2
n � j	0j2Þ2wþ ðD2

n � j	0j2Þ� ¼ 0 ðxn > 0Þ;

�� � ðD2
n � j	0j2Þ� � �ðD2

n � j	0j2Þw ¼ 0 ðxn > 0Þ;
wð0Þ ¼ ðDnwÞð0Þ ¼ �ð0Þ ¼ 0:

ð4:12Þ

Multiplying the first equation of (4.12) by �� �w and the second equation of (4.12) by

�� and integrating the resultant formulas, by integration by parts we have

j�j2�kwk2 þ ��kD2
nwk

2 þ 2 ��j	0j2kDnwk2 þ ��j	0j4kwk2 � ��ðDn�;DnwÞ � ��j	0j2ð�; wÞ

þ �k�k2 þ kDn�k2 þ j	0j2k�k2 þ �ðDnw;Dn�Þ þ �j	0j2ðw; �Þ ¼ 0

where ðu; vÞ ¼
R1
0 uðxÞvðxÞ dx and kuk2 ¼ ðu; uÞ. Taking the real part of the above

formula, we have

996 Y. NAITO and Y. SHIBATA



ðRe�Þ ½j�j2kwk2 þ kD2
nwk

2 þ 2j	0j2kDnwk2

þ j	0j4kwk2 þ k�k2� þ kDn�k2 þ j	0j2k�k2 ¼ 0

Since Re� � 0, we have kDn�k2 ¼ 0, which implies that � is a constant. But,

�ð0Þ ¼ 0, and therefore � ¼ 0, which implies that P1 ¼ P2 ¼ P3 ¼ 0 because � 6¼ 0

and fe�Ajð�;	0Þxngj¼1;2;3 are linearly independent functions. This leads a contra-

diction. Therefore, (4.10) holds.

Now, we shall prove (4.2) and (4.3). To prove (4.2), first we observe that

jD�0

	0 det�ð�; 	0Þj � C�0 j�jj	j�1�j�0 j ð4:13Þ

for any �0 2 Nn�1
0 when j�j=j	0j2 � �1. In fact, recalling (4.5) and taking fðtÞ ¼ t

1
2 ,

by the Bell formula we have

D�0

	0 ðdet�ð�; 	0ÞÞ

¼
X3
j¼1

�j
Xj�0 j

‘¼1

fð‘Þð��1
j �þ j	0j2Þ

X
�0
1þ���þ�0

‘
¼�0

j�0
ij�1

��
0;‘
�0
1
;...;�0

‘
ðD�0

1

	0 j	0j
2Þ � � � ðD�0

‘

	0 j	0j
2Þ

8>>><
>>>:

9>>>=
>>>;

where ��
0;‘
�0
1
;...;�0

‘
are suitable constants. By (4.6) we have

X3
j¼1

�jf
ð‘Þð��1

j �þ j	0j2Þ ¼
1

2
� � � 1

2
� ‘þ 1

� �X3
j¼1

�jð��1
j �þ j	0j2Þ

1
2�‘

¼
1

2
� � � 1

2
� ‘þ 1

� �
j	0j1�2‘

X3
j¼1

�j þOðtÞ
( )

ðt ¼ ��1
j �=j	0j2 and jtj < 1Þ:

We may assume that what j�j=j	0j2 � �1 implies that j��1
j �=j	0j2j � 1=2. SinceP3

j¼1 �j ¼ 0 as follows from (4.4), we have

X3
j¼1

�jf
ð‘Þð��1

j �þ j	0j2Þ
�����

����� � C‘j�jj	0j�1�2‘:

On the other hand, by Lemma 3.2 we have
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jD�0
1 j	0j2j � � � jD�0

‘ j	0j2j � C‘j	0j2‘�j�0j

because j�0
1j þ � � � þ j�0

‘j ¼ j�0j. Combining these two inequalities implies (4.13).

To show (4.2), taking fðtÞ ¼ t�1, by the Bell formula we have

D�0

	0 ðdet�ð�; 	0ÞÞ�1 ¼
X3
j¼1

�j

(Xj�0 j

‘¼1

f ð‘Þðdet�ð�; 	0ÞÞ

X
�0
1þ���þ�0

‘
¼�0

j�0
ij�1

��
0;‘
�0
1
;...;�0

‘
ðD�0

1

	0 det�ð�; 	0ÞÞ � � � ðD�0
‘

	0 det�ð�; 	0ÞÞ
)
; ð4:14Þ

and therefore using (4.13) and (4.1) we have

jD�0

	0 ðdet�ð�; 	0ÞÞ�1j � C�0
Xj�0 j

‘¼1

ð�0j�jj	0j�1Þ�‘�1ðj�jj	0j�1Þ‘j	0j�j�0j � C�0 j�j�1j	0j1�j�0 j

which shows (4.2).

