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Abstract. In this paper we investigate the relationship among the following
integrals

/ u(@)[P~* [ Vu(@)[ (1~ |z])*dV (2),
B

where ¢ € {0,1,2}, 1 < p < 0o, a > 0, and where u is an arbitrary harmonic function
on the unit ball B C R™. Growth of the integral means of harmonic functions is also
compared to the integral means of their gradient.

1. Introduction and auxiliary results.

Throughout this paper B(a,r) = {# € R" | |x — a| < r} denotes the open ball
centered at a of radius r, where |z| denotes the norm of © € R™ and B is the open unit
ball in R™, rB = B(0,r), S =0B = {x € R" | |z| = 1} is the boundary of B. Let dV/
denote the Lebesgue measure on R", do the surface measure on S, g, the surface area
of S, dVy the normalized Lebesgue measure on B, doy the normalized surface measure
on S.

Let .7 (B) denote the set of harmonic functions on B. Some basic facts on harmonic
functions can be found, for example, in [1].

For u € #(B) and p € (0,00), we denote the integral mean of u by

M?(ur) = /S () Pdon(C), 7€ [0,1)

while

Moo (u,r) = sup |u(z)].

|z|<r
The Hardy harmonic space 7 (B), p € (0,00), consists of all u € 7#(B) such that

llul|ser = sup Mp(u,r) < co.
0<r<1

A function f € C*(B) is said to be a Bloch function if
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[fllz = sup(1 — [z])|V f(z)| < +oo
zEB

where [V f(z)] = (X1, |af($) )1/2. The space of Bloch functions is denoted by #(B).
Let p > 0. A Borel function f, locally integrable on B, is said to be a BMO,(B)
function if

1 1/13
| fllBrro, = sup (V(B(ar)) /B( ) |f(z) _fB(a,r)|pdV(x)> < +o0

B(a,r)CB

where the supremum is taken over all balls B(a,r) in B, and f B(a,r) 1 the mean value
of f over B(a,r). In [8] for p > 1, Muramoto proved that Z(B) N J#(B) is isomorphic
to BMO,(B) N £ (B) as Banach spaces, which inspired us to calculate exactly BMO,
norm for harmonic functions, which is theme of [11]. In the proof of the main result in
[11], we essentially proved a generalization of Hardy-Stein identity, see, for example, [6].
This identity is included in the following lemma.

LEMMA 1. Let1 < p < 400, u € JH(B), then for every r € (0,1) the following
identity holds

Pdo = |u(0)P 7p(p—1) w(@) P2 Vu(z)?(Jx|2~" — r2 " x
/S|u<rc>| don Q) = [uO) + ZE=) /w| ()P~ V) (a] Vi (2),

n(n
n > 3. (1)

It turns out that Lemma 1 is a very useful result. We already used this lemma in
our investigations in [13] and [14], where among the other things we generalized some
Yamashita’s results in [17] and [18]. In this paper we present some new applications of
the result. By differentiating formula (1) the following identity of Hardy-Stein type is
obtained.

COROLLARY 1. Let1 <p < oo, u € H(B), r € (0,1), n > 3, then

(

4 / ()P don (¢) = B8 =Y 1 | w@r P, @

For the case of holomorphic functions in C", similar identity was proved in [15].

In the sequel we keep our attention to the case n > 3. Analogous results hold in the
case n = 2. Formulations and proofs of the corresponding results we leave to the reader.

Multiplying (2) by »"~!, using polar-coordinates in the right-hand side integral and
then differentiating in r we obtain the next corollary:

COROLLARY 2. Letl <p< 4oo, 1€ (0,1), n>3 and u € 5(B), then

i(r”li(M;f(w))) =pp— 1) /S [u(rQ) [P Vu(rQ) Pdon (0). (3)
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Let p € (1,00), @ € (—1,00) and

p.au) = p(p - 1)/B u(@)[P~2 [ Vu(@)? (1 - z|)*dVi ().

