©2009 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 61, No.2 (2009) pp. 483-506

doi: 10.2969/jmsj/06120483

Central and LP-concentration of 1-Lipschitz maps
into R-trees

By Kei FUNANO

(Received Feb. 13, 2008)
(Revised May 27, 2008)

Abstract. In this paper, we study the Lévy-Milman concentration
phenomenon of 1-Lipschitz maps from mm-spaces to R-trees. Our main theorems
assert that the concentration to R-trees is equivalent to the concentration to the
real line.

1. Introduction.

This paper is devoted to investigating the Lévy-Milman concentration
phenomenon of 1-Lipschitz maps from mm-spaces (metric measure spaces) to
R-trees. Here, an mm-space is a triple (X, dx, px) of a set X, a complete separable
distance function dyx on X, and a finite Borel measure px on (X, dx). Let
{(X, dx,, pix,) }oey be a sequence of mm-spaces and {(Y,, dy,)} -, a sequence of
metric spaces. Given a sequence {f,:X, — Y,} 7, of 1-Lipschitz maps, we
consider the following three properties:

(i) (Concentration property) There exist points my, € Y, n € N, such that

px, ({zn € X [ dy, (fu(zn),my,) > €}) = 0asn — oo

for any € > 0.

(ii) (Central concentration property) The maps f,, n € N, concentrate to the
center of mass of the push-forward measure (f,),(px,). In other words, the
concentration property (i) holds in the case where my, is the center of mass.

(iii) (LP-concentration property) For a number p > 0, we have
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Each target metric space Y,, n € N, is called a screen. Chebyshev’s inequality
proves that the LP-concentration (iii) implies the concentration property (i) for
any p> 0. If each screen Y,, ne€ N, is an Euclidean space RF, then the
LP-concentration (iii) for p > 1 yields the central concentration property (ii) (see
Corollary 2.19). The central concentration (ii) is stronger than the concentration
property (i). There is an example of maps f,, n € N, with the concentration
property (i), but not having the central concentration property (ii) (see Remark
2.17). In some special cases, the concentration (i) implies the central and
LP-concentration properties (ii) and (iii) (see [3, Subsection 2.4] and [7, Section
3(1/2).31)).

Vitali D. Milman first introduced the concentration and the central
concentration properties (i) and (ii) for 1-Lipschitz functions (i.e., Y;, = R for
all n € N) and emphasized their importance in his investigation of asymptotic
geometric analysis (see [11]). Nowadays those properties are widely studied in
large literature and blend with various areas of mathematics (see [7], [9], [12],
[13], [14], [16], [17] and the references therein for further information). M.
Gromov first considered the case of general screens in [5], [6], and [7, Chapter
3(1/2)]. See [3], [4], and [10] for other works of general screens. In [7], Gromov
considered the concentration and central concentration properties (i) and (ii) for
1-Lipschitz maps by introducing observable diameter ObsDiamy (X;—k) and
observable central radius ObsCRady (X; —k) for an mm-space X, a metric space Y,
and k>0 (see Section 2 for the precise definitions). The L*-concentration
property (iii) first appeared in Gromov’s paper [5]. Motivated by [5], the author
introduced in [3] the observable LP-variation ObsLP-Vary(X) to study the
property (iii) (see Section 2 for the definition). Note that given a sequence
{X,},~, of mm-spaces and {Y,} - of metric spaces, ObsDiamy, (X,,; —k) (resp.,
ObsCRady, (X,; —k), Obs LP-Vary, (X,,)) converges to zero as n — oo for any & >
0 if and only if any sequence { f,, : X,, — Y, },~, of 1-Lipschitz maps (resp., central,
LP-)concentrates.

In this paper, we treat the case of R-tree screens.

THEOREM 1.1. Let {X,}—, be a sequence of mm-spaces. Then, the

n=1

following (1.1) and (1.2) are equivalent to each other.

ObsDiampg(X,,; —k) — 0 as n — oo for any k > 0. (1.1)
sup{ObsDiamr(X,; —k) | T is an R-tree} — 0 as n — oo for any £ > 0.(1.2)
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Theorem 1.1 is a complete solution to Gromov’s exercise in [7, Section
3(1/2).32]. In [3, Section 5], the author proved it only for simplicial tree screens.
The implication (1.2) = (1.1) is obvious. For the proof of the converse, we define
the notion of a median for a finite Borel measure on an R-tree in Section 3 and
prove that any 1-Lipschitz maps f, from X, into R-trees concentrate to medians
of the push-forward measures (f,), (px,)-

To study the central and LP-concentration (ii) and (iii) into R-trees, we
estimate the distance between the center of mass and the median of a finite Borel
measure on an R-tree from above in Section 5. For this estimate, we partially
extend K-T. Sturm’s characterization of the center of mass on a simplicial tree to
the case of an R-tree (see Proposition 2.12 and Section 4). From the estimate, we
bound ObsCRadr(X;—k) (resp., ObsLP-Varp(X)) from above in terms of
ObsCRadgr(X;—x) (resp., Obs LP-Varg(X)) (see Propositions 5.6 and 5.8). As a
result, we obtain

THEOREM 1.2. Let {X,}'2, be a sequence of mm-spaces. Then, the

n=1

following (1.3) and (1.4) are equivalent to each other.

ObsCRadg(X,; —k) — 0 as n — oo for any k > 0. (1.3)
sup{ObsCRadr(X,; —k) | T is an R-tree} — 0 asn — oo for any k > 0. (1.4)

THEOREM 1.3. Let {X,}>2, be a sequence of mm-spaces and p > 1. Then,

n=1

the following (1.5) and (1.6) are equivalent to each other.