To prove (4.3), first we observe that

jD�0

	0 det�ð�; 	0Þj � C�0 ðj�j
1
2 þ j	0jÞ1�j�0j ð4:15Þ

for any �0 2 Nn�1
0 and ð�; 	0Þ 2 Cþ � ðRn�1 n f0gÞ. In fact, applying Lemma 3.2 to

the formula (3.18), we have (4.15). Combining (4.14), (4.15) and (4.1), when

j�=j	0j2j � �1=2 we have

jD�0

	0 ðdet�ð�; 	0ÞÞ�1j �C�0

Xj�0j

‘¼1

ðdet�ð�; 	0ÞÞ�‘�1ðj�j
1
2 þ j	0jÞ‘�j�0j �C�0 ðj�j

1
2 þ j	0jÞ�1�j�0 j

which shows (4.3). �

Now, we shall discuss the estimation of w, v and � defined by (3.19) and

(3.20). Before starting estimations of these function, we give a lemma to estimate

G ¼ �Dnu0.

LEMMA 4.2. Let 1 < p <1 and F ¼ ðf; g; hÞ 2 H pðRn
þÞ. Let u0 be the

function defined in (3.1). Then, there exists aW ðxÞ 2W 3
p ðRn

þÞ such thatW jxn¼0 ¼
Dnu0jxn¼0 and
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j�j
a
2kDb

nAkð�;D0ÞcjD0jdWk
LpðRn

þÞ
� Cp;�kðD2

nf; g; hÞkLpðRn
þÞ

for any ða; b; c; dÞ 2 N 4
0 with aþ bþ cþ d ¼ 3, � 2 �� and k ¼ 1; 2; 3.

PROOF. In view of (3.1) and (2.14), we have

Dn ~u0ð	0; 0Þ ¼
X3
j¼1

Z 1

�1


0j i	n

�þ �jj	j2
f̂oð	Þ �

X2
k¼1

�j

k
j i	n

�ð�þ �jj	0j2Þ
ĝkð	Þ

( )
d	n

where we have set ĝ1ð	Þ ¼ ĝoð	Þ, ~g2ð	Þ ¼ ~hoð	Þ, 
0j ¼ Aj;0 þ Aj;1 þAj;2, 

1
j ¼ Aj;0 þ

Aj;1 and 
2 ¼ Aj;0. Changing the order of the integrations by Fubini’s theorem, we

have

Dn ~u0ð	0; 0Þ

¼
X3
j¼1

Z 1

0

ð~fð	0; ynÞ
0j �
X2
k¼1

��1�j

k
j ~g
kð	0; ynÞÞ

Z 1

�1

ðe�iyn	n � eiyn	nÞi	n
�þ �jj	j2

d	n

 !
dyn

If we write �þ �jj	j2 ¼ �jð	n þ iAjð�; 	0ÞÞð	n � iAjð�; 	0ÞÞ, by the residue theorem

we have

Z 1

�1

ðe�iyn	n � eiyn	nÞi	n
�þ �jj	j2

d	n ¼
2�

�j
e�Ajð�;	0Þyn ;

and therefore we have

Dn ~u0ð	0; 0Þ ¼ 2�
X3
j¼1

Z 1

0

e�Ajð�;	0Þynð
0j ��1
j

~fð	0; ynÞ �
X2
k¼1

��1
kj ~g
kð	0; ynÞÞ dyn:

Since fðx0; 0Þ ¼ Dnfðx0; 0Þ ¼ 0, we have

Z 1

0

e�Ajð�;	0Þyn ~fð	0; ynÞ dyn ¼ Ajð�; 	0Þ�2

Z 1

0

e�Ajð�;	0ÞynD2
n
~fð	0; ynÞ dyn;

and therefore we defineW by the formula:W ð	0; xnÞ ¼ 2�ðW1ð	0; xnÞ �W2ð	0; xnÞÞ,
where we have set
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W1ðxÞ ¼
X3
j¼1


