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Abstract. For any arrangement of hyperplanes in CP3, we introduce the soul
of this arrangement. The soul, which is a pseudo-complex, is determined by the
combinatorics of the arrangement of hyperplanes. If the soul consists of a set of
points (0-simplices) and a set of planes (2-simplices), then the arrangement is called
point arrangement. In this paper, we give a sufficient combinatoric condition for two
point arrangements of hyperplanes to be diffeomorphic to each other. In particular
we have found sufficient condition on combinatorics for the point arrangement of
hyperplanes whose moduli space is connected.

1. Introduction.

An arrangement of hyperplanes «/* in CP™ is a finite collection of hyperplanes
of dimension n — 1 in CP". Associated with &/* is an open real 2n-manifold, the
complement M (o/*) = CP" —Jy.c - H*. One of the central problems in this area is to
decide to what extent the topology or differentiable structure of M (27*) is determined by
the combinatorial geometry of .&#* and vice versa. It is well known that the combinatorial
data of &/* is coded by L(&/*) which is the set of all intersections of elements of </*
partially ordered by reverse inclusion. In a series of papers, [Fal], [Fa2] and [Fa3], Falk
studied the question whether L(47*) is a homotopic invariant. In [Fa3], Falk constructed
two arrangements of hyperplanes in C P2, each of which has two triple points and nine
double points, but their combinatorial data are different. The homotopic equivalence of
their complements was shown in [Fa3]. Therefore L(47*) is not a homotopic invariant.
In 1993, Jiang and Yau ([Ja-Ya2], [Ja-Yad]) proved that L(«/*) is indeed a topological
invariant if &7* is an arrangement of hyperplanes in C P2. In their proof, they made use
of some deep results of Waldhausen on three-manifolds. Indeed L(</*) is no longer a
topological invariant for arrangement of hyperplanes «7* in CP", n > 3, (cf. [Es-Fa]).

The difficult and still unsolved problem is whether the topological or diffeomorphic
type of complement M (2/*) of an arrangement is combinatorial in nature. In a famous
preprint [Ry], G. Rybnikov announced the existence of two line arrangements </* and
s in CP? which have the same combinatorics but whose complements M (<) and
M (75) are not homeomorphic. Unfortunately there is no detail proof of the above re-
sult. Recently Bartolo, Ruber, Agustin and Buzunariz ([B-R-A-B]) prove the existence
of complexified real arrangements with same combinatorics but different topology for
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complements of arrangements. The first step towards finding such pairs of arrangements
involves finding combinatorics whose moduli space is not connected. On the other hand,
if an arrangement /* whose moduli space is connected, then Randell’s lattice-isotopic
theorem ([Ra]) implies that there is only one differentiable structure for any arrangement
lying in this moduli space. For a central arrangement of hyperplanes o/ in CP™*!, one
can define the underlying matroid ¢ (<) of &7, (see for example [Fa-Ra]). Recall that
the moduli space of arrangements is the same as the realization space of the underlying
matroid (cf. [Fa-Ral). In view of the result of Randell ([Ra]), the moduli space of
Rybnikov arrangements ([Ry]) and the moduli space of Bartolo, Ruber, Agustin and
Buzunariz ([B-R-A-B]) arrangements are nonconnected. Therefore there is enormous
interest of finding combinatorics for which the moduli space is connected. In 1994, Jiang
and Yau ([Ji-Ya]) first successfully described a large class of line arrangements in C P>
whose moduli space are connected. Recently we ([Wa-Ya]) have described a much larger
class of line arrangements in CP? whose moduli spaces are still connected.

In this paper we consider the above question for arrangements of hyperplanes in
C P32, which is obviously a more difficult problem. For any such arrangement .«7* in
CP3, we introduce a soul ¥(«/*) which is a pseudo-complex completely determined by
the combinatoric data of the arrangement. If the soul consists of 4(0) (a set of points
or O-simplices) and ¥(2) (a set of planes or 2-simplices), then the arrangement is called
point arrangement. A point arrangement is called a nice arrangement if after removing
disjoint stars of ¢, the remaining pseudo-complex contains no loop (cf. Definition 2.7).

Reflection arrangements and Supersolvable arrangements have been studied exten-
sively by many authors. Many beautiful results were obtained. Unfortunately the basic
problem whether the diffeomorphic types of these arrangements are combinatorial is still
unknown. We conjecture that the diffeomorphic type of Supersolvable arrangements
are combinatorial in nature. As we can see from example 2.9 nice point arrangements
form a big class of arrangements. Although reflection arrangements and Supersolvable
arrangements may not be nice point arrangements, it is important to know whether the
diffeomorphic types of this big class of nice point arrangements are combinatorial in
nature. The following Theorem A gives an affirmative answer.

THEOREM A. Let o and </)* be two nice point arrangements of hyperplanes in
CP3. If L(<y) and L(}) are isomorphic, then M(/;) and M(<7y*) are diffeomorphic
to each other.

In the course of proving Theorem A, we have proved the following Theorem.

THEOREM B. Let &/* be a nice point arrangement of hyperplanes in CP3. The
moduli space of &/* with fized combinatorics L(</*) is connected.

Our paper is organized as follows. In section 2, for any arrangement </* in C P?,
we introduced a pseudo-complex ¢ (27*) which is called the soul of &*. ¢(&/*) is deter-
mined by the combinatorial data L(</*). We also introduce the definition of nice point
arrangement of hyperplanes. In section 3, we prove a sequence of lemmas which are
needed to prove Theorem A and Theorem B. These parts are much harder than those in
lower dimension obtained in [Ji-Ya]. In the final section, we shall prove Theorem A and
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Theorem B. We thank the referee for many useful suggestion to improve the presentation
of this paper.

2. Nice arrangements of hyperplanes in C P3.

In this paper we denote .27* arrangement of hyperplanes in CP3. Let L(4/*) be the
set of all intersections of subsets of @7*, partially ordered by reverse inclusion.

