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Abstract. Our aim in this paper is to deal with Sobolev embeddings for Riesz
potentials of functions in Morrey spaces of variable exponent.

1. Introduction.

The space introduced by Morrey [14] in 1938 has become a useful tool for
studying the existence and regularity of partial differential equations. In recent
years, the generalized Lebesgue spaces and the corresponding Sobolev spaces of
variable exponent have attracted more and more attention, in connection with the
study of elasticity, fluid mechanics and differential equations with variable growth;
see Ruzicka [18]. Our aim in this paper is to establish Sobolev’s inequality for
generalized Morrey spaces of variable exponent; the borderline case is concerned
with Trudinger’s inequality.

In the n-dimensional Euclidean space R™, we consider the Riesz potential of
order « for a locally integrable function f on R"™, which is defined by

Unf(z) = / & — y|°" f(y)dy.

Here 0 < a < n and it is natural to assume that U,|f| Z oo, which is equivalent
to

/ (L4 )™ "1 (9)dy < oo: (L1)
RTL

for this fact, see [12, Theorem 1.1, Chapter 2]. If f is a locally integrable function
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on R"™ satisfying (1.1) and the Morrey condition

sup T’”/ |f(y)[Pdy < oo,
zeER™,r>0 B(z,r)

then it is shown (see Adams [1] and Peetre [17]) that U, f satisfies Sobolev’s
inequality, where 1 < p < oo and B(z,r) denotes the open ball centered at = of
radius r. Further, in case v = n — ap, we know Trudinger’s type inequality for
U, f due to the paper by Nakai [15, Theorem 2.2].

Following Kovacik and Rékosnik [11], we consider a positive continuous func-
tion p(-) on R™, which is called a variable exponent. To extend those results
mentioned above, we consider the LP():*:# norm by

p(y)
I fllp(y,v8,mn = inf {)\ >0: sup r‘”(log(?—&-r‘l))ﬁ/ L(y)
zER™,r>0 B(z,r) A

dy<1}

and denote by LP()*#(R™) the space of all measurable functions f on R" with
1 fllp()05,R» < 00. This space LP()*#(R™) is referred to as a Morrey space of
variable exponent. For related results about Lebesgue or Sobolev spaces of variable
exponent, see also Edmunds-Rékosnik [7] and Ruzicka [18].

In this paper we are concerned with p(-) satisfying the following log-Holder
condition

alog(log(1/|z —y|)) b

Ip(@) =Pl < e —a) T log(i/lz 3]

whenever |x — y| < 1/4, where a and b are nonnegative constants. A typical
example is given by

alog(log(1/|zo — x|)) b
log(1/]xo — ) log(1/]xo — x)

p(x) = po +

for x € B(zo,70), 0 < 19 < 1/4. Sobolev’s theorem consists of three different
aspects, that is, Sobolev’s inequality, Trudinger’s inequality and continuity. The
border between Sobolev’s inequality and Trudinger’s inequality is caused by the
first parameter pgy, and the border between Trudinger’s inequality and continuity
is caused by the second parameter a. In the present paper, we deal with the case
that a is small; when a is large, the continuity property has been discussed in the
coming paper by the authors [13].

Recently Diening [6] has established embedding results for Riesz potentials
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in the case a = 0. Our first task is then to establish the boundedness of Hardy-
Littlewood maximal functions from LP()*:# to some Orlicz classes, as an extension
of Chiarenza and Frasca [4, Theorem 1] in the constant case and the authors’ [9,
Theorem 2.4] with v = § = 0. As an application of the boundedness of maximal
functions, we establish Sobolev’s inequality as well as Trudinger’s inequality for
Riesz potentials of functions in Morrey spaces of variable exponent, as an extension
of Adams [1], Cruz-Uribe, Fiorenza and Neugebauer [3], Chiarenza and Frasca [4],
Futamura and the first author [8], Futamura and the authors [9] and Nakai [15].

2. Preliminary results for constant exponents.

Throughout this paper, let C' denote various constants independent of the
variables in question.