COROLLARY 3. Letl <p< +4oo,a>0 andn >3, u € (B), then

o (u) = na/o —(Mg(um))r”_l(l — )L, (4)

PROOF. Multiplying (3) by (1 — r)%dr, then integrating from 0 to 1 and using
integration by parts it follows that:

o) = p(p— n / /S [u(rQ)P=2 [ Vu(rO)Pdon (€) (1 — r)dr
! d n— d P [
:n/o dr<r 1W(Mp(u,r))>(1r) dr

1
= na/o —(M;,’(um))r”*l(l — )2 tdr,

as desired. O

For holomorphic functions on the unit disk U (we denote the set by H(U)), in [16]
the authors considered the relationship between the following two integrals:

A(f.a) = /U PP - o) dm(2)
and
B(f.a) = /U ORI~ 2D dm(z).

They have proved the following result:

THEOREM A. Let a € (—00,2). Then the following statements are true.

(a) There is a constant K, > 0 depending only on o such that
B(fva) < KOtA(fva_ 1)

for all f € HU) with f(0) =0 and A(f,a —1) < oo, if and only if « € (—o0,1).
When a € (—o0,1), K, may be taken as [(2 — a)(1 — a)/6] /2.
(b) For all f € H(U) with f(0) =0,
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A(f7a - 1) S 271(2 - Oé)B(f, O[),

where the constant 271(2 — «) is sharp.

Theorem A motivated us to investigate the relationship between the integrals:

/ £ @R (2)]7(1 = [2))mrTRotedm and / P = J2)dm
U U

where 0 < p,q < 0o, @ > —1, k,n € NU{0} and where f is an arbitrary analytic function
on the unit disc U, see, [11]. As a consequence of Theorem 2.1 in [9] and Theorem 2 in
[12], with the weight function w(z) = (1 — |z|)®, we have that the next result holds:

COROLLARY 4. Suppose 0 < p,q < 0o, @« > —1 and k,n € N U{0}. Then there is
a constant C = C(p, q, k,n,a) such that

/U |f(n)(z)|p|f(k)(z)|q(1 _ |Z|)np+kq+adm
<o(1fop e+ [ 1FEpHa— o)
U

for all f € H(U).

As a by-product we showed that the following quantities

AnalF) = 1FO)+ + / P (1= 2]+ dm(z)
U
and

Buo(f) = O +/U|f(2)|” ()1 = 2P dm(2),

are equivalent, for n € IN and p > —1.

The equivalence was motivated by Remark 1 in [16]. A natural question is whether
any similar equivalence holds if n is replaced by a real parameter. Our aim is to obtain
such results for the case of harmonic functions on the unit ball. Note that analytic
functions are harmonic.

The paper is organized as follows. In Section 2 we give some auxiliary results which
we use in the proofs of the main results of the paper. In Section 3 we investigate the
relationship among the following integrals

/ ()P~ V(@) (1 — |])*dV (z),
B

where 7 € {0,1,2}, 1 < p < 00, @ > 0, and where u is an arbitrary harmonic function on
the unit ball B C R"™. Motivated by paper [5] in Section 4 we prove some growth results
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concerning the integral means of harmonic functions and their gradients.
In what follows we shall be using the convention that C' will denote a positive
constant which is not necessarily the same at difference occurrences.

2. Auxiliary results.

In order to prove the main results of this paper we need several auxiliary results
which are incorporated in the following lemmas.

LEMMA 2.  Suppose 0 < p < oo and u € I (B). Then

(0P| < slate)PVuto). 5)

for almost every x = r{ € B.

