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Abstract. We apply Donaldson-Auroux’s asymptotically holomorphic meth-
ods to construct asymptotically holomorphic embeddings of presymplectic closed
manifolds of constant rank with integral form into Grassmannians Gr(r, N). In par-
ticular, we obtain asymptotically holomorphic embeddings into the projective spaces
CPN~1 such that the pull-back of the Fubini-Study form is cohomologous to kw/27
for large integers k. Moreover, we can construct asymptotically holomorphic immer-
sions along the symplectic distribution of presymplectic manifolds into the projective
spaces.

1. Introduction.

Donaldson provided an asymptotically holomorphic method to extend the
notion of ampleness in Kéhler geometry to general symplectic manifolds [3].
Let (M,w) be a 2n-dimensional symplectic manifold with integral form w, i.e.
[w/2m] € H*(M, R) lifts to an integral cohomology class. For any fixed such lift
h € H?(M, Z), he showed that there exist symplectic submanifolds of M which
realize the Poincaré dual of kh, for all k large enough. These submanifolds are
constructed as the zero sets of asymptotically holomorphic sections of a complex
line bundle L®* with ¢;(L) = h. Auroux generalized Donaldson’s method to the
case of one-parameter families of asymptotically holomorphic sections of vector
bundles £ ® L®* for any Hermitian bundle E over M [1].

There has been much success in symplectic geometry by applying Donaldson-
Auroux’s asymptotically holomorphic methods. V. Mufioz, F. Presas and 1. Sols
proved that there exists an asymptotically holomorphic embedding of any 2n-
dimensional symplectic closed manifold (M,w) with integral form w into the pro-
jective space CP2?"*! such that the pull-back of the Fubini-Study form is cohomol-
ogous to kw /27 for large integers k [8]. They also proved a similar result in contact
geometry [9]. These results are analogous to the Kodaira embedding theorem.
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In this paper, we introduce presymplectic manifolds as a generalization of
symplectic manifolds and apply Donaldson-Auroux’s asymptotically holomorphic
technique to presymplectic manifolds. We show that there exist asymptotically
holomorphic immersions along the symplectic distribution of (2n + £)-dimensional
presymplectic closed manifolds with an integral presymplectic form into the
(2n 4+ £)-dimensional projective space CP?"+¢,

DEFINITION 1. Let M be a C*°-manifold of dimension (2n + ¢) for integers
n >0 and £ > 0. A closed 2-form w on M is a presymplectic form of rank 2n if
w? # 0 and w?*! = 0 for all z € M. We call (M,w) a presymplectic manifold of
rank 2n.

Let (M,w) be a presymplectic manifold of rank 2n. Then the ¢-dimensional
distribution F' = {v € TM | i(v)w = 0} is integrable since w is closed. Such a dis-
tribution F' is called the characteristic distribution. We choose a complementary
subbundle W C TM to F. The 2n-dimensional distribution W is a symplectic
distribution with the restricted form w. We can always find almost complex struc-
tures on W compatible with w. We call such a structure J an almost pre-complex
structure on M with respect to the symplectic distribution W. Moreover we obtain
the Riemannian metric g on M with the orthogonal decomposition TM = W @4 F,
such that g restricted to W is compatible for J and w. The pair (J, g) is said to
be a pre-compatible pair on (M,w).

Given a pre-compatible pair (J,g), we define an operator d which acts on
any map ¢ from M to a complex manifold X as the anti-holomorphic part of the
derivative d¢ restricted to W. To define asymptotically holomorphicity of sequence
of maps we use a sequence of the rescaled metrics g, = kg for integers k.

DEFINITION 2. Let (X, Jx, gx) be a Kdhler manifold with an integral K&hler
class. A sequence of maps ¢ : M — X is an asymptotically holomorphic sequence
of maps if there exist constants C}, which are independent on k, such that

[VP0k|, < Cpy [ VP71 00k|, <y
for all p > 1, where V is the covariant derivative with respect to g and the Kéahler
metric gx. A sequence of maps ¢ : M — X is an asymptotically holomorphic
sequence of immersions along W if ¢, is an asymptotically holomorphic sequence
of maps and there exists a constant v > 0 which is independent of k, satisfying
that d¢y is non-degenerate on W and

dér|lw : Wz — Ty2)X has a left inverse 6y, whose norm is less than ~~1

at every point x € M.
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A sequence of embeddings ¢ : M — X is an asymptotically holomorphic sequence
of embeddings if ¢ is an asymptotically holomorphic sequence of maps and there
exists a constant 7/ > 0 which is independent of k, satisfying that

1

doy : Ty M — Ty) X has a left inverse 6 whose norm is less than ~'~1 at

every point x € M.
We construct the following maps to the projective space of dimension 2n + ¢:

THEOREM 1. Let (M,w) be a (2n+¢)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J,g) and an integral form w. Then
there exist asymptotically holomorphic sequences of immersions ¢y, : M — CPn+t
along the symplectic distribution W with [¢pjwrs] = [kw/2w] for large integers k.

The following theorem is a generalization of Kodaira embedding theorem to
presymplectic manifolds:

THEOREM 2. Let (M, w) be a (2n+¢)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J,g) and an integral form w. Then
there exist asymptotically holomorphic sequences of embeddings ¢ : M — CP™
with [prwrs] = [kw/27] for large integers k where m = 2n + max {2¢,1}.

Let L be a complex line bundle with ¢;(L) an integral lift of [w/27] and
% — Gr(r,N) the universal bundle of rank r over the Grassmannian. Then

we construct asymptotically holomorphic sequences of maps to Grassmannians
Gr(r,N):

THEOREM 3. Let (M, w) be a (2n+)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J,g) and an integral form w. Suppose
that E — M is a Hermitian vector bundle of rank v and N is a positive integer
satisfying N > n+ L+ 71 and (N —r) > 2n + €. Then there exist asymptot-
ically holomorphic sequences of immersions ¢ : M — Gr(r,N) along W with
¢t % = E ® L% for large integers k.

THEOREM 4. Let (M, w) be a (2n+¢)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J,g) and an integral form w. Suppose
that E — M 1is a Hermitian vector bundle of rank r and N is a positive in-
teger satisfying N > n+ €+ r and (N —r) > 2n + max{2¢,1}. Then there
exist asymptotically holomorphic sequences of embeddings ¢y, : M — Gr(r, N) with
¢r% = E @ L for large integers k.

The above constructions are independent of the choice of pre-compatible pairs
in the following sense:
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THEOREM 5.  Let (J;, g;) be a pre-compatible pair and ¢; i, an asymptotically
holomorphic sequence of maps as in Theorem 1, Theorem 2, Theorem 3 and The-
orem 4 fori=0,1. Then ¢ox and ¢1 1 are isotopic for sufficiently large integers
k.

We say that ¢o and ¢, are isotopic (cf. [8]) if there exists a homotopy
{#t,k}1ef0,1] such that ¢ is an asymptotically holomorphic sequence of maps for
each t.

V. Munoz, F. Presas and I. Sols have proved above results in the case of
¢ = 0 (the symplectic case) [8]. In the case of £ = 1, a stronger, from the view of
the dimension of projective spaces, result has been obtained by A. Ibort and D.
Martinez [6]. However it seems to be difficult to show the isotopic uniqueness (as
in Theorem 5) by their method.

