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Abstract. An austere submanifold is a minimal submanifold where for
each normal vector, the set of eigenvalues of its shape operator is invariant under
the multiplication by —1. In the present paper, we introduce the notion of weakly
reflective submanifold, which is an austere submanifold with a reflection for each
normal direction, and study its fundamental properties. Using these, we
determine weakly reflective orbits and austere orbits of linear isotropy repre-
sentations of Riemannian symmetric spaces.

1. Introduction.

Orbits of an s-representation, that is a linear isotropy representation of a
Riemannian symmetric pair, are important examples of homogeneous submani-
folds in the hypersphere of a Euclidean space. For example, a homogeneous
isoparametric hypersurface in the hypersphere, which many mathematicians have
investigated, can be obtained as a principal orbit of an s-representation of a
Riemannian symmetric pair of rank two. It is known that there exists a unique
minimal isoparametric hypersurface in each parallel family of isoparametric
hypersurfaces. Furthermore, typical examples of minimal submanifolds in the
hypersphere are given as orbits of s-representations. Hirohashi-Song-Takagi-
Tasaki [7] showed that there exists a unique minimal orbit in each strata of the
stratification of orbit types. However, in general we can not explicitly point out
which orbit among each strata is a minimal submanifold.

Harvey-Lawson [4] introduced the notion of austere submanifold, which is a
minimal submanifold whose second fundamental form has a certain symmetry.
They showed that one can construct a special Lagrangian cone, therefore
absolutely area-minimizing, in a complex Euclidean space as the twisted normal

2000 Mathematics Subject Classification. Primary 53C40; Secondary 53C35.

Key Words and Phrases. reflective submanifold, austere submanifold, symmetric space,
s-representation, R-space.

The second author was supported by the Grant-in-Aid for Scientific Research (No. 20740044), and
the third author was (No.18540065), Japan Society for the Promotion of Science.


http://dx.doi.org/10.2969/jmsj/06120437

438 O. IKAWA, T. SAKAT and H. TASAKI

bundle of an austere submanifold in a sphere (see [4], [2]). As we mentioned
above, the complete list of minimal orbits of s-representations in the hypersphere
is unknown at the moment. Therefore we first attempt to determine all austere
orbits. We give a necessary and sufficient condition for an orbit to be an austere
submanifold in the hypersphere in terms of the restricted root system of a
Riemannian symmetric pair. By this criterion, we can determine all orbits which
are austere submanifolds in the hypersphere. Since the definition is focused on a
symmetry of its second fundamental form, the notion of austere submanifold is an
infinitesimal property of a submanifold. However, we observe that some of austere
orbits, which we classified, have a certain global symmetry. This symmetry is a
globalization of the notion of austere submanifold and a weakened condition of a
reflective submanifold. Therefore we shall call them weakly reflective submani-
folds, and study some fundamental properties of them. Finally we determine all
weakly reflective orbits of s-representations.

The organization of this paper is as follows. In Section 2, we will give the
definition of weakly reflective submanifold (Definition 2.1), and recall some
related notions. We study their relationship and fundamental properties. In
Section 3, we summarize the geometry of orbits of s-representations of Rieman-
nian symmetric pairs. This will be a preliminary for the sections below. In
Section 4, we shall give the list of orbits of s-representations which are weakly
reflective submanifolds in the hypersphere (Theorem 4.1). We show that these
orbits are weakly reflective submanifold in the hypersphere there, however, we
will show that the list gives all weakly reflective orbits later. In Section 5, we will
give a criterion of austere orbits (Lemma 5.3), and determine all orbits which are
austere submanifolds in the hypersphere (Theorem 5.1). Furthermore we show
that austere orbits which are not enumerated in the list of weakly reflective orbits
are not weakly reflective submanifolds. Then we will complete the proof of the list
of weakly reflective orbits. In Section 6, we will study relationships between
weakly reflective submanifolds in a sphere and those in Euclidean spaces or
complex projective spaces.

The authors are profoundly grateful to Makoto Kimura and Osami Yasukura
for their helpful suggestion on Proposition 4.4. Before we wrote this paper,
Kimura, Yasukura and the third named author showed a previous version of
Proposition 4.4 which is unpublished, that is, the orbit of the highest root of a
compact Lie group under the adjoint action is an austere submanifold in the
hypersphere. The authors would also like to thank Reiko Miyaoka for her valuable
comments. In fact, Proposition 2.9 was essentially suggested by her. Finally the
authors are grateful to the referee who gave them many useful comments.
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2. Definitions and fundamental results.

We begin with recalling the definition of reflective submanifold given by
Leung [9]. Let M be a complete Riemannian manifold. A connected component of
the fixed point set of an involutive isometry of M is called a reflective submanifold.
A reflective submanifold is a complete totally geodesic submanifold. The
involutive isometry which defines a reflective submanifold M can be determined
uniquely. We call it the reflection of M and denote by oj;. If M is a reflective
submanifold in M and o) is its reflection, then for any normal vector & € T-M

O'M(I) =, (dO'M)If = _57 O'M(M) =M

hold. Taking notice of these properties, we define a weakly reflective submanifold
as follows.

DEFINITION 2.1. Let M be a submanifold of a Riemannian manifold M. For
each normal vector £ € T+ M at each point x € M, if there exists an isometry o¢ of
M which satisfies

oc(z) =z, (dog),&=—E oc(M)= M,

then we call M a weakly reflective submanifold and o¢ a reflection of M with
respect to &.

In the case where M is a hypersurface, o¢ is independent of the choice of £ at
each point z. In this paper mainly we deal with orbits of some isometric actions of
compact Lie groups. We note that if M is an extrinsic homogeneous submanifold
in M, that is an orbit of an isometric action of a Lie group on M, then it suffices to
ascertain that at one point of M it satisfies the condition to be a weakly reflective
submanifold.

REMARK 2.2. For a reflective submanifold, there exists a reflection which is
independent of the choice of a normal vector. So it is clear that a reflective
submanifold is always a weakly reflective submanifold.

EXAMPLE 2.3.
5’”_1(1) X S”_l(l) = {(:B,y) | z,y € S"’_l(l)}

is a weakly reflective submanifold in (2n — 1)-dimensional sphere S?*"~'(v/2) of
radius /2.
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PROOF. Since S" (1) x S"}(1) is a homogeneous submanifold of
S§?=1(\/2), it suffices to ascertain that at one point of S" (1) x S"~1(1) it
satisfies the condition to be a weakly reflective submanifold. The tangent space of
SH1) x S"7H(1) at

n+1

T = (1707--~7O, 1,0,...70) = Snfl(l) X Snfl(l)
is given by
T, (S" (1) x §"7H(1) = {(0,22, ..., 0, 0,2, -, ) | z;,y; € R},

and the normal space in S?"~1(1/2) is

n+1

TH(S" (1) x S"71(1)) = R(1,0,...,0,-1,0,...,0).
Now we define an isometry o of $*"~1(v/2) by

o(T1y o Ty Yty oo o3 Yn) = Y1y ooy Yny T1y -« -5 T)
for (z1,...,Zn, Y1, Yn) € S>1(v/2). Then
o(x) =z, o(S"H1) x S"H1)) =85"(1) x " 1(1)
and do, acts on T+(S"71(1) x $"71(1)) as —id. Thus S"7 (1) x S"7'(1) is a weakly
reflective submanifold in $*"~!(v/2). O

DEFINITION 2.4. Let M be a submanifold of a Riemannian manifold M. We
denote the shape operator of M by A. M is called an austere submanifold if for
each normal vector £ € T:-M, the set of eigenvalues with their multiplicities of A
is invariant under the multiplication by —1. It is obvious that an austere
submanifold is a minimal submanifold.

The notion of austere submanifold was first given by Harvey-Lawson [4].

PROPOSITION 2.5. A weakly reflective submanifold is an austere submani-
fold.

PROOF. Let M be a weakly reflective submanifold in a Riemannian
manifold M. Then for each normal vector £ € T- M, there exists an isometry o¢ of
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M which satisfies
og(z) =z, (dog),£=—§ oe(M)=M.

