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Abstract. We apply Donaldson-Auroux’s asymptotically holomorphic meth-
ods to construct asymptotically holomorphic embeddings of presymplectic closed
manifolds of constant rank with integral form into Grassmannians Gr(r, N). In par-
ticular, we obtain asymptotically holomorphic embeddings into the projective spaces
CPN−1 such that the pull-back of the Fubini-Study form is cohomologous to kω/2π
for large integers k. Moreover, we can construct asymptotically holomorphic immer-
sions along the symplectic distribution of presymplectic manifolds into the projective
spaces.

1. Introduction.

Donaldson provided an asymptotically holomorphic method to extend the
notion of ampleness in Kähler geometry to general symplectic manifolds [3].
Let (M, ω) be a 2n-dimensional symplectic manifold with integral form ω, i.e.
[ω/2π] ∈ H2(M, R) lifts to an integral cohomology class. For any fixed such lift
h ∈ H2(M, Z), he showed that there exist symplectic submanifolds of M which
realize the Poincaré dual of kh, for all k large enough. These submanifolds are
constructed as the zero sets of asymptotically holomorphic sections of a complex
line bundle L⊗k with c1(L) = h. Auroux generalized Donaldson’s method to the
case of one-parameter families of asymptotically holomorphic sections of vector
bundles E ⊗ L⊗k for any Hermitian bundle E over M [1].

There has been much success in symplectic geometry by applying Donaldson-
Auroux’s asymptotically holomorphic methods. V. Muñoz, F. Presas and I. Sols
proved that there exists an asymptotically holomorphic embedding of any 2n-
dimensional symplectic closed manifold (M, ω) with integral form ω into the pro-
jective space CP2n+1 such that the pull-back of the Fubini-Study form is cohomol-
ogous to kω/2π for large integers k [8]. They also proved a similar result in contact
geometry [9]. These results are analogous to the Kodaira embedding theorem.
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In this paper, we introduce presymplectic manifolds as a generalization of
symplectic manifolds and apply Donaldson-Auroux’s asymptotically holomorphic
technique to presymplectic manifolds. We show that there exist asymptotically
holomorphic immersions along the symplectic distribution of (2n+ `)-dimensional
presymplectic closed manifolds with an integral presymplectic form into the
(2n + `)-dimensional projective space CP2n+`.

Definition 1. Let M be a C∞-manifold of dimension (2n + `) for integers
n > 0 and ` ≥ 0. A closed 2-form ω on M is a presymplectic form of rank 2n if
ωn

x 6= 0 and ωn+1
x = 0 for all x ∈ M . We call (M, ω) a presymplectic manifold of

rank 2n.

Let (M, ω) be a presymplectic manifold of rank 2n. Then the `-dimensional
distribution F = {v ∈ TM | i(v)ω = 0} is integrable since ω is closed. Such a dis-
tribution F is called the characteristic distribution. We choose a complementary
subbundle W ⊂ TM to F . The 2n-dimensional distribution W is a symplectic
distribution with the restricted form ω. We can always find almost complex struc-
tures on W compatible with ω. We call such a structure J an almost pre-complex
structure on M with respect to the symplectic distribution W . Moreover we obtain
the Riemannian metric g on M with the orthogonal decomposition TM = W⊕g F ,
such that g restricted to W is compatible for J and ω. The pair (J, g) is said to
be a pre-compatible pair on (M, ω).

Given a pre-compatible pair (J, g), we define an operator ∂̄ which acts on
any map φ from M to a complex manifold X as the anti-holomorphic part of the
derivative dφ restricted to W . To define asymptotically holomorphicity of sequence
of maps we use a sequence of the rescaled metrics gk = kg for integers k.

Definition 2. Let (X, JX , gX) be a Kähler manifold with an integral Kähler
class. A sequence of maps φk : M → X is an asymptotically holomorphic sequence
of maps if there exist constants Cp which are independent on k, such that

∣∣∇pφk

∣∣
gk
≤ Cp,

∣∣∇p−1∂̄φk

∣∣
gk
≤ Cpk

− 1
2

for all p ≥ 1, where ∇ is the covariant derivative with respect to gk and the Kähler
metric gX . A sequence of maps φk : M → X is an asymptotically holomorphic
sequence of immersions along W if φk is an asymptotically holomorphic sequence
of maps and there exists a constant γ > 0 which is independent of k, satisfying
that dφk is non-degenerate on W and

dφk|W : Wx → Tφ(x)X has a left inverse θW,k whose norm is less than γ−1

at every point x ∈ M .
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A sequence of embeddings φk : M → X is an asymptotically holomorphic sequence
of embeddings if φk is an asymptotically holomorphic sequence of maps and there
exists a constant γ′ > 0 which is independent of k, satisfying that

dφk : TxM → Tφ(x)X has a left inverse θk whose norm is less than γ′−1 at
every point x ∈ M .

We construct the following maps to the projective space of dimension 2n + `:

Theorem 1. Let (M, ω) be a (2n+`)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J, g) and an integral form ω. Then
there exist asymptotically holomorphic sequences of immersions φk : M → CP2n+`

along the symplectic distribution W with [φ∗kωFS ] = [kω/2π] for large integers k.

The following theorem is a generalization of Kodaira embedding theorem to
presymplectic manifolds:

Theorem 2. Let (M, ω) be a (2n+`)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J, g) and an integral form ω. Then
there exist asymptotically holomorphic sequences of embeddings φk : M → CPm

with [φ∗kωFS ] = [kω/2π] for large integers k where m = 2n + max {2`, 1}.

Let L be a complex line bundle with c1(L) an integral lift of [ω/2π] and
U → Gr(r,N) the universal bundle of rank r over the Grassmannian. Then
we construct asymptotically holomorphic sequences of maps to Grassmannians
Gr(r,N):

Theorem 3. Let (M, ω) be a (2n+`)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J, g) and an integral form ω. Suppose
that E → M is a Hermitian vector bundle of rank r and N is a positive integer
satisfying N ≥ n + ` + r and r(N − r) ≥ 2n + `. Then there exist asymptot-
ically holomorphic sequences of immersions φk : M → Gr(r,N) along W with
φ∗kU = E ⊗ L⊗k for large integers k.

Theorem 4. Let (M, ω) be a (2n+`)-dimensional closed presymplectic man-
ifold of rank 2n with a pre-compatible pair (J, g) and an integral form ω. Suppose
that E → M is a Hermitian vector bundle of rank r and N is a positive in-
teger satisfying N ≥ n + ` + r and r(N − r) ≥ 2n + max {2`, 1}. Then there
exist asymptotically holomorphic sequences of embeddings φk : M → Gr(r,N) with
φ∗kU = E ⊗ L⊗k for large integers k.

The above constructions are independent of the choice of pre-compatible pairs
in the following sense:
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Theorem 5. Let (Ji, gi) be a pre-compatible pair and φi,k an asymptotically
holomorphic sequence of maps as in Theorem 1, Theorem 2, Theorem 3 and The-
orem 4 for i = 0, 1. Then φ0,k and φ1,k are isotopic for sufficiently large integers
k.

We say that φ0,k and φ1,k are isotopic (cf. [8]) if there exists a homotopy
{φt,k}t∈[0,1] such that φt,k is an asymptotically holomorphic sequence of maps for
each t.

V. Muñoz, F. Presas and I. Sols have proved above results in the case of
` = 0 (the symplectic case) [8]. In the case of ` = 1, a stronger, from the view of
the dimension of projective spaces, result has been obtained by A. Ibort and D.
Mart́ınez [6]. However it seems to be difficult to show the isotopic uniqueness (as
in Theorem 5) by their method.

We consider Theorem 2 as an analogue of Kodaira embedding theorem to
presymplectic geometry. Narasimhan and Ramanan showed that any integral
closed 2-form on a compact manifold is the pull-back of the Fubini-Study form
by a map into the projective space [10]. In our result (Theorem 2) the pull-back
of the Fubini-Study form by the asymptotically holomorphic embedding is not
necessary the presymplectic form. However, the dimension of the projective space
in our result is smaller than that of Narasimhan and Ramanan’s embedding.