0j

Z 1

0

F�1
	0 ½Ajð�; 	0Þ�2e�Ajð�;	0ÞðxnþynÞD2

n
~fð	0; ynÞ�ðx0Þ dyn

W2ðxÞ ¼
X3
j¼1

X2
k¼1


kj�
�1

Z 1

0

F�1
	0 ½e�Ajð�;	0ÞðxnþynÞ~gkð	0; ynÞ�ðx0Þ dyn:

Obviously, we have Wðx0; 0Þ ¼ Dnu0ðx0; 0Þ. Since
P3

j¼1 

k
j ¼ 0 for k ¼ 1; 2 as

follows from (2.11), we can write

W2ðxÞ ¼
X3
j¼1

X2
k¼1


kj�
�1

Z 1

0

F�1
	0 ½ 0ðj�j=j	0j2Þðe�Ajð�;	0ÞðxnþynÞ

� e�j	0 jðxnþynÞÞ~gkð	0; ynÞ�ðx0Þ dyn

þ
X3
j¼1

X2
k¼1


kj�
�1

Z 1

0

F�1
	0 ½ 1ðj�j=j	0j2Þe�Ajð�;	0ÞðxnþynÞ~gkð	0; ynÞ�ðx0Þ dyn

where we defined  0 and  1 by the formulas :  0 ¼ 
 and  1 ¼ 1� 
 with

function 
 2 C1
0 ðRÞ such that 
ðsÞ ¼ 1 for jsj � 1=2 and 
ðsÞ ¼ 0 for jsj � 1.

Applying Lemmas 3.5 and 3.7 with ‘ ¼ 0 we have

j�j
a
2kDb

nAkð�;D0ÞcjD0jdW2k
LpðRn

þÞ
� Cp;�kðg; hÞk

LpðRn
þÞ

for any ða; b; c; dÞ 2 N 4
0 with aþ bþ cþ d ¼ 3 and � 2 ��.

On the other hand, given ða; b; c; dÞ 2 N 4
0, studying the cases where d ¼ 0 and

d � 1, by Lemmas 3.2, 3.3 and 3.4 we see easily that

j�j
a
2kDb

nAkð�;D0ÞcjD0jdW1k
LpðRn

þÞ
� Cp;�kD2

nfkLpðRn
þÞ

for any � 2 ��, which completes the proof of Lemma 4.2. �

Under above preparations, we shall estimate w, v and � . Let W be a function

constructed in Lemma 4.2 and set HðxÞ ¼ �W ðxÞ, and then Hðx0; 0Þ ¼
�ðDnu0Þðx0; 0Þ. We start with the estimate of �w ¼ v and � . For this purpose,

setting

zjðxÞ ¼ F�1
	0

�e�Ajð�;	0Þxn

det�ð�; 	0Þ
~Hð	0; 0Þ

" #
ðx0Þ ð4:16Þ
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we shall show that

kðj�jzj; j�j
1
2rzj;r2zjÞk

LpðRn
þÞ
� CkðD2

nf; g; hÞkLpðRn
þÞ

ð4:17Þ

for any � 2 Cþ ¼ f� 2 C j Re� � 0g. In fact, using the symbols zj and (3.19) we

have

�wðxÞ ¼ vðxÞ ¼
X3
j¼1

�jzjðxÞ; �ðxÞ ¼ �
X3
j¼1

�0jzj ð4:18Þ

where �j ðj ¼ 1; 2; 3Þ are the same as in (4.4) and �0j ¼ ð�2j þ 2Þ�j ðj ¼ 1; 2; 3Þ.
Therefore, (4.17) and (4.18) imply that

X2
j¼0

j�j
2�j
2 krjðj�jw; v; �Þk

LpðRn
þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ

ð4:19Þ

for any � 2 Cþ.