Obs LP-Varg(X,) — 0 as n — oo.
sup{Obs LP-Varp(X,,) | T is an R-tree} — 0 as n — oo. (1.6)

The condition (1.3) is stronger than (1.1) (see Lemma 2.16 and Remark 2.17),
and (1.5) implies (1.3) (see Corollary 2.19). It seems that the conditions (1.3) and
(1.5) are not equivalent, but we have no counterexample.

In our previous work, the author investigated the above properties (i), (ii),
and (iii) for 1-Lipschitz maps into Hadamard manifolds (see [3, Theorems 1.3, 1.4,
and Lemma 4.4]). The L?-concentration property (iii) in that case is also studied
by Gromov (see [5, Section 13]). Our theorems are thought of as a 1-dimensional
analogue to these works.
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2. Preliminaries.
2.1. Basics of the concentration and the LP-concentration.

2.1.1 Observable diameter and separation distance.
Let Y be a metric space and v a Borel measure on Y such that m :=
v(Y) < +o0o. We define for any « >0

diam(v,m — k) := inf{diam Yy | Yy C Y is a Borel subset such that v(Yy) > m — k}
and call it the partial diameter of v.
DEFINITION 2.1 (Observable diameter). Let (X, dy,uy) be an mm-space

with m = px(X) < +00 and Y a metric space. For any « >0 we define the
observable diameter of X by

ObsDiamy (X; —&) := sup{diam(f,(pux),m — k) | f: X — Y is a 1-Lipschitz map}.
The target metric space Y is called the screen.

The idea of the observable diameter comes from quantum and statistical
mechanics, that is, we think of ux as a state on a configuration space X and f is
interpreted as an observable.

Let (X, dx, px) be an mm-space. For any k1, k2 > 0, we define the separation
distance Sep(X; k1, k2) = Sep(px; K1, Kk2) of X as the supremum of the distance
dx(A, B), where A and B are Borel subsets of X satisfying that pux(A) > x; and
px(B) = k.

The proof of the following lemmas are easy and we omit it.

LEMMA 2.2 (cf. [7, Section 3(1/2).33]). Let (X, dx,ux) and (Y,dy,uy) be
two mm-spaces. Assume that a 1-Lipschitz map f: X — R satisfies fi(ux) = py-
Then we have

Sep(Y; k1, ko) < Sep(X; Ky, K2).

LEMMA 2.3.  For any k > m/2, we have Sep(X; K, k) = 0.

The relationships between the observable diameter and the separation
distance are the following:

PROPOSITION 2.4 (cf. [7, Section 3(1/2).33]). Let (X,dx,ux) be an mm-
space and 0 < k' < k. Then we have

Sep(X; k, k) < ObsDiampg(X; —&').
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PROPOSITION 2.5 (cf. [7, Section 3(1/2).33]). For any k > 0, we have
ObsDiampg(X; —2k) < Sep(X; K, k).

See [4, Subsection 2.2] for details of the proofs of the above propositions.

COROLLARY 2.6 (cf. [7, Section 3(1/2).33]). A sequence {X,},—, of mm-
spaces satisfies that

ObsDiampg(X,; —k) — 0 as n — oo
for any k > 0 if and only if Sep(X,; Kk, k) — 0 as n — oo for any k > 0.

2.1.2 Observable LP-variation.
Let (X, dx,px) be an mm-space and (Y, dy) a metric space. Given a Borel
measure v on Y and p € (0,400), we put

Vy(v) = ( / /Y . dy<x,y>pdu<x>du<y>)l/p.

For a Borel measurable map f: X — Y, we also put V,(f) := V,(f(1x)).

Let {X,},2, be a sequence of mm-spaces and {Y,} ~, a sequence of metric
spaces. For any p € (0,+00), we say that a sequence {f, : X, — Y, },—, of Borel
measurable maps LP-concentrates if V,(f,) — 0 as n — oo.

Given an mm-space X and a metric space Y we define

Obs LP-Vary (X) :=sup{V,(f) | f : X — Y is a 1-Lipschitz map},
and call it the observable LP-variation of X.
LEMMA 2.7.  For any closed subset A C X, we have

Obs LP-Varg(A) < Obs LP-Varg(X).

PROOF. Let f:A— R be an arbitrary 1-Lipschitz function. By [1,
Theorem 3.1.2], there exists a 1-Lipschitz extension of f, say f: X — R. Hence,
we get

V() < Vy(f) < Obs LP-Varg(X).
This completes the proof. (I

See [3, Subsection 2.4] for the relationships between the observable diameter
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and the observable LP-variation.

2.2. Basics of R-trees.

Before reviewing the definition of R-trees, we recall some standard
terminologies in metric geometry. Let (X, dx) be a metric space. A rectifiable
curve 7 : [0,1] — X is called a geodesic if its arclength coincides with the distance
dx(n(0),n(1)) and it has a constant speed, i.e., parametrized proportionally to the
arc length. We say that (X, dx) is a geodesic space if any two points in X are
joined by a geodesic between them. Let X be a geodesic space. A geodesic triangle
in X is the union of the image of three geodesics joining a triple of points in X
pairwise. A subset A C X is called convex if every geodesic joining two points in A
is contained in A.

A complete metric space (T, dr) is called an R-tree if it satisfies the following
properties:

(1) For all z,w € T there exists a unique unit speed geodesic ¢, from z to w.
(2) The image of every simple path in 7" is the image of a geodesic.