In section 2, we provide a definition of an asymptotically holomorphic section
of the k-th tensor L⊗k of the complex line bundle L in presymplectic manifolds.
In the case of ` ≥ 2, transversality problems of asymptotically holomorphic sec-
tions in presymplectic geometry are difficult since we cannot directly apply the
Donaldson-Auroux’s transversality theorem to asymptotically holomorphic func-
tions in presymplectic manifolds. To overcome this problem we coisotropically em-
bedd a presymplectic manifold (M, ω) into the symplectic manifold (X, Ω) where
X is a neighbourhood of the zero section of the dual bundle F ∗. There exists a
complex line bundle L̃ over X such that L̃|M = L. Then we see that any asymptot-
ically holomorphic section s̃k of the vector bundles Cm+1⊗ L̃⊗k on (X, Ω) induces
an asymptotically holomorphic section sk of Cm+1 ⊗L⊗k on (M, ω) where Cm+1

denotes the trivial complex line bundle of rank m + 1. We solve the transversality
problems of the asymptotically holomorphic sections sk in presymplectic geometry
by applying Donaldson-Auroux’s theory to asymptotically holomorphic sections s̃k

on the symplectic manifold (X, Ω).
In section 3, we perturb asymptotically holomorphic sections s̃k to be projec-

tizable and non-degenerate on X. Then the induced section sk is also projectizable
and non-degenerate on M and we obtain the asymptotically holomorphic embed-
dings as the projectization P (sk) : M → CPm. Thus we prove the asymptotically
holomorphic embedding theorems (Theorem 2 and Theorem 4).
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In section 4, we improve the argument of the perturbation in previous embed-
ding theorems by using relative Darboux coordinates. Then we can construct
asymptotically holomorphic projectizable sections sk which is non-degenerate
along W . It is a strongly estimated transversality theorem along W for a sequence
of asymptotically holomorphic sections. Therefore we have the asymptotically
holomorphic immersion P (sk) along W (Theorem 1 and Theorem 3). Finally, we
show Theorem 5 by using the construction of one-parameter families of relative
asymptotically holomorphic sections.

Acknowledgements. The author is grateful to Professor R. Goto for use-
ful suggestions and advice. He thanks the referee for useful comments. This work
is financially supported by the 21st Century COE Program.

2. Asymptotically holomorphic theory in presymplectic geometry.

In this section, we provide definition of an asymptotically holomorphic se-
quence of sections over presymplectic manifolds and construct such sections.

2.1. Asymptotically holomorphic section.
Let (M, ω) be a presymplectic manifold of rank 2n and (J, g) a pre-compatible

pair. Then there exists the decomposition W ∗ ⊗C = W 1,0 ⊕W 0,1 by the almost
pre-complex structure J . We also have the decomposition

W ∗ ⊗ E = W 1,0
E ⊕W 0,1

E (1)

for any complex vector bundle E. Hence (1) gives rise to the decomposition

T ∗M ⊗ E = (W ⊕g F )∗ ⊗ E

= (W ∗ ⊗ E)⊕g (F ∗ ⊗ E)

= W 1,0
E ⊕g W 0,1

E ⊕g (F ∗ ⊗ E). (2)

The last decomposition (2) yields projections

pg : T ∗M ⊗ E → W ∗ ⊗ E (3)

q1,0
J : W ∗ ⊗ E → W 1,0

E (4)

q0,1
J : W ∗ ⊗ E → W 0,1

E . (5)

Given a connection ∇, then we define ∂s and ∂̄s for any section s of E as
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follows:

∂s = q1,0
J ◦ pg(∇s)

∂̄s = q0,1
J ◦ pg(∇s).

It denotes that ∂s and ∂̄s are sections of W 1,0
E and W 0,1

E , respectively.

Definition 3. A sequence of sections sk of Hermitian bundles Ek with
a compatible connection over M is called asymptotically J-holomorphic if there
exists a family of constants Cp such that

∣∣sk

∣∣ ≤ C0,
∣∣∇psk

∣∣
gk
≤ Cp,

∣∣∇p−1∂̄sk

∣∣
gk
≤ Cpk

− 1
2 , p ≥ 1

for all non-negative integers k large enough, where the covariant derivative ∇ is
defined by Levi-Civita connection for gk and the connection on E.

Remark 1. Let (X, J0) be a complex manifold and φ a map from M to
X. We consider E as the pull-back bundle φ−1TX. Applying (3), (4) and (5), we
have operators

∂φ = q1,0
J ◦ pg(dφ)

∂̄φ = q0,1
J ◦ pg(dφ)

where the derivative dφ ∈ Γ(M, T ∗M ⊗ φ−1TX).

We consider a sequence of sections with good bounds by the rescaled metric
gk:

Definition 4. Let Ek be Hermitian bundles with a connection. A sequence
of sections sk of Ek has Gaussian decay in Cr-norm away from the point x ∈ M

if there exists a polynomial P and a constant λ > 0 such that for all y ∈ M ,
|sk(y)|, |∇sk(y)|gk

, . . . , |∇rsk(y)|gk
are bounded by P (dk(x, y)) exp(−λd2

k(x, y)),
where P and λ are independent on k, and dk is the distance by gk.

2.2. Local theory.
We denote by M0 the product space Cn ×R` of the complex space Cn and

the Euclidean space R` with the coordinates (z1, . . . , zn, t1, . . . , t`). Let ω0 be the
2-form i

2

∑n
j=1 dzj ∧ dz̄j and g0 the standard Riemannian metric

∑n
j=1 dzjdz̄j +∑`

j=1 dtjdtj on M0. The pair (M0, ω0) is a presymplectic manifold of rank 2n. By
Darboux’s theorem for presymplectic manifolds (see Section 7. Chapter III [7]),
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a presymplectic manifold of rank 2n is locally isomorphic to the standard model
(M0, ω0). We have the characteristic distribution

F0 = {v ∈ TM0 | i(v)ω0 = 0}

on M0 and the orthogonal decomposition

TM0 = W0 ⊕g0 F0

with respect to the metric g0 where W0 is the orthogonal complement to F0. The
vector bundles F0 and W0 are spanned by the vector fields { ∂

∂t1 , . . . , ∂
∂t` } and

{ ∂
∂z1 , . . . , ∂

∂zn }, respectively.
We denote by J0 the almost pre-complex structure defined by the metric g0

and the presymplectic form ω0.
In general, for a pre-compatible pair (J, g) on M0 there exists a subbundle

W ⊂ TM0 over M0 which is orthogonal to F0 with respect to the metric g. Pre-
compatible pairs (J, g) and (J0, g0) on M0 induce two operators ∂J,g and ∂J0,g0 ,
respectively. Then we have following relations for any section σ of a complex
vector bundle ξ with a connection over M0:

∂J,gσ = ∂J0,g0σ + µJ,g(∇σ)

∂̄J,gσ = ∂̄J0,g0σ + µ′J,g(∇σ)

∇W σ = ∇W0σ +
(
µJ,g + µ′J,g

)
(∇σ)

where

µJ,g = q1,0
J ◦ pg − q1,0

J0
◦ pg0

µ′J,g = q0,1
J ◦ pg − q0,1

J0
◦ pg0

are sections of End(T ∗M0 ⊗ ξ).
Now we only consider a pre-compatible pair (J, g) satisfying

J(0) = J0(0), g(0) = g0(0)

at the origin 0 of M0. In other words, sections µJ,g and µ′J,g vanish at the origin.
Then for the product space B2n ×B` of the unit balls of Cn and R` with center
0 there exists a constant C > 0 such that
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|µ(z, t)| < C|(z, t)|, |∇µ(z, t)| < C

|µ′(z, t)| < C|(z, t)|, |∇µ′(z, t)| < C

for (z, t) ∈ B2n ×B` ⊂ M0, where the connection ∇ is the Levi-Civita connection
for g and the norm is defined by g.

We define δρ : ρ−1(B2n ×B`) → B2n ×B` as the dilation

δρ(z, t) = (ρz, ρt)

for a real number ρ > 0. Denote µ̃ and µ̃′ by the pull-back of the sections

µ̃ = δ∗(µJ,g)

µ̃′ = δ∗(µ′J,g).

Then there exists a constant C > 0 such that

|µ̃(z, t)| < Cρ|(z, t)|, |∇µ̃(z, t)| < Cρ

|µ̃′(z, t)| < Cρ|(z, t)|, |∇µ̃′(z, t)| < Cρ

|(µ̃ + µ̃′)(z, t)| < Cρ|(z, t)|, |∇(µ̃ + µ̃′)(z, t)| < Cρ.

In the case ρ = k−
1
2 for an integer k > 0 we have

|∂J,gσ| = |∂J0,g0σ|+ O
(
k−

1
2 |∇σ|) (6)

∣∣∂̄J,gσ
∣∣ =

∣∣∂̄J0,g0σ
∣∣ + O

(
k−

1
2 |∇σ|) (7)

|∇W σ| = |∇W0σ|+ O
(
k−

1
2 |∇σ|) (8)

for any section σ of a complex vector bundle ξ with a connection over k
1
2 (B2n×B`).