For an open set G in R", 1 < p < 00, 0 < v < n and a real number /3,
following Nakai [15], we consider the family LP*"#(G) of all measurable functions
f on G such that

M2, se = sup r(log(2+r 1)) / F)Pdy < oo,
z€G,r>0 GNB(z,r)

where B(z,r) denotes the open ball centered at = of radius r > 0. In what follows
we assume that f = 0 outside G. Under this assumption, we easily see that if
f € LPYP(@G), then f € LPA(R") and

£ lpwp.rn < ClIf

lpv.6,G-

We sometimes write || f||,..,g instead of || f|...5,¢ for simplicity.
We recall the notion of maximal functions of locally integrable functions f on
R", which are in fact defined by

r>0

1
M f(x) = sup m /B(:m) |f(y)|dy,

where |E| denotes the n-dimensional Lebesgue measure of a measurable set E C
R".

First we present the boundedness of maximal functions in the Morrey space
LP"# due to Nakai [15, Theorem 2.1].

LeEmMMA 2.1. If0<v <mn, then

1M fllpvs < ClIf|

p,v,B
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for all f € LP*B(R™).
For reader’s convenience we give a proof of Lemma 2.1.

PROOF OF LEMMA 2.1. Let [[f|lpv3 <1,z € R* and r > 0. Write Ay =
B(z,2r) and A; = B(z,29"1r) \ B(z,27r) for each positive integer j. We set

fi = fxa,»

where xg denotes the characteristic function of E. Note that
/ Mf(2)Pdz < 2p_1(/ M fo(z)Pdz —|—/ Mgo(z)pdz>
B(z,r) B(z,r) B(z,r)
= 2p71(11 + IQ),

where gg = Zj’;l |f;]. We have

I < /Mfo(z)pdz < C’/ |fo(2)|Pdz =C |f(2)|Pdz < C’r”(log(Q—I—T_l))_ﬂ.

B(x,2r)

Next we see that for z € B(z, )

My () < C(20r) / F)ldy

B(z,2it1r)

_ 1/p
<c(en [ i)
B(x,2i+1r)
< C(20r) /P (log(2 + (277) 1)) 7P/,

so that

1
<Oy P log(2 + (21r) )N

< Cr(‘"”)/p(log@ + r—l))—ﬂ/p_
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Hence it follows that

I < Cr*~"(log(2 + r‘l))‘B/ dz = Cr*(log(2 + 1) 7.
B(z,r)

Thus we obtain
/ Mf(2)Pdz < Cr¥(log(2 + 7"_1))_5,
B(z,r)

which proves the lemma. O

REMARK 2.2. When v =n and 8 < p, Theorem 2.1 by Nakai [15] implies
that

1M fllpn5-p < Cllfllpn,s-

For 0 < a < n and a locally integrable function f on R"™ we define the Riesz
potential U, f by

Unf(z) = / & — o f(y)dy;

note that U, |f| # oo if and only if

/ (L4 )1 (9)dy < oo: (2.1)

for this fact, see [12, Theorem 1.1, Chapter 2].

LEMMA 2.3. Let0<v <n—ap. If f is a nonnegative measurable function
on R" such that || f|lpup < 1, then

[ e alt i wdy < 0 log(1/6))
R\ B(z,6)

forz € R™ and 0 < & < 1/4, where 1/p* =1/p —a/(n —v) > 0.

This lemma will be proved later (in Lemma 4.1) in variable exponent setting;
For constant exponent case, we refer the reader to the book by Adams and Hedberg
[2].
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With Lemmas 2.1 and 2.3 we can apply Hedberg’s trick (see [10]) to ob-

tain Sobolev type inequality for Riesz potentials due to Adams [1, Theorem 3.1],
Chiarenza and Frasca [4, Theorem 2] and Nakai [15, Theorem 2.2].