We consider Theorem 2 as an analogue of Kodaira embedding theorem to
presymplectic geometry. Narasimhan and Ramanan showed that any integral
closed 2-form on a compact manifold is the pull-back of the Fubini-Study form
by a map into the projective space [10]. In our result (Theorem 2) the pull-back
of the Fubini-Study form by the asymptotically holomorphic embedding is not
necessary the presymplectic form. However, the dimension of the projective space
in our result is smaller than that of Narasimhan and Ramanan’s embedding.

In section 2, we provide a definition of an asymptotically holomorphic section
of the k-th tensor L®F of the complex line bundle L in presymplectic manifolds.
In the case of £ > 2, transversality problems of asymptotically holomorphic sec-
tions in presymplectic geometry are difficult since we cannot directly apply the
Donaldson-Auroux’s transversality theorem to asymptotically holomorphic func-
tions in presymplectic manifolds. To overcome this problem we coisotropically em-
bedd a presymplectic manifold (M,w) into the symplectic manifold (X, ) where
X is a neighbourhood of the zero section of the dual bundle F*. There exists a
complex line bundle L over X such that [~/| »m = L. Then we see that any asymptot-
ically holomorphic section 5 of the vector bundles C™ ! @ L®* on (X, Q) induces
an asymptotically holomorphic section s;, of C™ " ® L®* on (M,w) where C™ "
denotes the trivial complex line bundle of rank m + 1. We solve the transversality
problems of the asymptotically holomorphic sections s in presymplectic geometry
by applying Donaldson-Auroux’s theory to asymptotically holomorphic sections §j
on the symplectic manifold (X, ).

In section 3, we perturb asymptotically holomorphic sections s to be projec-
tizable and non-degenerate on X. Then the induced section sy, is also projectizable
and non-degenerate on M and we obtain the asymptotically holomorphic embed-
dings as the projectization P(sy): M — CP™. Thus we prove the asymptotically
holomorphic embedding theorems (Theorem 2 and Theorem 4).
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In section 4, we improve the argument of the perturbation in previous embed-
ding theorems by using relative Darboux coordinates. Then we can construct
asymptotically holomorphic projectizable sections s which is non-degenerate
along W. It is a strongly estimated transversality theorem along W for a sequence
of asymptotically holomorphic sections. Therefore we have the asymptotically
holomorphic immersion P(sy) along W (Theorem 1 and Theorem 3). Finally, we
show Theorem 5 by using the construction of one-parameter families of relative
asymptotically holomorphic sections.

ACKNOWLEDGEMENTS. The author is grateful to Professor R. Goto for use-
ful suggestions and advice. He thanks the referee for useful comments. This work
is financially supported by the 21st Century COE Program.

2. Asymptotically holomorphic theory in presymplectic geometry.

In this section, we provide definition of an asymptotically holomorphic se-
quence of sections over presymplectic manifolds and construct such sections.

2.1. Asymptotically holomorphic section.

Let (M, w) be a presymplectic manifold of rank 2n and (J, g) a pre-compatible
pair. Then there exists the decomposition W* @ C = W @ W%! by the almost
pre-complex structure J. We also have the decomposition

W o E=wy"owy' (1)
for any complex vector bundle E. Hence (1) gives rise to the decomposition

T*"M@E= (W&, F)*®FE
= (W* © E) @, (F* ® E)
=W’ &, Wy &, (F* ® E). (2)

The last decomposition (2) yields projections

pg: T"M®E - W*®FE (3)
W E— Wy (4)
G W E— wyl. (5)

Given a connection V, then we define ds and Os for any section s of E as
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follows:

Os = q},’o 0 pg(Vs)
ds = ¢ opy(Vs).

It denotes that ds and Js are sections of Wé’o and W]g’l, respectively.

DEFINITION 3. A sequence of sections s; of Hermitian bundles Ej with
a compatible connection over M is called asymptotically J-holomorphic if there
exists a family of constants C, such that

sk < Co, [VPsi], <Cpy [P 1Osk], < CpkTE, p>1

for all non-negative integers k large enough, where the covariant derivative V is
defined by Levi-Civita connection for g and the connection on F.

REMARK 1. Let (X, Jy) be a complex manifold and ¢ a map from M to
X. We consider E as the pull-back bundle ¢~!TX. Applying (3), (4) and (5), we
have operators

9¢ = " o py(do)
¢ = 4" o py(d)

where the derivative dg € T'(M,T*M ® ¢ 'TX).

We consider a sequence of sections with good bounds by the rescaled metric
9k:

DEFINITION 4. Let Fjy be Hermitian bundles with a connection. A sequence
of sections s of Ej has Gaussian decay in C"-norm away from the point ©z € M
if there exists a polynomial P and a constant A > 0 such that for all y € M,
Ik (W] [Vse(W)|gis - - IV sk(y)]g. are bounded by P(dy(z,y))exp(—Adi(z,vy)),
where P and A are independent on k, and dj, is the distance by gy.

2.2. Local theory.

We denote by M the product space C™ x R’ of the complex space C™ and
the Euclidean space R? with the coordinates (2.2t ,t9). Let wp be the
2-form £ 377, dz/ Adz’ and go the standard Riemannian metric Y7 d27dz7 +
Z?:l dtidt’ on My. The pair (M,wp) is a presymplectic manifold of rank 2n. By
Darboux’s theorem for presymplectic manifolds (see Section 7. Chapter III [7]),
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a presymplectic manifold of rank 2n is locally isomorphic to the standard model
(Mp,wp). We have the characteristic distribution

Fy = {1) € T My | i(v)wo = 0}
on My and the orthogonal decomposition

TMy =Wy, Dy, Fy

with respect to the metric gy where Wy is the orthogonal complement to Fy. The
vector bundles F;, and Wj, are spanned by the vector fields {%, ey a%f} and
{8%17 e 8%}, respectively.

We denote by Jy the almost pre-complex structure defined by the metric go
and the presymplectic form wy.

In general, for a pre-compatible pair (J,g) on My there exists a subbundle
W C TMy over My which is orthogonal to Fjy with respect to the metric g. Pre-
compatible pairs (J,g) and (Jo, go) on My induce two operators 04 and 0y, g,
respectively. Then we have following relations for any section o of a complex

vector bundle £ with a connection over Mj:
01,90 = 015,900 + (V)
a],gO' = (5]07500 + ,LL{LQ(VO')

Vwo = Vw,o + (/‘Jyg + M{Lg)(vg)

where

10 1,0

Hig =4y ©Pg — 4z, ©Pgo
/ _ 0,1 0,1

l’LJ7g_qJ Opg_QJO opgo

are sections of End(T* My ® &).
Now we only consider a pre-compatible pair (J, g) satisfying

J(0) = Jo(0), g(0) = go(0)
at the origin 0 of M. In other words, sections 17, and u; , vanish at the origin.

Then for the product space B2” x B of the unit balls of C™ and R’ with center
0 there exists a constant C' > 0 such that
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(= 8)| < Cl(z D), [V(zt)] < C
W (28] < Clz D), [V (2,8)] < ©

for (2,t) € B® x BY C My, where the connection V is the Levi-Civita connection

for g and the norm is defined by g.
We define §, : p~1(B?" x BY) — B?" x B as the dilation

dp(2,1) = (pz, pt)

for a real number p > 0. Denote i and i’ by the pull-back of the sections

6" (IUJ,g)
6*

ii
i (1l 4)-

)

Then there exists a constant C' > 0 such that

L V)] < Cp
L Vi (5] < Cp

[a(z,1)] < Cpl(z,1)
i (z,1)] < Cpl(2,t)
(i + i')(z, 1) < Cpl(2,1)

In the case p = k2 for an integer k > 0 we have
10971 = 100,901 + O(k#|Vor])
|5ngcr| = |6J07g00'| + O(k‘ié‘VUD

\Vwa| = Vo] + Ok~ 2|Vl

, IV(E+ ) (z,)] < Cp.

for any section o of a complex vector bundle ¢ with a connection over k2 (B2" x BY).