We give some definitions and examples of nice arrangements of hyperplanes in C P3
for the following sections.

DEFINITION 2.1. A point p in CP?3 is of multiplicity k, denoted by m(p), in &*
if p is the intersection of exactly k hyperplanes in 7*. A line [ in CP3 is of multiplicity
k, denoted by m(l), in «7* if [ is the intersection of exactly k hyperplanes in o/*.

To study the combinatorial properties of «7* we need to consider all intersections
(lines and points) of &/* in CP2. For an arrangement in CP3, any two planes must
meet at a line. We only need to consider those intersection lines whose multiplicity is
not less than 3. For any plane and line, if the line does not lie on the plane, they must
intersect at a point with multiplicity 3 in the arrangement. We also know that a point
may be an intersection of two lines. So, we need to consider those intersection points
whose multiplicity is not less than 4. To get rid of the trivial situation that a point has
multiplicity at least 4 which is obtained by a plan and a line with multiplicity at least
3, we need to add a condition for the intersection points: there are four planes passing
through this point in the arrangement 7™ such that every three of them are in general
position. Now we can give the following definition naturally.

DEFINITION 2.2. Let pg(2/*) be the number of points of multiplicity k(> 4) each
of which has the property that there are four planes passing through this point in the
arrangement «7* such that every three of them are in general position. Let [ (&/*) be
the number of lines of multiplicity k(> 3) in the arrangement o7*. Then the complezity
c(e/*) of @/* is defined to be >, <, (k — 3)prp (™) + > 1os(k — 2)k ().

DEFINITION 2.3. A soul 4 of an arrangement /* of hyperplanes in CP? is a
pseudo-complex which is defined as follows:

Let ¢(0) be the set of 0-simplices of ¢ defined by {p € &/* is a point |m(p) > 4
and there are four planes passing through p in &/* from which any three of them are in
general position.}. An element of ¥(0) is called a point.

Let (1) be the set of 1-simplices of ¢ which is the set of lines of &7* with multiplicity
m(l) > 3. An element of 4(1) is called a line.

Let ¢4(2) be the set of 2-simplices of 4. Each element of ¢(2) is a hyperplane of </*
that passes through an element of ¢(0) U %(1). This means that it contains a point or
line of (0) U¥(1). An element of ¢(2) is called a plane.

We say that two different simplices of ¢ intersect to each other in ¢ if and only if
they contain a same element of ¢(0) U¥(1) (See Example 2.8 below).

A path in ¢ is defined to be a finite sequence of simplices ag, h1, a1, ha,...,a5_1,
hi,ar(k > 0) of 4 where a; and a;41 are distinct elements in 4(0) U¥(1), hiy1 € 9(2),
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which contains both a; and a;4; fori =0,1,...,k—1 and h; are distinct for j = 1,... k.
k is called the length of the path from ag to ap. When ag = ay, k > 3, we call this path
a loop.

For two elements a1 and ag € 4(0)U¥ (1), the distance from a; to as is the minimum
length of the path among all paths from a; to as.

Say aj to be a k-element of as if the distance from aq to as is k. If aq is a point, we
call a; as a k-point of as. If a; is a line, we call ay as a k-line of as.

REMARK 2.4. From the discussion and definitions above, we know that in C P?,
each two planes must meet at a line and each plane and line must intersect at a point.
Hence we do not need to consider these trivial cases in our definition of the pseudo-
complex soul 4. Thus, it is easy to see that for two souls ¢; and %, if 4 is isomorphic
to % and |*| = ||, then <" is isomorphic to &%

DEFINITION 2.5. For an arbitrary u € ¢(0) U ¢(1), a star St(u) of w is {u} U
{2-simplices of ¢ which contain u}.
A point v € 4(0)(# u) is called an end point of the star St(w) if St(u) passes through

Alinel € 9(1)(# u) is called an end line of the star St(u) if St(u) passes through .
The end points and end lines of the star St(u) are all called the end elements of the
star St(u).

For the stars St(u1), ..., St(um) in ¥ (m > 0),let 9’ =4 — {St(ur)U---USt(un)}.
St(u1),...,St(u,,) are said to be simple joint in ¢ if

(1) any end element of St(uq),...,St(um,) can connect to at most one another end
element by a path in ¢,

(2) any two end elements of St(u1),...,St(um) can be connected by at most one path
in ¢’

DEFINITION 2.6. An arrangement ./* of hyperplanes in CP3 is said to be nice if
the soul ¢4 from &7* has the following properties:

(1) 9(0) and ¥4(1) are disjoint, i.e. for any p € ¢4(0) and any ¢ € ¢(1), p is not
contained in q.
(2) ¢ has no loop, or

(3) there are simple joint stars St(uq),...,St(umy,) which are pairwise disjoint in ¢
such that 9’ =% — {St(u1) U--- U St(us,)} contains no loop where ug, ..., up, in
G0)Ug(1).

DEFINITION 2.7. An arrangement /* of hyperplanes in CP3 is called a point
arrangement of hyperplanes if the 4(1) of &7* is empty. This means that ¢ consists of
the set of the points (0-simplices) and the set of the planes (2-simplices).

If a point arrangement is nice it is called a nice point arrangement.

An arrangement &7* of hyperplanes in CP? is called a line arrangement of hyper-
planes if the 4(0) of o/* is empty. This means that ¢ consists of the set of the lines
(1-simplices) and the set of the planes (2-simplices).

If a line arrangement is nice it is called a nice line arrangement.
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In the following we give some examples to show the nice line arrangement and the

nice point arrangement in C P3.

EXAMPLE 2.8. Let &/ be an arrangement of hyperplanes in C* consisting of the

elements
H,y
H,

Hgt
H4Z

Hs

H(;Z

Az, y, z,w) € C* -z =0},

3{537%2’710 604:y20}7

r,y,z,w) € C*: 2 =0},

( )

( )

{( )

{(@.y,2,w) € C* 1w =0},
( )
( )

:{xa%%w €C4Z$:y}’,

{(z,y,z,w) € C* 1w = 2}.