For a normal vector £ € T-M, we denote by A¢ the shape operator of M with
respect to £ and by h the second fundamental form of M. For X, Y € T, M, we take
vector fields X and Y defined on a neighborhood of  in M which are tangent to M
and X, = X and Y, =Y. Since o satisfies o¢(M) = M, vector fields docX and
d05}7 are tangent to M. Let V denote the covariant derivative of M. Then we have

h((dog), X, (dog),Y) = (Vg 5doeY )y = ((dog) ,V5Y)"
= (dog) (VxY)" = (dog) h(X,Y),

From the following calculation

(A¢(dog), X, (do),Y) = (h((dog), X, (dog),Y), &)

= ((do¢) ,M(X,Y),&) = (M(X,Y), (do), '€)
= <h(Xa Y)a _€> = _<A§X7 Y>7

we have (do¢),'Ae(dog), = —Ag. This implies that (do¢), provides an isomor-
phism between eigenspaces of A¢ for eigenvalues A and —\. Thus M is an austere
submanifold. 0

In the rest of this section, we shall study weakly reflective orbits of isometric
actions of Lie groups on Riemannian manifolds. First we shall provide some
preliminaries. Let G be a Lie group acting isometrically on a Riemannian
manifold M and G, be the isotropy subgroup at z, that is, G, = {g€ G| gz =z}
Then the orbit G(x) is diffeomorphic to the coset manifold G/G,. An orbit G(z) is
a principal orbit if, for any y € M, there exists g € G such that G, C 9Gyg . Tt is
known that there exists a principal orbit. The codimension of a principal orbit is
called the cohomogeneity of the action of G on M. An orbit which is not principal
is called a singular orbit. The differential of the action of G, defines a linear
representation of G, on T,M called the linear isotropy representation. The
tangent space T}, (G(x)) and the normal space T+ (G(z)) of G(x) at x are invariant
subspaces of the linear isotropy representation. The restriction of the linear
isotropy representation to T+ (G(x)) is called the slice representation at .

THEOREM 2.6 (Slice representation theorem [8. Theorem 1.1], [11. Theorem
4.6], [12. Proposition 5.4.7]).  The cohomogeneity of a slice representation equals
the cohomogeneity of the action of G on M. Moreover, G(x) is a principal orbit if
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and only if the slice representation at x is trivial.

PROPOSITION 2.7.  Any singular orbit of a cohomogeneity one action on a
Riemannian manifold is a weakly reflective submanifold.

PROOF. Suppose that the isometric action of a Lie group G on a
Riemannian manifold M is cohomogeneity one. Let G(z) be a singular orbit.

First we consider the case where the codimension of G(x) is greater than or
equal to 2. From the slice representation theorem, the isotropy subgroup G, acts
transitively on the hypersphere in T:-(G(z)). In particular, for any ¢ € T-(G(z))
there exists g € G, such that dg,(§) = —§. Therefore g becomes a reflection of
G(z) at = with respect to . Since G(x) is a homogeneous submanifold, G(z) has a
reflection with respect to any normal vector at any point. Thus G(z) is a weakly
reflective submanifold in M.

When the codimension of G(z) is 1, dim T (G(z)) = 1 and the dimension of a
nontrivial orbit of the slice representation is equal to 0 by Theorem 2.6. Moreover
the slice representation at z is not trivial, because G(z) is a singular orbit.
Therefore the image of the slice representation is not SO(1) but O(1) and for any
£ € TH(G(z)) there exists g € G, such that dg,(§) = —¢ Thus, by the same
discussion with above, G(x) is a weakly reflective submanifold in M. O

REMARK 2.8. Podesta [13] proved that any singular orbit of a cohomoge-
neity one action is an austere submanifold. However, essentially he showed
Proposition 2.7.

PROPOSITION 2.9.  Let G be a connected Lie group acting isometrically on a
complete, connected Riemannian manifold M. Suppose that the action of G on M
is cohomogeneity one with two singular orbits. If there exists a principal orbit
which is a weakly reflective submanifold in M, then it has a same distance from two
singular orbits and two singular orbits are isometric.

PROOF. Since there exist two singular orbits, the orbit space M/G is
homeomorphic to a closed interval (Mostert [10], Bergery [1]). Orbits of interior
points are principal and those of end points are singular. Moreover principal
orbits are hypersurfaces in M, because the cohomogeneity of the action of G is
one. Suppose that G(z) is a principal orbit which is a weakly reflective
submanifold. Then, by the slice representation theorem, there exists a unit
normal vector field £ on G(z), which is invariant under the action of G. We take a
geodesic (t) of M which satisfies an initial condition
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Then ~(t) is a section of the action of G on M, namely ~(t) meets all orbits
perpendicularly ([12, Proposition 5.6.2]). Since dg, (&) = &, for any g € G, gy(t)
is a geodesic of M which satisfies an initial condition

97(0) = gz, (97)'(0) = &g

Since G(x) is a weakly reflective submanifold of M, there exists an isometry o of
M which satisfies

o(x) =, doy(&)=—&, o(G(x))=G(z),
that is a reflection of G(x) with respect to &,. We set
G(2). = {y € G(z) [ doy(§)) = +Eo0) }-

The sets G(z), and G(z)_ are closed subsets of G(x), and G(x) is a disjoint union
of G(x), and G(x)_ because G(r) is a hypersurface in M. Since G(z) is connected
and x € G(x)_, we have G(x) = G(x)_. This implies that do,(§,) = =&, for any
y € G(z). For any g € G, ogy(t) is a geodesic which satisfies an initial condition

097(0) = U(gf)v (097),(0) = dggm(g’)/)/(o) = dggm (ggar) = _gag:z:-

Now we take ¢g; € G such that gz = o(gx). Then ogy(t) and g1y(—t) are geodesics
of same initial conditions, hence ogy(t) = g17(—t) € G(7y(—t)). Therefore we have
a(G(y(t))) € G(y(—t)) for each t. Since 0! is also a reflection of G(z) at x, we also
have o~} (G(v(—t))) C G(y(t)) by the same discussion for o~! and ~(—t). Thus
o(G(y(t))) = G(y(—t)) and o induces a homeomorphism of M/G. This implies
that o maps one singular orbit to the other one. Hence two singular orbits can be
expressed as G(y(t1)) and G(y(—t1)) for some t;. Consequently we have the
conclusion. O

3. Orbits of s-representations.

A linear isotropy representation of a Riemannian symmetric pair is called an
s-representation as we mentioned in Introduction. In the following sections, we
will study orbits of s-representations which are austere submanifolds or weakly
reflective submanifolds. For this purpose, we shall provide some fundamental
notions of orbits of s-representations in this section.

Let G be a compact, connected Lie group and K a closed subgroup of G.



444 O. IKAWA, T. SAKAT and H. TASAKI

Assume that 6 is an involutive automorphism of G and Gg C K C Gy, where
Go={9€G|0(g9) =g}

and G} is the identity component of Gy. Then (G, K) is a symmetric pair with

respect to 8. We denote the Lie algebras of G and K by g and &, respectively. The

involutive automorphism of g induced from 6 will be also denoted by 6. Then we

have

t={Xeg|oX) =X}

Take an inner product (, ) on g which is invariant under 6 and the adjoint
representation of G. Set

m={Xeg|0X)=-X},
then we have a canonical orthogonal direct sum decomposition
g=t+m

Henceforth we assume that the symmetric pair (G, K) is irreducible, namely K
acts irreducibly on m.

Fix a maximal abelian subspace a in m and a maximal abelian subalgebra t in
g containing a. For a € t we set

§o = {X €| [H,X] = V-1{a, H)X (H € 1)}
and define the root system R of g by
R={aet—{0}]g, #{0}}.
For o € a we set
8o = {X €| [H X] = V-1{a, H)X (H € a)}
and define the restricted root system R of (g, €) by

R={aeca—{0}]g, #{0}}.
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Set

Ry=RnN¢t

and denote the orthogonal projection from t to a by H + H. Then we have

R={a|a€R~- Ry}
We take a basis of t extended from a basis of a and define the {exicographic
orderings > on a and t~with respect to these bases. T~hen for H € t, H > 0 implies
H > 0. We denote by F' the fundamental system of R with respect to the ordering
>. Set

Fy=FnNR,,

then the fundamental system F of R with respect to the ordering > is given by

F={a|acF-F}.
We set

R, ={a€R|a>0}, R, ={a€eR|a>0}
Then we have
R, ={a|ae R, — Ry}
We also set
th={Xet|[X,H =0 (He€a)},
and define
b =tN(g,+00); Ma=mN(g, +9-0)

for @« € R,;. Under these notations, we have the following lemma.

LEMMA 3.1 ([14]).
(1) We have orthogonal direct sum decompositions
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Ezéo—i—ZEa, m:a—&—me.

acR, acR,
(2) For each o € R, — Ry, there exist S, € € and T, € m such that
{Sy|laeR,, a=)\, {T,|acR,, a=\}
are respectively orthonormal bases of €y and my and that for H € a

[Hﬂ S&] = <aaH>Tm [H7 Ta] - 7<aaH>Sm [SmTa] =,
Ad(exp H)S,, = cos{a, H)S,, + sin{«, H)Ty,
Ad(exp H)T, = —sin(o, H)S, + cos{a, H)T,,.

We define a subset D of a by

D=|J{Hea| (o, H) =0}

a€R
A connected component of a — D is a Weyl chamber. We set
C={Heca|(a,H) >0 (xeF)}.
Then C' is an open convex subset of a and the closure of C' is given by
C={Heca|{a,H) >0 (aeF)}.
For a subset A C F, we define
CA*={HecC|(a,H)>0(acA), (3, H =0 (8€ F—A)}.

LEMMA 3.2.
(1) For Ay C F, the decomposition

chi=Jc®
ACA,

is a disjoint union. In particular, C = U C? is a disjoint union.
ACF

(2) For Ay,Ay C F, Ay C Ay if and only if C™ < C5:,
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For each a € F, we take H, € a such that

<Ha,ﬂ>={1 “Z)’ (BeF).