Let (M,w) be a compact presymplectic manifold of rank 2n of dimension
2n + ¢ with a pre-compatible pair (J, g). We denote by By, (z,c) the ball of radius
c around z in M with respect to gr = kg and by B(0, ¢') the ball of radius ¢’ with

respect to the standard metric go around the origin 0 of M.

As in the case with the symplectic geometry, Darboux coordinates for the

presymplectic form kw play an important role to construct asymptotically holo-
morphic sections on presymplectic manifolds. A universal constant is defined as a

number which is independent of integers k and any point = of M.
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LEMMA 1. Forx € M and an integer k > 0, there exist local Darbouz coor-
dinates (2}, ..., 20 th, ..., th) = @) : (M,z) — (C™ x R",0) for the presymplectic
form kw such that for universal constants c, ¢’ and integers r > 1,

L |®4(y)|” = O(dr(w,y)?) on By, (,0).
2. |vrq>,;1|gk = 0O(1) on B(0,c).
3. |(§<I>;1(zk,tk)’ :O(k_%|zk,tk|) and ‘V’“‘létbgllgk:O(k_%) on B(0,c),

9k

where 0 is the operator induced by J and the standard complex structure J.

Moreover, given a one-parameter family of pre-compatible pairs (Ji, gt)iefo,1)
and a one-parameter family of points (Tt)ie(0,1], there exists a one-parameter fam-
ily of local Darbouz coordinates {®; j, : (M, z;) — (C" x R, 0) }+ef0,1) which depend
continuously on t and satisfy the same properties.

PROOF.  This proof is similar to that of Lemma 3 in [2]. By using Darboux’s
theorem for the presymplectic form w (Theorem 3.4.5 in [11]), there exist a neigh-
bourhood U, C M of z and a local diffeomorphism ® : U, — V; € C" x R’
such that ®*wy = w. The pull-back ((®71)*J,(®~1)*g) is the pre-compatible
pair on V. We can construct a linear transformation ¥ : Vj — Vj such that
(®71)*g(0) = ¥*g(0) and ¥*wy = wy. Then ¥ satisfies (@71)*.J(0) = ¥*.Jy(0).
Hence we have the diffeomorphism $o® : U, — Vj such that (Po®)*Jy(z) = J(x)
and (Vo ®)*wy = w.

For simplicity we write ® instead of ¥ o®. Then it follows from (®~1)*.J(0) =
Jo(0) 9®&~1(0) = 0. Since M is compact, ® can be chosen so that the derivative
of ®~! is bounded by a universal constant:

Ve, = O(1).

Define ®; = §, 1 o ® then we have 0®.'(0) = 0 and |V®, ', = O(1). In
addition |V"®; |, = O(1) and |V"0®; |, = O(k~Y/2) for r < 1. Tt follows that
00, 5, = Ok~ 2|z, 1))

For a one-parameter family of the pairs (J¢, g:):e[0,1] and points (2¢):eo,1] we
obtain a one-parameter family of linear transformations (¥;);cjo,1; and Darboux
charts (®¢):co,1] for w with ®;(z;) = 0, such that (V; o ®;)*wp = w and (¥; o
®4)*Jo(x) = Ji(z). We define @, = 5k o ¥, o &, and it finishes the proof. O

1
2

We consider local properties of a sequence of sections s; of Hermitian bundles
Ey over M with a connection. Now we may suppose that a trivialization of Ej
includes the ball By, (z,c). Since the Darboux chart ® is constructed by compo-
sition ® with a rescaled map 6 1 of order k=2, the equations (6), (7) and (8) in
previous subsection imply the estimates
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10sg5k],, < C|0s0,g05%] + k72 Vsi]) (9)
|0sg5k],, < C(|0s0.905%] + k2| Visi]) (10)
[Vwse|,, < C(|Vwgsi| + k2| Vi) (11)

on By, (x,c), where the sections s, on the right hand side are identified with
sections over the ball ®(B,, (z,c)) in C" x R’ by ®;. The larger k grows, the
closer the operators 9, 0 and Vy become to 0y, 40, .90 and Vyy, on the ball
By, (x,c). The reason why this happens is the situation that (J, g) is sufficiently
close to (Jy,go) for large integer k on the ball By, (x,c). This is the idea of
asymptotically holomorphic theory in presymplectic geometry.

2.3. Construction of asymptotically holomorphic sections.

In this subsection, we see that an asymptotically holomorphic sequence of
sections on a certain symplectic manifold induces the asymptotically holomorphic
sequence of sections on (M, w).

PROPOSITION 1 (Gotay [5]). Let (M,w) be a closed presymplectic manifold
of rank 2n of dimension 2n+£. Then there exist a symplectic manifold (X,Q) and
a coisotropic embedding i : M — X, i.e., X is a 2(n + {£)-dimensional manifold
and i*Q) = w.

The symplectic manifold X is obtained as a tubular neighbourhood of the
zero section of the dual bundle of the characteristic distribution F'. The symplectic
form Q is constructed with Weinstein’s technique [12]. Then Q|5; splits as w +
S ydsi Adti on TX |y =W & F & F* where {32r,..., 2%} and {g2r,..., 52}
are local frames of F' and F™*, respectively.

Given a pre-compatible pair (J, g) on M, then we obtain a Riemannian metric
g on X such that i*g = g and TM ®z F* over M. In addition, we also have
an almost complex structure J on X which is compatible for Q and §g. Then
the endmorphism i*J on W is well-defined and satisfies i*J = J. For a one-
parameter family of pre-compatible pairs {(J;, g¢) }+e[0,1] there exists the family
{(Jt, Ge) }eepo,1y-

From now on, we fix the symplectic manifold (X, §2), the Riemannian metric
g and the almost complex structure J on X for the presymplectic manifold (M, w)
with the pre-compatible pair (J, g). In the one-parameter case, {(Jt,gt)}te[oyl] is
fixed. We have appropriate Darboux coordinates which are compatible for the
coisotropic embedding i : M — X.

LEMMA 2 ([11, Theorem 3.4.10]). Let M be a coisotropic submanifold of
codimension £ of a 2(n + £)-dimensional symplectic manifold (X,Q). Then for
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any ¥ € M there exist local Darbouz coordinates (z',... 2" w',... 7w‘z) =& :
(X,z) — (C™ x C*0) for the symplectic form Q such that ® = *® is given
by Darbouz coordinates (z',... 2" t', ... t") : (M,z) — (C™ x R*,0) for the
presymplectic form w with t7 = Re(w?).

Moreover we produce following relative Darboux coordinates for the symplec-
tic form k€2 and presymplectic form kw.