Let (M, ω) be a compact presymplectic manifold of rank 2n of dimension
2n+ ` with a pre-compatible pair (J, g). We denote by Bgk

(x, c) the ball of radius
c around x in M with respect to gk = kg and by B(0, c′) the ball of radius c′ with
respect to the standard metric g0 around the origin 0 of M0.

As in the case with the symplectic geometry, Darboux coordinates for the
presymplectic form kω play an important role to construct asymptotically holo-
morphic sections on presymplectic manifolds. A universal constant is defined as a
number which is independent of integers k and any point x of M .
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Lemma 1. For x ∈ M and an integer k > 0, there exist local Darboux coor-
dinates (z1

k, . . . , zn
k , t1k, . . . , t`k) = Φk : (M, x) → (Cn ×R`, 0) for the presymplectic

form kω such that for universal constants c, c′ and integers r ≥ 1,

1.
∣∣Φk(y)

∣∣2 = O(dk(x, y)2) on Bgk
(x, c).

2.
∣∣∇rΦ−1

k

∣∣
gk

= O(1) on B(0, c′).

3.
∣∣∂̄Φ−1

k (zk, tk)
∣∣
gk

=O
(
k−

1
2 |zk, tk|

)
and

∣∣∇r−1∂̄Φ−1
k

∣∣
gk

=O
(
k−

1
2
)

on B(0, c′),

where ∂̄ is the operator induced by J and the standard complex structure J0.
Moreover, given a one-parameter family of pre-compatible pairs (Jt, gt)t∈[0,1]

and a one-parameter family of points (xt)t∈[0,1], there exists a one-parameter fam-
ily of local Darboux coordinates {Φt,k : (M, xt) → (Cn×R`, 0)}t∈[0,1] which depend
continuously on t and satisfy the same properties.

Proof. This proof is similar to that of Lemma 3 in [2]. By using Darboux’s
theorem for the presymplectic form ω (Theorem 3.4.5 in [11]), there exist a neigh-
bourhood Ux ⊂ M of x and a local diffeomorphism Φ : Ux → V0 ⊂ Cn × R`

such that Φ∗ω0 = ω. The pull-back ((Φ−1)∗J, (Φ−1)∗g) is the pre-compatible
pair on V0. We can construct a linear transformation Ψ : V0 → V0 such that
(Φ−1)∗g(0) = Ψ∗g0(0) and Ψ∗ω0 = ω0. Then Ψ satisfies (Φ−1)∗J(0) = Ψ∗J0(0).
Hence we have the diffeomorphism Ψ◦Φ : Ux → V0 such that (Ψ◦Φ)∗J0(x) = J(x)
and (Ψ ◦ Φ)∗ω0 = ω.

For simplicity we write Φ instead of Ψ◦Φ. Then it follows from (Φ−1)∗J(0) =
J0(0) ∂̄Φ−1(0) = 0. Since M is compact, Φ can be chosen so that the derivative
of Φ−1 is bounded by a universal constant:

|∇Φ−1|g = O(1).

Define Φk = δ
k

1
2
◦ Φ then we have ∂̄Φ−1

k (0) = 0 and |∇Φ−1
k |gk

= O(1). In
addition |∇rΦ−1

k |gk
= O(1) and |∇r∂̄Φ−1

k |gk
= O(k−1/2) for r ≤ 1. It follows that

|∂̄Φ−1
k |gk

= O(k−1/2|zk, tk|).
For a one-parameter family of the pairs (Jt, gt)t∈[0,1] and points (xt)t∈[0,1] we

obtain a one-parameter family of linear transformations (Ψt)t∈[0,1] and Darboux
charts (Φt)t∈[0,1] for ω with Φt(xt) = 0, such that (Ψt ◦ Φt)∗ω0 = ω and (Ψt ◦
Φt)∗J0(x) = Jt(x). We define Φt,k = δ

k
1
2
◦Ψt ◦ Φt, and it finishes the proof. ¤

We consider local properties of a sequence of sections sk of Hermitian bundles
Ek over M with a connection. Now we may suppose that a trivialization of Ek

includes the ball Bgk
(x, c). Since the Darboux chart Φk is constructed by compo-

sition Φ with a rescaled map δ
k

1
2

of order k−
1
2 , the equations (6), (7) and (8) in

previous subsection imply the estimates
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∣∣∂̄J,gsk

∣∣
gk
≤ C

(∣∣∂̄J0,g0sk

∣∣ + k−
1
2 |∇sk|

)
(9)

∣∣∂J,gsk

∣∣
gk
≤ C

(∣∣∂J0,g0sk

∣∣ + k−
1
2 |∇sk|

)
(10)

∣∣∇W sk

∣∣
gk
≤ C

(∣∣∇W0sk

∣∣ + k−
1
2 |∇sk|

)
(11)

on Bgk
(x, c), where the sections sk on the right hand side are identified with

sections over the ball Φk(Bgk
(x, c)) in Cn ×R` by Φk. The larger k grows, the

closer the operators ∂, ∂̄ and ∇W become to ∂J0,g0 , ∂̄J0,g0 and ∇W0 on the ball
Bgk

(x, c). The reason why this happens is the situation that (J, g) is sufficiently
close to (J0, g0) for large integer k on the ball Bgk

(x, c). This is the idea of
asymptotically holomorphic theory in presymplectic geometry.

2.3. Construction of asymptotically holomorphic sections.
In this subsection, we see that an asymptotically holomorphic sequence of

sections on a certain symplectic manifold induces the asymptotically holomorphic
sequence of sections on (M, ω).

Proposition 1 (Gotay [5]). Let (M, ω) be a closed presymplectic manifold
of rank 2n of dimension 2n+`. Then there exist a symplectic manifold (X, Ω) and
a coisotropic embedding i : M → X, i.e., X is a 2(n + `)-dimensional manifold
and i∗Ω = ω.

The symplectic manifold X is obtained as a tubular neighbourhood of the
zero section of the dual bundle of the characteristic distribution F . The symplectic
form Ω is constructed with Weinstein’s technique [12]. Then Ω|M splits as ω +∑`

j=1 dsj ∧ dtj on TX|M = W ⊕ F ⊕ F ∗ where { ∂
∂t1 , . . . , ∂

∂t` } and { ∂
∂s1 , . . . , ∂

∂s` }
are local frames of F and F ∗, respectively.

Given a pre-compatible pair (J, g) on M , then we obtain a Riemannian metric
g̃ on X such that i∗g̃ = g and TM ⊕g̃ F ∗ over M . In addition, we also have
an almost complex structure J̃ on X which is compatible for Ω and g̃. Then
the endmorphism i∗J̃ on W is well-defined and satisfies i∗J̃ = J . For a one-
parameter family of pre-compatible pairs {(Jt, gt)}t∈[0,1] there exists the family
{(J̃t, g̃t)}t∈[0,1].

From now on, we fix the symplectic manifold (X, Ω), the Riemannian metric
g̃ and the almost complex structure J̃ on X for the presymplectic manifold (M, ω)
with the pre-compatible pair (J, g). In the one-parameter case, {(J̃t, g̃t)}t∈[0,1] is
fixed. We have appropriate Darboux coordinates which are compatible for the
coisotropic embedding i : M → X.

Lemma 2 ([11, Theorem 3.4.10]). Let M be a coisotropic submanifold of
codimension ` of a 2(n + `)-dimensional symplectic manifold (X, Ω). Then for
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any x ∈ M there exist local Darboux coordinates (z1, . . . , zn, w1, . . . , w`) = Φ̃ :
(X, x) → (Cn × C`, 0) for the symplectic form Ω such that Φ = i∗Φ̃ is given
by Darboux coordinates (z1, . . . , zn, t1, . . . , t`) : (M, x) → (Cn × R`, 0) for the
presymplectic form ω with tj = Re(wj).

Moreover we produce following relative Darboux coordinates for the symplec-
tic form kΩ and presymplectic form kω.

Proposition 2. For x ∈ M and an integer k > 0, there exists local Darboux
coordinates (z1

k, . . . , zn
k , w1

k, . . . , w`
k) = Φ̃k : (X, x) → (Cn×C`, 0) for the symplec-

tic form kΩ such that Φk = i∗Φ̃k = (z1
k, . . . , zn

k , t1k, . . . , t`k) : (M, x) → (Cn×R`, 0)
is Darboux coordinates for the presymplectic form kω, where tjk = Re(wj

k) for
1 ≤ j ≤ `, and for universal constants c, c′ and integers r ≥ 1,

1.
∣∣Φ̃k(y)

∣∣2 = O(dk(x, y)2) on Bg̃k
(x, c).

2.
∣∣∇rΦ̃−1

k

∣∣
g̃k

= O(1) on B(0, c′).