To prove (4.17), using the Volevich trick [27], we write

zjðxÞ ¼
Z 1

0

F�1
	0

�e�Ajð�;	0ÞðxnþynÞ

det�ð�; 	0ÞAjð�; 	0Þ2
~Kj�ð	0; ynÞ

" #
ðx0Þ dyn ð4:20Þ

where Kj�ðxÞ ¼ Ajð�;D0Þ3HðxÞ �Ajð�;D0Þ2DnHðxÞ. Recalling that H ¼ �W and

using Lemma 4.2 and (3.22) we have

kKj�k
LpðRn

þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ

ð� 2 ��Þ: ð4:21Þ

Using a function 
ðsÞ 2 C1
0 ðRÞ such that 
ðsÞ ¼ 1 for jsj � �1=2 and 
ðsÞ ¼ 0 for

jsj � �1, we devide zj into the following two parts:

zj;NðxÞ ¼
Z 1

0

F�1
	0 
Nðj�j=j	0j2Þ

�e�Ajð�;	0ÞðxnþynÞ

det�ð�; 	0ÞAjð�; 	0Þ2
~Kj�ð	0; ynÞ

" #
ðx0Þ dyn ð4:22Þ

for N ¼ 0 and 1, where 
0 ¼ 
, 
1 ¼ 1� 
 and �1 is the same constant as in

Lemma 4.1. To prove (4.17), for a ¼ 0, 1, 2 and �0 2 Nn�1 with j�0j � 2� a we

write
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j�j
a
2D�0

x0D
2�a�j�0 j
n zj;NðxÞ ¼ ð�1Þ2�a�j�0 j

Z 1

0

F�1
	0 ½
Nðj�j=j	0j

2Þma;�0 ð�; 	0Þ

j	0je�Ajð�;	0ÞðxnþynÞ ~Kj�ð	0; ynÞ�ðx0Þ dyn

where we have set ma;�0 ð�; 	0Þ ¼ �j	0j�1ðdet�ð�; 	0ÞÞ�1j�j
a
2ði	0Þ�

0
Ajð�; 	0Þ�a�j�0 j. If

N ¼ 1, then we assume that d � 1. By (4.2), (4.3) and Lemma 3.2 we have

jD�0

	0ma;�0 ð�; 	0Þj � C�0 j	0j�j�0 j ð4:23Þ

for any �0 2 Nn�1
0 , � 2 Cþ and 	0 2 supp
Nðj�j=j	0j2Þ. On the other hand,

employing the same argument as in the proof of (3.29), we have

jD�0

	0 
Nðj�j=j	0j
2Þj � C�0 ðj�j

1
2 þ j	0jÞ�j�0 j ð4:24Þ

which combined with (4.23) implies that ma;�0 ð�; 	0Þ
Nðj�j=j	0j2Þ is a Fourier

multiplier of second kind. Therefore, applying Lemma 3.3 and using (4.21) we

have

j�j
a
2kD�0

x0D
2�a�j�0 j
n zj;Nk

LpðRn
þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ
: ð4:25Þ

for any ða; �0Þ 2 Nn
0 with aþ j�0j � 2, where we assume that j�0j � 1 when

N ¼ 1.

When N ¼ 1 and j�0j ¼ 0, we write

j�j
a
2D2�a

n zj;1ðxÞ ¼ ð�1Þ2�a
Z 1

0

F�1
	0 ½
1ðj�j=j	0j2Þma;0ð�; 	0Þ

j�j
1
2e�Ajð�;	0ÞðxnþynÞ ~Kj�ð	0; ynÞ�ðx0Þ dyn

where we have set ma;0ð�; 	0Þ ¼ �j�j�
1
2ðdet�ð�; 	0ÞÞ�1j�j

a
2Ajð�; 	0Þ�a. By (4.3) and

Lemma 3.2 we have

jD�0

	0ma;0ð�; 	0Þj � C�0 ðj�j
1
2 þ j	0jÞ�j�0j

for any �0 2 Nn�1
0 , � 2 Cþ and 	0 2 supp
1ðj�j=j	0j2Þ, which combined with

(4.24) implies that 
1ðj�j=j	0j2Þma;0ð�; 	0Þ is a Fourier multiplier of first kind.

Therefore applying Lemma 3.3 and using (4.21), we have
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j�j
a
2kD2�a

n zj;1k
LpðRn

þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ

for any � 2 Cþ, which combined with (4.25) implies (4.17), because zj ¼
zj;0 þ zj;1.