Denote by [z, w]; the image of the geodesic ¢,.,. We also put (z, w]y := [z, ]y \
{z} and (z,w); = [z, w]; \ {7z, w}. A complete geodesic space T is an R-tree if and
only if it is 0-hyperbolic, that is to say, every edge in any geodesic triangle in T is
included in the union of the other two edges. See [2] for another characterizations
of R-trees. Given z € T, we indicate by 'r(z) the set of all connected components
of T\ {z}. We also denote by %7(z) the set of all {z}UT’ for T' € €r(z).
Although the following lemma is somewhat standard, we prove it for complete-
ness.

LEMMA 2.8.  Fach T' € €1(z) is convez.

PROOF. By the property (2) of R-trees, it is sufficient to prove that 7" is
arcwise connected. Taking a point v € T', we put

A:={w e T |vand w are connected by a path in 7"}.

It is easy to see that the set A is closed in T”. Since every metric ball in T is arcwise
connected, the set A is also open. Since T” is connected, we get T" = A. This
completes the proof. O

A subset in an R-tree is called a subtree if it is a closed convex subset. Note
that a subtree itself is an R-tree.

PROPOSITION 2.9.  Every connected subset in an R-tree is convex.
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PROOF. Let T be an R-tree. Suppose that there exists a connected subset
T’ C T which is not convex. Then, there are points z,w € T” and Zz € (z, w); such
that ¢ T'. Since T' = | J{T'NC'| C € €r(2)} and each C € €1 (Z) is open, by the
connectivity of 7", there is Cy € €1 (2) such that T" C Cy. Since Cj is convex by
Lemma 2.8, we get z € [z,w]; € Cy. This is a contradiction since z¢ Cy. This
completes the proof. (I

2.3. Center of mass of a measure on a CAT(0)-space and observ-
able central radius.

2.3.1 Basics of the center of mass of a measure on a CAT(0)-space.

In this subsection, we review Sturm’s works about measures on a CAT(0)-
space. We refer to [8] and [15] for details. A geodesic metric space X is called a
CAT(0)-space if we have

xe7(1/2)) < 3 dx(e,p)? + 5 dx(e, 2 - 4 dx(y, 2

DO | =

for any z,y,2z € X and any minimizing geodesic v :[0,1] — X from y to 2. For
example, Hadamard manifolds, Hilbert spaces, and R-trees are all CAT(0)-
spaces.

Let (X, dx) be a metric space. We denote by #(X) the set of all finite Borel
measures ¥ on X with separable supports. We indicate by %I(X) the set of all
Borel measures v € #(X) such that [y dx(z,y)dv(y) < 4oco for some (hence all)
z € X. We also indicate by 2'(X) the set of all probability measures in %' (X).
For any v € #'(X) and z € X, we consider the function h., : X — R defined by

ho(a) = /X {dx(z,9)* — dx(z,9)*}du(y).
Note that
/ | dx(a,)? — dx(2,9)?ldv(y) < dx(z, ) / {dx(z,9) + dx(z,9)}dv(y) < +oo.
X X

A point 2y € X is called the center of mass of the measure v € 931(X) if for any
z € X, % is a unique minimizing point of the function h.,. We denote the point 2,
by ¢(v). A metric space X is said to be centric if every v € %' (X) has the center of
mass.

PROPOSITION 2.10 (cf. [15, Proposition 4.3]).  Any complete CAT(0)-space
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18 centric.
A simple variational argument yields the following lemma.

LEMMA 2.11 (cf. [15, Proposition 5.4]).  Let H be a Hilbert space. Then for
each v € B'(H) with m = v(X), we have

) = [ wivty)

Let (T, dr) be an R-tree and v € #'(T). For z € T and T' € €'7(2), we put
(V) = / dp(z, w)dv(w) — / dr(z, w)dv(w).
" T\T/

Let us consider a (possibly infinite) simplicial tree T;. Here, the length of each
edge of T} is not necessarily equal to 1. We assume that every vertex of T is an
isolated point in the vertex set of Tk.

PROPOSITION 2.12 (cf. [15, Proposition 5.9]). Let v € %' (T,) and z € Tj.
Then, z = c(v) if and only if c.1(v) <0 for any T € €7 (2).

PROPOSITION 2.13 (cf. [15, Proposition 6.1]). Let X be a complete
CAT(0)-space and v € B'(X). Assume that the support of v is contained in a
closed convex subset K of X. Then, we have c(v) € K.

Let X be a metric space. For u,v € WI(X), we define the L'-Wasserstein
distance d)’ (j1,v) between p and v as the infimum of Jxux dx(x,y)dr(x,y), where
mE yl(X x X) runs over all couplings of p and v, that is, measures 7 with the
property that 7(A x X) = u(A) and 7(X x A) = v(A) for any Borel subset A C X.

LEMMA 2.14 (cf. [18, Theorem 7.12]). A sequence {u,}>", C 2" (X) con-
verges to | € 3”1(X) with respect to the distance function d?l if and only if the
sequence {pu, },oy converges weakly to the measure p and

lim dx(z,y)du, (y) :/de(x,y)du(y)

n—oo X

for some (and then any) x € X.

THEOREM 2.15 (cf. [15, Theorem 6.3]). Let X be a CAT(0)-space. Given
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p,v € PHX), we have dx(c(p), c(v)) < d) (1, v).