PROPOSITION 2. Forxz € M and an integer k > 0, there exists local Darbouz
coordinates (zp, ..., 20wk, ..., wk) = dy : (X, ) — (C™x C*,0) for the symplec-
tic form kS such that ®, = i*®), = (2, 2t ) (M, z) — (C™ x R,0)
is Darboux coordinates for the presymplectic form kw, where ti = Re(wi) for
1 < j < ¥, and for universal constants c, ¢’ and integers r > 1,

L [k (y)|” = O(dr(z,y)?) on By, (x,c).
2. |V7'<I>,:1‘gk = O0(1) on B(0,c).
5 &— _1 1R f— 1
3. 1050 (2 wi) |, = O(k™ 2|z, wi|) and [V7719;01 . = O(k™2) on
B(0,c).
5 a— _1 15 e _1
4. |8J<I>k1(zk,tk)’gk = O(k 2\zk,tk|) and |V 13J<I>k1|gk = O(k 2) on
B(0,c) N ¢ (M),
where 5j (resp. Oj) is the operator induced by J (resp. J) and the standard
complex (resp. almost pre-complex) structure Jo in C™ x C* (resp. C™ x RY).
Moreover, given a one-parameter family of pre-compatible pairs
{(Jt,9t) }eeo,1) and a one-parameter family of points (xt)iep,1) of M, there
exists a one-parameter family of Darboux coordinates {ét,k}te[o,l} which depend
continuously on t and satisfy the same properties.

| 2

PrOOF. For the Darboux chart ® in Lemma 2, the pull-back
((®=1)*J, (®~1)*§) is the pair of the complex structure and the Riemannian met-
ric on a neighbourhood Vi € C™ x C* of the origin 0, respectively. Then we can
construct a linear transformation W : Vy — Vj such that (®~1)*§(0) = ¥*§o(0)
and U*Qy = Qy, where gy is the standard Riemannian metric on Vo. In addi-
tion, ¥ can be chosen to satisfy ¥(Im(w)) = Im(w) and T*wy = wy. We have
(®~1)*J(0) = ¥*Jo(0) and (®~1)*J(0) = W*Jy(0). Therefore the composition
T o & satisfies (U o ®)*Jo(x) = J(x) and (¥ o ®)*Jy(z) = J(z). We define
o) = 51& oW o ®. Then it follows from the proof of Lemma 1 that ®,, satisfies the
conditions 1, 2, 3 and 4. This completes the proof in non-parameter case.

For one-parameter families of the pairs (J, g¢)1e[0,1) and points (24)se[0,1) we
only need to apply the above discussion to a one-parameter family of relative
Darboux charts ((i)t)te[o,l] for Q and w with ®;(x;) = 0. Hence it finishes the
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proof. O

Since w is integral, then so € is. Moreover, for any lift h of [w/27] we can
select L — X a Hermitian line bundle with L|y; = L. A compatible connection
on L with curvature —iQ can also be fixed.

Now, we recall the Donaldson’s construction of asymptotically holomorphic
sections over symplectic manifold. For x € M asymptotically holomorphic local

sections §f€ei are constructed from a local section
,

5o = e~ U2k l*+lwe|*) /4

of a trivial line bundle & over C™**. Therefore we define a local section
Sick = 21(Brdo)

of L®* over M, where [3; are appropriate cut-off functions. In the one-parameter

: : sref _ H* d
case, we define a one-parameter family of local sections §;% , = @t)k(ﬂkao) where

{&)t,k}te[o,l] is a one-parameter family of relative Darboux charts. Then 5}262, have

Gaussian decay in C"-norm away from z such that |§§fi| > con a ball By, (z,1)

of gp-radius 1 centered at x. In the one-parameter case, §§e,£u satisfy the same
properties. According to Donaldson, we can choose a “lattice” of points A in M

such that

(1) M= UPiGABQk (pi7 1)7
(ii) EpiEA di(pi,q)"er(pi,q) < C for any g € M and r =0,1,2,3,

where eg(-,q) is the function on M such that ex(p,q) = exp(—%dk(p, q)?) if
dk(p,q) < ki and ex(p,q) = 0 if di(p,q) < ki for p € M. Then we obtain a
sequence of asymptotically holomorphic global sections

=) widi, (12)

pi €A

of L®* over X, where the each w; is a complex number with |w;| < 1. It follows
from Donaldson’s computations (see Section 3 in [3]) that 5 is a sequence of
asymptotically holomorphic sections of L&¥. Moreover we can construct a sequence

of asymptotically holomorphic sections of L®* @ E over X for any Hermitian

bundle F by considering the local sections (wzléff;l, . ,wgéfj’;) with complex

-
W)

vectors w; = (w} !

R

) such that [Jw;|| < 1. For a one-parameter family of
points (z¢)¢c[o,1) we obtain a one-parameter family of sections {5 1 };e[0,1] by using
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the one-parameter family of the local sections {st A pl}te[o 1) instead of sref (see
Section 3 in [1]). Therefore we have

PROPOSITION 3. Let E be a Hermitian bundle with a compatible connection
over X. There exists a sequence of asymptotically holomorphic (non-trivial) sec-
tions S of the Hermitian vector bundles L®*QE. Moreover, given a one-parameter
family of pre-compatible pairs (Ji, gi)iejo.1), there exists a one-parameter family of
asymptotically holomorphic sections 8, j, which depend continuously on t.

LEMMA 3. Let E be a Hermitian bundle with a compatible connection over
X. If a sequence of sections 8, of L®* @ E is asymptotically holomorphic, then a
sequence of pull-back sections i*3), of L2*®i*E is also asymptotically holomorphic.

PROOF. Let § be a section of E over X and s the pull-back section i*§ over
M. Then we have

i*(V3) = Vs + (V3)*

where (V3)* is the restriction of V3|y to TM* @ E. It follows that ||[Vs||, <
V5|l on M. Iterating this argument to V"3, we obtain

I s]

Cr.g
on M. For the holomorphic part 95, we also have
i*(08) = s + (03)*
Hence it follows that
19sllcr.g < 105]lcr 5

on M, and the proof is finished. O
The following corollary follows from Proposition 3 and Lemma 3.

COROLLARY 1. Let (M,w) be a closed presymplectic manifold of rank 2n
and w integral. Given a pre-compatible pair (J,g), then there exist sequences of
asymptotically holomorphic sections si, of the Hermitian bundles L®* @ E for any
Hermitian bundle E with a compatible connection.

Moreover, given a one-parameter family of pre-compatible pairs (Js, gt)iefo,1],
there exists a one-parameter family of asymptotically holomorphic sections s
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which depend continuously on t.

Asymptotically holomorphic sections 5y constructed as in (12) which depend
on choices of w; with |w;| < 1. Then we can take a appropriate constant w; so that
S satisfies the properties relating transversality, and prove our main theorems in
Section 3 and 4.

REMARK 2. In the above construction, the support of each section 5262 con-
tains the open ball Bg, (p;, ¢) C X for a universal constant c. We define By, (M) as
the open set Uy, cp Bg, (i, ¢). Then (B (M), ) is the symplectic manifold in which
M is coisotropically embedded. Later, we consider to perturb the asymptotically

holomorphic section §; on the neighbourhood By (M) of M in X.

3. Asymptotically holomorphic embeddings.
3.1. The case of projective spaces.

DEFINITION 5. Let Y be a C*°-manifold and L’ a Hermitian line bundle
over Y. A section s of the vector bundle C*" %! @ L/ is v-projectizable on Y if

CQ(TH—Z)—}-l

|s(y)| > v for all y € Y, where v is a positive constant and is the trivial

bundle over Y.