Now, we shall show that

kðj�j
1
2r3w;r4wÞk

LpðRn
þÞ
� CkðD2

nf; g; hÞkLpðRn
þÞ
: ð4:26Þ

Since
P3

j¼1 �j ¼ 0 as follows from (4.4), by (4.16) and (4.18) we devide wðxÞ into
the following two parts:

w0ðxÞ ¼
X3
j¼1

�jF
�1
	0

ðe�Ajð�;	0Þxn � e�j	0jxnÞ
0ðj�j=j	0j2Þ
det�ð�; 	0Þ

~Hð	0; 0Þ
" #

ðx0Þ;

w1ðxÞ ¼
X3
j¼1

�jF
�1
	0

e�Ajð�;	0Þxn
1ðj�j=j	0j2Þ
det�ð�; 	0Þ

~Hð	0; 0Þ
" #

ðx0Þ:

where 
0 and 
1 are the same functions as in (4.22). First we consider w0ðxÞ.
Using the Volevich trick, we write

w0ðxÞ¼
X3
j¼1

�j

Z 1

0

F�1
	0

ðe�Ajð�;	0ÞðxnþynÞ � e�j	0 jðxnþynÞÞ
0ðj�j=j	0j2Þ
ðdet�ð�; 	0ÞÞAjð�; 	0Þ2

~Kj�ð	0; ynÞ
" #

ðx0Þ dyn

þ
X3
j¼1

�j

Z 1

0

F�1
	0

ðAjð�; 	0Þ � j	0jÞe�Ajð�;	0ÞðxnþynÞ
0ðj�j=j	0j2Þ
ðdet�ð�; 	0ÞÞAjð�; 	0Þ3

~Nj�ð	0; ynÞ
" #

ðx0Þdyn

¼w0
0ðxÞ þ w1

0ðxÞ

where we have set Kj� ¼ �ðAjð�;D0Þ3W � Ajð�;D0Þ2DnW Þ and Nj� ¼
�Ajð�;D0Þ3W . By (4.21), Lemma 4.2 and (3.22) we have

kðKj�;Nj�Þk
LpðRn

þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ

ð4:27Þ

for any � 2 Cþ and j ¼ 1; 2; 3. If we set

mk
j ð�; 	0Þ ¼ �ðdet�ð�; 	0ÞÞ�1j	0j1þkAjð�; 	0Þ�ð2þkÞ

for k ¼ 0; 1, then we have

Lp analytic semigroup associated with the linear thermoelastic plate equations 1003



w0
0ðxÞ ¼

X3
j¼1

�j�
�1

Z 1

0

F�1
	0

h

0ðj�j=j	0j2Þj	0j�1m0

jð�; 	0Þ

ðe�Ajð�;	0ÞðxnþynÞ � e�j	0 jðxnþynÞÞ ~Kj�ð	0; ynÞ
i
ðx0Þ dyn;

w1
0ðxÞ ¼

X3
j¼1

�j�
�1

Z 1

0

F�1
	0

h

0ðj�j=j	0j2Þj	0j�2m1

jð�; 	0Þ

ðAjð�; 	0Þ � j	0jÞe�Ajð�;	0ÞðxnþynÞ ~Nj�ð	0; ynÞ
i
ðx0Þ dyn:

By (4.2) and Lemm3.2 we have

jD�0

	0 m
k
j ð�; 	0Þj � C�0 j	0j�j�0 j

for any �0 2 Nn�1
0 , � 2 Cþ and 	0 2 supp
0ðj�j=j	0j2Þ. Therefore, applying

Lemma 3.5 and using (4.27) we have

kðj�j
1
2r3w0;r4w0Þk

LpðRn
þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ

ð4:28Þ

for any � 2 Cþ.

Finally, we consider w1ðxÞ. Using the Volevich trick, we write

w1ðxÞ

¼
X3
j¼1

~�j�
�1

Z 1

0

F�1
	0 ½e�Ajð�;	0ÞðxnþynÞ
1ðj�j=j	0j2Þj�j�

1
2m1ð�; 	0Þ ~Kj�ð	0; ynÞ�ðx0Þ dyn

where we have set m1ð�; 	0Þ ¼ �j�j
1
2ðdet�ð�; 	0ÞÞ�1Ajð�; 	0Þ�2. By (4.3) and

Lemma 3.2 we have

jD�0

	0 m1ð�; 	0Þj � C�0 ðj�j
1
2 þ j	0jÞ�j�0 j

for any �0 2 Nn�1
0 , � 2 Cþ and 	0 2 supp
1ðj�j=j	0j2Þ. By Lemma 3.7 and (4.27)

we have

kðj�j
1
2r3w1;r4w1Þk

LpðRn
þÞ
� CpkðD2

nf; g; hÞkLpðRn
þÞ

for any � 2 Cþ, which combined with (4.28) implies Theorem 1.1.
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5. Generation of analytic semigroup and its asymptotic behaviour.