3.
∣∣∂̄J̃ Φ̃−1

k (zk, wk)
∣∣
g̃k

= O
(
k−

1
2 |zk, wk|

)
and

∣∣∇r−1∂̄J̃ Φ̃−1
k

∣∣
g̃k

= O
(
k−

1
2
)

on
B(0, c′).

4.
∣∣∂̄JΦ−1

k (zk, tk)
∣∣
gk

= O
(
k−

1
2 |zk, tk|

)
and

∣∣∇r−1∂̄JΦ−1
k

∣∣
gk

= O
(
k−

1
2
)

on
B(0, c′) ∩ φk(M),

where ∂̄J̃ (resp. ∂̄J) is the operator induced by J̃ (resp. J) and the standard
complex (resp. almost pre-complex ) structure J0 in Cn ×C` (resp. Cn ×R`).

Moreover, given a one-parameter family of pre-compatible pairs
{(Jt, gt)}t∈[0,1] and a one-parameter family of points (xt)t∈[0,1] of M , there
exists a one-parameter family of Darboux coordinates {Φ̃t,k}t∈[0,1] which depend
continuously on t and satisfy the same properties.

Proof. For the Darboux chart Φ̃ in Lemma 2, the pull-back
((Φ̃−1)∗J̃ , (Φ̃−1)∗g̃) is the pair of the complex structure and the Riemannian met-
ric on a neighbourhood Ṽ0 ⊂ Cn ×C` of the origin 0, respectively. Then we can
construct a linear transformation Ψ̃ : Ṽ0 → Ṽ0 such that (Φ̃−1)∗g̃(0) = Ψ̃∗g̃0(0)
and Ψ̃∗Ω0 = Ω0, where g̃0 is the standard Riemannian metric on Ṽ0. In addi-
tion, Ψ̃ can be chosen to satisfy Ψ̃(Im(w)) = Im(w) and Ψ̃∗ω0 = ω0. We have
(Φ̃−1)∗J̃(0) = Ψ̃∗J̃0(0) and (Φ̃−1)∗J(0) = Ψ̃∗J0(0). Therefore the composition
Ψ̃ ◦ Φ̃ satisfies (Ψ̃ ◦ Φ̃)∗J̃0(x) = J̃(x) and (Ψ̃ ◦ Φ̃)∗J0(x) = J(x). We define
Φ̃k = δ

k
1
2
◦ Ψ̃ ◦ Φ̃. Then it follows from the proof of Lemma 1 that Φ̃k satisfies the

conditions 1, 2, 3 and 4. This completes the proof in non-parameter case.
For one-parameter families of the pairs (Jt, gt)t∈[0,1] and points (xt)t∈[0,1] we

only need to apply the above discussion to a one-parameter family of relative
Darboux charts (Φ̃t)t∈[0,1] for Ω and ω with Φ̃t(xt) = 0. Hence it finishes the
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proof. ¤

Since ω is integral, then so Ω is. Moreover, for any lift h of [ω/2π] we can
select L̃ → X a Hermitian line bundle with L̃|M = L. A compatible connection
on L̃ with curvature −iΩ can also be fixed.

Now, we recall the Donaldson’s construction of asymptotically holomorphic
sections over symplectic manifold. For x ∈ M asymptotically holomorphic local
sections s̃ref

k,x are constructed from a local section

σ̃0 = e−(|zk|2+|wk|2)/4

of a trivial line bundle ξ over Cn+`. Therefore we define a local section

s̃ref
k,x = Φ̃∗k(β̃kσ̃0)

of L̃⊗k over M , where β̃k are appropriate cut-off functions. In the one-parameter
case, we define a one-parameter family of local sections s̃ref

t,k,xt
= Φ̃∗t,k(β̃kσ̃0) where

{Φ̃t,k}t∈[0,1] is a one-parameter family of relative Darboux charts. Then s̃ref
k,x have

Gaussian decay in Cr-norm away from x such that |s̃ref
k,x| > c on a ball Bg̃k

(x, 1)
of g̃k-radius 1 centered at x. In the one-parameter case, s̃ref

t,k,xt
satisfy the same

properties. According to Donaldson, we can choose a “lattice” of points Λ in M

such that

(i) M = ∪pi∈ΛBgk
(pi, 1),

(ii)
∑

pi∈Λ dk(pi, q)rek(pi, q) ≤ C for any q ∈ M and r = 0, 1, 2, 3,

where ek(·, q) is the function on M such that ek(p, q) = exp(− 1
5dk(p, q)2) if

dk(p, q) ≤ k
1
4 and ek(p, q) = 0 if dk(p, q) ≤ k

1
4 for p ∈ M . Then we obtain a

sequence of asymptotically holomorphic global sections

s̃k =
∑

pi∈Λ

wis̃
ref
k,pi

(12)

of L̃⊗k over X, where the each wi is a complex number with |wi| < 1. It follows
from Donaldson’s computations (see Section 3 in [3]) that s̃k is a sequence of
asymptotically holomorphic sections of L̃⊗k. Moreover we can construct a sequence
of asymptotically holomorphic sections of L̃⊗k ⊗ Ẽ over X for any Hermitian
bundle Ẽ by considering the local sections (w1

i s̃ref
k,pi

, . . . , wr
i s̃

ref
k,pi

) with complex
vectors wi = (w1

i , . . . , wr
i ) such that ‖wi‖ ≤ 1. For a one-parameter family of

points (xt)t∈[0,1] we obtain a one-parameter family of sections {s̃t,k}t∈[0,1] by using
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the one-parameter family of the local sections {s̃ref
t,k,pi

}t∈[0,1] instead of s̃ref
k,pi

(see
Section 3 in [1]). Therefore we have

Proposition 3. Let Ẽ be a Hermitian bundle with a compatible connection
over X. There exists a sequence of asymptotically holomorphic (non-trivial) sec-
tions s̃k of the Hermitian vector bundles L̃⊗k⊗Ẽ. Moreover, given a one-parameter
family of pre-compatible pairs (Jt, gt)t∈[0,1], there exists a one-parameter family of
asymptotically holomorphic sections s̃t,k which depend continuously on t.

Lemma 3. Let Ẽ be a Hermitian bundle with a compatible connection over
X. If a sequence of sections s̃k of L̃⊗k ⊗ Ẽ is asymptotically holomorphic, then a
sequence of pull-back sections i∗s̃k of L⊗k⊗i∗Ẽ is also asymptotically holomorphic.

Proof. Let s̃ be a section of Ẽ over X and s the pull-back section i∗s̃ over
M . Then we have

i∗(∇s̃) = ∇s + (∇s̃)⊥

where (∇s̃)⊥ is the restriction of ∇s̃|M to TM⊥ ⊗ E. It follows that ‖∇s‖g ≤
‖∇s̃‖g̃ on M . Iterating this argument to ∇r s̃, we obtain

‖s‖Cr,g ≤ ‖s̃‖Cr,g̃

on M . For the holomorphic part ∂̄s̃, we also have

i∗(∂̄s̃) = ∂̄s + (∂̄s̃)⊥.

Hence it follows that

‖∂̄s‖Cr,g ≤ ‖∂̄s̃‖Cr,g̃

on M , and the proof is finished. ¤

The following corollary follows from Proposition 3 and Lemma 3.

Corollary 1. Let (M, ω) be a closed presymplectic manifold of rank 2n

and ω integral. Given a pre-compatible pair (J, g), then there exist sequences of
asymptotically holomorphic sections sk of the Hermitian bundles L⊗k ⊗E for any
Hermitian bundle E with a compatible connection.

Moreover, given a one-parameter family of pre-compatible pairs (Jt, gt)t∈[0,1],
there exists a one-parameter family of asymptotically holomorphic sections st,k
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which depend continuously on t.

Asymptotically holomorphic sections s̃k constructed as in (12) which depend
on choices of wi with |wi| ≤ 1. Then we can take a appropriate constant wi so that
s̃k satisfies the properties relating transversality, and prove our main theorems in
Section 3 and 4.

Remark 2. In the above construction, the support of each section s̃ref
k,pi

con-
tains the open ball Bg̃k

(pi, c) ⊂ X for a universal constant c. We define Bk(M) as
the open set ∪pi∈ΛBg̃k

(pi, c). Then (Bk(M),Ω) is the symplectic manifold in which
M is coisotropically embedded. Later, we consider to perturb the asymptotically
holomorphic section s̃k on the neighbourhood Bk(M) of M in X.