2.3.2 Observable central radius.

Let Y be a metric space and assume that v € %'(Y) has the center of mass.
We denote by By(y,r) the closed ball in Y centered at y € Y and with radius
r>0. For any x>0, putting m:=v(Y), we define the central radius
CRad(v,m — k) of v as the infimum of p > 0 such that v(By(c(v), p)) > m — k.

Let (X, dx,ux) be an mm-space with px € #'(X) and Y a centric metric
space. For any k > 0, we define

ObsCRady (X; —k) := sup{CRad(f.(ux),m — k) | f : X — Y is a 1-Lipschitz map},
and call it the observable central radius of X.
LEMMA 2.16 (cf. [7, Section 3(1/2).31]). For any > 0, we have
diam(v,m — k) < 2 CRad(v,m — k).
In particular, we get

ObsDiamy (X; —«) < 2O0bsCRady (X; —k).

REMARK 2.17. From the above lemma, we see that the central concen-
tration implies the concentration. The converse is not true in general. For
example, let us consider the mm-spaces X,, := {x,,y,} with the distance function
dx, given by dx, (¢, y,) := n and with the Borel probability measure px, given by
pux, {zn}) :=1—1/n and px, ({y»}) := 1/n. Then, 1-Lipschitz maps f, : X, — R
defined by f,(z) := dx, (z, z,) satisfy that ¢((f,),(ux,)) = 1 for alln € N, whereas
the maps f, concentrate to 0 and ObsDiampg(X,;—«x) — 0 as n — oo for any
K> 0.

LEMMA 2.18. Let v € %' (R") with m := v(R"). Then, for any p>1 and
Kk > 0, we have

CRad(v,m — k) < . 2.1
) < 2 21)
In the case of p =2, we also have the better estimate
\%
CRad(v,m — k) < 2(v) (2.2)

2mk
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PROOF. We shall prove that v(R"\ Bg(c(v),p0)) <k for pg:=V,(v)/
(mr)"?. Suppose that v(R" \ Bg:(c(v), po)) > k. From Lemma 2.11, we get

V)

[ 1) = apvta) <

Hence, by Chebyshev’s inequality, we see that

Vo)’

— i< [ letw) = aldu(a) < 205

which is a contradiction. Therefore, we obtain v(Bg:(c(v),po)) > m — k and so

(2.1).
Since
2 ‘/2(1/)2
[ et = afanta) = =7
n 2m
the same argument yields (2.2). This completes the proof. O

COROLLARY 2.19.  Let X be an mm-space with pux € %' (X). Then, for any
p > 1, we have

ObSCRadR” (X, —Iﬂ]) < W

Obs LP-Varg: (X). (2.3)

In the case of p = 2, we also have the better estimate

1

ObsCRadpg (X; —k) <
2mek

Obs L*-Varg: (X). (2.4)

COROLLARY 2.20. Let X be an mm-space. Then, for any p > 1 and k > 0,
we have

Sep(X; kK, k) <

or) — Obs LP-Varg(X). (2.5)

1/p

In the case of p =2, we also have

2
Sep(X; k, k) < {/—Obs L2-Varg(X). (2.6)
mk
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PROOF. Assume first that there is a 1-Lipschitz function f: X — R such
that f.(ux) ¢ Z'(R). From Hélder’s inequality, we have [, |z — y[’df.(ux)(y) =
+oo for any « € X. This implies V,(f) = +oo0 and so Obs LP-Varg(X) = +oc.

We consider the other case that f,(ux) € %' (R) for any 1-Lipschitz function
f: X — R. Combining Proposition 2.4 with Lemma 2.16 and (2.3), we have

Sep(X; K, k) < Obs LP-Varg(X)

2
(m/{’)l/p
for any k > ' > 0. Letting ' — &, we have (2.5). Replacing (2.3) with (2.4) in the
above argument, we also obtain (2.6). d

3. Existence of a median in an R-tree.

Let T be an R-tree and v a finite Borel measure on T with m := v(T) < +o0.
A median of v is a point z € T such that there exist two subtrees T', T" C T such
that T=T"UT", T'NT" ={z}, v(T") > m/3, and v(T") > m/3.

EXAMPLE 3.1. Fori=1,2,3, let T; := {(i,7) | r € [0,+00)} be three copies
of [0,400) equipped with the usual Euclidean distance function. The tripod T is
the metric space obtained by gluing together all these spaces T;, ¢ = 1, 2, 3, at their
origins with the intrinsic distance function. We consider the Borel probability
measure v defined by v({(¢,1)}) :=1/3 for all i = 1,2,3. We easily see that the
origin of T is a median of the measure v. We note that there is no point in T
separating 7' into two subtrees with measures greater than 1/3.

The existence of a median of a finite Borel measure on a simplicial tree is
proved in [3, Proposition 5.2]. The purpose of this section is to prove the existence
of a median of a finite Borel measure on an R-tree, which is needed for the proofs
of our main theorems. Although the proof of the existence is similar to the proof
for the case of a simplicial tree, we give it for completeness:

PROPOSITION 3.2.  Ewvery finite Borel measure on an R-tree has a median.

PROOF. Let v be a finite Borel measure on an R-tree with m := v(T).
Assume that a point z € T satisfies that v(T") < m/3 for any T € C/(z), then it is
easy to check that z is a median of v. So, we assume that for any z € T there exists
T(2) € €(2) such that v(T(z))>m/3. If for some z€T, there exists
T' € €7(2) \ {T(2)} such that v(T") > m/3, then this z is a median of v. Thereby,
we also assume that v(T") < m/3 for any z € T and T" € €7.(2) \ {T'(2)}.