PROOF. Since u is real analytic ([1]), the set of all zeros of u has Lebesgue measure
0. For u = 0 the result is obvious. If u # 0, at points  where u is not zero we have

d _ u(r¢) _
—(|u(z)|?)| = uxp1< ,Vua:,{>‘§pua:p1Vux, 6
0P| =@l (S (Fu(@.0)| < @l Va@l, )
where 2 = r¢ and where we interpret complex numbers \ZE:& and (Vu(x),() as vectors
in R?. (]

LEMMA 3. Suppose 1 < p < 00, a € (—1,00) and u € F(B). Then for every
ro € (0,1), there is a positive constant C depending only on n,p, o and ro such that

/ u(x)[P(1 = |z)*dVy(z) < C u(z)[P(1 = |z)*dVy (z). (7)
B B\roB

PROOF. For each rg € (0,1) there is an ng € N such that (ng — 1)(1 —rg) < rg <
no(1 —rg) < 1. Hence roB C no(1l — ro) B C B, and consequently

/ ()P (1 — |y dVy (z) < / W@l - ) dVy@). ()

roB no(l—ro) B

On the other hand, we have
no
/ |u(z)P(1 = |z))*dVn(z) = ZI’“ (9)
ng(l—'f‘g)B k=1

where

I = / fu(@)[P(1 — |a)) Vi (z),
k(1—ro)B\(k—1)(1—r0) B
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and k € {1,...,710}.
Assume first that o € (—=1,0]. By the polar coordinates, and monotonicity of the
function MP(u,r)(1 —r)*r™~" when p > 1 ([7]), we have

(1=ro)
Iy, :n/ /|u r¢)[Pdon ()1 — r)r™dr

1— 7‘0)’{? 1)

| /\

/ /|u r¢)[Pdoy () (1 —r)*r" tdr

/ ()P (1 — [2])*dViy (). (10)
B\roB

From (8), (9) and (10), we obtain (7) in this case.
Assume now that @ € (0,00). Then by the monotonicity of the function
MP (u,r)r"~", we have that for every k € {1,...,no — 1}
(177‘0)’6
Iy <nMP(u, (1 —ro)k)[(1— ro)k]" ! / (1 —r)%dr
(1—rg)(k—1)

_ P n—1 f((ll 7:)0))(]2 1)( )adT‘ [e]
=g (1 =1 o [ a-nrar

1— T0
1—r)*d
< nMp (u, o)y~ T ( ra) r/( —r)%dr
fro(l—r) dr Jro

— nC(a,rO)Mp (u,r0)ry ™~ 1/ (1 —r)%dr
1
< nC(a,ro)/ M (u,r)(1 — )™ ldr
= C(aﬂ“o)/B\ . lu(@)[P(1 — [z|)*dVN (). (11)

Similarly, it can be proved that

(1—79)no
/ /\u (rQ)|Pdon()(1 —r)*r™~ Ldr
(

1—7r¢)(no—1)

<Cilar) [ @l - o)) V(o) (12)
B\roB
From (9), (11) and (12) estimate (7) follows in the case a € (0, 00). O

LEMMA 4. Letu € CY(B), o, 3 € (0,00), q € [0,a] and v > —1, then
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Ja,ﬂ,w(U)=/BIU(JJ)|O“IVU(Z)|[’(1—\w‘l)”dVN(w)

< (/B Ju(2) || Vau(z)|PH9(1 - |x|)7+quN(x)) -

q

x ( [ty - |x|>7-ﬁva<x>)ﬁq”, (13)

for a positive constant C' independent of u.

PrOOF. When ¢ = 0 inequality (13) is obvious. Note that the integral J, g (u)
can be written in the following form

B(y+a) q(a+pB) a(v=8)

Japo () = /B (Jula)| 55 V(@) |2 (1= [o]) 554 - (Jule)| 557 (1= |2]) 570 )dViy ().

Applying Holder’s inequality with exponents % and % to the last integral we obtain
(13). O

The following lemma is well known and can be found, for example, in [4].

LEMMA 5.  Letp > "T_l, x € B, r=|z| and ( € S, then

do(¢) Com
/s |z — ([P < (1 — r)np—n+1’ 0<r<l1 (14)

or some positive constant ¢, n, depending only on p and n.
P,

3. Area type inequalities.

In this section we investigate the relationship among some area types of integrals.