3. Asymptotically holomorphic embeddings.

3.1. The case of projective spaces.

Definition 5. Let Y be a C∞-manifold and L′ a Hermitian line bundle
over Y . A section s of the vector bundle C2(n+`)+1 ⊗L′ is ν-projectizable on Y if
|s(y)| > ν for all y ∈ Y , where ν is a positive constant and C2(n+`)+1 is the trivial
bundle over Y .

If a section s of the vector bundle C2(n+`)+1 ⊗ L′ is ν-projectizable for a
positive constant ν, then we obtain a map

P (s) : Y → CP2(n+`).

The next result follows from Proposition 2.15 in [8]:

Lemma 4. Let s̃k be an asymptotically holomorphic sequence of sections of
the vector bundles C2(n+`)+1 ⊗ L̃⊗k over X. Then for α > 0 there exists another
sequence σ̃k satisfying that

1. |s̃k − σ̃k|C1,g̃k
< α.

2. σ̃k is ν-projectizable on Bk(M).

3. | ∧n+` ∂P (σ̃k)|g̃k
> ν on Bk(M)

for a universal constant ν > 0. Moreover, for a continuous family of relative
asymptotically holomorphic sequences of sections s̃t,k and any α > 0, there exists
a continuous family of sections σ̃t,k satisfying the conditions 1, 2 and 3 for each t.

Proposition 4. Let (M, ω) be a closed presymplectic manifold of rank 2n

of dimension 2n + ` with a pre-compatible pair (J, g). There exists an asymptoti-
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cally J-holomorphic sequence of sections σk of the vector bundles C2(n+`)+1⊗L⊗k

satisfying that

1. σk is ν-projectizable on M .

2. | ∧2n+` dP (σk)|gk
> ν

for a universal constant ν > 0.
Moreover, given a one-parameter family of pre-compatible pairs (Jt, gt)t∈[0,1],

there exists a continuous family of asymptotically Jt-holomorphic sections σt,k

satisfying the same properties.

Proof. Let σ̃k be the section for a small α in Lemma 4, then the pull-
back σk = i∗σ̃k is asymptotically J-holomorphic and ν-projectizable on M . It is
sufficient to show that | ∧n+` ∂P (σ̃k)|g̃k

> ν implies | ∧2n+` dP (σk)|gk
> ν

2 for a
constant ν > 0.

For a point x ∈ M , we can assume that σ̃k(x) = (σ̃0
k(x), σ̃1

k(x), . . . ,
σ̃

2(n+`)
k (x)) = (σ̃0

k(x), 0, . . . , 0) by the action of U(2(n + `) + 1) on C2(n+`)+1.
The ν-projectizability of the section σ̃k implies that |σ̃0

k(x)| ≥ ν. Hence we can
take a universal constant c such that |σ̃0

k| ≥ ν/2 on Bg̃k
(x, c) because of the up-

per bound |σ̃k|C1 < C for a universal constant C. Let Φ0 be a trivialization of
CP2(n+`) for the affine coordinates Uk = {[z0, · · · , z2(n+`)]|z0 6= 0} and we define
the map fk = Φ0 ◦ P (σ̃k):

fk : Bg̃k
(x, c) → C2(n+`),

y 7→
(

σ̃1
k(y)

σ̃0
k(y)

, · · · ,
σ̃

2(n+`)
k (y)
σ̃0

k(y)

)
.

Since the map fk satisfies |∇pfk| = O(1) and |∇p∂̄fk| = O(k−
1
2 ), and Φ0 is

an isometry at [1, 0, . . . , 0] for the standard metric of C2(n+`)+1, the map P (σ̃k)
satisfies

∣∣∇pP (σ̃k)
∣∣
g̃k

= O(1),
∣∣∇p−1∂̄P (σ̃k)

∣∣
g̃k

= O
(
k−

1
2
)

(13)

for all p ≥ 1. This implies

∣∣ ∧2(n+`) dP (σ̃k)
∣∣
g̃k

=
∣∣ ∧n+` ∂P (σ̃k)

∣∣
g̃k

+ O
(
k−

1
2
)

>
ν

2

for a large integer k. Hence we have



920 T. Moriyama

∣∣ ∧2n+` dP (σk)
∣∣
gk

>
ν

2C

on Bgk
(x, c) for universal constants c and C, and the proof is finished. ¤

Proof of Theorem 2. We prove that φk = P (σk) in Proposition 4 is an
asymptotically holomorphic embedding of M . The property [φ∗ωFS ] = [kω/2π]
is obvious from the definition of the hyperplane bundle H on CP2(n+`). Next we
can perturb this immersion φk to be an embedding by a small Cr-perturbation
keeping the asymptotic holomorphicity since 2 dimM < dimCP2(n+`) for ` 6=
0. When ` = 0 we may modify Proposition 4 to obtain the section σk of the
bundle C2n+2⊗L⊗k and consider the map P (σk) into CP2n+1 satisfying 2 dimM

< dimCP2n+1. Hence we have embeddings. We set m = 2n + max {2`, 1} and
denote by φk such an embedding into CPm for simplicity. Moreover the equation
(13) in the proof of Proposition 4 implies that

∣∣∇pP (σk)
∣∣
gk

= O(1),
∣∣∇p−1∂̄P (σk)

∣∣
gk

= O(k−
1
2 ).

Therefore φk is the asymptotically holomorphic sequence of embeddings.
To complete the proof of our main theorem we only need to estimate the left

inverse of dφk. The differential dφk gives the isomorphism

(dφk)x : TxM → (φk)∗TxM ⊂ Tφ(x)CPm.

We define (θ̄k)x to be the inverse of (dφk)x. The map θ̄k has the estimate |θ̄k|
> Cν−1 for a universal constant C since the lower bound | ∧2n+` dP (σk)|gk

> ν.
Then we consider the left inverse θk = θ̄k◦pr⊥ by composing θ̄k and the orthogonal
projection pr⊥ from Tφ(x)CPm to (φk)∗(TxM), and have the estimate of θk in
Definition 2. ¤

3.2. The case of grassmannians.

Definition 6. Let Y be a C∞-manifold and E′ a Hermitian bundle of rank
r over Y . A section s of the vector bundle CN ⊗E′ is ν-grassmannizable on Y if
| ∧r s(y)| > ν for all y ∈ Y .

If a section s of the vector bundle CN ⊗E′ is ν-grassmannizable for a positive
constant ν, then we obtain a map

Gr(s) : Y → Gr(r,N).

The following result is proved by Proposition 4.6. in [8]
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Lemma 5. Let s̃k be an asymptotically holomorphic sequence of sections of
the vector bundles CN ⊗ Ẽ ⊗ L̃⊗k. Then for α > 0 there exists another sequence
σ̃k satisfying that

1. |s̃k − σ̃k|C1,g̃k
< α.

2. σ̃k is ν-grassmannizable on Bk(M).

3. | ∧n+` ∂Gr(σ̃k)|g̃k
> ν on Bk(M) for a positive constant ν.

Moreover the result holds for a continuous family of relative asymptotically holo-
morphic sections σ̃t,k.

Proposition 5. Suppose N ≥ n + ` + r and r(N − r) ≥ 2n + max {2`, 1}.
For any Hermitian bundle E of rank r over M , there exists an asymptotically J-
holomorphic sequence of sections σk of the vector bundles CN⊗E⊗L⊗k satisfying
that

1. σk is ν-grassmannizable on M .

2. | ∧2n+` dGr(σk)|gk
> ν for a universal constant ν > 0.

Moreover the result holds for a continuous one-parameter family of asymptotically
Jt-holomorphic sections σt,k.

Proof. Given the section σ̃k in Lemma 5, then the pull-back σk = i∗σ̃k is
asymptotically J-holomorphic and ν-grassmannizable on M . Then we can show
that Gr(σk) satisfies | ∧2n+` dGr(σk)|gk

> ν for a constant ν > 0 by applying the
same argument in the proof of Proposition 4 to this map Gr(σk), and this finishes
the proof. ¤

Proof of Theorem 4. Let σk be the section in Proposition 5. We prove
that φk = Gr(σk) satisfies the condition in Theorem 4. The property E = φ∗U is
obvious from the definition of the universal bundle U on Gr(r,N). Moreover the
condition 2 in Proposition 5 implies that the map φk is an immersion. Now we have
2 dim M < dimGr(r,N) from the assumption r(N − r) ≥ 2n+max {2`, 1}. Hence
we can perturb this immersion φ to be an embedding by a small perturbation
keeping the asymptotic holomorphicity. We denote this embedding by φk again.
We obtain the estimate of the left inverse of φk by repeating the argument in the
proof of Theorem 2, and hence this finishes the proof. ¤

4. Asymptotically holomorphic immersions.

Let (M, ω) be a (2n+`)-dimensional closed presymplectic manifold of rank 2n
with a pre-compatible pair (J, g) and an integral form ω. We suppose that (X, Ω)
is the symplectic manifold in Proposition 1 with the almost complex structure J̃
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and the Riemannian metric g̃ such that i∗J̃ = J and i∗g̃ = g for the embedding
i : M → X.