Then we have

C = {ZtaHa
ael

t(y 2 0}7

and for A C F
CA:{ZtaHa ta>0}.
a€A
We set
R® = RN(F-A),,
RY = RANR,,
g = btat Y (ta+ma)
aERﬁ
We also set
o= gtne=k+ ) b,
aERi
m? = gAﬂm:aJera.
aGRﬁ

Then we have an orthogonal direct sum decomposition
gt =8 +m?
For H € m we set

Zl ={ke K| Ad(k)H = H}.

447
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Then Z# is a closed subgroup of K and the orbit Ad(K)H is diffeomorphic to the
coset manifold K/Z.
Under these notations, we have the following lemma.

LEMMA 3.3 ([6]). Fiz a subset A C F. For H € C* we have the following:

(1) RS ={a e R, | (a, H) = 0},

(2) R* ={a€R|(a,H) =0},

(3) g* ={Xeg|[H X]=0},

(4) (g2,82) is a symmetric pair and its canonical decomposition is given by
g = md,

(5) €& is the Lie algebra of ZL.

Now we shall study an orbit Ad(K)H of the linear isotropy representation of
(G, K) through H € m. An orbit Ad(K)H is a submanifold of the hypersphere S of
radius |H|| in m. From [6], Ad(K)H is connected. Since

m = | J Ad(k)C,

keK

without loss of generalities we may assume H € C. Moreover, from Lemma 3.2,
there exists A C F such that H € C?. For X € ¢ we define a vector field X* on m
by

d
X, =—| Ad(exptX)z = [X, 1]
at .,

at x € m. Then X[,y is a tangent vector field on Ad(K)H. From Lemma 3.1
we have the following lemma.

LEMMA 3.4. For A C F and H € C*, the tangent space Ty(Ad(K)H) of the
orbit Ad(K)H at H and the normal space Tx(Ad(K)H) in the hypersphere can be
expressed as

Ty(AdK)H) = Y ma,
a€ER, 7Rﬁ
T(AdK)H) = H'na+ Y my= J Ad(k)(H" Na).
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Let h denote the second fundamental form of AA(K)H at H in the hypersphere S.
Then we have

h(XE,Yﬁ) = [Y7 [X7 H]]N7

where [Y, [X, H))N is TH(AA(K)H)-component of [Y,[X, HJ).

PROOF. From Lemma 3.1 we have

Ty(AdK)H) = > m,,
a€R+7R$
THAA(K)H) = H'Na+ Y me=H"nm"
aeRﬁ

Moreover, from Lemma 3.3

mb = U Ad(k)a.

kez!!
Since Ad(k)H = H for k € Z¥, we have

H*nm? = U Ad(k)(H* Na).

H
kez!!

The calculation of X! mentioned above shows the representation of the
second fundamental form. O

For orbits of s-representations which are minimal submanifolds in the
hypersphere, the following theorem is known.

THEOREM 3.5 ([7]). Fiz a hypersphere S inm centered at 0. For each subset
A CF, there exists a unique H € C*NS such that Ad(K)H is a minimal
submanifold in S.

However, in general we can not determine H where Ad(K)H is a minimal
submanifold in S explicitly. In the following two sections, we will give the
complete lists of H where Ad(K)H is an austere submanifold or a weakly
submanifold in S.
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4. Weakly reflective orbits of s-representations.

In this section, we shall study orbits of irreducible s-representations which
are weakly reflective submanifolds in the hypersphere. In the next section, we will
study austere orbits. Since these two properties of orbits are invariant under
scalar multiples on the vector spaces, we do not discriminate the difference of the
length of a vector. The following theorem is the main result of this section. We
shall follow the notations of root systems in [3].

THEOREM 4.1.  An orbit of an irreducible s-representation which is a weakly
reflective submanifold in the hypersphere is one of the following list:

(1) an orbit through a restricted root vector (Proposition 4.4),

(2) the orbit through the vector 2e; — es — e3 and the orbit through the vector
e1 + ey — 2e3 of the linear isotropy representation of a compact symmetric
pair with the restricted root system {*(e; —e;)} of type Ay (Proposition
4.5),

(3) the orbit through the wvector e;+ey—e3—es of the linear isotropy
representation of a compact symmetric pair with the restricted root system
{x(e; —€j)} of type As (Proposition 4.6),

(4) the orbit through the vector ey of the linear isotropy representation of a
compact symmetric pair with the restricted root system {£(e; + €;)} of type
D; (I > 4) (Proposition 4.7),

(5) the orbit through the vector e; + e2 + e3 + e and the orbit through the vector
e1+e+e3—ey of the linear isotropy representation of a compact
symmetric pair with the restricted root system {£(e; te;)} of type Dy
(Proposition 4.8).

REMARK 4.2. In the case of the restricted root system of type Ao, the orbit
through a restricted root is a principal orbit called a Cartan hypersurface, that is
a minimal isoparametric hypersurface with three distinct principal curvatures.
And the orbits through the vectors 2e; — ey — e3 and e; + ey — 2e3 are its focal
submanifolds, called Veronese surfaces. These two singular orbits are not equal
but isometric with each other.

In the case of the restricted root system of type Dj, from the proof of
Proposition 4.8 we can see that three orbits through ey, e; + e +e3+e4 and
e1 + es + ez — ey are isometric with each other by the “triality”.

Here we prove that orbits listed above are weakly reflective submanifolds. In
the next section, we will classify all austere orbits of irreducible s-representations
and show that all weakly reflective orbits can be obtained in Theorem 4.1. For this
purpose, we shall first give the following lemma.
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LEMMA 4.3.  For H € a, the orbit Ad(K)H is a weakly reflective submanifold
in the hypersphere S if and only if, for any &€ € H- Na, there exists a linear
isometry o¢ of m which satisfies

oe(H)=H, o0& =-¢ oe(AdK)H)=Ad(K)H. (4.1)

PROOF. From Lemma 3.4, the normal space of the orbit Ad(K)H at H in S
is given by

TH(AAK)H) =H " Na+ »_ m, = | ) Ad(k)(H" Na).

A H
a€ER? kezy

If Ad(K)H is a weakly reflective submanifold in S, then for £ € H* N a there exists
a linear isometry o¢ of m which satisfies

o¢(H) = H, (dog)y€ == oe(Ad(K)H) = Ad(K)H.

Here we have (do¢), = o¢, since o¢ is a linear isometry.

Conversely, assume that Ad(K)H satisfies the condition (4.1). We take an
arbitrary normal vector £ € T4 (Ad(K)H). From Lemma 3.4, there exists ko € Z
such that Ad(kg)é € H* Na. Then, from the assumption, there exists a linear
isometry o which satisfies

o(H) = H, oAd(k)¢=—Ad(k)E, o(Ad(K)H) = Ad(K)H.
We now define ¢ = Ad(ko) 'oAd(ko). Then o satisfies
oc(H)=H, o0¢(§) =—¢ o(Ad(K)H)=Ad(K)H.

Thus o is a reflection of Ad(K)H with respect to a normal vector £ at H. Since
Ad(K)H is a homogeneous submanifold, we have a reflection with respect to any
normal vector at an arbitrary point. Consequently Ad(K)H is a weakly reflective
submanifold in S. (]

PROPOSITION 4.4.  An orbit through a restricted root vector of the linear
isotropy representation of an irreducible compact symmetric pair is a weakly
reflective submanifold in the hypersphere S.

PROOF. Let ag be a restricted root vector and put H = ag. The reflection
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Sa, O @ With respect to ag is given by

2<OZO,X>
SQU(X):X_WQO (XGCI)
and satisfies
Sao(H) =-H, Sao'gﬁHi = lanmt-

The reflection s,, is an element of the Weyl group, hence there exists ky € Ng
such that Ad(ko)|, = Sq,, where

Nig ={ke K| Ad(k)a =a}.
Therefore
—H = Ad(ko)H € Ad(K)H,
and we have Ad(K)(—H) = Ad(K)H. We define a linear isometry o of m by
o =—Ad(ko)|y-
Then o satisfies
o(H)=H, Olonmgt = —Llgnmes o(Ad(K)H) = Ad(K)H.

Thus, from Lemma 4.3, Ad(K)H is a weakly reflective submanifold in S. d

PROPOSITION 4.5.  The orbit through the vector 2e; — es — e3 and the orbit
through the vector e; + ey — 2e3 of the linear isotropy representation of a compact
symmetric pair with the restricted root system {£(e; — e;)} of type Ay is a weakly
reflective submanifold in the hypersphere S.

PROOF. Since the symmetric pair (G, K) is of rank 2, the action of K on S
is cohomogeneity one. The vector 2e; — es — e (resp. e; + e — 2e3) is orthogonal
to a restricted root es — ez (resp. e; —ey). Therefore the orbit of K through
2e1 — eg — e3 (resp. €1 + e2 — 2e3) is a singular orbit. Hence from Proposition 2.7,
this orbit is a weakly reflective submanifold in S. (I
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PROPOSITION 4.6. The orbit through the wvector e +es —e3 —ey of the
linear isotropy representation of a compact symmetric pair with the restricted root
system {£(e; — €;)} of type A3 is a weakly reflective submanifold in the hypersphere
S.