THEOREM 1. Let u € 5#(B). Then the following statements are true:
(a) If p>1 and a > 0, then

[ @ V@ - e av @) < € [ u@P V@1 - o) v (o)
B B

for some positive constant independent of u.
(b) Ifp>1,q€ (1,p], a>1, then

[ 1@l V(@1 - o) vy (z)
B

< C/B [u(@) [P~ Vu(@)[*(1 - |a)* 12V (), (15)

for some positive constant C depending only on n,p and «.
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PrOOF. (a) From (4) and by Lemma 2, we have
Ap,a(u) =p(p— 1)/3 u(@)[P2|Vu(z) (1 — |2])*dVi (2)

td 1 1

:na/o J(Mg(um))r” (1—r)* tdr

1

<mpa [ [ )P Turo) 1=

0o Js

< pa /B ()P V() (1 — o)) dViv (z),

from which desired inequality follows. Note that since M} (u, ) is nondecreasing function
it has the derivative for a.a. r € (0,1) and LMP(u,r) = [ L (lu(r¢)|P)don ().
(b) Let

Jp,a(U):/BIU(SC)\”*IIVU(m)I(lf j2)*~ dVy ().

By Lemma 4 with a =p—1, =1, vy = a — 1 and with exponents g and ¢’ = q/(q — 1),
it follows that

1/q
Ipalu) < Ju(@) [P~ Vu(a)|1(1 = |2)* 72V ()
B

x </B Ju(a)[P(1 = Iafl)“QdVN(af)y/Q/- (16)

Now we estimate the last integral by J, o(u). Applying polar-coordinates and inte-
gration by parts in r, we have

1
=n w(rO) [P Vu(r)|de N1 =) dr
Ty o) = / /S\ (FO)P~ [ Vu(rO)ldon ()™ (1 — 1) 1d

Y

1
A Py ) by Lewma 2

n ! d p\,.n—1 a—1
> 2 [ ] 2 OP) = et drdon(@)

. /S /O (rOP((n + @ — 21 — n+ 1)r"=2(1 — 1)°2drdoy ()

n(o;;l)/%.;_a_g /S|“(7“C)\deN(C)(1 _ T)a_zrn_ldr

2(n+a—2)

Y
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_ (1) / (@) (1 [2])*2dViy ()
2 Iedey
> C'pm,,a/B lu(z)P(1 — |9:|)°‘72dVN(9:), (by Lemma 3). (17)

Replacing estimate (17) into inequality (16) and using the fact that ¢ and ¢ are conjugate
exponents, we obtain inequality (15). O

THEOREM 2. Let u € 5#(B). Then the following statements are true:
(a) If2<p<oo anda>1, then

[ 1@ V@l - o) V() < € [ u@P - o) vl (8)
B B

for some positive constant independent of u.
(b) Ifp>1and a> 2, then

/ ()P (1 — |} 2dViy (x)
B

< C(M;’ (u, M) + /B Ju(x) [P~ Vu(z)|(1 - |x|)a_1dVN(x)), (19)

n+a«

for some positive constant C' depending only on n,p and «.

PROOF. (a) Integrating (4) by parts, we get

Ay o) = nax /01 %(M;(u,r))r"*(l )iy
~na /01 M2(u,r)(@ — Ly — (n — 1)(1 — 1)l 2(1 — 1) 2dr.
Hence,
Ay o(0) < nafa —1) / M (u, 7)1 — )2y
(a—1 / u(@)P (1 — |e)*2dVi (2). (20)

From (15) with ¢ = 2 and (20), (18) follows.
(b) As in the proof of inequality (17) and by Lemma 3, we have

1

Mg(u, )t = )2 2dr
2n+a—3

2(nta—2)
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2 / Mg(u,r)[(a —Dr—(n—11 =721 —r)* 2dr

“a—1 /] 2nta-3
2(nta—2)
2 2nta=2)
n+a—
- . / MP(u,r)n—1—(n+a-— 2)r]r" (1 — r)*2dr
a—1Jo

2 /1d(Mp(u r))r”fl(l—r)o‘fldr
a—1/Jy dr¥ P 7

2n+a—3
< CMP
- p(u’Q(nJraQ)

2p =192 (1 — e[ .
)+ e L @l @l - ) v, e

On the other hand

2n+a—3

2(nta—2) 1 9 n+a—-3
A ]\45('“7 7")7‘” (1 — T')a dr S CMZI; <U7 m 5 (22)
for some positive C independent of u.
From (21) and (22) inequality (19) follows. O

The following statement is a consequence of Theorems 1 and 2.