THEOREM 2.4. Let 0 < v < n—ap. If f is a nonnegative measurable
function on R™ with || f||p.p <1, then

|Ua f(log(2 + Ua ) =) s, 5 < C.

PrROOF. Suppose || f|lprp < 1. For z € R™ and 0 < 0 < 1/4, write

Uaf(a) = / & — " F(y)dy + / & — 51 F(y)dy.
B(z,5) R\ B(z,d)

We see from Lemma 2.3 that
Uaf(z) < CS“Mf(z) + C5~=0)/P* (log(2 + 57 1)) A/>.

Now, taking § = M f(x) =P/ (log(2 + M f(z)))~#/("=¥) when M f(x) is large
enough, we obtain

Ua f (2)(10g(2 + Ua f))* =) < OM f(2)?/?".

Therefore it follows from Lemma 2.1 that

#
/ (Un (@) (l0g(2 + Un )9/ =V 4z < © / Mf(z)da
B(z,r) B(z,r)
< Cr¥(log(2 + 7"_1))_6
for z € R™ and r > 0, which yields the required property. 0

In case v = n — ap > 0, we modify Lemma 2.3 and Theorem 2.4 as follows:

LEMMA 2.5. Letv=n—ap >0, 8 < p and G be a bounded open set in
R™. Let f be a nonnegative measurable function on G such that ||f|pvg < 1. If
B < p, then

[ eyl )y < Cllog(1/8))
G\ B(z,5)
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and if B =p, then
/ & — 5[ f(y)dy < Clog(log(1/))
G\B(x,5)

forx e Gand0<§<1/4.

In view of Lemma 2.5, we have the following exponential integrability of
Trudinger type; see Nakai [15, Theorem 2.2]. We also refer the reader to the
paper by Sawano, Sobukawa and Tanaka [19, Theorem 3.1].

THEOREM 2.6. Letv=mn—ap >0, 8 <p and G be a bounded open set in
R"™. Then there exist positive constants ¢; and cy such that in case 8 < p,

r~"(log(2 + 7"_1))5/ exp(cyUq f(2)P/ PPV da < ¢y
GNB(z,r)

and in case B = p,

r~"(log(2 + 7"71))5 /GmB( )exp(exp(canf(x)))dx <y

for all z € G and r > 0, whenever f is a nonnegative measurable function on G
satisfying | f|

p8,G = 1.

REMARK 2.7. In the conclusion of Theorem 2.6 for 5 = 0 we can not add
an exponent g > 1 such that

7’7”/ exp(c1Uq f(x)?)dx < co.
GNB(z,r)

For this, consider the function f(y) = |y|"“xc(y), where G = B(0,1). If
v=mn—ap >0, then

[ Py [ ey ety < o —c
B(z,r) B(z,r)

for all x € G and r > 0, so that f € LP¥(G). On the other hand, we see that
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Unf(@) = [ o~ 31" F(y)dy
G\B(w,|z|/2)
=3 | &~ y|~"dy > Clog(2/a))
G\B(z,|z|/2)
for z € GG, and hence
r_”/ exp(cUq f(x)?)dx = 0o
GNB(0,r)

forr>0,c>0and g > 1.

Theorem 2.6 is somewhat different from the usual Trudinger’s inequality when
f € LP(@G) as in Remark 2.7. Here we will modify Theorem 2.6 when v = n—ap >
0.

LEMMA 2.8. Letv=n—ap >0 and Rg denote the diameter of G. If f is
a nonnegative measurable function on G such that

Ra dt
I = s [ (e [ swra)§ <. (22)
zeG JO B(x,t)

then
[ ey )y < Clog(1/8) Y
G\B(z,5)

forz e G and0 <6< 1/4.

REMARK 2.9. Note that

[fllpv0 < Cllfllpw (2.3)
and

I lpr < CllFllpp - when 5> 1. (2.4)

Further, we see from condition (2.2) that

lim r_”/ f(y)Pdy = 0. (2.5)
B(z,r)

r—0
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PRrROOF OF LEMMA 2.8. In view of Holder’s inequality and (2.2), we have

[ el sy
G\B(,?)