PROOF. Put H=-¢e; +ey—e3 —ey4. The set Rﬁ of all positive restricted
roots which are orthogonal to H is given by

Rf ={e; — ey, €3 —eq}.

Let s¢,_¢, and s¢,_, be the reflections with respect to restricted roots e; — e and
es — ey, respectively. Then s, _., and s.,_., are elements of the Weyl group, hence
there exist ko, k1 € N such that

S = Ad(k)lgs  Seoer = Ad(k))
We now define a linear isometry of m by
o(X) = Ad(ko)Ad(k)X (X €m).
Then o satisfies
o(H)=H, o0y =—lom:, o(Ad(K)H)=Ad(K)H.

Thus from Lemma 4.3, Ad(K)H is a weakly reflective submanifold in S. (]

PROPOSITION 4.7.  The orbit through the vector e; of the linear isotropy
representation of a compact symmetric pair with the restricted root system
{*e; £} of type Dy is a weakly reflective submanifold in the hypersphere S.

PROOF. An irreducible compact symmetric pair with the restricted root
system of type D is one of (SO(2l) x SO(21),SO(21)") and (SO(21),SO0(l) x
SO(1)).

First we consider the case of (SO(2l) x SO(21), SO(21)"). In this case, m can
be identified with 0(2]) in a natural manner. We take a maximal abelian

subalgebra
. 0 —t 0 —1
a = 1 diag ey t,...,.t; € R
t1 0 t; 0
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H di O Moo
= e; = dia, ,0,...,0 5.
1 g 1 0

We define a linear isometry o of 0(2l) by

of 0(21), and put

o(X) = sXs (X €o(20)),

. 1 0] [-1 0 10 o
sflag()l,Ol,...,OlG().

Then o is an isometry of S and satisfies

where

o(H)=H, o0,y =—1dgng:, o(Ad(K)H)=Ad(K)H.

Hence from Lemma 4.3, Ad(K)H is a weakly reflective submanifold in S.
Second, we consider the case of (SO(21), SO(l) x SO(1)). We take a maximal
abelian subspace

= X =di (t t) t R
a 13 ,eees 1), b € s
X gl l

and put

where
Xy = diag{1,0,...,0} € M;(R).

We define a linear isometry o of m by
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X):[S O]X[S 0] (X €m),
0 I 0 I

where
s =diag{l,-1,...,—-1} € O(1).
Then o is an isometry of S and satisfies
o(H)=H, o0l|;ny. = —1denm:, o(Ad(K)H) = Ad(K)H.

Hence from Lemma 4.3, Ad(K)H is a weakly reflective submanifold in S. O

PROPOSITION 4.8. The orbit through the vector e; + es +e3+eq4 and the
orbit through the vector e; + ex + e3 — e4 of the linear isotropy representation of a
compact symmetric pair with the restricted root system {xe; + e;} of type Dy is a
weakly reflective submanifold in the hypersphere S.

PROOF. We take a fundamental system of {+e; + e;} of type Dy:

o] =€ —e€, Qg =€ —€3, Q3=e€3—€64 Q4 =E€3+ €y

The automorphism group of the Dynkin diagram is the permutation group of
{a1,as3,as}. So there exists an automorphism of m mapping «a; to oy and fixing as,
which gives an equivalence of the orbits through e; and e; + e; + e3 + e4. Thus the
orbit through e; 4+ es + e3+ ¢4 is also a weakly reflective submanifold in the
hypersphere. Similarly the permutation of a7 and a3 gives an equivalence of the
orbits through e; and e; + es + e5 — e4. Thus the orbit through e; + e + €3 — ey is
also a weakly reflective submanifold in the hypersphere. (Il

In the case of (SO(8),S0(4) x SO(4)) we can explicitly represent a reflection
of the orbit though e; 4+ ey +e3+e4. The linear isotropy representation is
equivalent to

(91.92) - X = 1. Xg5" ((91,92) € SO(4) x SO(4), X € My(R)).

Let e; denotes an element of M, (R) whose (4,7) component is 1 and others are 0.
Then the orbit through e; + es + e3 + e4 is SO(4) in My(R).
For 21 ® z0 € H® H, we define

Duzzn  H— H; 21— 2122.
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Since H = R we can regard ¢.,5., as an element of M,(R) and ¢ induces an
isomorphism M, (R) = H ® H of real algebras. We define an involutive isometry
o of H® H by

c- HXH - HXH; 21 Q2 — 21 ® 2Zs.

We also denote by o the linear isometry of My(R) induced from o through ¢. We
note that

SO(4) = {¢,05 | 21,22 € Sp(1)}.
Moreover
{1 ®2|z21,220€ Sp()} CHR H

is invariant under o. Therefore SO(4) is invariant under o. The identity element [
is fixed by the action of 0. The normal space of SO(4) at I in S'°(2) is given by

T#(SO(4)) = {X € My(R) | X : symmetric, tr(X) = 0}.

It is easy to see that T7(SO(4)) is contained in the eigenspace of o for an
eigenvalue —1. Thus o is a reflection of SO(4) with respect to an arbitrary normal
vector at I.

5. Austere orbits of s-representations.

In this section we classify all orbits of irreducible s-representations which are
austere submanifolds in the hypersphere S. In the previous section we showed
that all orbits through restricted root vectors (or their scalar multiples) are
weakly reflective, hence austere. Therefore, hereafter we shall concern with other
orbits. We will also determine austere orbits which are not weakly reflective
submanifolds. Then we will complete to prove Theorem 4.1.

The classification of austere orbits is following:

THEOREM 5.1.  An orbit of an irreducible s-representation which is an
austere submanifold in the hypersphere is one of the following list:

(1) an orbit through a restricted root vector,

(2) the orbit through the vector 2e; — es — e3 and the orbit through the vector
e1 + ey — 2e3 of the linear isotropy representation of a compact symmetric
pair with the restricted root system {£(e; —e;)} of type As (Proposition
4.5 or 5.4),
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the orbit through the vector e; +ey—e3—eq of the linear isotropy
representation of a compact symmetric pair with the restricted root system
{x(e; —€j)} of type As (Proposition 5.4),

the orbit through the vector e; of the linear isotropy representation of a
compact symmetric pair with the restricted root system {£(e; £ ¢€;)} of type
D; (I > 4) (Proposition 5.5),

the orbit through the vector e; 4+ e + e3 + e4 and the orbit through the vector
e1+ex+e3—eq of the linear isotropy representation of a compact
symmetric pair with the restricted root system {£(e; £e;)} of type Dy
(Proposition 5.5),

the orbit through the wvector e; + (eq +e3)/V/2 of the linear isotropy
representation of a compact symmetric pair with the restricted root system
{*e;, te; L e} of type By whose multiplicities are constant (Proposition
5.6),

the orbit through the vector ay + (aa/\/3) of the linear isotropy representa-
tion of a compact symmetric pair with the restricted root system of type Gs,
where aq = €1 — eg and ag = —2e;1 + €9 + e3 (Proposition 5.8).

REMARK 5.2. In the case where the rank of the symmetric pair is equal to
two, any principal orbit of an s-representation is an isoparametric hypersurface in
the hypersphere. It is known that the number g of distinct principal curvatures of
an isoparametric hypersurface in the sphere is one of 1, 2, 3, 4 and 6. There exists
a unique minimal isoparametric hypersurface in each parallel family of isopara-
metric hypersurfaces. Theorems 4.1 and 5.1 shows some of minimal isoparametric
hypersurfaces and their focal submanifolds are austere, furthermore weakly
reflective, and some of them are not. More precisely;

When g = 1, a minimal isoparametric hypersurface is nothing but a great
sphere.

When g =2, a minimal isoparametric hypersurface is weakly reflective
(austere) if and only if the multiplicities of two distinct principal
curvatures are constant as in Example 2.3.

When ¢ =3, that corresponds to the case of type As, a minimal
isoparametric hypersurface is weakly reflective. Moreover both of its two
focal submanifolds are also weakly reflective.

When g =4, that corresponds to the case of types By = Cy or BCh, a
minimal homogeneous isoparametric hypersurface is austere, but not
weakly reflective, if and only if the multiplicities of two distinct principal
curvatures are constant. Both of focal submanifolds are always weakly
reflective.

When ¢ =6, that corresponds to the case of type G2, a minimal
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homogeneous isoparametric hypersurface is austere, but not weakly
reflective. Both of its two focal submanifolds are weakly reflective.