COROLLARY 5. Let u € (B), u(0) =0, p > 2 and o > 1. Then the following
quantities

[ 1@l V@) - 2 avi @),
B
and
[ @) V(@)1 o)) Vi (z)
B

are equivalent.
If a > 2, then these quantities are equiconvergent with

[ 1@l (1= ke 2dvio).
B

REMARK 1.  If we multiply formula (3) by any C(!) radial weight function w(1—|z|),
such that w(0) = 0, and then integrate obtained equality by parts we obtain

(1) :/BIU(I)IP’QIVU(I)IQW(I—Ix\)dVN(I)

n

L d
- [ ) e
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If w'(0) = 0 another integration by parts gives

1
n
Ay (1 :7/ MP(u,r)[ro” (1 —7) — (n — D' (1 — 7r)]r"2dr.
o) = s [ M) (1= 1) = (0 = 1)1 )
By these formulas, Lemma 2 and some simple calculations it follows that

1
o) € o

‘/\UQOV’WVUQNWT14WIDdVN@ﬂ
B
and

! P (1 — |z x
o) € = [ @)1 = Vi (o)

Imposing some additional conditions on the weight function w one can obtain the converse
inequalities.
4. Integral means of harmonic functions.

In this section we study the harmonic functions whose integral means satisfy the
following growth condition

Our motivation stems from [5].
The following theorem is a well-known generalization of a result of Hardy and Lit-
tlewood for holomorphic functions on the unit disk:

THEOREM B. Letp € [1,00], a € Ry \ {1} and v € H(B), then

MMV%T%zO(O;;V)7 as -1 (23)

if and only if

%W”‘%uiwﬂ’ as r— 1. (24)

We will sketch a proof of Theorem B for the benefit of the reader. In fact, if p > 1
then condition (24) implies (23) for every a € R. Indeed, by the Cauchy’s estimate ([1])
and by the subharmonicity of the function |u|P, we have

C C
Vu(@)[P < — wphwwépm/ lu(y)[PdV (y). (25)
T yeB(z,r/4) r zeB(x,r/2)
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Replacing r by (1 — |z|)/2 in (25), « by Uz, where U is an arbitrary orthogonal trans-
formation of R", and then applying the change t — Ut, we obtain

P O u P
VuUD)” < G /B iy HOOPAV ), (26)

Integrating (26) with respect to the Haar measure on the orthogonal group and then
applying Fubini’s theorem, it follows that

C
M) € e | M, [H)dV (1), (27)
P A= 120" S a-jeps2) "

From (27), using condition (24) and fact that
1 3
(1 —lal) <1-tl <51 ~le) when ¢e€ B(z (1~ [z])/2),

we get (23).
On the other hand we have that

1
Ju(z)] < [u(0)] + /0 V()| dt.

From this and since p > 1, by Minkowski’s inequality it follows that
1
M,y (u,r) < |u(0)] +/ M,(Vu,rt)dt. (28)
0

Using condition (23) in (28) we obtain that (24) holds.

REMARK 2. The proof of the implication (23) = (24) holds also for the case
p € (0,1). Namely, inequality (25) also holds in this case, since the function |u|P satisfied
so called H L-property, see, for example [3] or [11].

REMARK 3. Note that if a € (0,1) and u satisfies (23), then u € #P(B).