, 1/p’ 1/p
< ( R dy) ( [ e yl”f(y)pdy>
G\B(x,5) G\B(z,d)

Rg /v Rg 1/p
o[ o) (L () T)

< C(log(1/8))7",

as required. 0

THEOREM 2.10. Let v =n—ap > 0 and G be a bounded open set in R™.
Then there exist positive constants ¢y and co such that

/ explerUn f(z)? )dz < c3
GNB(z,r)

for all z € G and r > 0, whenever f is a nonnegative measurable function on G
satisfying || fllp., < 1.

PROOF. Suppose v =n—ap >0 and ||f||,,, < 1. We have by Lemma 2.8

Uaf(z) < C8“M f(z) + C(log(1/8))"/*

for x € G and 0 < § < 1/4. Now, considering § = M f(z)~"/*(log(2 +
M f(2)))"/ @) when M f(z) is large enough, we obtain

Uaf(x) < Clog(2 + Mf(x)))"/,

which yields

GNB(z,r)

< Cg/ dx + Cg/ M f(z)Pdx
GNB(z,r) GNB(z,r)

| eplCplaf@ i< [ @ Mf@)d
GNB(z,r)
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for z € G and r > 0. Hence Lemma 2.1 gives
7"_”/ exp(CypUq f(2) )da < C
GNB(z,r)

for such z and r, as required. O

REMARK 2.11. Let v =n —ap > 0 and G be a bounded open set in R".
Then we can find a positive constant ¢ such that

r_”/ {exp(cUn f(z)P) — 1}da < 1
GNB(z,r)

for all z € G and r > 0, whenever f is a nonnegative measurable function on G
satistying || fll,. < 1.

3. Variable exponents and boundedness of maximal operators.

In what follows we assume that G is a bounded open set in R™, and consider
a positive continuous function p(-) on G.
In this section let us assume that:
(p1) 1 <p.(G) = infg p(x) < supg p(z) = p*(G) < o0;
alog(log(1/|z —y|)) b
log(1/]x —yl) log(1/]x — yl)
whenever |z —y| < 1/4, z € G and y € G.

Let 1/p'(z) =1 —1/p(x).
We know the following result.

(p2) [p(x) —p(y)| <

LEMMA 3.1 (]9, Lemma 2.1]).  There exists a positive constant C' such that

Ip' () — ' (v)] < w(|x —y|) whenever x € G and y € G,

where w(r) = w(r;;{;) = (p(m;il)z 10%21;)&(;1(/17{)7“)) + logg/r) fO’f’ o0<r S To (S 1/4) and
w(r) = w(rg) for r > ro; here ro is chosen so small that w(r) is nondecreasing for

fized x € G.

For 0 < v < n and a real number 3, we define the family LP()*#(G) of all
measurable functions f on G such that
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1 £llp(yw8.6

p(y)

(y)

= inf {)\ >0: sup r“(log(2+ T_l))ﬁ/ dy < 1} < oo
GNB(z,r)

zeG,r>0

LEMMA 3.2 (cf. [9, Lemma 2.2]). Suppose 0 < v <n. If f is a nonnegative
measurable function on G with || f|| )86 < 1, then

(M f(2)}P@ < C{Mg(x)(log(2 + Mg(x)))A@P® 41},

where g(y) = f(y)?W) and A(x) = a(n —v)/p(x)?; we set f =0 and g = 0 outside
G as before.