Before giving a proof of Theorem 5.1 we shall provide some preliminaries. Let
(G, K) be an irreducible compact symmetric pair. We shall use the notations in
previous sections. From Lemma 3.4, for a normal vector ¢ € Tx(Ad(K)H), the
shape operator A¢ of Ad(K)H in the hypersphere S is given by

(A(X7),Y7) = (h(X",Y7),6) = (Y, [X, H],§) = —([X, H], [Y,¢)).  (5.2)

For simplification, we discuss a normalization of a normal vector . From Lemma

3.4, there exists k € Z¥ such that Ad(k)¢ € H* Na. Then

(Ae(X7),Y™) Ad(k)R(X*,Y™), Ad(k)E)

(Ad(k)

(h(Ad(k)X™, Ad(k)Y™), Ad(k)E)
(ArqeAd(k) X, Ad(k)Y™)
(Ad(k) " Ay (Ad(k) X7), Y™).
Thus we have

Ae = Ad(k) " Ay Ad (k).

This implies that eigenvalues of Apqe and their multiplicities coincide with
those of A¢. Hence, in order to show whether an orbit Ad(K)H is austere, it
suffices to check eigenvalues of A¢ for £ € H Na. Hereafter we assume that
¢e H na.

From Lemmas 3.1 and 3.4

{T.|a€ R, - R}
is an orthonormal basis of T (Ad(K)H). For a, 8 € R, — R® we have
(Ae((S2)n), (S5) ) = (a, H)(B, H)(A¢(T0), Ts).
On the other hand, from (5.2), we have
(Ae((S) )s (S5) i) = —([Sa, H], [S5,€]) = — (0, H)(B, )00

Therefore we have
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Hence Ad(K)H is an austere submanifold in S if and only if, for any £ € H* N a,
the set

{ocay |-

with multiplicities is symmetric by the multiplication of —1. We shall describe
this condition in terms of a finite subset of a Euclidean space.

Let A be a finite subset of a Euclidean space V. We consider a condition that,
for any v € V, the set

{{a,v) | a € A}

with multiplicities is symmetric by the multiplication of —1. This condition is
equivalent to a condition that A is symmetric by the multiplication of —1 on V.
Indeed, it is obvious that {{a,v) | a € A} is symmetric whenever A is symmetric.
Conversely, fix an arbitrary a € A. From the assumption we have

V=|J{veV|(av)=—(u1)}

beA

If —a¢ A, then the right hand side consists of finite union of hyperplanes of V.
This is a contradiction. Therefore —a € A. Consequently A is symmetric by the
multiplication of —1 on V.

Let py : a — H' Na denote the orthogonal projection. An orbit Ad(K)H is
austere in S if and only if the set

{pH(a)

R, — R
<oz,H>‘0‘E + }

with multiplicities is symmetric by the multiplication of —1 on H* Na. By this
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criterion, we can easily see that orbits listed in Theorem 5.1 are austere
submanifolds in the hypersphere S. Hereafter we shall prove that all austere orbits
can be obtained in Theorem 5.1.

We set RR = {za |z € R,a € R}. We have already showed that the orbit
through any element in RR is weakly reflective in the hypersphere, so we consider
the orbits through elements in a — RR

LEMMA 5.3. For H € a— RR, the orbit Ad(K)H is an austere submanifold
i S if and only if there exist a mapping f: Ry — Rﬁ — R, — Rﬁ without fized
points, and constants n, # 0,€, = £1 for each o € Ry — Rﬁ such that

N fla)
= “(naﬁ “||f<a)||)’ (5:3)

and

S omp= Y m). (5.4)

HER—R% veR, —R}
wlle v/ f(e)

Here we denote by m(u) the multiplicity of a restricted root p, and p // o means
that u and « are linearly dependent.

Ezcepting the case where the restricted root system R is of type BC, the
equality (5.4) is equivalent to m(a) = m(f(a)), moreover #(R, — R2) is even and

=1

PROOF. The orthogonal projection py is defined by

(X, H)

pu(X) =X — (., H)

H (X e€a).

Therefore Ad(K)H is an austere submanifold in S if and only if the set

{<asz>_ﬁ “ER*‘Rﬁ}

with multiplicities is symmetric by the multiplication of —1 on H* Na. In other
words, there exists a mapping f: Ry — Rﬁ — R, — Rﬁ which satisfies
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fa) H  « H
Glo) ) (.0~ (o) (.00) (5:5)
and
" _AM_H:a_H
E:{ (“)'“E:R* B o~ (o) GLED}
N | _AV_H:f(a_H
‘Eﬁ W) v e e = I8 O~ ) (), ) <&Hﬁ

for any o € R — R2. This condition for the multiplicities is equivalent to (5.4).
From (5.5), if f has a fixed point «, then H € RR. Thus f has no fixed points.

If we assume (5.5), then there exist non-zero real numbers x,y so that
H =za+yf(a). Applying this to the equation (5.5), we have a quadratic
equation

2 2
(@)Y = [la|"z?
with respect to z and y. Thus we have

[lev]

=l

hence H can be expressed as

el (L f@
H=wat o @ "(mniwmm)

Since this equality holds for any oo € Ry — Rﬁ, we have the condition (5.3).
Replacing « in (5.5) by f(«), we have

(@) fl)  2H
Pl 1) " (fl)n, H) (o) (5.6)

From equations (5.5) and (5.6), we have

a f*(a)

(0. H)  (f*(a),H)
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The above discussion stands for any restricted root systems R, including of type
BC'. Henceforth we assume that R is not of type BC'. Then « is the only element of
R, — R? which is a scalar multiple of a. Thus f?(a) = . Since f has no fixed
points, #(R; — Rﬁ) is even. This completes the proof. O

Here we mention some results concerning with the Weyl group needed later.
The action of the Weyl group maps the restricted root system R onto itself ([5]).
We can see that, for any restricted roots a and § with the same length, there
exists an element s in the Weyl group such that § = sa by the classification of the
restricted root systems. In this case, m(8) = m(a) holds. In particular, if the
restricted root system R is one of the types A;, D;, Eg, E7 and Eg, then the Weyl
group acts transitively on R and all restricted roots have constant multiplicities,
since all restricted roots have the same length.

PROPOSITION 5.4. In the case where R is of type A;, an austere orbit is one
of the following except orbits through a restricted root vector:
(1) when 1=2, the orbit through H =2e; —es —e3 and the orbit through
el + ey — 2eg3,
(2) when 1l =3, the orbit through H = e1 + e3 — e3 — ey.

PROOF. In the case of R = A;, Ry is given by Ry = {e; —e; | © < j}. Since
all restricted roots have constant multiplicities, the condition (5.4) of Lemma 5.3
is always satisfied. From Lemma 5.3, without loss of generalities, we may assume
that H = +(a positive root) & (a positive root), since all restricted roots have the
same length. Moreover since any root can be translated to e; — es by the action of
the Weyl group, we may assume that H = (e; — e2) & (a positive root). The
positive root in the second term of H isone of e; —¢; (3 <14),e2 —¢; (3 <), e, —¢;
(3 <i<j).

In the case of H = (e —e2) £ (e1 —¢;) (3 <1), e; can be translated to e by
the action of an element of the Weyl group which fixes both e; and e;. Therefore
we can put

H:(el_GQ)i(el—eg):{(el_62)+<61_e3):2€1—62—33

(e1 —ey) — (e1 —e3) = —exg +e3  (root).
Similarly, in the case of H = (e; — e2) £ (e2 — ¢;) (3 < i), we can put

e1 — 2ey +e3 ~ e+ ey — 2e3

H=(e1 —e) £ (ea—e3) = { e —eg (root).
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Here, for Hi, H; € a, we express H; ~ Hy when H; can be translated to Hs by
some element of K. In other words, H; is equivalent to Hs under the action of the
Weyl group.

In the case of H = (e1 — e2) £ (e; — e;) (3 <@ < j), there exists an element of
the Weyl group which fixes e;, e; and translates e; to ez and e; to e4. Therefore we
can put

el +e3—ey—ey
H_(el—eg)i(€3—€4)_{

el +es— ey —es.
By the action of the Weyl group, these vectors are equivalent to e; + e — e3 — ey.
Consequently, it suffices to consider orbits through

H=2e; —ey—e3, e1+ey—2e3, 1 +ey —e3 — ey,

which have a possibility to be austere.

In the case of H = 2e; — ey — e3, the only possibility to be the form H =
(a positive root) = (a positive root) is H = (e; — e3) + (e; — e3). Thus, from Lem-
ma 5.3, the set Ry — Rﬁ must be

R+ - Rﬁ = {61 — €, €1 — 63}.

When [ > 3, since (e3 — eq, H) # 0, we have e3 —es € Ry — Rﬁ. This is a contra-
diction. Hence ! = 2 and then Ad(K)H is austere in S. Similarly, the orbit through
H = ey + e5 — 2e3 is also austere.