If a section s of the vector bundle C2™ 9% @ [/ is v-projectizable for a
positive constant v, then we obtain a map

P(s):Y — CP*t0),

The next result follows from Proposition 2.15 in [8]:

LEMMA 4. Let 5 be an asymptotically holomorphic sequence of sections of
the vector bundles C*" 9+t @ L®F gver X. Then for a > 0 there exists another
sequence &y, satisfying that

L |8k — Gklcr g, < .
2. G is v-projectizable on By(M).
3. | APt 8P(5’k)|gk >V on Bk(M)
for a universal constant v > 0. Moreover, for a continuous family of relative

asymptotically holomorphic sequences of sections 5; 1 and any o > 0, there exists
a continuous family of sections 6.y, satisfying the conditions 1, 2 and 3 for each t.

PROPOSITION 4. Let (M,w) be a closed presymplectic manifold of rank 2n
of dimension 2n + € with a pre-compatible pair (J,g). There exists an asymptoti-
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cally J-holomorphic sequence of sections oy, of the vector bundles C*" T+ g [k
satisfying that

1. oy s v-projectizable on M.
2. | ATHEAP(0y)]g, > v

for a universal constant v > 0.

Moreover, given a one-parameter family of pre-compatible pairs (Jt, gt)iefo,1),
there exists a continuous family of asymptotically Ji-holomorphic sections oy
satisfying the same properties.

PROOF. Let 65 be the section for a small « in Lemma 4, then the pull-
back o = "0y is asymptotically J-holomorphic and v-projectizable on M. It is
sufficient to show that | A" OP(64)|5, > v implies | A" dP(oy)g, > % for a
constant v > 0.

For a point © € M, we can assume that oi(z) = (69(x),d5(2),...,
62@“) (z)) = (62(2),0,...,0) by the action of U(2(n + £) + 1) on C?+O+1,
The v-projectizability of the section G, implies that |6{(z)| > v. Hence we can
take a universal constant ¢ such that || > v/2 on By, (z,¢) because of the up-
per bound |6%|c1 < C for a universal constant C. Let ®g be a trivialization of
CP2("+0 for the affine coordinates Uy, = {[2°,--- , 22("+9)]|20 #£ 0} and we define
the map fx = g o P(Gy):

fk : ng ({E,C) — CQ(”JFZ)’

Since the map fi satisfies |[V7fi| = O(1) and |VPOfi| = O(k~2), and @y is
an isometry at [1,0,...,0] for the standard metric of C2("+O+1 the map P(dy)
satisfies
- 1 F~ _1
[VPP(51)|, = 0(1), |VPloP(Gw)|, =O0(k™%) (13)

for all p > 1. This implies

| A0 AP (6| = | AT PG|, +O(kF) >

NN

gk

for a large integer k. Hence we have
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2n4-4 v
NEEdP (o) > 5C
on By, (z, c¢) for universal constants ¢ and C, and the proof is finished. O

PROOF OF THEOREM 2. We prove that ¢, = P(0y) in Proposition 4 is an
asymptotically holomorphic embedding of M. The property [¢p*wrs] = [kw/27]
is obvious from the definition of the hyperplane bundle H on CP2"*+0) Next we
can perturb this immersion ¢ to be an embedding by a small C"-perturbation
keeping the asymptotic holomorphicity since 2dim M < dim CP2("t0) for ¢ £
0. When ¢ = 0 we may modify Proposition 4 to obtain the section o), of the
bundle C*"*2® L®* and consider the map P(o},) into CP?"*! satisfying 2 dim M
< dim CP?"*!. Hence we have embeddings. We set m = 2n + max {2/,1} and
denote by ¢, such an embedding into CP™ for simplicity. Moreover the equation
(13) in the proof of Proposition 4 implies that

[N

VPP (o) o(1), |VP~'oP(oy)| O(k™2).

9k - 9k =
Therefore ¢, is the asymptotically holomorphic sequence of embeddings.
To complete the proof of our main theorem we only need to estimate the left

inverse of d¢y. The differential d¢y gives the isomorphism
(don)z = TeM — (¢1)TeM C Ty(y CP™.

We define (6;). to be the inverse of (d¢y),. The map 0 has the estimate |0y
> Cv~! for a universal constant C since the lower bound | A2+ dP(0})],, > v.
Then we consider the left inverse 65, = 6, opr® by composing 6}, and the orthogonal
projection prt from Ty(z)CP™ to (¢r)«(Tx M), and have the estimate of 6 in
Definition 2. O

3.2. The case of grassmannians.

DEFINITION 6. Let Y be a C°-manifold and E’ a Hermitian bundle of rank
r over Y. A section s of the vector bundle QN ® E’ is v-grassmannizable on Y if
[ A" s(y)| >vforallyeY.

If a section s of the vector bundle C @ E’ is v-grassmannizable for a positive
constant v, then we obtain a map

Gr(s) : Y — Gr(r, N).

The following result is proved by Proposition 4.6. in [8]
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LEMMA 5. Let §; be an asymptotically holomorphic sequence of sections of
the vector bundles C~ @ E @ L®*. Then for a > 0 there exists another sequence
0 satisfying that

1. |8k — 5k|C17§k < a.
2. G is v-grassmannizable on B (M).

3. | A" OGI(6y) 5, > v on Br(M) for a positive constant v.

Moreover the result holds for a continuous family of relative asymptotically holo-
morphic sections oy .

PROPOSITION 5. Suppose N > n+{+r and r(N —r) > 2n + max {2¢,1}.
For any Hermitian bundle E of rank r over M, there exists an asymptotically J-
holomorphic sequence of sections oy, of the vector bundles C~ @ E@ L®* satisfying
that

1. oy is v-grassmannizable on M.

2. | AT dGr(ok)|g, > v for a universal constant v > 0.

Moreover the result holds for a continuous one-parameter family of asymptotically
Ji-holomorphic sections oy .

PROOF. Given the section &5 in Lemma 5, then the pull-back o} = i*0y, is
asymptotically J-holomorphic and v-grassmannizable on M. Then we can show
that Gr(oy) satisfies | A2"H dGr(oy,)|y, > v for a constant v > 0 by applying the
same argument in the proof of Proposition 4 to this map Gr(cy), and this finishes
the proof. O

PROOF OF THEOREM 4. Let o be the section in Proposition 5. We prove
that ¢, = Gr(oy) satisfies the condition in Theorem 4. The property F = ¢*% is
obvious from the definition of the universal bundle % on Gr(r, N'). Moreover the
condition 2 in Proposition 5 implies that the map ¢y, is an immersion. Now we have
2dim M < dim Gr(r, N) from the assumption 7(N —r) > 2n+ max {2¢,1}. Hence
we can perturb this immersion ¢ to be an embedding by a small perturbation
keeping the asymptotic holomorphicity. We denote this embedding by ¢, again.
We obtain the estimate of the left inverse of ¢ by repeating the argument in the
proof of Theorem 2, and hence this finishes the proof. O

4. Asymptotically holomorphic immersions.

Let (M, w) be a (2n+£)-dimensional closed presymplectic manifold of rank 2n
with a pre-compatible pair (J, g) and an integral form w. We suppose that (X, Q)

is the symplectic manifold in Proposition 1 with the almost complex structure J
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and the Riemannian metric g such that i*J = J and i* g = g for the embedding
i:M— X.

4.1. Local perturbation and transversality.

Our main tools to prove the main theorem are a local perturbation of asymp-
totically holomorphic sections and a transversality theorem on symplectic mani-
folds. We recall these results in this subsection.

DEFINITION 7. A family of properties P(e, z)zex,e>0 of sections of bundles
over X is local and C"-open if for a section s satisfying P(e, x), any section o such
that |s(x) — o(z)|cr < 7 satisfies P(e — Cn, x) where C is a universal constant.

The following lemma is the result of a perturbation of asymptotically holo-
morphic sections in symplectic geometry.