PrROOF. Let f be a nonnegative measurable function on G with
Il fllp),v.8,¢ < 1. Then note that

¥ (log(2 + r~1))° /B < (3.1)

whenever z € G and r > 0. If r > 1/2, then we see that

1 1

f(y)dy <

—_— 1+ f(yP¥}dy < C
B o B Jpn, L TIOT

by our assumption. For 0 < k <1 and 0 < r < 1/2, we have by Lemma 3.1

: /
f(y)dy
|B(.’E,7")| B(z,r)

1 / 1
<k 7/ 1k Wdy + ——— fyp(y)dy}
{|B(.13,T)| B(a;,r)( / ) |B(1‘,T)| B(x,r) ( )

< k{(1/k)P @O+ L FY,
where F' = |B(x,7) fB wry FW )?®)dy. Here, considering
k= p- Y/ @+w} = p-1/0 (2)+n(2)

with n(z) = w(r)/{p'(z)(p'(x) + w(r))} when F > 1, we have
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1

12
|B(z,7)| B(z,r)

if F' < 1, then we can take k = 1 to obtain

1

TP fy)dy < 2.
\B(x,r)| B(xz,r) ( )

Hence it follows that

1

|B(z,7)| f(y)dy S 2 Fl/p(z)FW(’f‘)/p'(zf ey
|B(z,7)| /B { }

If r < F~Y/ (=) then we see that

1

Bzl fly)dy < C{FYP@) (1og(2 + F))A® 1),
B o’ { 2+ F)* 41}

Next we treat the case where F~1/("=%) < r Then we have
Fl/p@)+w(r)/p' (2)?

< Crv=—n)/p(@) .~ (n=1)w(r)/p' (z)* (log(2 + Tfl))fﬁ(l/p(r)w(r)/p’(r)z)
1/p(@)+w(r)/p’ (z)?
o e [ gy
B(z,r)
< Orv=n)/p(2) (10g(1/r))A(w)fB/p(w)

}1/ p(2)+w(r) /0’ (z)?

c{rtos2 ey [ pay
B(z,r)

< Or=m/P@) (og(1 /) A@)=A/p(@)

X {r”(log(Q + ril))ﬁ/

GNB(z,r)

1/p(x)
f<y>P<y>dy} ,

1/p(x)
f(y)p(y)dy}

< O(log(1/r))A® {Tn /G

NB(z,r)

in view of (3.1). Since F~(»=¥) < r implies that (log(1/r))*®) < C(log F)A®),
we find
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1/p(z)
FUR@+0)/5 @) < O(log F)Am{rn / f(y)pw)dy}
GNB(z,r)
< CFYP@) (log F)A®),
Now we have established
1

— Fly)dy < C{FYP®) (log(2 + F))A® +1 (3.2)

B o { }
for all x € G and r > 0, which completes the proof. O

THEOREM 3.3. For 0 < v <n—ap*(G), let A’ > A*(G) = sup,cq A(x)
when a > 0 and A’ =0 when a = 0. Then there exists ¢ > 0 such that

¥ (log(2 + 1)) /G o i g2+ M (@) Pz <

for z € G and r > 0, whenever f is a nonnegative measurable function on G with
1fllp()wp.0 < 1.

PrROOF. Let f be a nonnegative measurable function on G with
1 lp¢)m8.6 < 1. Write

=Xz + IXqurw<y = fr + fa.

Let po(x) = p(x)/po with 1 < pg < p«(G). Then we have

/ fi (y)po(y)dy < / fl(y)p(y)dy7
GNB(z,r)

GNB(z,r)
which implies that || f1 Hpo(-),y’B’G < 1. Hence it follows from Lemma 3.2 that
(M fy(z)}Po@ < C{Mg(z)(log(2 + Mg(z)))®m=v)/po(@) 4 1}

for z € G, where g(y) = f(y)*®¥ and a9 = a/py. Since Mfy, < 1 on G, we
establish

{Mf(x)}Po < C{Mg(z)(log(2 + Mg(x)))®0r=)/pol=) 11,
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If @ > 0, then we can find py > 1 such that ag(n — v)/po(z) < A’pg(x), so
that

{Mf(z)}"®) < C{Mg(x)(log(2 + Mg(x)))P)/r0 1 1}7,
which yields
(M (@) (og(2 + M ()~} < C(Mg(x) + 1),

Note from (3.1) that

¥ (log(2 + 1))’ / g(y)ody < 1
B(z,r)

for z € G and r > 0. Hence we see from Lemma 2.1 that

[ (M) og2+ M) Y e
GNB(z,r)