In the case of H =e; + ey —e3 — ey, possibilities to be the form H =
(a positive root) + (a positive root) are

H = (61 — 63) + (62 — 64) = (61 — 64) + (62 — 63).
Thus R, — Rf_ must satisfy
R+ - Rﬁ C {61 — €3, €2 — €4, €1 — €4, €3 — 63}'

When [ > 4, since (eq — e5, H) # 0, we have ey —e; € R} — Rﬁ. This is a contra-
diction. Hence [ = 3, and then Ad(K)H is austere in S. O

PROPOSITION 5.5.  In the case where R is of type Dy, an austere orbit is one
of the following except orbits through a restricted root vector:
(1) the orbit through H = ey,
(2) whenl =4, the orbits through H = e; + ea + e3 + €4, €1 + €3 + €3 — ey4.
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PROOF. In the case of R = D;, R, is given by Ry = {e; £ ¢, | i < j}. Since
all restricted roots have constant multiplicities, the condition (5.4) of Lemma 5.3
is always satisfied. It is easy to see that the orbit through e; (or its scalar multiple)
is austere. Therefore we consider other orbits. From Lemma 5.3, we can assume
H = £(a positive root) & (a positive root), since all restricted roots have the
same length. Since any root can be translated to e; + ey by the action of the Weyl
group, we can assume H = (e; + ey) & (a positive root). Furthermore any root
can be translated to one of

e1 ey, e +e3, ea+ey, €3+ ey, €3 — ey

by the action of elements of the Weyl group which fix e, es. Therefore H is one of
the following:

= (e1+e) £ (e —er) =21, 2e5 ~ 2ey,

2e1 + es + e3,

ey — e3 (root),

2es +e1 + eq4 ~ 2e1 + €3 + e3,

e1 — ey (root),

= (61+62):|:(61+63)—{

= (61+eg):|:(62+e4):{

=
\

(61+62):|:(63+64)N61+62+€3+64,
H = (e1+e)t(es—eq)~er+er+e3—ey.

Consequently, it suffices to consider orbits through
H=2e;+ey+es ei+ext+esteq, e +ete3—ey
which have a possibility to be austere.
In the case of H = 2e; + e5 + e3, the only possibility to be the form H =
(a positive root) = (a positive root) is
H=(e;+e)+ (e1 +e3).
Thus R, — Rﬁ must be

R+ - Rf_ = {61 +e2, €1 + 63}.

Since (e; — ey, H) # 0, we have e; — ey € Ry — Rﬁ. This is a contradiction. Hence
this orbit is not austere.
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In the case of H = e; + ey + e3 + ey, possibilities of the form H = (a positive
root) + (a positive root) are

H=(e;+e)+ (es+es) =(e1+e3)+ (ea+eq)=(er+eq)+ (e2+e3).
Thus R, — Rj‘_ must satisfy
R+ - R.% C {61 + €2, €3 + €4, €1 + €3, €2 + €4, €1 + €4, €2 + 63}~

When [ > 5, since {e4 + €5, H) # 0, we have e + e5 € Ry — Rﬁ. This is a contra-
diction. Hence I = 4, and then the orbit Ad(K)H is austere in S. In the case of
H = e; + e2 + e3 — ey, similarly we have | = 4, and then Ad(K)H is austere. [

PROPOSITION 5.6.  In the case where R is one of types B;, C; and BCj, an
austere orbit except orbits through restricted root vectors is the following:

When R = By where the multiplicities of the restricted roots are constant, the
orbit through

e1+ e

V2

H=¢e +

is austere. This orbit is a principal orbit.

REMARK 5.7. In the case of R = Bs, there exist two singular orbits and
these are not isometric. Hence from Proposition 2.9, a principal austere orbit in
Proposition 5.6 is not a weakly reflective submanifold.

PROOF. First we consider the case of R = B;, where R, ={e;, e; L ¢, |
i < j}. From Lemma 5.3, we can assume

o B
H= —4+ " , Ry).
Tl Sha (PR

i) When « and § are both short roots, we can put H = « & 3. Furthermore,
since any short root a can be translated to e; by the action of the Weyl group, we
can assume H = e; + 0. If 8 = e, then H = 2¢; and this is equivalent to the orbit
through a root vector. If 3 =e; (j > 2), then H = e; £ ¢, is a root vector.

ii) When « and ( are both long roots, we can put H = a £ 3. Since any long
root a can be translated to e; + ey by the action of the Weyl group, we can assume
H = (e; + e2) = 8. Furthermore ( can be translated to one of

B=ertey, e +e3 ex+e3 e3tey
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by the action of elements of the Weyl group which fix e; and es.
In the case of § = e; £ ey, H is equivalent to a root or zero vector.
In the case of B = e; + e3,

2e1 + ey + e3,

H=(e;+e)*(eg+e3)= {62 —e3  (root).

When H = 2e; + es + e3, the only possibility to be the form H = (a positive
root) + (a positive root) is H = (e; + €2) + (e +e3). Thus R, — RS must be
R, — R} ={e1 + e, e1 +e3}. On the other hand, since (e, H) # 0, we have
el € Ry — Rﬁ. This is a contradiction. Hence this orbit is not austere.

In the case of 0 = es + e3,

e1 + 2e9 + ez ~ 2e1 + es + e3,
H:(61—|—82):|:(62—|—63) =

e; —e3 (root).
In the case of B = e3 + ey,

e1 + e+ e3+ ey,

H = (e1 +e3) = (e3+eyq) z{
el +er—e3—eqg~e+e+e3t+ ey
In this case,
H=(e1+e)+ (es+es) =(e1+es)+ (ea+es) = (e1+eq)+ (ea+e3)
are possibilities to be the form H = a £ 3. Thus R, — Rﬁ must satisfy
R, — Rﬁ C{erten, esteq, e1+es, eateq, e1+eq, e2+e3}.
On the other hand, since (e;, H) # 0, we have e; € R, — Rﬁ. This is a contra-

diction. Hence this orbit is not austere.
iii) When « is a short root and g is a long root, we can assume a = e; and

H:eliﬁ where [ =-e; +eg, e+ e3.

V2

In the case of H = e; + %, if I > 3, then e3 € R, — R%. On the other hand,
there is no p € Ry such that
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H= n(63 + L)
[l

Thus we have [ = 2. In this case R, — Rﬁ = {e1, ez, e1 + €2, €1 —ez}. If we define
f:R.— R — Ry — R% by

f(@]) :€1+€2, f(62)261_627
then H satisfies the condition (5.3) of Lemma 5.3. Hence this orbit is austere if the

multiplicities of the restricted roots are constant.
In the case of H = e; — (e1 + e3)/V/2, we can express H as

- el e

Permuting e; and ey by the action of the Weyl group and replacing e; — —es, we
have that this orbit is equivalent to the orbit through

e+ e
H=¢e + .
1 \/5
In the case of 0 = ey + e3,
ey + e: ey + e:
H:eliuwel—‘,— 2 3

V2 V2

In this case e3 € R, — Rﬁ. On the other hand, there is no u € R, such that

H= n(eg + L)
[l

Hence this orbit is not austere.

Second we consider the case of R = (), where R, = {2e¢;, e; £ ¢;| ¢ < j}. For
this purpose we shall use the dual mapping and transfer the result of the case
R = By by the dual mapping. A mapping

a— {0} —a— {0} H —~ H' =

(H, H)
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is called a dual mapping. This maps a root system to a root system, more
precisely, a long root is moved to a short root and a short root is moved to a long
root. The root systems of type B; and C; are dual by this mapping, and other
irreducible root systems are self-dual. If there exists f which satisfies (5.3) for
H € a, then there exists f* which satisfies (5.3) for H*.

In the above discussion, in the case of R = B; (I > 3), we showed that there
are no austere orbits except orbits through a restricted root vector. Thus we also
have that there are no austere orbits except orbits through a restricted root vector
in the case of R=C; (I > 3). When [ =2, Cy = Bs.

Finally we shall consider the case of R = BC), where R, = {e;, 2¢;,
e; X e; | i < j}. From Lemma 5.3, we can put

o B
=24+ " (4 B3eR.)
fol S7a1 (PR

If ||a|| = ||8]|, then we can put H = a = 8. When « and f are both short roots or
both long roots, H is a scalar multiple of a root vector. When a and 3 are both
middle roots, we can assume « = e + e5 and

H=(e1+e)xp (B=e1+es ex+es, e3+eq).
By the action of the Weyl group, these are equivalent to
H=2e+4+e+e3, H=e +e+e3+ey
or a restricted root vector. In the case of H = 2e; + e3 + e3, we have [ = 3 and
R, — Rﬁ = {e1, e, €3, 2e1, 2eq, 2e3, €1 L g, €1 ez, €2+ e3}.

Since there is no f which satisfies (5.3), this orbit is not austere. In the case of
H =e; + ey +e3+ey4, we have | = 4 and

R_,_—Rﬁ = {ei,2€i|1§i§4}

U{er+ea, e1 +es3, e1+eq, ea+es, ea+eq, e3+eat}.

Since there is no f which satisfies (5.3), this orbit is not austere.

It remains the case where ||a|| < [|3|]. When « is a short root and § is a long
root, H is a scalar multiple of a root vector. By the dual mapping, we can identify
two cases, where « is a short root and ( is a middle root, and where « is a middle
root and  is a long root. Therefore we shall discuss the former. In this case, we
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can assume & = €1 and

H:eliﬂ where (=e; + ey, €+ e3.