PROPOSITION 6 (Auroux [2, Proposition 3]).  Let 8 be asymptotically holo-
morphic sections of Ej, and P(e,2)pex,e>0 a local and CT-open properties of sec-
tions of vector bundles Ej, over X. Assume that there exist universal constants
¢, c " and p such that given any x € M, any small § > 0, there exist asymptoti-
cally holomorphic sections Ty, , of E), with the following properties for large integer

k:

1. |’I~',1§,m crge < 6.
2. The sections %ﬁm have Gaussian decay in C"-norm away from x.
3. The sections 3 + Tx. satisfy the property P(c'6(log(671))™P,y) for all

Yy e B!?k (.Z‘,C).

Then for any a > 0 there exist asymptotically holomorphic sections &, of Ej, such
that

o |§k*&k

crge < O
o The sections Gy, satisfy the property P(e,y) for all y € Brp(M) with a uni-
versal constant € > 0.

Moreover, given a one-parameter family of sections 3y, and a one-parameter fam-
ily of sections Ty k.o with the conditions 1, 2 and 3, there exists a one-parameter
family of sections G4 which depends continuously on t and satisfies the same
properties.

DEFINITION 8. A map f: C™ — C" is n-transverse to 0 at a point x € C™
if it satisfies at least one of the following properties:

L[ f(z)] > .
2. The derivative df (z) has a right inverse  with 0] < 1.
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PROPOSITION 7 (Donaldson [4, Theorem 12]).  There exists an integer p
depending on m and r, with the following property: let n = §(log(6~1))~P for
0<6< % Let f be a C"-valued function over the ball Bt = B(0, %) cCcm
satisfying the following bounds over BT:

lfl <1, |0fl<n, [VOfl<n.

Then there exists w € C” with |w| < § such that f — w is n-transverse to 0 over
the unit ball B C BT. Moreover, given a one-parameter family of a C"-valued
functions (ft)icjo,1) over the ball BT depending continuously on t with the above
bounds for all t, there exists a continuous family (wi)ie(o,1) satisfying the same
properties.

4.2. The case of projective spaces.
Let W be a vector bundle which is an extension of W to X.

PROPOSITION 8.  Let §; be an asymptotically holomorphic sequence of sec-
tions of the vector bundles C*" ***1 @ L®k which is v-projectizable. Then for a > 0
there exists another sequence &y satisfying that

1. |§k - 5k’01,§k < .
2. | AP dWP(&k)’gk > v for a constant v/ > 0 on By (M).

Moreover, for a continuous family of relative asymptotically holomorphic sequences
of sections 5 and any a > 0, there exists a continuous family of sections Gy,
satisfying the conditions 1 and 2.

ProOF. We define the property P(™(e,y) of sections as | A?™
dyP(5:)(y)| > € for y € X. We will construct a section with the property
P(m+1)(6, y) by induction on m for m =0,...,n — 1. If we construct a local per-
turbation ?,STZH) for x € M satisfying the condition (1), (2) and (3) in Proposition
6, then we have the section &,(Cmﬂ) satisfying P(™*1 (e,9) on By (M) for a con-
stant e. Finally we will obtain a global section 5. such that | A2" dyg, P(5\)] > €
on By (M). Hence it suffices to construct such a local perturbation ?,gfgﬂ) on
Bg, (z, c) for a universal constant c.

Before we start the induction, we see a local representation of a section &,(Cm)
satisfying the property P(™) (e, %) on By (M) for a universal constant €. By trivial-
izing L®* with Ef’i, we can denote the section 6,(Cm) restricted to the ball By, (z, 1)
as follows:

~(m) _ 0 =ref 1 ~ref 2n+~ ~ref
Gp = (S0 81w Sk Shas s Sk Bha)
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over By, (z,1). Hence we identify 5l(€m) with the C?"*+* ! valued function
~ ¢
algm) = (sR, 8%y, 57" ) : By, (2, ¢) — C*HHT

on By, (z,c) for a universal constant ¢. Now we consider the composition f,gm)

= ®yo0 P(Er,im)) by the trivialization ®; of CP?"** for U = {[2°,..., 22" *4]|2°

# 0}:

fkm) : By, (z,¢) — C*"T

st (y) s (y)
e ( W) ) )

Then the map f,gm) satisfies
o A ap(o{™)| < | ™| < ¢ A P (of™)

on By, (z,c) for a universal constant C. Hence we perturb this map f,gm) instead

of P(&,({m)). Now we define asymptotic holomorphic 1-forms

] = 8() (14)

k
where (z,i,...,z,?“) denotes the Darboux coordinates with 2z} = wj for i
= 1,...,¢ in Proposition 2. The 1-forms {u]};=1, . n+¢ can be taken a basis

of 1-forms on By, (z, ¢) which is an orthogonal basis at z. In addition, we have the
lower bound | ui| > Cv on By, (z,c) for a universal constant C'. The form 0 f,gm)
is the section of T*X ® C?"**. Hence for a basis {e;}j=1,.. 2nts of C?"F, afém)
is written as

o = Y wiiee (15)
i=1,...,n+¢,
j=1,....2n+¢

where {u};_1 n+e,j=1,...,.2n+¢ are complex valued functions on By, (z,c). Under

the representation (15) we identify 0 f,gm) with the complex (n + ¢, 2n + £)-matrix
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uil .« e ui 27’L+€
o= ] (16)
u2+£ I UZ—M 2n+~£

Let V be the subbundle of T1’0X|B§k(w76) which is spanned by the 1-forms
{ui}jzl,mm. Then the estimate |0y fi| > e implies that |dy, fi| > C~ ¢ on
Bg, (x,c) for a sufficiently large integer k and a universal constant C' shrinking
¢ if necessary, since W (x) = W(z) equals to V(z) and Ow f(z) = dy f(x) at the
origin x of the relative Darboux coordinates. Hence we can represent Jy f,gm as

u]1€1 P u]lg 2n+‘€
i = (17)
u']rcz 1 .. uz 2n+4
and assume that
upt(z) 0 0
0 ui2(a:) 0 0 0
ov "™ () =

: . 0 : :
0 . 0 uf™(z) 0 --- 0

by applying a unitary transformation U(n) C U(n+¥) on the Darboux coordinates
and U(2n + £) on C?"** fixing (1,0,...,0).
(m+1)

We start the inductive construction of local sections %kn; . We apply the

proof of Proposition 19 in [8] to dy f,gm) instead of dfy. At first, we construct

a local perturbation 7:,512,. We define &,(CO) as the section S in the assumption of

this proposition. Then we consider the function f,go) = ®yo P(&,(CO)) and represent

af,go) as in (16). Now we set the C?"**-valued function
hy = (uil, up?, ..y 2"“) : By, (z,¢) — C?

which is the first row of (17). Applying Proposition 7 to hx, we obtain a constant
wy = (w}, ..., wi" ) € C?"*+ such that

|hi — wi| >n = d(log(67 ")) 7P
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and |wy| < 6. The function hy — wy, gives rise to the C?"*-valued 1-form

© 2nte o 2n+€wjzl
o - Y wtutee =050 -3 Bk o)

j=1 j=1 "k
1 1,1 2n+4-¢ 2n+0 1
_a(sk_wkzk Sk T Wi Zk)
= 5 ey o
Sk Sk

whose norm has lower bound Cr. This perturbation is induced by adding the local
section

ﬂglz) = —(0, w,ﬁziéfi, e ,wi""’gzi[ézefw)
to &,(CO) = §; on By, (x,¢). Then we obtain &,(Cl) satisfying the property P (e, y)

on By (M). Therefore we complete the first step in the induction.
Next we assume that there exists a section 5,(€m) with the property P(m)(e, Y)
on Bi(M) for 1 < m < n —1. Then we define a function f,gm) by

i = d 0 P(50™M).