Fixing a point zy € T, we assume that there exists z € T(zy) \ {20} such that
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2y € T(Z) Put

to := inf{t € (0, dr(z0, 2)] | 20 € T, -(t))}-
CLAIM 3.3.  ¢,,.(t0) is a median of v.

PROOF. Assume first that t; = 0. Then, taking a monotone decreasing
sequence {t,},—; C (0, dr(20, )] such that t, — 0 as n — oo and zy € T(¢s, -(tn))
for any n € N, we shall show that ()~ T(¢x,.(tn)) € (T'\ T(2)) U {z0}. If it is,
we conclude that the point zy = ¢, .(0) is a median of v as follows: From the
uniqueness of T(¢,,.(t)), we have T(¢4, .(tnt1)) C T(¢42(t,)) for each n € N.
Thus, we get V(2 T(Px,-(tn))) = limy, oo v(T(s, -(tn))) > m/3.

Suppose that there exists w € (T'(z0) \ {z0}) NNney T(¢2.2(tn)). Note that
(20, 2)p N (20, W]y # 0. Actually, if (2o, 2]; N (20, w]; = 0, then it follows from the
property (2) of R-trees that [z, w]; = [20, 2]y U [20, w]p. Especially, we have
2y € [z, w]y. Since T'(z) \ {#} is convex by virtue of Lemma 2.8, [z, w]; does not
contain the point zy. This is a contradiction. Thus, there exists ¢ € (0, dr(zo, 2)]
such that ¢, .(t) € (20,2]r N (20, w]p. We pick ng € N with ¢, <t Since
w € (T(20) \ {20}) Voly T(z,2(tn)) € T(P,(tny)) \ {20}, we get ¢.(t) € (20,
wly € T(d-(tns)) \ {20}, Thoreby, we gt duo(t) € (¢ -(trn)) \ {6 +(tn)}.
Therefore, since zg € T(¢zz(tn,)) \ {@z0.2(tng)} and T2,z (tny)) \ {@z,(tn,)} 18

convex, we obtain
(bZ()A,Z(t’VL()) S [207 (bzoﬁz(t)]T g T((bZoA,Z(t”LD)) \ {(bzo,z(tng)}-

This is a contradiction. Therefore, we have ()" T(¢., »(tn)) C (T'\ T'(20)) U {20}

We consider the other case that ¢ty > 0. Take a monotone increasing sequence
{ta};2; € (0,400) such that ¢, —t) as n — oo and zy ¢ T(¢s,.(t,)) for each
n € N. Then, the same proof in the case of t; =0 implies that

V(Maly T(@2.2(ta)) = m/3 and (2 T(dz.z(tn)) € (TN T(z,2(t0))) U {z,2(t0) }-

Therefore, ¢, .(ty) is a median of v. This completes the proof of the claim. O

We next assume that zy ¢ T(z) for any z € T'(z)). We denote by I' the set of
all unit speed geodesics v : [0, L(y)] — T(z0) such that v(0) = 2y and ~([t, L(7)]) C
T(y(t)) for any ¢ € [0, L(7y)]. Because of the assumption, we easily see

CLAIM 34. For any z € T(z), we have ¢, , € T.
CLAIM 3.5.  For any v, €T with L(v) < L(v), we have

(0), (L) € [V (0), 7 (L(Y)]r-
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PROOF. Suppose that
to := sup{t € [0, L(7)] | [7(0),7(®)]7 € [ (0), 7' (L(Y))]r} < L)

Then, we have ~(t)¢ [Y(0),7Y(L(?))l;y for any t>t,. Actually, if ~(t) €
[Y(0),%'(L(¥))]p, then we have ~(t) = /(t). Thus, [y(to),(t)l; = [ (to),¥' )]y
by the property (2) of R-trees. Thereby, we get [v(0),~(t)]; C [Y(0), Y (L(Y)]p
Since t > ty, this contradicts the definition of t5. Therefore, from the property (2)
of R-trees, we have

VL), A (LA D] = [y(Eo), YL U Y (o), Y (L(Y)] - (3.1)

Since 7,7 €T, we have ~(L(%)),7(L()) € T(y(to)) \ {7(to)}. So, from the

)
convexity of T(y(t)) \ {(to)}, we get [y(L(7)), 7 (L(Y))ly € T(v(to)) \ {(t0)}-
This is a contradiction, because 7(ty) € [Y(L(7)),Y (L(®))]y by (3.1). This

completes the proof of the claim. O

Putting « := sup{L(7) | v € T'}, we shall show that o < +oc0. If @ < 400, we
finish the proof of the proposition as follows: By the completeness of R-trees and
Claim 3.5, there exists unique v € T with L(y) = a. We also note that « > 0 by
Claim 3.4. Thus, there exists a monotone increasing sequence {t,},~, of positive
numbers such that ¢, — o as n — co. We easily see that T'(y(t,11)) € T'(y(t,)) for
any n € N and ()2 T(v(t,)) = {v(L(7))}. Since v(T(v(t,))) > m/3, the point
v(L(7)) is a median of v.

Suppose that o = +oco. Then, taking a sequence {v,},-, CT' such that
L(v,) < L(yp41) for any ne N and L(y,) — +oco as n — oo, we obtain
M) TOn(E()) = 0. Since T(3ui1 (L(1:1)) € T(3u(L(3))) for amy n € N,

we have

0= V(ﬁ T(’Yn(L(’Yn)))> = lim v(T(v(L(7)))) > Tﬂ

n=1 oo 3
which is a contradiction. This completes the proof of the proposition. (I

4. The necessity in Proposition 2.12 for R-trees.

In order to prove the main theorems, we extend the necessity in Proposition
2.12 to R-trees:

PROPOSITION 4.1. Let T be an R-tree and v € B'(T). Then, we have
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ey (V) <0 for any T € Cr(c(v)).