4.1. Local perturbation and transversality.
Our main tools to prove the main theorem are a local perturbation of asymp-

totically holomorphic sections and a transversality theorem on symplectic mani-
folds. We recall these results in this subsection.

Definition 7. A family of properties P (ε, x)x∈X,ε>0 of sections of bundles
over X is local and Cr-open if for a section s satisfying P (ε, x), any section σ such
that |s(x)− σ(x)|Cr < η satisfies P (ε− Cη, x) where C is a universal constant.

The following lemma is the result of a perturbation of asymptotically holo-
morphic sections in symplectic geometry.

Proposition 6 (Auroux [2, Proposition 3]). Let s̃k be asymptotically holo-
morphic sections of Ẽk and P (ε, x)x∈X,ε>0 a local and Cr-open properties of sec-
tions of vector bundles Ẽk over X. Assume that there exist universal constants
c, c′, c′′ and p such that given any x ∈ M , any small δ > 0, there exist asymptoti-
cally holomorphic sections τ̃k,x of Ẽk with the following properties for large integer
k:

1. |τ̃k,x|Cr,g̃k
< c′′δ.

2. The sections 1
δ τ̃k,x have Gaussian decay in Cr-norm away from x.

3. The sections s̃k + τ̃k,x satisfy the property P (c′δ(log(δ−1))−p, y) for all
y ∈ Bg̃k

(x, c).

Then for any α > 0 there exist asymptotically holomorphic sections σ̃k of Ẽk such
that

• |s̃k − σ̃k|Cr,g̃k
< α.

• The sections σ̃k satisfy the property P (ε, y) for all y ∈ Bk(M) with a uni-
versal constant ε > 0.

Moreover, given a one-parameter family of sections s̃t,k and a one-parameter fam-
ily of sections τ̃t,k,x with the conditions 1, 2 and 3, there exists a one-parameter
family of sections σ̃t,k which depends continuously on t and satisfies the same
properties.

Definition 8. A map f : Cm → Cr is η-transverse to 0 at a point x ∈ Cm

if it satisfies at least one of the following properties:

1. |f(x)| > η.
2. The derivative df(x) has a right inverse θ with |θ| < η−1.
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Proposition 7 (Donaldson [4, Theorem 12]). There exists an integer p

depending on m and r, with the following property : let η = δ(log(δ−1))−p for
0 < δ < 1

2 . Let f be a Cr-valued function over the ball B+ = B(0, 11
10 ) ⊂ Cm

satisfying the following bounds over B+:

|f | ≤ 1, |∂̄f | ≤ η, |∇∂̄f | ≤ η.

Then there exists w ∈ Cr with |w| < δ such that f − w is η-transverse to 0 over
the unit ball B ⊂ B+. Moreover, given a one-parameter family of a Cr-valued
functions (ft)t∈[0,1] over the ball B+ depending continuously on t with the above
bounds for all t, there exists a continuous family (wt)t∈[0,1] satisfying the same
properties.

4.2. The case of projective spaces.
Let W̃ be a vector bundle which is an extension of W to X.

Proposition 8. Let s̃k be an asymptotically holomorphic sequence of sec-
tions of the vector bundles C2n+`+1⊗L̃⊗k which is ν-projectizable. Then for α > 0
there exists another sequence σ̃k satisfying that

1.
∣∣s̃k − σ̃k

∣∣
C1,g̃k

< α.

2.
∣∣ ∧2n dW̃ P (σ̃k)

∣∣
g̃k

> ν′ for a constant ν′ > 0 on Bk(M).

Moreover, for a continuous family of relative asymptotically holomorphic sequences
of sections s̃t,k and any α > 0, there exists a continuous family of sections σ̃t,k

satisfying the conditions 1 and 2.

Proof. We define the property P (m)(ε, y) of sections as | ∧2m

dW̃ P (s̃k)(y)| > ε for y ∈ X. We will construct a section with the property
P (m+1)(ε, y) by induction on m for m = 0, . . . , n− 1. If we construct a local per-
turbation τ̃

(m+1)
k,x for x ∈ M satisfying the condition (1), (2) and (3) in Proposition

6, then we have the section σ̃
(m+1)
k satisfying P (m+1)(ε, y) on Bk(M) for a con-

stant ε. Finally we will obtain a global section σ̃
(n)
k such that |∧2n dW̃ P (σ̃(n)

k )| > ε

on Bk(M). Hence it suffices to construct such a local perturbation τ̃
(m+1)
k,x on

Bg̃k
(x, c) for a universal constant c.
Before we start the induction, we see a local representation of a section σ̃

(m)
k

satisfying the property P (m)(ε, y) on Bk(M) for a universal constant ε. By trivial-
izing L̃⊗k with s̃ref

k,x, we can denote the section σ̃
(m)
k restricted to the ball Bg̃k

(x, 1)
as follows:

σ̃
(m)
k =

(
s0

k s̃ref
k,x, s1

k s̃ref
k,x, . . . , s2n+`

k s̃ref
k,x

)
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over Bg̃k
(x, 1). Hence we identify σ̃

(m)
k with the C2n+`+1-valued function

σ̃
(m)
k =

(
s0

k, s1
k, . . . , s2n+`

k

)
: Bg̃k

(x, c) → C2n+`+1

on Bg̃k
(x, c) for a universal constant c. Now we consider the composition f

(m)
k

= Φ0 ◦ P (σ̃(m)
k ) by the trivialization Φ0 of CP2n+` for Uk = {[z0, . . . , z2n+`]|z0

6= 0}:

f
(m)
k : Bg̃k

(x, c) → C2n+`,

y 7→
(

s1
k(y)

s0
k(y)

, . . . ,
s2n+`

k (y)
s0

k(y)

)
.

Then the map f
(m)
k satisfies

C−1
∣∣ ∧2m dP

(
σ̃

(m)
k

)∣∣ ≤
∣∣ ∧2m df

(m)
k

∣∣ ≤ C
∣∣ ∧2m dP

(
σ̃

(m)
k

)∣∣

on Bg̃k
(x, c) for a universal constant C. Hence we perturb this map f

(m)
k instead

of P (σ̃(m)
k ). Now we define asymptotic holomorphic 1-forms

µj
k = ∂

(
zj
k

s0
k

)
(14)

where (z1
k, . . . , zn+`

k ) denotes the Darboux coordinates with zn+i
k = wi

k for i

= 1, . . . , ` in Proposition 2. The 1-forms {µj
k}j=1,...,n+` can be taken a basis

of 1-forms on Bg̃k
(x, c) which is an orthogonal basis at x. In addition, we have the

lower bound |µj
k| > Cν on Bg̃k

(x, c) for a universal constant C. The form ∂f
(m)
k

is the section of T ∗X ⊗C2n+`. Hence for a basis {ej}j=1,...,2n+` of C2n+`, ∂f
(m)
k

is written as

∂f
(m)
k =

∑

i=1,...,n+`,
j=1,...,2n+`

uijµi
k ⊗ ej (15)

where {uij}i=1,...,n+`,j=1,...,2n+` are complex valued functions on Bg̃k
(x, c). Under

the representation (15) we identify ∂f
(m)
k with the complex (n + `, 2n + `)-matrix
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∂f
(m)
k =




u11
k · · · u1 2n+`

k
...

. . .
...

un+` 1
k · · · un+` 2n+`

k


 . (16)

Let V be the subbundle of T 1,0X|Bg̃k
(x,c) which is spanned by the 1-forms

{µj
k}j=1,...,n. Then the estimate |∂V fk| > ε implies that |dW̃ fk| > C−1ε on

Bg̃k
(x, c) for a sufficiently large integer k and a universal constant C shrinking

c if necessary, since W̃ (x) = W (x) equals to V (x) and ∂W f(x) = ∂V f(x) at the
origin x of the relative Darboux coordinates. Hence we can represent ∂V f

(m)
k as

∂V f
(m)
k =




u11
k · · · u1 2n+`

k
...

. . .
...

un 1
k · · · un 2n+`

k


 (17)

and assume that

∂V f
(m)
k (x) =




u11
k (x) 0 · · · 0 · · · 0
0 u22

k (x) 0 · · · 0 0
...

. . . 0
...

...
0 · · · 0 unn

k (x) 0 · · · 0




by applying a unitary transformation U(n) ⊂ U(n+`) on the Darboux coordinates
and U(2n + `) on C2n+` fixing (1, 0, . . . , 0).