It follows from our assumption that | A*™ d3, f,im)| > v for a universal constant v.
Then we have

| A" ay £ > Cv (18)

for a universal constant C' on By, (z,c) since W(z) = W(x) and W'O(z)
= V(z). We find a local perturbation %,g?;ﬂ) of this 1-forms 8f,£m) to satisfy
| AL By (£ P(%,g?;ﬂ)))\ > 7 for a universal constant 7. The inequality (18)
and the representation (17) implies that |ui!(z) - - u™(z)| > v/C’ for a universal
constant C’. We may assume |det(u}); j=1. _m| > v/2C" on By, (,c) by taking
a small constant c. Define the functions

0r, = det (u}))

i,j=1,....,m

P _ i
My = det (W), in, o,

that is, 6 and M} are the determinants of the following matrices:
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1
u,lcl e u,1c 0 ukl R T ukp
7.711 mm i ’ 'r'nl mm 7.77‘17
uk PR uk» uk .. uk uk: 1
0 0 1 Z’H-ll U;cn+1m uZ’L-‘r V4

for integer p with m + 1 < p < 2n 4+ ¢, respectively. We set My
= (M,TH7 .. ,ME”H) and consider a perturbation of Mj. With the lower bounds
of 65, we can define a C?" £~ _valued function

+1 2n+4
e (M

o, sy o, > : ng(x,c) *>C2n+€7m'

Since we have n + ¢ < 2n 4+ ¢ —m for 0 < m < n — 1, we can apply Propo-
sition 7 to hg on any step of the induction. Hence there exists a constant
wy, = (w L wit ) € €™ such that

| — wi| > 6(log(671)) ™"
and |wg| < 0. The above estimate is equivalent to
|Mk — wk0k| = |(M]zn+1 — U}ZLJrlak, ey Mszr[ — win+é9k)| >n

507 5(log(6_1))_p.

The each component M} — w? 0y, is the determinant of the matrix

w1 1m 1p
k Uy, Uy,
ml mm mp
Ug Uk +71Mc
m+1 1 m+1 m m p p
Uy, k Uy, - Wy

Hence the perturbation M}y — w6y corresponds to the 1-form

2n-+4 2n+4 wjzm+1
o= Y e =o(f - Y o)

S
j=m+1 j=m+1 k
_s 1 SZL Szﬂrl wzz+1217€n+1 inJrZ wszré qun+1
» 0 0 . .
Sk Sk Sk Sk
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This form is induced by adding the local section

~(m+1) _ m—+1_m+1 ~ref 2n+£¢ _m+1 ~ref
Thox ——(0,...,0,wk 2y Sppse - Wy 2, Skm)

to the section 6,gm)

with the property PtV (e, y) on Bj(M). Thus we inductively construct the
section &,gn) and finish the proof for the non-parameter version.

In the parameter case we only apply the same argument to a one-parameter

family of sections 6t(0k) = 5 k- O

on By, (z,c). This implies that there exists a section &,(Cmﬂ)

PROOF OF THEOREM 1. We have an asymptotically J-holomorphic and v-
projectizable sequence of sections 3, over X ([8, Proposition 2.15]). Given the
section &y, for the sections §; and a small « in Proposition 8, then the pull-back
o = "0y is asymptotically J-holomorphic and v-projectizable on M. In addition,
the map P(oy) satisfies that | A% dy P(oy)|g, > v/ on M for a constant C' and
v' > 0. Therefore the map ¢, = P(oy) : M — CP?"** is non-degenerate along
W. We obtain the estimate of the left inverse of d¢y|w by repeating the argument
in the proof of Theorem 2. O

4.3. The case of Grassmannians.

PROPOSITION 9.  Let 5 be an asymptotically holomorphic sequence of sec-
tions of the vector bundles CN ® E @ L®*, which is v-grassmannizable on By,(M).
Then for a > 0, there exists another sequence oy, satisfying that

1. |§k — 5k\cl,gk < .

2. | A% dWGr(&k)|§k > v on Bi(M) for a universal constant v’ > 0.

Moreover, for a continuous family of relative asymptotically holomorphic se-
quences of sections 3 1, and any o > 0, there exists a continuous family of sections
Ot 1 satisfying the conditions 1 and 2.

PrROOF. We repeat the inductive argument of the proof of Proposition 8.
We define a property P(™) (e, y) of sections as | A2™ dWGr(&,Em)M > e fory € X.
Suppose that there exists a section O'](Cm) satisfying the property P(m)(e,y) on
By, (M) for each number 0 < m < n — 1. Then it suffices to show there exists
a local perturbation %,gzﬂ) such that | A2(m+1) dWGr(ﬁlgm) + %,gzﬂ))\ > 7 on
By, (z,¢).

Given a local frame {e1, ..., e, } trivializing F and a frame {v1,...,v.} of cV,
we can represent &,(cm) restricted to By, (x,¢) as
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_(m ij <ref

a,(C ) — E 570 ®e; ® 5, (19)
i=1,...,r,
j=1,..N

~ are complex valued functions on B, (z,¢). Under the

representation (19) we identify &,(Cm) with the complex (r, N)-matrix

..........

sl N
aM= o (20)
321 . SZN
and suppose

sil(x) 0 0 0

0  s2(x) 0 0 0
5" (@) = ' (21)

0 0 s7(x) 0 -~ 0
by unitary transformations U(r) and U(N). Then it follows that
|det(s§€j)i7j:1 _____ »| > C~tv from (21) and the v-grassmannizability of 5,(!”). Hence

we can define the composition fr = ®g o Gr(5;(§m)) by the trivialization @ of

Gr(r,N) for Uy = {[v1,- -+ ,on]|[v1, -+ ,on] N [0,...,0,0p41,- - ,on] = 0}:

fk . ng ({E,C) — CT(N_T),
stty) - s\ s Ty o sV ()
y— | e : oor e (22
sit(y) -+ s (y) s y) o stV (y)

Let Aj be the matrix valued function such that Ag(y) = (szj(y))iyjzl ,,,,,
y € B, (z,c) and B a constant matrix of GL(r, C)). Then we define asymptotic
holomorphic C"-valued 1-forms

,ufcj = B(A?Bz};ej) (23)

fori = 1,....n+ £ and j = 1,...,r, where (z,i,...,z;”e) are the Darboux

coordinates in Proposition 2. We choose the matrix B € GL(r,C) such that



930 T. MORIYAMA

i i=1....n40. i=1....r is an orthogonal basis of T*X ® C" at the origin x. Hence
{1y seeonl, §=1,.., g g
1P Yt mte j—=1....r is alocal frame of T*X ® C" on B;, (x,c) and satisfies the
k ooty g=1,..., Jk
estimate |p;’| > Cv for a universal constant C.
We denote fr, = (fi,..., ,iv_’”) where each ff is the column A,:l(sf:)sz___,r
of (22). Then the section df} of T*X ® C™ is represented as

af,i = Z uzjtuz‘j

where {ugt}izlw,nM, j=1,...,r are complex valued functions on .ng (z,c). We iden-
tify 0 ff with the complex (n+£,r)-matrix valued function (uzjt)i:17_“7n+g7 P
by the basis {11} }i=1,...n+e, j=1,..r- Then we consider 8fy, = (3f},...,0f ") as
the complex (n + £,7(N — r))-matrix valued function and write 9fj as follows:

11 1 r(N-7)
uk DR uk
Ofr = :
n+el 1 n+l r(N—r)
uk ... uk

where we identify C"™(N=") with complex (r, N — r)-matrices by a function

{1,...,7(N=r)} = {1,...,7} x{1,...,N —r},

a = (j(@),t(a)).