PROOF. For simplicity, we assume that v(T) = 1. We shall approximate
the measure v by a measure whose support lies on a simplicial tree in T. Given
n € N, there exists a compact subset K, CT such that v(T\ K,,) < 1/n and
fT\Kn dr(c(v),w)dv(w) < 1/n. Take a (1/n)-net {z/}, of K, with mutually
different elements such that dr(c(v), 2) < 1/n. We then take a sequence {A?}"
of mutually disjoint Borel subset of K, such that 2! € A?, A" C Bp(2},1/n), and
K, =U/",A". Define the Borel probability measure v, on {z'}", by
vn({21}) = v(A}) +v(T'\ K,,) and v, ({2}'}) :== v(A}) for i > 2.

Cram 4.2, dV (v,,v) — 0 as n — oo.

PROOF. We shall show that

lim dT(c(u),w)dun(w):/dT(c(z/),w)dz/(w). (4.1)

n—oo T T

Since

by
/T dr(c(v), w)dv,(w) = dr(c(v), Z)W(A}) + dr(c(v), Z)v(T \ Ky),

i=1

we have

[ drletw) i, w) = Y- dr(elw). Zwan)| < - (4.2
=1
By A7 C By(2},1/n), we get
I
Z dr(c(v), 7 )v(A}) = /K dr(c(v), w)dv(w) (4.3)

Z {dr(c(v), w) = dr(c(v), ) ydv(w)

Hence, combining (4.2) with (4.3) and

[ et~ [ artetwaw)| < [ arew i < &

\In n
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we obtain (4.1). The same way as the above proof shows that the sequence {v;, },~;
converges weakly to the measure v. Therefore, by using Lemma 2.14, this
completes the proof of the claim. O

Applying Claim 4.2 to Theorem 2.15, we get ¢(v,,) — ¢(v) as n — oo. Since
the convex hull in 7" of the set {z?}izl is a simplicial tree with finite vertex set and
¢(v,) is contained in the convex hull by Proposition 2.13, it follows from
Proposition 2.12 that cz ., (v,) < 0 for any T € € (c(vy)). Let T' € €p(c(v)).

Assume first that ¢(v,,) € T'\ T" for infinitely many n € N. Then, taking T,, €
€ (c(vy)) with T C T,,, we have

CT’,C(V)(V”) < CT,,.,C(V,,,)(VTL) + dT(C(Vn)y C(V)) < dT(C(Vn)a C(V))~

Therefore, we obtain cpv ) (v) = limy, o0 €17 c() (Vn) < 0.

We consider the other case that c¢(v,) €T’ for any n € N. Let
2z € [c(v), c(v1)] be the unique point such that

dr(zn, ¢(vn)) = inf{dr(z,c(vn)) | 2 € [e(v), c()]7}-

Since ¢(v,) € T' for all n € N and ¢(v,) — ¢(v) as n — oo, by taking a subse-
quence, we may assume that dr(c(v), z,41) < dr(ce(v), z,) for any n € N. For each
n > 2, we take T, € ¢7(z,) and T,, € €7 (c(v,)) such that c(v1) € T), and c(v1) €

fn. Observe that T,, C T,,.1. Since T}, C T,,, we have
1,z (Vn) < C’T',c(u,t)(Vn) + dr(c(vn), 2) < dr(c(va), 2n)- (4.4)

We also easily see
Cramm 4.3. T'\ {c(v)} = U, "5 Tn-

The same proof as Claim 4.2 implies that

sup{

Combining this with (4.4) and Claim 4.3, we obtain

/dT(zn, w)dvy, (w) —/dT(zn, w)dl/(w)’|A CT is a Borel subset}—>0 as n— o0o.
A A

cr ey (v) = lim cg, -, (v) = lim cr, - (v,) < lim dr(c(vn), 2.) = 0.

n—oo n—oo n—oo

This completes the proof of the proposition. O
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The author does not know whether the converse of Proposition 4.1 holds or
not.

5. Proof of the main theorems.

Combining Proposition 3.2 with the same proof as [3, Lemma 5.3] implies the
following proposition:

PROPOSITION 5.1.  Let T be an R-tree and v a finite Borel measure. Then,
for any Kk > 0, we have

V(BT (m Sep <u; % , g))) >m— &, (5.1)

where m,, is a median of the measure v. In particular, letting X be an mm-space,
we have

ObsDiamy(X; —k) < 2 Sep <X; % , g) (5.2)

Proposition 5.1 together with Corollary 2.6 yields Theorem 1.1. The
following way to prove Theorem 1.1 is much easier and more straightforward

than the above way, that is, to prove the existence of a median of a measure on an
R-tree.

PROOF OF THEOREM 1.1.  Qur goal is to prove the following inequality:

K K
,—

ObsDiamy(X; —k) < 3 Sep <X; 3 3> + 4 ObsDiampg(X; —k) (5.3)

forany k > 0 withk <m/2. Let f : X — T be an arbitrary 1-Lipschitz map. Fizing
a point zy €T, we shall consider the function ¢g:T — R defined by
9(2) :==dr(z,29). Since go f: X — R is a 1-Lipschitz function, by the definition
of the observable diameter, there is an interval A =[s,t] C [0,4+00) such that
diam A < ObsDiampg(X;—«) and (go f),(ux)(A) > m — k. Observe that the set
g L(A) is the annulus {z € T | s < dr(z,20) < t}. We denote by € the set of all
connected components of the set g~ 1(A) \ {20}

CLAIM 5.2.  For anyT' € €, we have diam T’ < 2diam A.