<C Mg(z)Podx + C dx
GNB(z,r) GNB(z,r)

< Cr¥(log(2 + ril))*ﬁ

for z € G and r > 0. O

REMARK 3.4. Set ®(r,z) = (r(log(2 + r))~4)P@) for r > 0 and z € G.
Then Theorem 3.3 assures the existence of cg > 0 such that

7 (log(2 4+ r~1))? /G o BeoM ), ) <1

for all z € G and r > 0, whenever || f|,(.),,,5,¢ < 1. As in Edmunds and Rékosnik
[7], we define

| fllev,8.¢

= inf {/\ >0: sup r Y(log(2+ ’I“_l))ﬁ/ O(|f(x)|/A x)dx < 1};
z€G,r>0 GNB(z,r)

then it follows that
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1M fllowpc < co Iflpermpe — for f e LPOH(G).

When v = 8 = 0, Theorem 3.3 was proved by the authors [9], which is an
extension of Diening [5] (when a = 0).
4. Riesz potentials.

In this section, if 0 < v < n — ap(z), then we define the Sobolev exponent of
p(-) by

For a function g(x) on G, we set ¢.(G) = infg g(z) as in (pl).

LEMMA 4.1 (cf. [9, Lemma 3.1]). Let f be a nonnegative measurable function
on G with || fllpyvpa < 1.

(1) If0 <v <n—ap*(G), then
/ o — y|° 7" fy)dy < C5~ /P (10g(1/)) A =B/p(@);
G\B(.5)
(2) if v >n—ap(x) >0 and (A(-) = 8/p(-))«(G) > —1, then
/ [ = y|° 7" f(y)dy < C(log(1/8))4H)=0/p(IH,
G\B(z,5)
(3) ifv>n—ap(x) >0 and A(z) — B/p(x) +1 < 0, then
[ Je— )y < Clogliog(1/0)
G\B(z,5)

forx € G and 0 < § < 1/4, where A(z) = a(n —v)/p(z)? as before.

PROOF. For a nonnegative measurable function f on G with || f|,¢)...5,¢ <
1, we see from (3.1) and (3.2) that

1

- fy)dy < Cy—(n=v)/p(x) (log(2 + 1/7,))A(:p)—ﬁ/p(x)
|B($7 T)‘ B(z,r)



598 Y. M1zuTA and T. SHIMOMURA

for x € G and r > 0. Letting R¢ denote the diameter of G, we obtain

1(5) = / & — 5 F (y)dy
G\B(z,5)

Rg
dy )d(—r*=") + R d
< /5 ( /B LW y) (™) + RS /B o Jw

Rg
e, / pn= (=) /() (log (2 4 1)) A@)=8/p(x) g(_pa—ny
5

Ra dr
e / P (=) /3(2) (g (2 4 1)) A@)~8/p()
F) r

for 0 <6 < Rg/2. If n—v —ap(x) >n—v—ap*(G) > 0, then

I(0) < csa—(n—v)/p(x) (10g(1/5))14(ﬂv)—ﬁ/p(x)
= 06~ (n=1)/PH@) (1og(1/5)) A —B/p(),

if n— v — ap(z) <0 and A(z) — B/p(x) +1 > (A(-) — B/p(-))«(G) + 1 > 0, then
1(5) < C(log(1/5)) @)= F/pE) L,
and if n — v — ap(z) < 0 and A(z) — B/p(x) + 1 < 0, then
1(5) < Clog(log(1/4))

for small 6 > 0, say 0 < § < dg. Since I(6) < I(dg) for § > by, we complete the
proof of the present lemma. O

LEMMA 4.2. Let f be a nonnegative measurable function on G with
I fllpywsa <1 Ifx € G and 0 < v <n—ap*(G), then

p(Uaf (@), Ap(@)P" ) < C{p(M[f(2), Al)P™ + 1},

where p(t,y) =t (log(2+¢))" Y and Ag(x) = A(z) — af/(n —v).