In this section, we shall show Theorems 1.2 and 1.4. First, we shall give

A PROOF OF THEOREM1.2 Let A p be the operator defined in (1.9). By

Theorem 1.1 A p is densely defined, closed operator on H pðRn
þÞ. Let �ðA pÞ and

ð�I �A pÞ�1 be the resolvent set and resolvent operator of A p, respectively. Set

kFk
H pðRn

þÞ
¼ kfk

W 2
p ðRn

þÞ
þ kðg; hÞk

LpðRn
þÞ

for F ¼ T ðf; g; hÞ 2 H pðRn
þÞ. Then, by Theo-

rem 1.1 we see that Cþ � �ðA pÞ and that there exists a constantM > 0 such that

j�jkð�I �A pÞ�1Fk
H pðRn

þÞ
�MkFk

H pðRn
þÞ

ð5:1Þ

for any � 2 Cþ with j�j � 1 and F 2 H pðRn
þÞ. If we write �I �A p ¼ ði� �

A pÞðI � �ði� �A pÞ�1Þ for � ¼ ��þ i� (� > 0), by (5.1) we see that whenever

M�j�j�1 < 1 and � ¼ ��þ i�, the resolvent ð�I �A pÞ�1 exists and satisfies the

estimate:

j�jkð�I �A pÞ�1Fk
H pðRn

þÞ
� 2MkFk

H pðRn
þÞ

ð5:2Þ

for any F 2 H pðRn
þÞ. If we set �� ¼ f� 2 C j jarg�j � ð�=2Þ þ �; j�j � 1g with

� ¼ tan�1ð1=MÞ, then � � �ðA pÞ and the estimate (5.2) holds for any � 2 ��,

which shows that A p generates an analytic semigroup on H pðRn
þÞ. This

completes the proof of Theorem 1.2. �

Now, we shall prove Theorem 1.4. The idea is the same as in the proof of

Theorem 1.2 as above, but we have to consider any small neighborhood of � ¼ 0 to

get polynomial decay rate of solutions to (1.1), (1.3) and (1.4). For this purpose,

we use _H ðRn
þÞ and _A p instead of H ðRn

þÞ and A p.

A PROOF OF THEOREM1.4 Let _H pðRn
þÞ, _DpðH Þ, k k

_H pðRn
þÞ

and _A p be the

same as in (1.13). Since C1
0 ðRn

þÞ
3 � _DpðH Þ � _H pðRn

þÞ and C1
0 ðRn

þÞ
3 is dense in

_H pðRn
þÞ, by Theorem 1.1 we see that _A p is a densely defined, closed operator on

_H pðRn
þÞ. Let �ð _A pÞ and ð�I � _A pÞ�1 be the set and the resolvent operator of _A p,

respectively. Then, by Theorem 1.1 we see that Cþ � �ð _A pÞ and that there exists

a constant C independent of � 2 Cþ and F 2 _H pðRn
þÞ such that

j�jkð�I � _A pÞ�1Fk
_H pðRn

þÞ
� CkFk

_H pðRn
þÞ
: ð5:3Þ
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Employing the same argument as in the proof of Theorem 1.2, by (5.3) we see that

whenever C�j�j�1 < 1, � > 0 and � ¼ ��þ i�, the resolvent ð�I � _A pÞ�1 exists

and satisfies the estimate:

j�jkð�I � _A pÞ�1Fk
_H pðRn

þÞ
� 2CkFk

_H pðRn
þÞ

ð5:4Þ

for any F 2 _H pðRn
þÞ. Therefore, setting � ¼ tan�1ð1=CÞ, we have

�� ¼ � n f0g
���jarg���� < �

2
þ �

	 

� �ð _A pÞ ð5:5Þ

and (5.4) holds for any � 2 ��. It follows from these facts that _A p is a sectorial

operator, and therefore A p generates an analytic semigroup f _TpðtÞgt�0 on

_H pðRn
þÞ.