The corresponding projective arrangement </* is a nice arrangement in CP3.
As shown in Figure 1, the pseudo-complex soul ¥ of &* consists of six 2-simplices
ABD,AED, ACD,ABC, FBC and DBC, and two 1l-simplices AD and BC. We can
see that AD incidents with ABD, AED and ACD, BC incidents with ABC, FBC' and
DBC. Also, we can see, two 2-simplices ABD and ADC intersect at a 1-simplex AD.
Notice, there is no 0-simplices because no point in the Figure 1 satisfies the condition
that any three of planes are in general position in Definition 2.3. ¢ contains no loop.
Hence, it is a nice line arrangement.

Figure 1.

A nice line arrangement in C P>,

Example 2.8 is an example of a line arrangement and it is a nice arrangement. We
give another example of nice point arrangement as follows:

EXAMPLE 2.9. Let &/ be an arrangement of hyperplanes in C* consisting of the

elements

AOD

AOC :
ACD :

(
(
(
ABE : {(

)
{x,y,z,w) 604:y:0}7
{x,y,z,w)

)

{(z,y,2z,w) € C*: 2 = 0},

ceC z+y+z—w=0},

{(z,y,z,w) € C*: 2z + 6y + 7z — Tw = 0},
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AEF : {(z,y,z,w) € C*: 4z — 3y — z +w = 0},
ABF : {(z,y,z,w) € C*: 24 3y + 11z — 11w = 0},
BEF : {(x,y,z,w) € C*: 2 — 2y + z — 6w = 0},

( )
( )
( )
BCH : {(z,y,2z,w) € C*:3x +y — 52 — 3w = 0},
BCG : {(x,y,z,w) € C* 1z — 2y — 42 —w = 0},
BGH : {(z,y,z,w) € C* : 4o — y — 2z — 11w = 0},
COD : {(z,y,z,w) € C*: z =0},
( )

CGH : {(z,y,z,w) € C*: 8z — 2y — 11z — 8w = 0}.

The corresponding projective arrangement </* is a point arrangement in CP3. In
fact, we have written a computer program to check that the conditions of point arrange-
ment are satisfied. As shown in Figure 2, the soul G of &7 consists of twelve 2-simplices:

AOD, AOC, ACD, ABE, AEF, ABF,
BEF,BCH, BCG, BGH,COD,CGH,

and three O-simplices:

A, B, and C.

Notice, there is no any 1-simplex because no line in the Figure 2 has the multiplicity
greater than 2.

% contains a loop:

A,ABE,B,BCH,C,AOC, A.

It is also a nice point arrangement since deleting St(A) (see Figure 3) gives a sub-
pseudo-complex ¢4 — St(A) (see Figure 4) with no loop.

Figure 2. A nice point arrangement in CP?.

Here, St(A) = {AOD, AOC, ACD, ABE, AEF, ABF, A}.
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Figure 3. St(A) in CP>.

4 — St(A) = {BEF, BCH, BCG, BGH,COD,CGH, B, C}.

Figure 4. & — St(A) in CP3.

3. Regularity and lemmas for point arrangements of hyperplanes in
CP3.

Basically our main theorem essentially asserts if two nice point arrangements of
hyperplane @ = {G1,Go,...,G,} and &* = {Hy, Ha,...,H,} in CP? have iso-
morphic L(«7) and L(&4*), then &7 and <" can be joined by a path in the mod-
uli spaces of arrangements with fixed combinatorics L(%%). For this purpose, we
shall construct a one-parameter family of arrangements <7*(t) such that &*(0) = 7,
*(1) = o and L(&/*(t)) = L(«) for all t € [0,1]. Assume that G; corresponds to
H;, 1 <7< n, under the combinatorics isomorphism. Consider arrangement <7 of the
form o/* = {Fy, F,...,F,} where F; = 2;G; +y;H; and z;,y; € C. Clearly z;G; +y; H;
and x,G; + y,H; define the same hyperplane if (z;,y;) is a constant multiple of (a7}, y}).
Therefore we can think of (x; : y;) being a point in CP!. The condition that L(</*)
is isomorphic to L(«7;) can be translated to the condition that the parameters (x; : y;)
have to satisfy cubic equations of the form (3.1) below. Thus it remains to prove that
the variety defined by these cubic equations in (CP')"™ has an irreducible component
which contains both o7 and <7*. For this purpose we need to introduce the notions of
regular point with respect to equation (3.1). Let

U= (CP"YY —{((z1:y1),...,(zp :yp)) : for some 1 <i<p,

(z; : y;) is irregular of some equation of the form (3.1)}.
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Lemma 3.9 implies that U is an open connected in (CP!)P. By solving the cubic equa-
tions of the form (3.1), one has an embedding f : U — (CP!')" by Lemma 3.10. It
turns out that ((1 : 0),...,(1 : 0)) which corresponds to 7 and ((0 : 1),...,(0 : 1))
which corresponds to @* are in f(U) and f(U) is irreducible. Our main theorem follows
immediately. Before showing the main theorem, we need the following definitions and
lemmas.

Consider the following equation

> anyawz V05T =0 (3.1)

where €(1),...,€(4) are either 0 or 1 satisfying 0 < €(1) +--- + €(4) < 4, z) = z; and
25 = Yi, Ge(1)...e(a) 7 0.

The left hand of the equation (3.1) has fourteen items. For convenience we write
(3.1) as the following extensive form

ay; Ty + Ty X + T YT + drT TRy

+ Azizjypyr + Briyjoy + Caiyjyrt + Dyixjepy + Byiz;yem + Fyiyjzea

+ exiyypy + fYixyyn + 9yiy TRy + hyiy;yem

=0

where abcd ABCDEFefgh # 0.

Let (x; : yi), (x; : y;), (xx : yx) and (z; : y) be the solution of (3.1). Because
(0: 0) is always a solution of the homogeneous equation (3.1), we only consider non-zero
solution of (3.1). We assume that (zs : ys) # (0: 0) for s =4, j, k,l below.