From above mentioned we see that the case a = 1 is more interesting. Applying
inequality (28) in the case p € [1,00), or the preceeding inequality, in the case p = oo, it
follows that:

If p > 1 and u is a harmonic function on B such that

Mp(Vu,r):O(ll?ﬂ)7 as r—1 (29)

then
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Mp(u,r)0<1n11 ), as 1 — 1. (30)

—r

It is interesting that estimate (30) can be improved in the case p € (1,00) using
methods described in [5]. We will formulate and prove a result corresponding to the
main one in [5], although we will generalized it in Theorem 5, for its proof is interesting
and relies on the fundamental identity (2). In what follows we use the notation I,,(u,r) =
MP(u,r). The following result holds:

THEOREM 3. Ifp € [2,00) and u is a harmonic function on B which satisfies
condition (29), then

o =o((wi ) ) w et )

forall B >1/2.

ProoF. By Corollary 2 and using the fact that the integral means of harmonic
functions are nondecreasing functions when p > 1, we have

I(u,r) < plp—1) /g (P2 Vu(rO)|? dow (). (32)
Set,

Ai(r) = {C €S : |Vu(rQ)| < MTO},

(1—7)ln L

1-r

and let A§(r) denote the complement of the set A;(r) with respect to the set S.
Since p > 2, from (32) we get

nan < PR w e o i

IN

plp—1) ( Ip(u,7)

n (1 —r)21n21—ir

+ ((1 —r)ing i r>p21p(Vu,7")>.

From (29) and (30), it follows that

1 1
I;l/)’(u,r)—O((l_r)2 lnp_zl_T>, as 1 — 1.
Integrating twice the last formula we obtain

1
Iy(u,r) = O(ln”1 1—r>’ as 1 — L.
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Repeating the procedure we can get that

1
Ip(u,r) = O(lnpa’“ 1), as 1 — 1,
—r

where ay, satisfies the following difference equation

(p—2)ax +1
ak+1 ::““‘};“‘4*7 a; = p.

Since a1 —1/2 = ”]'%Q(ak —1/2), it follows that the sequence ay, decreasingly converges
to 1/2, from which the result follows. O

Motivated by Theorem 3, we can expect that the constant § there can be replaced
by 1/2. In order to prove the result we need a consequence of [13, Theorem 3].

THEOREM 4. Let2<p<s+2,s<p, then

1
M? 5. (Vu,p)(1 —p)dp < o0

0 s—pt2

implies w € FP(B), moreover

HW%@SMKWP+p@—1)OfwiiJVumﬂl—mmm (33)

s—pt2

Proor. In [13, Theorem 3] we have proved that

M2(u,r) < ()P +p(p—1) [ Mo (Vu,p)(1— p)dp. (34)

0 s—p+2

Letting r — 1 —0in (34) and applying the Monotone Convergence Theorem we get (33).

O
We are now in a position to improve the estimate in Theorem 3.
THEOREM 5. If2<p<s+2,s<p, andu € J(B) such that
1
Mkzszr2 (Vu,r) =0 T ) as r—1 (35)

then

A@mﬂg=o<(mliryﬂ), as 1. (36)
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PROOF. By Theorem 4 applied to the (harmonic) functions u(rz), r € (0,1), and

condition (35), it follows that
1
M3 (u,r) < [u(0)* +p(p—1) | M2 (Vu,rp)(1 - p)dp
0

s—p+2

1 1 1
<|U(0)|2+C<—r+r2h’l>

1—r
1
=O<ln1_T>,

If we chose p = s in Theorem 5, we get the following corollary:

as desired.

COROLLARY 6. Let p € [2,00) and u € J(B) such that

1
Mp(Vu,r):O(l_r), as 1T — 1.

Then

1 \M2
Mp(u,r)0(<ln1 ) >, as r— 1.
-

The following theorem is a generalization of well-known Littlewood-Paley inequality

for holomorphic functions on the unit disk:

THEOREM C. Suppose p € (0,2] and u € S (B). Then there is a constant C =

C(p,n) such that

s [ 1urcPas(©) < c(jup + [ (V@i - ler-tavi) ).