We start the inductive construction of local sections τ̃
(m+1)
k,x . We apply the

proof of Proposition 19 in [8] to ∂V f
(m)
k instead of ∂fk. At first, we construct

a local perturbation τ̃
(1)
k,x. We define σ̃

(0)
k as the section s̃k in the assumption of

this proposition. Then we consider the function f
(0)
k = Φ0 ◦P (σ̃(0)

k ) and represent
∂f

(0)
k as in (16). Now we set the C2n+`-valued function

hk =
(
u11

k , u12
k , . . . , u1 2n+`

k

)
: Bg̃k

(x, c) → C2n+`

which is the first row of (17). Applying Proposition 7 to hk, we obtain a constant
wk = (w1

k, . . . , w2n+`
k ) ∈ C2n+` such that

|hk − wk| > η = δ(log(δ−1))−p
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and |wk| < δ. The function hk − wk gives rise to the C2n+`-valued 1-form

∂f
(0)
k −

2n+`∑

j=1

wj
kµ1

k ⊗ ej = ∂

(
f

(0)
k −

2n+`∑

j=1

wj
kz1

k

s0
k

⊗ ej

)

= ∂

(
s1

k − w1
kz1

k

s0
k

, . . . ,
s2n+`

k − w2n+`
k z1

k

s0
k

)

whose norm has lower bound Cη. This perturbation is induced by adding the local
section

τ̃
(1)
k,x = −(

0, w1
kz1

ks̃ref
k,x, . . . , w2n+`

k z1
ks̃ref

k,x

)

to σ̃
(0)
k = s̃k on Bg̃k

(x, c). Then we obtain σ̃
(1)
k satisfying the property P (1)(ε, y)

on Bk(M). Therefore we complete the first step in the induction.
Next we assume that there exists a section σ̃

(m)
k with the property P (m)(ε, y)

on Bk(M) for 1 ≤ m ≤ n− 1. Then we define a function f
(m)
k by

f
(m)
k = Φ0 ◦ P

(
σ̃

(m)
k

)
.

It follows from our assumption that | ∧2m dW̃ f
(m)
k | > ν for a universal constant ν.

Then we have

∣∣ ∧m ∂V f
(m)
k

∣∣ > Cν (18)

for a universal constant C on Bg̃k
(x, c) since W̃ (x) = W (x) and W 1.0(x)

= V (x). We find a local perturbation τ̃
(m+1)
k,x of this 1-forms ∂f

(m)
k to satisfy

| ∧m+1 ∂V (f (m)
k + P (τ̃ (m+1)

k,x ))| > η for a universal constant η. The inequality (18)
and the representation (17) implies that |u11

k (x) · · ·umm
k (x)| > ν/C ′ for a universal

constant C ′. We may assume |det(uij
k )i,j=1,...,m| > ν/2C ′ on Bg̃k

(x, c) by taking
a small constant c. Define the functions

θk = det
(
uij

k

)
i,j=1,...,m

Mp
k = det

(
uij

k

)
i=1,...,m+1, j=1,...,m,p

,

that is, θk and Mp
k are the determinants of the following matrices:
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u11
k · · · u1m

k 0
...

. . .
...

...
um1

k · · · umm
k 0

0 · · · 0 1


 ,




u11
k · · · u1m

k u1p
k...

. . .
...

...
um1

k · · · umm
k ump

k

um+1 1
k · · · um+1 m

k um+1 p
k




for integer p with m + 1 ≤ p ≤ 2n + `, respectively. We set Mk

= (Mm+1
k , . . . , M2n+`

k ) and consider a perturbation of Mk. With the lower bounds
of θk we can define a C2n+`−m-valued function

hk =
(

Mm+1
k

θk
, . . . ,

M2n+`
k

θk

)
: Bg̃k

(x, c) → C2n+`−m.

Since we have n + ` < 2n + ` − m for 0 ≤ m ≤ n − 1, we can apply Propo-
sition 7 to hk on any step of the induction. Hence there exists a constant
wk = (wm+1

k , . . . , w2n+`
k ) ∈ C2n+`−m such that

|hk − wk| > δ(log(δ−1))−p

and |wk| < δ. The above estimate is equivalent to

|Mk − wkθk| =
∣∣(Mm+1

k − wm+1
k θk, . . . , M2n+`

k − w2n+`
k θk

)∣∣ > η

=
ν

2C ′
δ(log(δ−1))−p.

The each component Mp
k − wp

kθk is the determinant of the matrix




u11
k · · · u1m

k u1p
k...

. . .
...

...
um1

k · · · umm
k ump

k

um+1 1
k · · · um+1 m

k um+1 p
k − wp

k


 .

Hence the perturbation Mk − wkθk corresponds to the 1-form

∂f
(m)
k −

2n+`∑

j=m+1

wj
kµm+1

k ⊗ ej = ∂

(
f

(m)
k −

2n+`∑

j=m+1

wj
kzm+1

k

s0
k

⊗ ej

)

= ∂

(
s1

k

s0
k

, . . . ,
sm

k

s0
k

,
sm+1

k − wm+1
k zm+1

k

s0
k

, . . . ,
s2n+`

k − w2n+`
k zm+1

k

s0
k

)
.
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This form is induced by adding the local section

τ̃
(m+1)
k,x = −(

0, . . . , 0, wm+1
k zm+1

k s̃ref
k,x, . . . , w2n+`

k zm+1
k s̃ref

k,x

)

to the section σ̃
(m)
k on Bg̃k

(x, c). This implies that there exists a section σ̃
(m+1)
k

with the property P (m+1)(ε, y) on Bk(M). Thus we inductively construct the
section σ̃

(n)
k and finish the proof for the non-parameter version.

In the parameter case we only apply the same argument to a one-parameter
family of sections σ̃

(0)
t,k = s̃t,k. ¤

Proof of Theorem 1. We have an asymptotically J̃-holomorphic and ν-
projectizable sequence of sections s̃k over X ([8, Proposition 2.15]). Given the
section σ̃k for the sections s̃k and a small α in Proposition 8, then the pull-back
σk = i∗σ̃k is asymptotically J-holomorphic and ν-projectizable on M . In addition,
the map P (σk) satisfies that | ∧2n dW P (σk)|gk

> ν′ on M for a constant C and
ν′ > 0. Therefore the map φk = P (σk) : M → CP2n+` is non-degenerate along
W . We obtain the estimate of the left inverse of dφk|W by repeating the argument
in the proof of Theorem 2. ¤

4.3. The case of Grassmannians.

Proposition 9. Let s̃k be an asymptotically holomorphic sequence of sec-
tions of the vector bundles CN ⊗ Ẽ⊗ L̃⊗k, which is ν-grassmannizable on Bk(M).
Then for α > 0, there exists another sequence σ̃k satisfying that

1. |s̃k − σ̃k|C1,g̃k
< α.

2.
∣∣ ∧2n dW̃ Gr(σ̃k)

∣∣
g̃k

> ν′ on Bk(M) for a universal constant ν′ > 0.

Moreover, for a continuous family of relative asymptotically holomorphic se-
quences of sections s̃t,k and any α > 0, there exists a continuous family of sections
σ̃t,k satisfying the conditions 1 and 2.

Proof. We repeat the inductive argument of the proof of Proposition 8.
We define a property P (m)(ε, y) of sections as | ∧2m dW̃ Gr(σ̃(m)

k )| > ε for y ∈ X.
Suppose that there exists a section σ

(m)
k satisfying the property P (m)(ε, y) on

Bk(M) for each number 0 ≤ m ≤ n − 1. Then it suffices to show there exists
a local perturbation τ̃

(m+1)
k,x such that | ∧2(m+1) dW̃ Gr(σ̃(m)

k + τ̃
(m+1)
k,x )| > η on

Bg̃k
(x, c).
Given a local frame {e1, . . . , er} trivializing Ẽ and a frame {v1, . . . , vr} of CN ,

we can represent σ̃
(m)
k restricted to Bg̃k

(x, c) as
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σ̃
(m)
k =

∑

i=1,...,r,
j=1,...,N

sij
k vj ⊗ ei ⊗ s̃ref

k,x (19)

where {sij
k }i=1,...,r, j=1,...,N are complex valued functions on Bg̃k

(x, c). Under the
representation (19) we identify σ̃

(m)
k with the complex (r,N)-matrix

σ̃
(m)
k =




s11
k · · · s1N

k
...

. . .
...

sr1
k · · · srN

k


 (20)

and suppose

σ̃
(m)
k (x) =




s11
k (x) 0 · · · 0 · · · 0
0 s22

k (x) 0 · · · 0 0
...

. . . 0
...