Now, we shall show the estimate (1.14). First we consider the case where

p ¼ q. Let � be a number such that �=2 < � < ð�=2Þ þ � and then by (5.3) and

(5.4) for any � > 0 we have

j�jkð�I � _A pÞ�1Fk
_H pðRn

þÞ
� 2CkFk

_H pðRn
þÞ

ð5:6Þ

whenever � 2 � þ �� ¼ f� þ z j jarg zj � ð�=2Þ þ �g. Let ��
� be contours defined by

the formulas:

�þ
� : � ¼ � þ seið�þ

�
2Þ ðs : 1 ! 0Þ; ��

� : � ¼ � þ se�ið�þ
�
2Þ ðs : 0 ! 1Þ;

and set �� ¼ �þ
� [ ��

� . Then, by well-known theory of analytic semigroup (cf. I. I.

Vrabie [26, Chapter 7, Section 7.1]) we have

_TpðtÞ ¼
1

2�i

Z
��

e�tð�I � _A pÞ�1 d�:

By (5.4) and Fubini’s theorem, we have

Dj
t
_TpðtÞ ¼

1

2�

Z
��

�je�tð�I � _A pÞ�1 d�:

After this observation, by the theorem of Cauchy in the theory of functions of one
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complex variable we change the contour from �� to ��;t which is defined by

��;t ¼ �þ
�;t [ Ct [ ��

�;t, where

�þ
�;t : �¼ �þ seið�þ

�
2Þ ðs : 1 ! 1=tÞ; Ct : �¼ � þ ð1=tÞeis s : �þ

�

2
! � �þ

�

2

� �� �
;

��
�;t : �¼ �þ se�ið�þ

�
2Þ ðs : 1=t! 1Þ:

Then, using (5.6), we see easily that

kDj
t
_TpðtÞFk _H pðRn

þÞ
� Cje

�tt�jkFk
_H pðRn

þÞ

for any F 2 _H pðRn
þÞ, where Cj is independent of � > 0 and F 2 _H pðRn

þÞ. Letting
� ! 0 we have

kDj
t
_TpðtÞFk _H pðRn

þÞ
� Cjt

�jkFk
_H pðRn

þÞ
ð5:7Þ

for any t > 0 and F 2 _H pðRn
þÞ. Since

Dt
_TpðtÞF ¼ A _TpðtÞF; _TpðtÞF 2 _DpðRn

þÞ

for any t > 0 and F 2 _H pðRn
þÞ as follows from theory of analytic semigroup, we

have

� _TpðtÞF � A _TpðtÞF ¼ � _TpðtÞF �Dt
_TpðtÞF ðt > 0Þ

for any � > 0. Therefore applying Theorem 1.1 with � ¼ �, by (5.7) with j ¼ 0 and

1 we have

kr2 _TpðtÞFk _H pðRn
þÞ
� Cðk� _TpðtÞFk _H pðRn

þÞ
þ kDt

_TpðtÞFk _H pðRn
þÞ
Þ � Cð� þ t�1ÞkFk

_H ðRn
þÞ
:

Since C is independent of � > 0, letting � ! 0 we have

kr2 _TpðtÞFk _H pðRn
þÞ
� Ct�1kFk

_H pðRn
þÞ

ð5:8Þ

for any t > 0 and F 2 _H pðRn
þÞ. To obtain
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kr _TpðtÞFk _H pðRn
þÞ
� Ct�

1
2kFk

_H pðRn
þÞ
: ð5:9Þ

for any t > 0 and F 2 _H pðRn
þÞ, we use (5.7) with j ¼ 0, (5.8) and the

interpolation inequality: krvk
LpðRn

þÞ
�Mkr2k

1
2
Lpð�Þ

kvk
1
2
LpðRn

þÞ
. Combining (5.7), (5.8)

and (5.9), we have the estimate (1.14) when p ¼ q.

Now, we consider the case where p < q � 1. First to consider the case where

nðð1=pÞ � ð1=qÞÞ < 1, we use the Gagliardo-Nirenberg-Sobolev inequality:

kvk
Lq ðRn

þÞ
� Cp;qkrvk

n 1
p�

1
q

� �
LpðRn

þÞ
kvk

1�n 1
p�

1
q

� �
LpðRn

þÞ
: ð5:10Þ

By (5.7) with j ¼ 0, (5.8) and (5.9) we have

krj _TpðtÞFk _H q ðRn
þÞ
� Cp;qt

� j
2�n

1
p�

1
q

� �
kFk

_H pðRn
þÞ

ð5:11Þ

for j ¼ 0, 1 provided that p < q � 1 and nðð1=pÞ � ð1=qÞÞ < 1. At this point, we

remark the following fact: Since C1
0 ðRn

þÞ
3 is dense in _H qðRn

þÞ for 1 � q <1, by

(5.11) we can extend f _TpðtÞgt�0 to _H qðRn
þÞ for any q with p < q <1, and

therefore from now on we write f _T ðtÞgt�0 instead of f _TpðtÞgt�0. Of course, the