0<r<1

In particular, if [5|Vu(z)[P(1— |z[)P~1dV (z) < co, then u € HP(B).
For the case p € (0,2] we have the following result.

THEOREM 6. Ifp € (0,2] and u is a harmonic function on B such that

Mp(Vu,r)—O(lir), as r—1

then

1 1/p
Mp(u,r):O<<ln1_r> ), as r—1.
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PROOF. We may assume that «(0) = 0. Applying Theorem C to the dilations
ur(x) = u(ra), we obtain

I(ur) < C’/B\Vu(m:)V’(l— )P~V (z)

1
= C’rp/ L,(Vu,rp)(1 — p)P~1p"tdp
0

ta—pp!
o (IL=rp)r

<C

for r € (0,1).
Hence
T dp 1 /1 L )
L(u,r)<C —_— —p)P7d
sun <o [[32 s 2 [a- o
1
—O(ln ), as r— 1,
1—7r
finishing the proof of the result. O

REMARK 4. It is interesting that the proof of the fact that if a harmonic function
u satisfies condition (23) then u € J#P(B) for a € (0,1) can be proved as in the proof of
Theorem 6. Indeed, we have

_pp 1 1
(u,r <C’/ S/ (1_p)19(1—a)—1dp7
(1 —rp)er 0

for every r € (0, 1), from which it follows that u € J#P(B).
The following result corresponds to Proposition 2 in [5].

THEOREM 7. Ifp e (1,00), u € S€(B) satisfying condition (29), then

Mm(u,r)0(< ! >("1)/p), as 1ol (40)

1—1r

PROOF. By the Poisson integral formula and Holder’s inequality, we have

|z

2 _
)| < 7 [ L (o0 ldon )

L P2 — |z? P’ 1/p'
Sp 2(/S<|pc_xn> dO'N(C)) Mp(u’p)v
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for every |z| < p < 1.
Setting p = (1 + |z|)/2, and applying Lemma 5, it follows that

o 1/p’
ju() sc<1—|w|>( / ”(O) My (u, (1 + |2])/2)

|p¢ — x|’

< —C M1+ la)2). (41)
1)

On the other hand, we have
P I3
ul60) - w0 =| [ a0 | < [ wuto
0 0
Hence
P
u(pOl < [u)| + [ Vultc)lat.
0

Using Minkowski’s inequality in continuous form, it follows that

Mo <+ ([ ([ |Vu<tc>|dt)pdaN<<>)1/p
<)+ [ ( / Vu<t<>|pdaN<<>)l/pdt
< [u(0)| + /0 " M, (Vu, )t (42)

Combining (41) and (42) with p = (1 4+ r)/2, using the change p — kp, with k£ > 1, we
obtain that

Mip(u,(1+1)/2)

Mu(u,7) < C

(I—=r) o

(1—%r)/2

< C<Iu(0)l + Jo {}{,jp(vu, s)ds). (43)
(1—1r) "

Further we have
1/kp
Miy(Vr,5) = ( |Vu<sc>|kP-P|Vu<sc>|pdaN<<>)
S
< Moo(Vu, )7V E M, (Vu, 5)1/E. (44)

Since all partial derivatives of a harmonic function are harmonic, using (41) and an
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elementary inequality we have that

Vu(z) < —C

— n

 My(Vu, (1+ |2[)/2). (45)
(1—lzl)

P

From (29), (44), (45) and the monotonicity of the integral mean My,(Vu,r) (|[Vu| is a
subharmonic function, see [15]), it follows that

My (Vu, (1+5)/2) _ c (16)

My,(Vu,s) < C = = ‘
kp(Vu, s) < (1 _S)"pl(lfi) T _3)1+%(1*%)

From (43) and (46) it follows that

Vet <0 0(1+r)/2(1 _ s)—(1+%(1—;)) _ O(( 1 )(nl)/p )
T (1- r)nk;ldl 7

as r — 1, finishing the proof. d
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