PrOOF. For 0 < ¢ < 1/4 we have by Lemma 4.1

Uaf(z) < C6*Mf(z) + C5~ /P @) (10g(1/8))A@)=8/p(x),
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Considering § = M f(x) @/ ("=)(log(2 + M f(z)))P@A@)=A/p(@)/(n=v) when
M f(x) is large enough, we see that

Unf(z) < C{Mf(x)p(w)/p”(w) (log(2 + Mf(x)))ap(w)(A(w)—ﬁ/p(w))/(n—V) + 1}_
Hence it follows that
p(Ua (), ()" @ < C{p(Mf(z), A2))"™ +1},

as required. O

Set A > Aj(G) = A*(G) — aB/(n —v) when a > 0 and Aj = —af/(n —v)
when a = 0. In view of Theorem 3.3 and Lemma 4.2, we have the following result,
which gives an extension of Diening [6] together with Futamura and the authors
[9].

THEOREM 4.3.  Suppose 0 < v < n — ap*(G). Then there exists a positive
constant co such that

r(log(2 + 171" /G o, (S (@ log(2 + Ua (@)} P s < co

for z € G and r > 0, whenever f is a nonnegative measurable function on G with
1fllp()wp.e < 1.

When n—ap,(G) < v < n, we discuss the exponential integrability of variable
exponent Riesz potentials.

THEOREM 4.4.  Suppose n —ap,(G) <v <n and (A(:) = B/p(-))«(G) > —1,
that is, B < infyeq p(x)(A(x) + 1). Then there exist positive constants ¢1 and co
such that

= (log(2 + T—l))ﬁ/ exp (c1Ua f (2)/A@ =B/ D) g < ¢
GNB(z,r)

for z € G and r > 0, whenever f is a nonnegative measurable function on G with
1fllp()wp.e < 1.

PROOF. Suppose n — ap.(G) < v < n and || f|p)psae < 1. For 0 <6 <
1/4, we have by Lemma 4.1
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Unf(z) < CO*M f(z) 4+ C(log(1/8))A@=A/plx)+1,

Now, considering 6 = M f(z)~"/*(log(2 + M f(z)))A@)=8/p(@)+1)/ when M f(x)
is large enough, we obtain

Uaf(x) < Cr(log(2 + M f(x)))A@=A/p@)+1

Taking pg such that 1 < pg < p.«(G), we find
/ exp (po(C Ui f ()Y A —8/p@1) 4y
GNB(z,r)

g/ 2+ Mf ()P de
GNB(z,r)

<C dz +C (M f(x)(log(2 + Mf(2))) 4} da
GNB(z,r) GNB(z,r)

for z € G and r > 0. Hence Theorem 3.3 gives
/ oxp (po(C ' Ua f (@) A@ AP d < Cr (log(2 +171)) 77
GNB(z,r)

for such z and r, which proves the present theorem. O

THEOREM 4.5.  Suppose n—ap.(G) < v <n and § > sup,cq p(z)(A(z)+1).
Then there exist positive constants ¢y and co such that

Y (log(2 +r~1))P / exp(exp(c1Uq f(x)))dx < ¢
GNB(z,r)

for z € G and r > 0, whenever f is a nonnegative measurable function on G with
1 llpe)00.6 = 1.

REMARK 4.6. Let p(-) satisfy
p(x) = po + w(|zo —z|),
where w(r) = a(log(log(1/r)))/log(1/r) + b/log(1/r) is increasing on (0,ro).

Suppose f is a nonnegative measurable function on By = B(zg,ro) satisfying
I fllpyp < 1for v=mn—apy > 0and > py—1—aa. Then, in view of [13], we
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see that U, f is continuous on By and

|Ua f () = Uaf(x0)| = o(log(1/|zo — z[))~*)

as ¥ — xg, where A = (aa+ 4+ 1)/pp—1> 0.

R =2

[19]
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