DEFINITION 3.1.  (z; : y;) € CP! is called irregular for the equation (3.1):
(ayi)zjzear + (dz; + Dys) ey + (cxi + Eyi)zjyra + (Azi + fyi)zyen
+ (bx; + Fyi)yjena + (B + gyi)ysery + (Cxi + hy)y;yee + (exi)y; iy
=0
if the following matrix of the coefficients has rank one.

ay; dx; + Dy; cxi + By Az + fy;
bx; + Fy; Bx;+g9y; Cx;+ hy; ex;

DEFINITION 3.2. Let (xy : yx) and (z; : ;) € CPL. The pair ((zx : yx), (z1 : w1))
is an irregular pair for the equation (3.1):
[(cyr)mi + (day + Ayr)yi|wsx; + [(azk + Byr)z + (Day + fye)y]yiz;

+ [(bz + Cyi)ay + (Bxk + eye)yi]@iy; + [(Fai + hyr)z + (921) ] yiy;
=0
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if

(cyr)x + (dok + Ayr)yi (axy, + Byr)zy + (Dxy + fye)u
(bxy, + Cyp)xy + (By + eyr)yi (Fxy + hyp) + (971)y1
=0.

INT: =

DEFINITION 3.3.  Let (xy : yx) and (x; : ;) € CP. The pair ((z : yx), (z1 : 1))
is a regular pair for the equation (3.1) if the pair ((xf : yx), (z; : y1)) is not an irregular
pair. (z; : y;) € CP! is regular for the equation (3.1) if (z; : y;) is neither irregular nor
one of elements in an irregular pair.

LEMMA 3.4.
P = axjrpm + brjzpy + cryyer + dryyey + ey; ez + fy;oey + 9yt + hyiyey

is reducible if and only if

i.e. the matriz

has a rank 1.

PROOF. First, we prove that it is necessary. Assume P is reducible. Notice that
P is a homogeneous polynomial of degree three. Then we can write P as

P = (Azj + Bxy + Cxy + Dy; + By, + Fy) (G + Hupy, + Tyzr + Jyiy).-
Then, we get
B=C=FE=F=0.
Hence,

P= (Aﬂ;‘j + Dyj)(GCCkCL'l + Hxpyr + Tyrx; + Jykyl)
= AGzjzix; + AHzjopy + Alzjype + Adxjyey + DGyjoea
+ DHyjxry, + DIyjyex: + DJy;yryi-

Comparing the coefficients of P, we have
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AG=a, AH=b, Al=¢, AJ=d, DG=¢, DH=f, DI =g, DJ = h.

It proves the necessity. Now, we prove the sufficiency.

Assume ¢ =4 =<¢ =4

F=3 = 7, then

P = (ax; + eyj)zpx + (br; + fyj)zwy + (cxj + 9y;)yex + (dxj + hy;)yey

a b c d
=e| %ty T+ f }xj‘ij Ty + g gﬂfﬁ-yj ykar+h| Sai Y5 gk

a
= <693j + yj) (expxr + frry + gynwr + hyryr). O

LEMMA 3.5.  (z; : y;) is irreqular for the equation (3.1) if and only if
(ayi)zjara + (do; + Dyi)zjery + (cxi + Eyi)zjyex + (Azi + fya)z;yem
+ (bz; + Fy)yjzee + (Bx; + gyi)yjzeyr + (Cxs + hyi)yyex + (exi)yyeyr (3.2)
is a reductble polynomial of the other three variables (x; : y;), (xr : yx) and (21 : y1).

PrROOF. If (z; : y;) is irregular for the equation (3.1). By the definition,

ay; dr; + Dy; cx; + By;  Ax; + fy;
br; + Fy;, Bxi+gy; Cx;+ hy; ex;

has rank one. This is equivalent to the following conditions:

ay; dz; + Dy; ay; cri + By,

bx; + Fy;  Cxi + hy;

bx; + Fy; Bz + gy

ay; Az + fy;

bx; + Fy; ex;
That is
ay;  dx;+ Dy cxi+ By Az + fy (3.3)
br; + Fy;  Bxi+gyi  Cxi+hy; ex; '

By Lemma 3.4, (3.2) is reducible.

On the other hand, if (3.2) is reducible, then (3.3) holds. This implies that the

matrix of (3.2) has rank one. By the definition, (x; : y;) is irregular for the equation
(3.1). O
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COROLLARY 3.6.  If (z; : y;) is irregular, then x; # 0 and y; # 0.

PROOF. Assume y; = 0. Then (3.1) becomes

dzizjrrys + crirjypt, + ATz jypyr + briy; v
+ Briyjziy + Criyjyet + exiyysyr = 0
which is irreducible by Lemma 3.3. Hence, (z; : y;) is not irregular by Lemma 3.4. This

is a contradiction. So, y; # 0.
The proof of x; # 0 is similar. O

LEMMA 3.7.  Let (xy : yx) and (z; : y) € CPY. The pair ((zg : yr), (71 : 1)) is
irregular for the equation (3.1) if and only if
For some (z;,y;) # (0,0), either
(ayi)zrxr + (dzi + Dyi) iy + (cxi + Byi)yrxr + (Azi + fyi)yey = 0
fory; # 0, (3.4)
or
(bxi + Fyi)wvkz + (Bxi + gyi)veyr + (Cog + hyi)yrz + (ex)ypyr = 0
for zj #0. (3.5)

PrROOF. Let the pair ((xg : yx), (z; : y1)) be an irregular pair for the equation
(3.1). By Definition 3.2,

(cyr)zr + (doy + Ayr)yi (axy + Eyr)x; + (Dxi + fye)y
(bx + Cyr)x; + (Bxp + eyr)u (Fxy, + hyr)x + (928)y1