PROOF. Given any z,22 € T, we shall show that ¢, (s) = ¢ (s).
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Suppose that ¢, - () # @22 (). Then, putting sy := sup{t € [0, +00) | ¢, -, (t) =
G2.2(t)}, we have 0 < sy < s. By the definition of sy and the property (2) of
R-trees, we have (¢, -, (50), 2]y N (P2 (S0), 22]7 = 0. Therefore, by the property
(2) of R-trees, we get

[21, 22]p = 029,24 (50), 21] 7 U [Pz, (50), 2] -

Hence, since T" is convex by virtue of Proposition 2.9, the points z; and z must be
included in different components in €7(¢,, - (so)). This is a contradiction, since
T =U{CNT"|C € Cr(ds(s0)} and T' is connected. Thus, we have
2.2 (8) = @z, (5). Consequently, we obtain

dr(z1,22) < dr(21, Gz (8)) + dr (@22, (8), 22) < 2(t — s) < 20bsDiamp(X; —k).

This completes the proof of the claim. O

We shall consider the relation ~ on % defined by T" ~T"” if and only if
dp(T',T") < Sep(X; k/3,k/3).

CLAIM 5.3.  The relation ~ is an equivalence relation on €.

PROOF. We only prove “T7 ~ Ty, Ty ~ T3 = T} ~ T3” for different T; € €,
i =1,2,3. Taking points z; € T; for i =1,2,3, we put s12 := max{t € [0,+00) |
G2 (1) = 0.2, (8)} and sg3 := max{t € [0, 400) | ¢z (t) = ¢ (t)}. Since T; are
different to each other, we easily see that sjo < s, s93 < s,

dT(Tla T2) = dT((ysz‘z. (5), ¢zo,21 (312)) + dT(¢zU,z| (512)a ¢ZU,22(5))
= 2(8 - 312)
< Sep(X;r/3,1/3),

and similarly dp(Th,T3) = 2(s — s93) < Sep(X;k/3,k/3). If s19 < s93, we then
obtain

dr(T1,T3) < dr(@z.,(5), Pz (5))
S dr(Bzp,2(8)s Py (512) + A (D 2y (512) 5 Pz 2 (523))
+ dr (2,24 (523), Py 2 (5))
= (5 — s12) + (523 — 812) + (5 — 523)
= 2(s — $12)
< Sep(X; K/3,k/3).
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In the case of s93 < s19, the same conclusion also follows from the same argument
as the above. This completes the proof of the claim. (I

Let %, denote the set of equivalence classes of %/ ~. Suppose that
fe(px)(Upes T') < /3 for any S € €. Since fi(ux)(g '(A) >m — Kk >k, we
have ¥’ C €, such that

s Ur) <5
3 Sed’ TS

Hence, by putting ¢ := ¢ \ ¢’, we get

Sep( ><dT<U Ur.U U TU>
3 3 S'eg' T'es' Sreg” T"eS"

< Sep (f*mX) . 3>

K K
S Sep<Xa§7§>7

which is a contradiction. Thereby, there exists S € € such that f.(pux)(Upeg
T") > k/3. For a subset ACT and r > 0, we put 4, :={z€T | dr(z,A) <r}.

CLAI]\/I 5.4. f* (:LI’X)((UT’ES T,)Sep(X:K/g,/i/3)) Z m — 2/?/3,

PROOF. Suppose that f* (MX)((UT’ES T/)S()p(X;K,/3,K,/3)) <m - 2K/3 Then’ we
have a contradiction since

Sep< Tt 3><dT UT’T\<UT’

T'es TesS ) Sep(X;k/3,k/3)+e

< Sep<f*(ux) 3>

3’
SSep<X;g g)

for any sufficiently small ¢ > 0. O

Combining Claims 5.2 and 5.4, we obtain
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diam(f,(px),m — k) < diam (U T')
T'esS Sep(X;r/3,6/3)

< 3Sep <X; g : ’;) + 40bsDiamp(X; —r)
and so (5.3). This completes the proof of the theorem. O

Note that the inequality (5.3) yields a slightly worse estimate for the
observable diameter ObsDiamp(X; —«) than (5.2).

Let T be an R-tree and v € #'(T) with m := v(X). Taking a median m, € T
of the measure v, we let T, an element in 67 (c(v)) with m, € T,. We then define
the function ¢, : T — R by ¢, (w) := dp(c(v),w) if w € T, and ¢, (w) := — dp(c(v),
w) otherwise. The function ¢, is clearly the 1-Lipschitz function.

LEMMA 5.5. Let T be an R-tree and v € B (T). Then, the function g, :
T — R satisfies that ¢((p,),(v)) <0,

((90). ()] < CRad((9).(0)m =)+ Sep((0). 05 5) (50
+ Sep((pw), (V);m — K, m — K),

and

CRad(v,m — k) < CRad((¢,),(v),m — k) + Sep (1/; % , g) (5.5)

#8ep( (0. 0055 ) + Sep(().0)im = = )

for any k > 0.

PROOF. Combining Lemma 2.11 with Proposition 4.1, we have

WT)el(0).0) = [

T

o) dv(z) = [ dntetwv), vt) -~ [ ICICORITE
= cr, 000 (¥) <0.