Let V be the subbundle of T10X ® C’“|B§k (z,c) Which is spanned by the C"-

valued 1-forms {uzj}zzln j=1,...- Then the estimate |0y fx| > € implies that
|dyi f| > C~'e on By, (x,c) for a universal constant C, shrinking c if necessary.
Hence we can represent Oy fi as

ull o r(N=-r)
v fr. = o : ; (24)
uz 1 e uz T(N_T)

and we may further suppose that the matrix at x is upper triangle:
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ui]‘(l‘) * e * e )k
0 u?(z)  * X oeee %
Ov fr(z) =
: * .
0 0 ul™z) % - x

by the unitary transformation U(n) which acts on the relative Darboux coor-
dinates. Let 6y = det(ui®);a=1,..m and M! = det(u}®)i=1,. m+1, a=1,..mp
where the matrix valued functions («}*)i.a=1,..,m and (u}*)i=1,...m+1, a=1,...,mp
for m+1 < p < r(N —r) are the first (m, m)-minor and the (m + 1, m+ 1)-minors
of (24), respectively. Applying the same argument in the proof of Proposition 8 to
the 1-form Oy fx of (24), then we obtain a constant wy, = (w;*', ... 7w;(N_T)) €
C"(N=r)=m guch that |wy| < § and

My — wiy| = | (MY = w0y, MY —wof N0, | > .

This perturbation is induced by adding the local section

%ISZH) =-B (O, NIR Z w,?z,?”rlej(a)éf:fc, ce Z w,‘jz?“ej(a)éﬁji)
t(a)=r+1, t(a)=N,
a>m a>m
to &,(cm) on Bg, (x,c), and it finishes the proof. d

PrRoOOF OF THEOREM 3. We have an asymptotically j—holomorphic and v-
grassmannizable sequence of sections §j over X ([8, Proposition 4.4]). Let oy be
the section in Proposition 9. We prove that ¢, = Gr(oy) satisfies the condition
2 in Theorem 3. The condition 2 in Proposition 9 implies that the map ¢y is
the immersion along W. We obtain the estimate of the left inverse of d¢y|w by
repeating the argument in the proof of Theorem 2, and hence this finishes the
proof. O

4.4. Uniqueness of constructed maps.

PROOF OF THEOREM 5. Let i : (M,w) — (X,Q) be the coisotropic em-
bedding as in Proposition 1. We suppose that (Jy,go) and (Ji, g1) are two pre-
compatible pairs on (M,w). Then it is sufficient to construct an isotopy for two
sequences ¢; ;, of asymptotically .J;-holomorphic maps for j = 0,1 as in Theorem
1. We use the construction of an isotopy in the proof of Theorem 2.11 in [8]. Let
sjk be an asymptotically J;-holomorphic sequence of sections for j = 0,1 such
that ¢; 1 = P(s; ) as in proof of Theorem 1. Then there exists an asymptotically
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holomorphic sequence of sections 5; j such that i*5; = s; for each j = 0,1. The
section 3, is v-projectizable and satisfies | A?" dyi, P (35k)lg,, > v for a universal
constant v. Let {(J¢, gt)}eejo,1) be a continuous family of pre-compatible pairs on
(M,w) such that J, = Jy for ¢ € [0,3] and J; = Jy for ¢ € [2,1]. Then we have
the continuous family of almost complex structures {jt}te[o,l] and Riemannian
metrics {Js }refo,1) on (X, Q). We define a family of asymptotically holomorphic
sections over X:

(1-3t)50, tel0,3]
Stk =140 tels, 3l
(3t —2)51, tel[3,1].

Let a be a positive constant such that any perturbation of 5;j of C'-norm
less than « is still ¥-projectizable and | A*" dy;, P(5;k)lg,, > % for j = 0,1.
Applying Proposition 8 to a one-parameter family §; j, then we have 6, j which
is v/-projectizable and | A*" dy;, P(64,k)|g,, > V' for a universal constant /. We
define a one-parameter family of asymptotically holomorphic sequences of sections

(1 — 3t)30,x + 3tG0. telo

W=

Ttk = Otk te]

1
3
(3t —2)515 + (3—3t)51 te[3,1].

Then 7 is v'’-projectizable and satisfies | A*™ dy P (7 )5, > v for
V" = min{g,v'}. The pull-back 7, = i*7;x is the Ji-asymptotically holo-
morphic sequence of sections over M which is v”-projectizable and satisfies
| A2n dw P(7s.k)lg,,, > V". Hence the map ¢ = P(7:x) is the Ji-asymptotically

holomorphic immersion along W for each ¢t. Thus ¢, and ¢; . are isotopic. [

References

[1] D. Auroux, Asymptotically holomorphic families of symplectic submanifolds, Geom.
Funct. Anal., 7 (1997), 971-995.

[2] D. Auroux, Symplectic 4-manifolds as branched coverings of CP™, Invent. math., 193
(2000), 551-602.

[3] S. K. Donaldson, Symplectic submanifolds and almost-complex geometry, J. Differential
Geom., 44 (1996), 666-705.

[4] S. K. Donaldson, Lefschetz pencils on symplectic manifolds, J. Differential Geom., 53
(1999), 205-236.

[5] M. Gotay, On coisotropic embedding of presymplectic manifolds, Proc. Amer. Math. Soc.,
84 (1982), 111-114.


http://dx.doi.org/10.1007/s000390050033
http://dx.doi.org/10.1007/s002220050019
http://dx.doi.org/10.2307/2043821

Asymptotically holomorphic embeddings of presymplectic manifolds 933

A. Ibort and D. Martinez, Approximately holomorphic geometry and estimated transver-
sality on 2-calibrated manifolds, C. R. Math. Acad. Sci. Paris 338, 9 (2004), 709-712.

P. Libermann and C-M. Marle, Symplectic Geometry and Analytical Mechanics, Math.
Appl., 35, D. Reidel Publ. Co., 1987.

V. Muinioz, F. Presas and I. Sols, Almost holomorphic embeddings in Grassmannians with
applications to singular symplectic submanifolds, J. Reine Angew. Math., 547 (2002),
149-189.

V. Munoz, F. Presas and I. Sols, Asymptotically holomorphic embeddings of contact
manifolds in projective spaces, Contemp. Math., (2000), 1-5.

M. S. Narasimhan and S. Ramanan, Existence of universal connections, Amer. J. Math.,
83 (1961), 563-572.

I. Vaisman, Symplectic Geometry and Secondary Characteristic Classes, Progress in
Mathematics, Birkh&user, 1987.

A. Weinstein, Lectures on symplectic manifolds, CBMS Regional Conf. Ser. in Math., 29,
Amer. Math. Soc., Providence, R.I., 1977.

Takayuki MORIYAMA

Department of Mathematics

Osaka University

Machikaneyamal-1, Toyonaka

Osaka 560-0043, Japan

E-mail: t-moriyama@cr.math.sci.osaka-u.ac.jp


http://dx.doi.org/10.2307/2372896