Hence, the equations

[(eyr)xr + (day + Ay)yi] i + [(axx + Byg)z + (D + fye)yi]yi = 0 (3.6)
[(bxy + Cyr)zi + (Bxp + eyr)yi| i + [(Far + hyr)z + (9z1)yi]yi = 0 (3.7)

have non-zero solution (z;,y;). That is:

(ayi)xrxr + (dx; + Dy;)xryr + (cxs + Byi)ypwr + (Azi + fyi)ypyr = 0 (3.8)
(bx; + Fy;)xpw + (Bx; + gyi)zry + (Cxy + hy)yrxr + (exq)yryr = 0. (3.9)

It proves the necessity. Now we prove the sufficiency.
Assume

(ayi)zrpxr + (dw; + Dy;)aryr + (cxy + Eys)yrer + (Axi + fyi)yeyr = 0
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holds for some (z;,y;), y; # 0, we have
[(ayi)zkz) + (dzs + Dyi)zey + (cxi + Bys)yew + (Az; + fya)ywy]x; = 0.
Hence, (3.1) becomes
[(bzi + Fyi)zra + (B + gys)awyr + (Cxs + hy)yrar + exiyryn] y; = 0, (3.10)
which implies
(bxi + Fyi) vk + (Bxi + gyi)vey + (Cxi + hyi)ypxr + exiypyr = 0. (3.11)

Thus, we imply the system of equations (3.6) and (3.7) has non-zero solution (x;,y;).
Hence,

(cyr )i + (day. + Ayr )y (azk + Eyp)z + (Dzp + fyr)y| 0
(bzy, + Cyr)z + (B + eyr)yi (Far + hye)z + (921)y

This means that pair ((xy : yi), (27 : y;)) is irregular for the equation (3.1).
Similarly one can prove that if

(bx; + Fyi)xre + (B + gyi)xey + (Cxy + hys)yrar + (exi)yryr = 0

for some (z;,y;), ©; # 0, then that pair ((zx : yx), (; : y1)) is an irregular pair for the
equation (3.1). O

LEMMA 3.8. Assume ((z1 : 1), (z2 @ y2), (x5 : y3), (x4 : ya)) € (CPY)* is a
solution of (3.1). If (z1 : y1) is irregular, then there is at least one irreqular or irregular
pairin (x2 : y2), (3 : y3), (x4 : ya) for (3.1). If (x1 : y1) is reqular, then (z2 : ya), (T3 : y3)
and (x4 : ya) are either all reqular or at least two are irregular or one irregular pair for
(3.1). In other words, the number of irreqularity cannot be 1.

PROOF. Assume (27 : y1) is irregular. Write (3.1) as a polynomial of (z2 : y2),
(z3:ys) and (x4 : y4)
P = (ay1)wax3w4 + (dv1 + Dy1)z223ys + (€21 + Ey1)0y324
+ (Azy + fy1)z2ysys + (bry + Fy1)yexszs + (Bxy + gy1)y2x3y4
+ (Cz1 + hy1)y2ysza + (e21)y2y3Ys. (3.12)
From Corollary 3.6, we know x; # 0 and y; # 0.

By Lemma 3.5, (z1,y1) is irregular if and only if (3.12) is reducible. By Lemma 3.4,
(3.12) is reducible if and only if
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ay _dxy+ Dyy cr1 + By Az + fun

= = = . 3.13
bxy + Fiyy Bx1 + g1 Cz1 + hiyy exq ( )
That is
(ay1)(Bz1 + gy1) = (b1 + Fy1)(dz1 + Dyr),
(ay1)(Cxy + hyy) = (bx1 + Fy1)(cx1 + Ey1),
(ay1)(ex1) = (b1 + Fy1)(Az1 + fyr).
We get
(bd)z? + (bD 4 dF — aB)x1y1 + (DF — ag)yi = 0, (3.14)
(be)x3 + (bE + Fc — aC)z1yy + (FE — ah)y; =0, (3.15)
(bA)2? + (bf + AF — ae)xiyy + (fF)y? =0, (3.16)

which has at most two roots of (x; : y1). Because (z2,y2) is a non-zero solution of (3.1),
we assume xg # 0 first. Then (3.1) can be written as

P = [(ay1)x2 + (bxy + Fy1)y2) wszs + [(doy + Dy1)ws + (Bxy + gy1)y2| wsya

+ [(cz1 + BEy1)xa + (Cxy + hyr )yo|ysza + [(Azy + fy1)zo + (ex1)y2]ysya

(d.’El + Dyl)
(Bz1 + gy1)

(ay1)
(bxl =+ Fyl)

(cx1 + Ey)
(Cxy + hyr)

= (bxy + Fyy) [ T2 + yz] 1374 + (B21 + gy1) [ ZTo + yz] 3Y4

(Azy + fyr)

+ (Cxy + hy) { x9 + yz} Y34 + (ex1) {(wl)xz + yz} Y3Y4

_ [( (ay1)

To +
bxy + Fyp) ? y%

- [(bxy + Fy1)zsws + (Bxy + gy1)asys + (Ca1 + hy)yszs + (ex1)ysy4]

=0. (3.17)

If %@ + yo = 0, then

byaz1 + (az2 + Fy2)y1 = 0.

We have a solution

z1 _ axz+ Fyp

3.18
Y1 by2 (3.18)

Put (3.18) into (3.14), (3.15) and (3.16), it yields



436 S. WANG and S. S.-T. YAU

(bd) (a*z3 + 2aFzoys + F2y35)

— (bD + dF — aB)(abzays + bFy3) + (DF — ag)b*y3 = 0,
(be) (a®z3 4 2aF 2oy, + F2y3)

— (bE + Fc — aC) (abzays + bFy3) + (FE — ah)b?y3 = 0,
(bA) (a’z3 + 2aFzoys + F2y3)

— (bf + AF — ae) (abzays + bFy3) + (fF)b*y5 = 0.