inequalities (5.7), (5.8) and (5.9) hold, replacing _TpðtÞ by _T ðtÞ and exponent p by

q, respectively. Moreover, inequality (5.11) holds, replacing TpðtÞ by _T ðtÞ and

exponents p and q by q and r whenever p � q � r � 1 and nðð1=qÞ � ð1=rÞÞ < 1.

To prove (1.14) in the case where j ¼ 0 and nðð1=pÞ � ð1=qÞÞ � 1, we choose

q0; . . . ; q‘ in such a way that q0 ¼ q > q1 > � � � > q‘�1 > q‘ ¼ p and nðð1=qjþ1Þ �
ð1=qjÞÞ < 1 ( j ¼ 0; 1; . . . ; ‘� 1). Since f _T ðtÞgt�0 is semigroup, we have
_T ðtÞF ¼ _T ðt=‘Þ � � � _T ðt=‘ÞF , and therefore applying (5.3) with j ¼ 0 ‘-times

implies that

k _T ðtÞFk
_H q ðRn

þÞ
�
Y‘�1

j¼0

Cqjþ1;qjðt=‘Þ
�n

2
1

qjþ1
� 1
qj

� �
kFk

_H pðRn
þÞ
� Cp;qt

�n
2

1
p�

1
q

� �
kFk

_H pðRn
þÞ
;

which shows that the estimate (1.14) holds for j ¼ 0.

For the gradient estimate, we choose q1 in such a way that p < q1 < q � 1
and nðð1=q1Þ � ð1=qÞÞ < 1. The semigroup property implies that r _T ðtÞF ¼
r _T ðt=2Þ½ _T ðt=2ÞF �, and therefore by (5.11) with j ¼ 1 and (1.14) with j ¼ 0 we

1008 Y. NAITO and Y. SHIBATA



have

kr _T ðtÞFk
_H q ðRn

þÞ
� Cq1;qðt=2Þ

�1
2�

n
2

1
q1
�1
q

� �
k _T ðt=2ÞFk

_H q1 ðRn
þÞ

� Cq1;qCp;q1ðt=2Þ
�1
2�

n
2

1
p�

1
q

� �
kFk

_H pðRn
þÞ
:

Analogously, writing r2 _T ðtÞF ¼ r2 _T ðt=2Þ½ _T ðt=2ÞF �, by (5.8) and (1.14) with j ¼
0 we have

kr2 _T ðtÞFk
_H q ðRn

þÞ
� Cp;qt

�1�n
2

1
q�

1
p

� �
kFk

_H pðRn
þÞ

for any t > 0 and F 2 _H pðRn
þÞ, where to use (5.8) we needed the restriction that

p � q <1, which completes the proof of Theorem 1.2.

6. Concluding remark.

For any F , G 2 C1
0 ðRn

þÞ, we have

ð _T ðtÞF;GÞ ¼ ðF; _T ðtÞGÞ;

where ðU1; U2Þ ¼
P3

j¼1

R
Rn

þ
uj1ðxÞuj2ðxÞ dx for Uk ¼ T ðu1k; u2k; u3kÞ (k ¼ 1; 2). By

(1.14) we have

jð _T ðtÞF;GÞj � kFk
_H 1ðRn

þÞ
k _T ðtÞGk

_H 1ðRn
þÞ
� Cp0;1t

� n
2p0 kFk

_H 1ðRn
þÞ
kGk

_H p0 ðRn
þÞ

where p0 is a dual exponent of p, from which it follows that

k _T ðtÞFk
_H pðRn

þÞ
� Cp0;1t

�n
2 1�1

p

� �
kFk

_H 1ðRn
þÞ

ð6:1Þ

for any F 2 C1
0 ðRn

þÞ
3 and t > 0. Since C1

0 ðRn
þÞ

3 is dense in _H 1ðRn
þÞ, we can

extend f _T ðtÞgt�0 to _H 1ðRn
þÞ and we have (6.1) for any p with 1 < p <1.
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