V2

Similarly with the case of the restricted root system of type B,

er + e es +e3

H=e+———, H=¢e+
BRG] e

extes
V2

have a possibility to be austere. When H = e; + , we have [ = 3 and

A
Ry — R2 = {e1, ez, e3, 2e1, 269, 2e3, €1 £eg, €1 T ez, 3+ e3}.

Since there is no f which satisfies (5.3), this orbit is not austere. When
H = e; + (e1 + e3)/V/2, the orbit has a possibility to be austere if [ = 2. In this
case, the orbit is a principal orbit. This orbit is austere if the sum of the
multiplicities of long roots and short roots coincides with the multiplicity of
middle roots. From the classification of symmetric pairs, there does not exist such
a symmetric pair. ([

PROPOSITION 5.8.  In the case where R is of type Go, the orbit through

(65}
H=0+—=

V3

is the only austere orbit except orbits through a restricted root vector. This orbit is
a principal orbit.

REMARK 5.9. By the same discussion in Remark 5.7, this principal austere
orbit is not a weakly reflective submanifold from Proposition 2.9.

PROOF. The fundamental system F' of the restricted root system of type Gs
is given by F ={a; =e; — ey, ag = —2e; + €3 + e3} and the set R, of positive
roots is

o1 +ay = —e1 +e3, 201 + @ = —eg + e3, }

R+:FU
3a1 + as = e; — 2es +e3, 3a1 + 2a0 = —e; — es + 2e3

In the case of G, since all restricted roots have constant multiplicities, the
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condition (5.4) of Lemma 5.3 is always satisfied. From Lemma 5.3, we can put

e} Ié)
H="1" (a,p3€eR,.
fol Sha (PR

When « and 3 are both short roots, we can put H=a=+ 3 (a#f).
Furthermore, since any short root « can be translated to a; by the action of the
Weyl group, we can assume

H=o01+£83 where [=a;+ as, 201+ as.
In the case of 8 = ay + ao,
H=qa;+ (1 + ) =201 + a9, —a.
Then H is a root vector. In the case of 8 = 2aq + ano,
H=qa;+(2a; + @) =3a; + @z, —a1 — .

Then H is a root vector.

When « and § are both long roots, we can put H = a + 8 (« # (). Since any
long root a can be translated to as by the action of the Weyl group, we can
assume

H=oay+ 3 where S=3a;+ as, 3ai+ 2as.
In the case of 8 = 3aq + o,
H = ay+ (3a; + a2) = —3a1, 3a1 + 2as.
Then H is a scalar multiple of a root vector. In the case of 8 = 3a; + 2as,
H =+ (Ba; +2a2) = —3a; — ag, 3(a1 + ag).

Then H is a scalar multiple of a root vector.
When « is a short root and (3 is a long root, we can assume « = o7 and

H=ao+t ﬁ where (= as, 3a1 + as, 3ag + 2as.

V3

We note that the orbit though H is a principal orbit. In these cases, H is
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equivalent to a scalar multiple of a; + ozz/\/g by the action of the Weyl group. In
the case of H = a1 + (aa/V/3),

H 1 ( + n 30[1 +Oé2> 1 (2 i T 30(1 —|—2a2>
= [e% o = (67 « _— .
N R RV B2\ T

Thus from Lemma 5.3 this orbit is austere. This completes the proof. O

PROPOSITION 5.10.  In the case of R = F}, there are no austere orbits except
orbits through a restricted root vector.

PROOF. In this case R, is given by

1
R, = {ei}1§i§4 U{e; + ej}1§i<j§4 U {5 (et ey tes+ 64)}.

From Lemma 5.3, we can assume

o B
H=""1" (apBeR,.
Tl S7a (P E R

When « and 3 are both short roots, we can put H = « + (. In this case, since any
short root can be translated to e; by the action of the Weyl group, we can put

H=e £+ where B=¢; (i >2), —(ej ey teg+tey).

1
2
In the case of 3 = e;, H is a root vector. In the case of 5 = (1/2)(e; £ ex + e3 + €4).

e + %(61 + €92 + €3 + 64),

1
H:€1:|:—(€1:|:€2:|:€3:|:64): 1
2 sler £eafeztey) (aroot).

Thus we consider the case of H =e; + (1/2)(e; £ es £ e3teq). In this case,
(eq, H) # 0, however, there does not exist 8 € R, such that

)
H = — .
”(‘”‘i El

Hence from Lemma 5.3 this orbit is not austere.
When « and @ are both long root, we can assume H =e; + ey £e; tej
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(i < j). Moreover, we exclude H which is a scalar multiple of a root vector. Then
H=2e1+eyte;, e1+2e e (i =3,4).
The reflection s.,_., permutes e; and ey, and fixes e;, es. Therefore we can put
H =2e; + ey £es.

In this case, (e3, H) # 0, however, there does not exist § € R, such that

o P
H"(e‘*i ||5|>‘

Hence this orbit is not austere.
When « is a short root and (3 is a long root, we can put

:|:6i:|:€j 3 B
= 1<7).
7 (i <)

Moreover, by the action of the Weyl group we can assume

H:€1+

+es +e e+ e
H:el—|—¥ or Hzel—&—? 3

V2

In the case of H = e; + (e2 + e3)/v/2, we have (e, H) # 0. However, there does
not exist 8 € R, such that

)
H = +— .
”( 18]

Hence this orbit is not austere. In the case of H = e; + (£e; + e3)/v/2, we have
(es + e3, H) # 0. However, there does not exist 3 € R, such that

H=n(22% EJ'
”( NIRRT

Hence this orbit is not austere. O

PROPOSITION 5.11.  In the case of R = Eg, there are no austere orbits except
the orbits through a restricted root vector.

PROOF. In the case of R = Fg, R, is given by
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; : 1 - v(i
R+:{:I:ei—|—ej|1<z<y<8}U{§(eg+;(_1) @e,)

iu(z) € 2Z}.

i=1

Since all restricted roots have constant multiplicities, the condition (5.4) of
Lemma 5.3 is always satisfied. From Lemma 5.3, we can put H =e; + e +
where

:i:el + €9,
:|:€1:|:67j (3§’L§8)7

p=1{ teate (3<i<8),
:I:ei:I:ej (3§Z<]§8)7
I We (S8 v0) € 22),

i) In the case of 8 = +e; + ey,

€1+ e+ e +e=2(e; +e) (twice of a root),
- e1+ e+ ep — ey = 2eq,
61+62761+€2:262,

e1t+ey—e —ey=0.

When H = 2ey,

1 8 ,
R—R*={te+e;|2<j<8}U {i5(61 + 3 (=1)"e;)
=2

8
v(i) €2Z }
i=2
Then there does not exist € R, such that H = n(% Z?Zl e; £ 3). Hence this orbit
is not austere. When H = 2e, since the reflection s.,_., permutes e; and eq, this
orbit is equivalent to the orbit through H = 2e;. Hence this orbit is not austere.
ii) In the case of 8 = te; +¢; (3 <1 <8),

{261 —|—€2:|:6i7

es £e; (aroot).

The reflection s.,_., (i > 4) fixes e;, e2 and permutes e3 and e;. Thus the orbit
through H = 2e; + ey +¢; is equivalent to the orbit through H = 2e; + e £ e3.
Then (e} + e4, H) # 0, however, there does not exist § € R, such that H =
n(e; + eq = 3). Hence this orbit is not austere.
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iii) In the case of 8= tes +¢; (3 <1i < 8),

{61 + 2e; ey,

e1 £e; (aroot).

By the action of the Weyl group, the orbit through H = e; + 2es £ ¢; is equivalent
to the orbit through H = 2e; + e; £+ ¢;. Hence this orbit is not austere.
iv) In the case of = *e; £ e; (3 <i < j<8), we can assume

H=e¢+e tegtey.

Then (e; +e5, H) #0, however, there does not exist §€ R, such that
H =n(e; + e; = 3). Thus this orbit is not austere.
v) v-1) In the case of

1 8
8= 5 61—€2+Z W ; ZV ye2Z,
i=
then
1
H= 3 (e1 +€2+ ei) (aroot).
-2) In the case of
1 8 ‘ 8
B = 3 (—er+ex+ Z(—l)umei)y Zl/(@) €2Z+1,
=3 =3
then
1
H= 5614-3624-2 ez N—(361+62+Z el-).
=3
v-3) In the case of
1 8
B = §e1—32+ De,), > v(i)e2Z+1,
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then

1
— 361—|—€2+Z V(l

l\D

In this case, there exists an 7 such that v(i) = 1. Permuting e; and e3 by the action
of the Weyl group, we have

1 8 8
:5(361+€2—€3+Z(—1) Zl/ )e2Z.

i=4 i=4

Then (es —e3, H) #0, however, there does not exist S € R, such that
H = n(ey — e3 £ (). Thus this orbit is not austere.
vi) In the case of

then

H=—-(3e; +3es + Z ei).