Combining the like terms we get

(bda?)z2 + (abdF + a*bB — ab®>D)xays + (abBF — ab®g)y2 = 0,
(a®be)23 + (abeF + a*bC — ab®E)xoys + (abFC — ab®h)ys = 0,
(a®bA)x3 + (abAF + a*be — ab® f)xays + (abeF)ys = 0

)

which is equivalent to

(ad)z3 + (dF + aB — bD)xays + (BF — bg)ya = 0, (3.19)
(ac)z? + (¢F + aC — bE)xzays + (FC —bh)y2 = 0, (3.20)
(aA)x3 + (AF 4 ae — bf)xoys + (eF)ys = 0. (3.21)

We claim that (3.19), (3.20) and (3.21) are necessary and sufficient conditions for
(z2 : y2) being irregular of (3.1). To see this, write (3.1) as a polynomial of (z1 : y1),
(z3:ys3) and (24 : ya)

P = (byz)r12374 + (dv2 + By2)w123ys + (€22 + Cy2)21y324 + (AZ2 + €Y2)21Y3Y4

+ (azx2 + Fy2)y1xsxa + (Dxo + gy2)y1x3ya + (Exo + hyo)y1ysza + (f22)y1ysya
= 0. (3.22)

By Lemma 3.4 and Lemma 3.5, (x2,y2) is irregular for (3.1) if and only if (3.22) is
reducible if and only if

by _dra+Bys  cra+Cys  Awy+eyo

= = = 3.23
axs +Fys  Dxo+gys Exo+ hyo fxo (8:23)

That is
(by2) (D2 + gy2) = (axg + Fy2)(dr2 + Bys),
(by2)(Exg + hya) = (axs + Fy2)(cr2 + Cyz),
(by2)(fz2) = (ax2 + Fy2)(Axs + eya),
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which are exactly (3.19), (3.20) and (3.21).

If [(bx1 + Fy1)xzze + (Bxy + gy1)xsys + (Cz1 + hyr)ysza + (ex1)ysya] = 0, because
x9 # 0, by Lemma 3.7, the pair ((x3 : y3), (x4 : y4)) is irregular for (3.1).

Now, we consider ys # 0. Then (3.1) can be written as

P = [(ay1)z2 + (bx1 + Fy1)yo|wszs + [(day + Dy1)xa + (Bzy + gy1)y2|z3ys

+ [(cz1 + Ey1)xa + (Cxy + hyr )yo|ysza + [(Azy + fy1)z2 + (ex1)y2]ysya

(bxy 4+ Fyr) ] [ (Bry + gy1) ]
=(a To + ———"yg | X324 + (dxr1 + D To+ ——"Lysl|x
( y1)|: 2 (ay1) Y2 | X3%4 ( 1 yl) 2 (dx1+Dy1)y2 3Y4
(Cxq + hy) } [ (ex1) }
+(cr1 + F To+ — x4 + (Axy + To+ —F—
( 1 y1)|: 2 (cm1+Ey1)y2 Y34 ( 1 fyl) 2 (Ax1+fy1)y2 Y3Y4
b F
= |:.’E2+(m1+ yl) 2:|
(ay1)
- [(ay1)mszs + (doy + Dy1)zsys + (cxr + Eyi)ysea + (Azy + fy1)ysya]
=0. (3.24)

If 2o + (o1t Fy,)

ayn Y2 = 0, then bysx1 + Fysy1 + axsy; = 0. We get

z1 _ arz+ Fys

Y1 by

i

which is (3.18). Same as above, we can prove that (s : y2) is irregular of (3.1).
If (ay1)xszs + (dz1 + Dyr)xsys + (cx1 + Eyr)yszs + (Az1 + fy1)ysys = 0, because
y2 # 0, by Lemma 3.7, the pair ((z3 : y3), (x4 : y4)) is irregular for (3.1). O

From the argument above we also have

LEMMA 3.9.  Assume ((z; : yi), (z; 2 y5), (T 2 yx), (@1 2 w1)) € (CPY)? is a solution
of (3.1). Then there are at most finite irreqular (Tm : Ym) and trregular pair ((Tm : Ym),
(Tn : Yn)) of (3.1) for each m,n = i,j,k,1. Therefore, the set of irregularity of (3.1) is
finite.

(0:1) and (1:0) are regular of (3.1).

PROOF. Assume 7 = 1. From the proof above, the necessary and sufficient condi-
tions that (z1 : y1) is irregular of (3.1) are that equations (3.14), (3.15) and (3.16) hold,
which have at most two solutions.

Similarly, we can consider (z; : y;), (z; : y;), (@r : y) and (z7 : yi).

From lemma 3.7 and Definition 3.2, there are at most finite irregular pair ((z., : Ym ),
(zp : yn)) of (3.1) for each m,n =14,j,k, 1.

It is clear that (0:1) and (1 :0) do not satisfy (3.16). Hence, (0: 1) and (1 : 0) are
regular of (3.1). O

LEMMA 3.10.  For each fized reqular pair ((zx : yi), (x1 : 1)) of (3.1), the following
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relation produces an automorphism of C P!

(x]) e (—(bxk +Cyr)zr — (Brp +eye)y —(Fop + hye) 2 — (920)yi ) <x1>
Yi (cyr)wr + (dzy + Ayr)u (axy + Byg)w + (Dxg + fye)y ) \Yi

Ty

EKM(
Yi

), KeC™, (3.25)

which sends regular values to reqular values of (3.1). In particular, if (z : yx) = (z1 : Y1)
= (0 : 1) (respectively (1 : 0)), then (3.25) sends (0 : 1) (respectively (1 : 0)) to (0 : 1)
(respectively (1 : 0)).

PRrROOF. Since ((x : yx), (x; : yi)) are a regular value, |M| = |N| (c.f. Definition
3.2) is non-zero by Definition 3.3. Hence (3.25) is an automorphism of CP!. Clearly
(3.25) is

(xj> K (- [(bzk + Cyr)xi + (Bay, + eyr)yr]) @i — [(Fay + hyy)x; + (gl'k)yl]yz)
Yi [(cyr)ar + (doy + Aye)yr) @i + [(axx + By + (Day + fyr)y]yi

which implies

[(cyr)zi + (day + Ayr)yi|wsx; + [(azk + Bye)z + (Day + fye)y]yiz;
+ [(bz + Cyi)wy + (Bai, + eye)yi| wiy; + [(Fag + hyi)z + (92e)yi]yiy; = 0.