Put r; := CRad((¢,),(v),m — k) and 75 := Sep((¢,),(v);m/3,k/2). From (5.1),
we observe that (¢,), (¥)(Br(p,(my),m2)) > v(Br(m,,r2)) > m — k. Thus, we get

dr(Br(c((¢0).(¥);11), Br(#u(my), 1)) < Sep((¢y), (v);m — k,m — k) (5.6)
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and so (5.4). The above inequality (5.6) together with ¢((¢,),(v)) < 0 yields that

dr(c(v),my) = @u(my) < le((p). (V) — ou(my)]
<7 +7r24+Sep((¢),(v);m — k,m — K) =: 3.

Therefore, putting r4 := Sep(v;m/3, k/2), we obtain
v(Br(c(v),rs +14)) > v(Br(my,ry)) >m—k
and so (5.5). This completes the proof. O

PROPOSITION 5.6. Let T be an R-tree and X an mm-space with px €
B (X). Then, for any k> 0 we have

2
+ Sep(X;m — kK, m — K).

ObsCRadr(X; —) < ObsCRadg(X; —k) + 2 Sep (X; % , “)

PROOF. This follows from Lemmas 2.2 and 5.5. O

PROOF OF THEOREM 1.2. Proposition 5.6 together with Corollary 2.6 and
Lemma 2.16 directly implies the theorem. t

LEMMA 5.7. Let T be an R-tree and v € B*(T). Then, for any p > 1 and
Kk >0, we have

V(o) < 20 { CRad (), ) )+ Sep (). 00 5 5) 5)
+Sep((i). 0 m = rm = )+ 2V

In the case of p = 2, we also have the better estimate
2 2 m Kk
Va(v)” < 4m?) CRad((¢0). (v),m — &) + Sep( (), (v); 55 (5.8)
2
+ Sep((¢v),(v);m — k,m — n)} + 2‘/2(50,,)2.

PROOF. From the triangle inequality, we have

1/p

V,(v) < 2(/ /TXT dT(c(z/),z)pdz/(z)dl/(w)>l/p: 2<m/T dT(C(I/)7Z)pdV(Z)) .(5.9)



Central and LP-concentration of 1-Lipschitz maps into R-trees 503

Putting ¢, := ¢((¢,),(v)), we also get

(/T dT(c(V),z)pdv(z)>1/p = (/T |%(z)|”du(z)>1/p (5.10)

< e+ ( [ 1o~ rv’d(m*(u)(r))w

Volew)
ml/P ’

< ml/p|cy‘ +

where in the last inequality we used Lemma 2.11. Combining (5.9) with (5.10), we
obtain (5.7).
In the case of p =2, we have

[ artet), 2 = [ ). w)0) 6.1
T R
= mie+ [ r=afde). )0

Va(e)’
2 2(Pv
=l o

where in the second and the last equalities we used Lemma 2.11. Substituting
(5.11) to (5.9), we obtain (5.8). This completes the proof. O

PROPOSITION 5.8.  Let T be an R-tree and X an mm-space. Then, for any
p > 1, we have

Obs LP-Varp(X) < 2{2Y7(1 + 2 - 2Y/7) 4 1}Obs L’-Varg(X). (5.12)
In the case of p = 2, we also have the better estimate
Obs L2-Vary(X)? < (38 4+ 16v/2)Obs L2-Varg(X)*. (5.13)

PROOF. Assume first that f.(ux) € Z'(T) for any 1-Lipschitz map
f:X — T. Then, Lemma 2.2 together with Lemma 2.3 and (5.7) implies that
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Obs LP-Varp(X) < 2m2/p{0bsCRadR(X ;—k) + Sep (X ; % ; E) }
+ 20bs LP-Varg(X)
< 2m2/p{0bsCRadR(X; —k) + Sep <X; g ) g) }
+ 20bs LP-Varg(X)

for any 0 < kx < m/2. Hence, applying the inequalities (2.3) and (2.5) to this
inequality, we get

Obs LP-Varp(X) < 2{m'Px~VP(1 + 2 21/P) 4 1}Obs LP-Varg(X)
for any 0 < k < m/2. Letting x — m/2, we get (5.12). In the case of p = 2, from
(5.8), we have
kor\)2
Obs LQ—VaI"T(X)Q < 4m2{ObSCRadR(X; —£K) + Sep <X; X 5) }
+ 20bs L2-Varg(X)?

for any 0 < k < m/2. Therefore, substituting the inequalities (2.4) and (2.6) to
this inequality, we get

Obs L2-Varp(X)® < 2{mx ™' (2V2 4 1)* + 1}Obs L>-Varg(X)?

for any 0 < kK < m/2. Letting kK — m/2, we obtain (5.13).

We consider the other case that there exists a 1-Lipschitz map f: X — T
with f,(ux) ¢ 4" (T). By using Holder’s inequality and Fubini’s theorem, we have
Vo(f) = 4o00. Taking zy € X, we put f, := f|BX( ) for each n € N. From Lemma
2.7 and the above proof, we have

Zo,n

V,(f.) < Obs LP-Vary(Bx(zo,n)) < 2{2"P(1 +2 - 2V/7) 4- 1}Obs LP-Varg(Bx (g, 1))
< 2{2YP(1 42 2Y/7) 4 1}Obs LP-Varg(X).

Since Va(f) — Va(f) = +00 as n — oo, this implies Obs LP-Varg(X) = +oo. This
completes the proof. O

PROOF OF THEOREM 1.3. Proposition 5.8 directly implies the theorem. [
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