=3

l\DI»—l

In this case (e; + e3, H) # 0, however, there does not exist § € R, such that
H = n(e; + e3 = ). Thus this orbit is not austere. O

PROPOSITION 5.12.  In the case of R = E7, there are no austere orbits except
the orbits through a restricted root vector.

PROOF. In the case of R = E7, all restricted roots have constant multi-
plicities. Thus the condition (5.4) of Lemma 5.3 is always satisfied. a =

{351 &ei | & = —¢& ) and

Ry ={fe;+e;|1<i<j<6}U{es—er}

1 6 6
U{5(63—67+;(— Zl/ €2Z+1}

i=1

From Lemma 5.3, we can assume H = e; — eg + (3 where
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:|:6i:|:6]' (1§Z<]S6),
| e —es + 20 (-1 ey).

In the case of = +e; £ e; (1 <4 < j <6), we take k such that 1 <k <6 and
k#i,j. Then e;+ e, € Ry and (H,ej+ e;) # 0, however, there does not exist
a € R such that H = n(e; + e, + o). Thus this orbit is not austere.

In the case of 3= +1(e7 —es + Z?:l(—l)l'(i)ei) then

I 13er —3es + 20 (—1)"ey),
s(er —es — Z?Zl(fl)umei) (a root).

Therefore it suffices to consider the case of H = (1/2)(3e7 — 3es + Z?Zl(fl)"(i)e,;).
In this case, either e; +e3 or e; — ey is an element of R, — Rﬁ. Denote this
element by a. Then there does not exist 5 € R, such that H = n(a £ 3). Hence
this orbit is not austere. This completes the proof. ([l

PROPOSITION 5.13.  In the case of R = Eg, there are no austere orbits except
orbits through a restricted root vector.

PROOF. In the case of R = Eg, all restricted roots have constant multi-
plicities. Thus the condition (5.4) of Lemma 5.3 is always satisfied. a =

{3 &ei | & = & = —&} and
Ry ={%e;+e;|1<i<j<5}

1 > v(i
U {5 (68 —er —eg+ Z(—l) ( >€7;)
P

5

v(i) € 2Z}.

i=1
From Lemma 5.3, we can assume H = e 4+ e; + § where

+(e; — eg),
terte; (3<i<5),
teite; (3<i<j<B),

(e —er — e + Yy (—1)"Vey).

i) In the case of 8 = +(e; — e2), then H = 2ey, 2¢5. For
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o= (68—67—66—1—614—62—}—63—64—65)ERJF—Rﬁ

N~

there does not exist 8 € R, such that H = n(«a 4 ). Thus this orbit is not
austere.
ii) In the case of 8 = ey +¢; (3 <1 <5), then

el + 2ey L ey,
H=e1+et+ete =
e1 £e; (root).

Therefore it suffices to consider the case of H = e; + 2e5 £ ¢;. In this case, for j
with 3 <j <5 and j# i, we have e; +¢; € Ry — Rﬁ. However, there does not
exist § € R, such that H = n(e; + e; & 8). Thus this orbit is not austere.

iii) In the case of 3 = +e; £e; (3 <i < j<5),then H =e; + ey e te;. For
kwith3 <k <bandk#1i,j, wehavee; +e;, € Ry — Rﬁ. However, there does not
exist § € Ry such that H = n(e; + e, £ 3). Thus this orbit is not austere.

iv) In the case of

hE

1 5 ;
B=+ 3 (es —er — e + Z(—l)"mei) where v(i) € 27,
i=1 i=1
then
1 5 )
H = e+ e + 5 (68 —e7 — e+ ;(—1)11(1)@).
Here

1 - :
el +es+ 5 (es—er—eg—er —ex + Zz:;(_l)m)ei)v
H= 5
1 > :
1 o _ ),
e+ e 5 (es —er —ec +e1+ex+ ;( 1)"Ve;)

are root vectors.
In the case of
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1 > :
e + e+ 5 (68 — €7 — €4 + e —ey + ;(—l)u(l)ei),

1 2 ,
e1+es+—(eg—er—eg—ep + e+ (—1)1/(2)61'),
oo 2 =3
1 5 )
el +ey — 3 (es —er —es+e1 —ex + Z(—l)”mei),

=3

5

1 (i
e +e — 5 (68 —er—eg—e; + e+ Z(—l)’< )ei),
=3

we have (e; — ey, H) #0. However there does not exist € R, such that
H = n(e; — eo = ). Thus this orbit is not austere.
Finally, in the case of

1 5 )
61+62+*(68—67—66+61+€2+ (—1)V<Z)67;),
H— 2 if3
1 2 ;
e1+e3 — 3 (es —er —eg— e —eg + ;(—1)”<Z)ei)

we have (e; +e3, H) #0. However there does not exist € Ry such that
H =n(e; + e3 = 3). Thus this orbit is not austere. This completes the proof. O

By discussions above, we completed the proof of Theorem 5.1 and Theorem
4.1.

6. Miscellaneous results.

In this section, we shall concern with some results on weakly reflective
submanifolds besides orbits of s-representations.

PROPOSITION 6.1. Let My and My be weakly reflective submanifolds in
Riemannian manifolds My and M,y, respectively. Then My x My is a weakly
reflective submanifold in My x M.

PROOF. We take (x1,22) € M; X My and a normal vector (£1,&) €
Téhw?)(Ml x My). Let o¢, and og, be reflections of M; and M, in M, and ]\:42
with respect to §; and &, respectively. Then o¢, X o¢, is an isometry of M; x M»
and satisfies
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(06, X 0g,) (w1, 22) = (21, 22),
d(afl X 052)(;51,1'2)(51752) = _(51152)7
(051 X 0'52)(M1 X MQ) = M1 X MQ.

Thus M; x Ms is a weakly reflective submanifold in M x M. O

The following proposition states that the cone over a weakly reflective
submanifold in a sphere is also a weakly reflective submanifold in a Euclidean
space.

PROPOSITION 6.2. Let M be a weakly reflective submanifold in a unit sphere
S"=1(1). Then the cone

CM)={tz|te R, t>0, z€ M}
over M is a weakly reflective submanifold in a Euclidean space R".
PrROOF. Fix z € M. We note that for arbitrary ¢t € R (¢t > 0), we have
Ty (C(M)) = T, M C T.8" (1)
For £ € T+ M, a reflection o¢ of M with respect to £ satisfies
og(z) =z, (dog),§= - oe(M)=M.

Since o¢ is an isometry of S"7!(1), it can be expressed as an orthogonal matrix.
Thus o¢ acts on R" and satisfies

o¢(tx) = toe(z) =tx, (dog),&=—¢€.
In addition, for 2’ € M, t' € R, ' > 0, we have
Jg(t/x/) = tlgg(l‘l) S C(M)

Therefore o¢(C(M)) = C(M). Hence C(M) is a weakly reflective submanifold in
R". O

Next we shall describe the relationship between weakly reflective submani-
folds in an odd dimensional sphere and in a complex projective space.

PROPOSITION 6.3. Let M be a weakly reflective submanifold in the hyper-
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sphere S ¢ C"™'. If M is invariant under the U(1)-action, that is the multi-
plication of ¢ on C"™, and if a reflection of M with respect to each normal vector
is a unitary transformation, then the image P(M) of M is a weakly reflective
submanifold in CP", where P is the natural projection P: S — CP".

PROOF. By the definition of P, T, (U(1)z) = kerdP, at each point z € S.
Thus dP, : T+(U(1)x) — T,(CP") is an isometric linear isomorphism. Since M is
invariant under the U(1)-action, P(M) is a submanifold in C'P". Moreover, since
T.(Ul)z) C T,M for z € M, we have T+(U(1)z) D T;*M. Thus dP, : T+ M —
Ti@
of M with respect to £ € T;-M. From the assumption, o¢ is a unitary trans-
formation of C"*'. Hence o¢ induces an isometry of CP". Since o¢(z) = 2 and
o0e(M) =M, we have o¢(P(z)) = P(z) and o¢(P(M)) = P(M). In addition we
have

)(P(M )) also gives an isometric linear isomorphism. Let o, denote a reflection

dog(dPy(8)) = d(og o P),(£) = d(P o o), (€)
= dP,0¢(&) = dP,(—€) = —dP,(€).

Thus o¢ is a reflection of P(M) with respect to a normal vector dP,(§) at P(x).
Hence P(M) is a weakly reflective submanifold in C'P". O

COROLLARY 6.4. An orbit of the s-representation of an irreducible compact
Hermitian symmetric pair through a restricted root vector induces a weakly
reflective submanifold in a complex projective space.

PROOF. The center of the linear isotropy subgroup of an irreducible
compact Hermitian symmetric pair is U(1) ([5]). Thus all orbits are invariant
under U(1). Furthermore an orbit in the hypersphere S through a restricted root
vector is a weakly reflective submanifold. From the proof of Proposition 4.4, a
reflection of an orbit through a restricted root vector with respect to each normal
vector is a unitary transformation. Hence, from Proposition 6.3, we have the
conclusion. O
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