This is exactly the equation (3.1). By Lemma 3.8, the mapping (3.25) sends regular
values of (3.1) to regular values of (3.1). The last statement of the lemma is obvious. OJ

REMARK 3.11. Equation (3.25) is equivalent to equation (3.1). If we write (3.1)
as

{[(cyr)z + (daw + Ayr)yi) i + [(axy + Eyg)xr + (Day + fyr)yi|vi b
+ {[(bz + Cyr)x; + (Bak + eyp)yi]| @i + [(Fop + hyr)z + (9ze)yi] vi by; =0,

then

(25,y5) = K (= [(bzx + Cyr)x1 + (Bag + eyr)yi]wi — [(Far + hye)z + (920)m ] yi,
[(eyr)a + (dog + Ayg)yi)wi + [(axk + Byr)z + (Dxy + fyr)yi]yi)

which is (3.25). Hence, if ((zy : yr), (z; : y1)) is a regular pair for (3.1), and (; : y;) is
regular for (3.1), then there is a unique (z; : y;) solved in terms of (z; : v;), (zx : Yx)
and (z; : y;). We call such procedure “fixing three variables to solve the another” and
call (z; : yi), (z; : y;), (Tk : Y), (x1 = Y1) “solved variables”.
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LEMMA 3.12 (Lattice-Isotopy Theorem [Ra2]). If two arrangements are connected
by a one-parameter family of arrangements {7 (t)} which have the same L(<), then the
complements are diffeomorphic, hence of the same homotopy type.

In order to simplify the proof of our main theorem, the following lemmas are useful.

LEMMA 3.13. Let &7* be a point arrangement. Then for each two points of ¢ =
G ("), there are at most two planes passing through both of them.

PRrROOF. Because &* is a point arrangement, ¢ does not contain any line. For
two points in ¢, if there are more than two planes passing through them, then the
intersection line of the planes, say [, has multiplicity m(l) > 3. It implies that ! must be
in the pseudo-complex soul ¢4 of &7*. It contradicts that o/* is a point arrangement. [J

LEMMA 3.14. Let & be a soul, St(v1),...,St(vy,) be simple joint stars of 4 and
9 =94 —J~, St(vi). If u is a point of 4', then u cannot connect to more than
two end points of St(vi),...,St(vy) by paths in &'. If u connects two end points of
St(v1),...,St(vm) by two paths in 4’ respectively, then the two paths are unique.

PROOF.  Assume u connects to three end points uy, ug and us of St(vy), ..., St(vy)
by paths in ¢’. Then wu; connects to other two end points us and uz through u. It is a
contradiction because St(vy), ..., St(v,,) are simple joint.

If u connects two end points of St(vy),...,St(vy) by more than two paths in ¢/,
assume that &2, and &5 connect an end point u; to u, &3 connects u to another end
point us, then there are two paths:

(u1) P, (u)Ps3(uz),
(u1) P2, (u)Ps, (u2),

which connect u; and ug. It is also a contradiction because St(v1), ..., St(v,,) are simple
joint. O

COROLLARY 3.15.  Let 4 be a soul, St(v1),...,St(v.,) be simple joint stars of 4.
¢ =9 — UL, St(v;). If u is a point in 4’ connecting to St(v1),...,St(vy,), then only
one of the following cases occurs:

(1) u connects to only one end point of St(vy),...,St(vm) by path in G'.
(2) w connects to two end points wy and wy of St(v1),...,St(vm). Moreover, the path
m 9 fromu to w;, i = 1,2 is unique.

PROOF. It is obvious from Lemma 3.13. O

LEMMA 3.16. Let & be a soul, v, va and vs be three points of 4. If v1, vy and
v3 are pairwise connected to each other by paths and each of the paths does not pass all
three points, then there is a loop in 4.

PROOF. Assume that v; and ve are connected by the path &7, v, and v3 are
connected by the path &5, and vs and vy are connected by the path &5. Then there is
a loop:
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(U1)<@1, (Uz)g‘zm (Us)@&(vl)- O

COROLLARY 3.17.  Let 4 be a soul. If 4 has no loop, then any three points in &
can not be pairwise connected each other by the paths, each of which does not pass all
three points.

PROOF. It is obvious from Lemma 3.16. O

4. Diffeomorphic types for nice point arrangement in CP3.

THEOREM A. Let o and <4* be two nice point arrangements of hyperplanes in
CP3. If L(#y) and L(</) are isomorphic, then the complements M (</;) and M (</y)
in CP? are diffeomorphic to each other.

PROOF. We represent the two arrangements as o = {G1,Ga,...,G,} and &4* =
{Hl,HQ, ceey Hn} where GZ = (91‘1791‘2,%37914) and HZ = (hila hi27 hig, hi4) are in CP3
We shall construct a one-parameter family of arrangements o7*(t) such that &7*(0) = <7,
o/*(1) = o and L(e/*(t)) = L(<fy) for all t € [0,1].