...
0 · · · 0 srr

k (x) 0 · · · 0




(21)

by unitary transformations U(r) and U(N). Then it follows that
|det(sij

k )i,j=1,...,r| > C−1ν from (21) and the ν-grassmannizability of σ̃
(m)
k . Hence

we can define the composition fk = Φ0 ◦ Gr(σ̃(m)
k ) by the trivialization Φ0 of

Gr(r,N) for U0 = {[v1, · · · , vN ]|[v1, · · · , vN ] ∩ [0, . . . , 0, vr+1, · · · , vN ] = 0}:

fk : Bg̃k
(x, c) → Cr(N−r),

y 7→




s11
k (y) · · · s1r

k (y)
...

. . .
...

sr1
k (y) · · · srr

k (y)




−1 


s1 r+1
k (y) · · · s1N

k (y)
...

. . .
...

sr r+1
k (y) · · · srN

k (y)


 . (22)

Let Ak be the matrix valued function such that Ak(y) = (sij
k (y))i,j=1,...,r for

y ∈ Bg̃k
(x, c) and B a constant matrix of GL(r,C). Then we define asymptotic

holomorphic Cr-valued 1-forms

µij
k = ∂

(
A−1

k Bzi
kej

)
(23)

for i = 1, . . . , n + ` and j = 1, . . . , r, where (z1
k, . . . , zn+`

k ) are the Darboux
coordinates in Proposition 2. We choose the matrix B ∈ GL(r,C) such that
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{µij
k }i=1,...,n+`, j=1,...,r is an orthogonal basis of T ∗X ⊗Cr at the origin x. Hence

{µij
k }i=1,...,n+`, j=1,...,r is a local frame of T ∗X ⊗Cr on Bg̃k

(x, c) and satisfies the
estimate |µij

k | > Cν for a universal constant C.
We denote fk = (f1

k , . . . , fN−r
k ) where each f t

k is the column A−1
k (sjt

k )j=1,...,r

of (22). Then the section ∂f t
k of T ∗X ⊗Cr is represented as

∂f t
k =

∑

i=1,...,n+`,
j=1,...,r

uijt
k µij

k

where {uijt
k }i=1,...,n+`, j=1,...,r are complex valued functions on Bg̃k

(x, c). We iden-
tify ∂f t

k with the complex (n+ `, r)-matrix valued function (uijt
k )i=1,...,n+`, j=1,...,r

by the basis {µij
k }i=1,...,n+`, j=1,...,r. Then we consider ∂fk = (∂f1

k , . . . , ∂fN−r
k ) as

the complex (n + `, r(N − r))-matrix valued function and write ∂fk as follows:

∂fk =




u11
k · · · u

1 r(N−r)
k

...
. . .

...
un+` 1

k · · · u
n+` r(N−r)
k




where we identify Cr(N−r) with complex (r,N − r)-matrices by a function

{1, . . . , r(N − r)} → {1, . . . , r} × {1, . . . , N − r},
α 7→ (j(α), t(α)).

Let V be the subbundle of T 1,0X ⊗ Cr|Bg̃k
(x,c) which is spanned by the Cr-

valued 1-forms {µij
k }i=1,...,n, j=1,...,r. Then the estimate |∂V fk| > ε implies that

|dW̃ fk| > C−1ε on Bg̃k
(x, c) for a universal constant C, shrinking c if necessary.

Hence we can represent ∂V fk as

∂V fk =




u11
k · · · u

1 r(N−r)
k

...
. . .

...
un 1

k · · · u
n r(N−r)
k


 , (24)

and we may further suppose that the matrix at x is upper triangle:
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∂V fk(x) =




u11
k (x) ∗ · · · ∗ · · · ∗
0 u22

k (x) ∗ · · · ∗ · · · ∗
...

. . . ∗ ...
...

0 · · · 0 un n
k (x) ∗ · · · ∗




by the unitary transformation U(n) which acts on the relative Darboux coor-
dinates. Let θk = det(uiα

k )i,α=1,...,m and Mp
k = det(uiα

k )i=1,...,m+1, α=1,...,m,p

where the matrix valued functions (uiα
k )i,α=1,...,m and (uiα

k )i=1,...,m+1, α=1,...,m,p

for m+1 ≤ p ≤ r(N − r) are the first (m,m)-minor and the (m+1,m+1)-minors
of (24), respectively. Applying the same argument in the proof of Proposition 8 to
the 1-form ∂V fk of (24), then we obtain a constant wk = (wm+1

k , . . . , w
r(N−r)
k ) ∈

Cr(N−r)−m such that |wk| < δ and

|Mk − wkθk| =
∣∣(Mm+1

k − wm+1
k θk, . . . , M

r(N−r)
k − w

r(N−r)
k θk

)∣∣ > η.

This perturbation is induced by adding the local section

τ̃
(m+1)
k,x = −B

(
0, . . . , 0,

∑

t(α)=r+1,
α>m

wα
k zm+1

k ej(α)s̃
ref
k,x, . . . ,

∑

t(α)=N,
α>m

wα
k zm+1

k ej(α)s̃
ref
k,x

)

to σ̃
(m)
k on Bg̃k

(x, c), and it finishes the proof. ¤

Proof of Theorem 3. We have an asymptotically J̃-holomorphic and ν-
grassmannizable sequence of sections s̃k over X ([8, Proposition 4.4]). Let σk be
the section in Proposition 9. We prove that φk = Gr(σk) satisfies the condition
2 in Theorem 3. The condition 2 in Proposition 9 implies that the map φk is
the immersion along W . We obtain the estimate of the left inverse of dφk|W by
repeating the argument in the proof of Theorem 2, and hence this finishes the
proof. ¤

4.4. Uniqueness of constructed maps.

Proof of Theorem 5. Let i : (M, ω) → (X, Ω) be the coisotropic em-
bedding as in Proposition 1. We suppose that (J0, g0) and (J1, g1) are two pre-
compatible pairs on (M, ω). Then it is sufficient to construct an isotopy for two
sequences φj,k of asymptotically Jj-holomorphic maps for j = 0, 1 as in Theorem
1. We use the construction of an isotopy in the proof of Theorem 2.11 in [8]. Let
sj,k be an asymptotically Jj-holomorphic sequence of sections for j = 0, 1 such
that φj,k = P (sj,k) as in proof of Theorem 1. Then there exists an asymptotically
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holomorphic sequence of sections s̃j,k such that i∗s̃j,k = sj,k for each j = 0, 1. The
section s̃j,k is ν-projectizable and satisfies | ∧2n dW̃ P (s̃j,k)|g̃j,k

> ν for a universal
constant ν. Let {(Jt, gt)}t∈[0,1] be a continuous family of pre-compatible pairs on
(M, ω) such that Jt = J0 for t ∈ [0, 1

3 ] and Jt = J1 for t ∈ [ 23 , 1]. Then we have
the continuous family of almost complex structures {J̃t}t∈[0,1] and Riemannian
metrics {g̃t}t∈[0,1] on (X, Ω). We define a family of asymptotically holomorphic
sections over X:

s̃t,k =





(1− 3t)s̃0,k t ∈ [0, 1
3 ]

0 t ∈ [ 13 , 2
3 ]

(3t− 2)s̃1,k t ∈ [ 23 , 1].

Let α be a positive constant such that any perturbation of s̃j,k of C1-norm
less than α is still ν

2 -projectizable and | ∧2n dW̃ P (s̃j,k)|g̃j,k
> ν

2 for j = 0, 1.
Applying Proposition 8 to a one-parameter family s̃t,k, then we have σ̃t,k which
is ν′-projectizable and | ∧2n dW̃ P (σ̃t,k)|g̃t,k

> ν′ for a universal constant ν′. We
define a one-parameter family of asymptotically holomorphic sequences of sections

τ̃t,k =





(1− 3t)s̃0,k + 3tσ̃0,k t ∈ [0, 1
3 ]

σ̃t,k t ∈ [ 13 , 2
3 ]

(3t− 2)s̃1,k + (3− 3t)σ̃1,k t ∈ [ 23 , 1].

Then τ̃t,k is ν′′-projectizable and satisfies | ∧2n dW̃ P (τ̃t,k)|g̃t,k
> ν′′ for

ν′′ = min{ν
2 , ν′}. The pull-back τt,k = i∗τ̃t,k is the Jt-asymptotically holo-

morphic sequence of sections over M which is ν′′-projectizable and satisfies
| ∧2n dW P (τt,k)|gt,k

> ν′′. Hence the map φt,k = P (τt,k) is the Jt-asymptotically
holomorphic immersion along W for each t. Thus φ0,k and φ1,k are isotopic. ¤
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