Let &* = {F\, Fs,..., F,} where F; = 2;G; + y; H; for some z;,y; € C such that F;
isin CP3 i=1,2,...,n. Let I = {(i,7,k,1):1<i<j<k<l<n}. So|l|=C(n,4),
where C(n,4) = (Z) Consider any quadruple {F;, F;, Fy,, Fi}, (4,4, k,1) € I. Denote the
matrix

zigin +yihin  ®igi2 + yihia  ®igis + yihis  xigia + yihia
rigin +yihin  Tigie +yihie gz +yihys Tigia + yihia
Thgk1 + Yeher  Twgre + Ykhke  Thgks + Ykhes  Trgra + yrhia
zign +yihin gz Yz wigis Hyilus Tigia + yihia

by (F;F;jFyF;) and its determinant by |F; F; Fi, F;|. Now we can write

|F¢FijFl| = |GiGijGl|injl’k:Cl + |HiGijGl|inj:Ekl‘l + |G¢HijGl|l’iijk:L’l

+ |GG HyGilzizjypr + |GiGiGrH vz jopy + |GG He Hi |2y,

+|GiH; G Hi|ziyjery + |GiH; HyGilvsysyex + [ HiGiGrGrlysxjoey

+ |H;GHyGilyizjyrw, + | HiH;GrGilyiyjzrer + |GiH H Hi|ziyyey

+ |H; G H. Hilyizjyeyr + |Hi H; G Hy|yiyjeey + | Hi Hy Hi Gilyiyye
+ [HiHj Hy Hi|yiy;yeyr- (4.1)
Since it is a point arrangement we only need to consider the case: four planes meet
exactly at one point. Replacing &/* by ¢(27*) if necessary where ¢ : CP3 — CP3 is a
complex analytic automorphism, we assume without loss of generality that any one (two,
or three) plane(s) in 7 and any three(two or one) plane(s) in #4* do not intersect at

a point. Thus, to get L(&/*) = L(«), it is sufficient to have the following: For any
(i,7,k, 1) € I,
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rank(F;, F;, Fy,, F;) = 3 if and only if rank(G;, G}, G, Gi) = 3.

It is equivalent to
(1) |FyF;FyF;| =0 if and only if |G,G,;GGi| =0, (4.2)

and
(2) there exists one non-zero 3-subdeterminant Ds(F;F;FF}) of |F;F;FpFy| if and
only if there exists one non-zero 3-subdeterminant D3(G;G,;GrG1) of |G,G;GrG].

Let m = .5, C(j,4)p; (). To show (1), we need to consider m equations and
C(n,4) — m inequalities

P1:O7"'7P’m:O) (43)
Q1 #0,...,Qc(n4)—m # 0, (4.4)

and to show (2), for each i < j < k < [ we have to consider a 3-subdeterminant
Dg(FzF]FkE) in ‘FiFijF” such that

Dg(FZFijF'l) 75 0 if and only if Dg,(GlGijGl) 7é 0. (45)

Here both P; and @), have the forms like (4.1). But for P;, the first term and last term
are zero since |G,G,;G G| = |H;H;HiH;| = 0 by (4.2).

To prove the theorem, we need to find a one parameter family of arrangements
{F1,Fs,..., F,} with isomorphic L(%). If we can show (1) and show that points
((1:0),(1:0),...,(1:0)) and ((0:1),(0:1),...,(0: 1)) lie on the same irreducible
component of {P; =0, ..., P, = 0} but not in varieties J~™*~™{Q; = 0} and not in
the intersection of all {D3(F;F;FF;) = 0}, then the one parameter family of arrange-
ments with required property can be constructed.

Among Pi,..., Py at most c(o) = >_.5,(7 — 3)p;j (") of them are independent.
To see this, we consider a j-tuple point v (j > 4). Let Fi,...,F; be the planes of
o/* passing though v. We have C(j,4) equations (|F;F;F,F;| = 0,...,etc.). Since
{F1,...,F;} can be linearly generated by three planes, say Fi,F> and F3, the C(j,4)
equations are reduced equivalently to j — 3 equations |Fy FoF3Fy| = 0 for i = 4,...,5.
Now consider all j—tuple points (5 > 4). We have a system of ¢(«) equations, say
{P1=0,..., Py = 0} which is equivalent to {1 =0,..., Py = 0}.

As we observed before, each P, can be written as

P, = a;y;,.xj, .21, + brXs, Y5, Tk, Tt + Cr T4, T4, Yk, Tt + dr i T, Th, YL,
+ Az x5 Yk Y, + Brag v 2k, y, + Cras Y5, Yk, @1, + Deyi @5, 2k Y1,
+ Eryi xy Y, 2, + Fry yi, 06,20, + €0X Y Yk, Yt + Frlin T, Y, YL,

+ 9 Y, Vi Tk, Yt + Y Y, Yk, T
—0, (4.6)
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where a, = |H;.G; G G|, b = |G, H;, Gr, G, |, etc. and
arbpc,d; A BrCr Dy EpFrey frgrh, 0 for all m =1, ..., e(9f).

Note that P, is viewed as a polynomial in ((z1 : 41),..., (2 : Yn)) € (CPY)". For
each r, indices i, j, kv, [, are pairwise distinct and (i, jr, kr, 1) # (is, Js, ks, ls) for r # s
where 1 < iy, jr, kr,lr,is, js, ks, Is <mand 1 <r,s < ().

Since @/ is a nice point arrangement in CP3, then ¢ has no loop or there are
simple joint stars, say St(v1),...,St(vs) in ¢4 such that they are disjoint and

g =4 — ) St(v)
1=1

has no loop, where all v; € 4(0).
We shall prove that we can solve all variables in terms of some variables (in the sense
of Remark 3.11) without ambiguity. Here we shall use the notation in Definition 2.5.

CASE 0:  Assume ¢ has no loop. We pick a point vy with multiplicity & in 4. By
Definition of ¢, k > 4. There are k variables appearing in k — 3 equations of (4.6).

Without loss of generality we suppose that these variables are (1 : y1),. .., (xk : yx) and
(x1 :y1), (x2 : y2) and (x3 : y3) appear in each of these k — 3 equations. Thus, we can
fix (1 :y1), (x2 : y2) and (3 : y3) to solve (x4 : y4),.-.,(2k : yx). Hence, we can solve

all variables at vg.

From the discussion we know, at each point there are k variables appearing in k — 3
equations of (4.6). If at most three variables are solved at this point, then we can use
these three variables to solve all others. Hence, in the following discussion, we only need
to show that at most three variables are solved at each point.

Now, we use induction on the distance from the points to vg. We consider all 1-points
of vy which correspond to the end points of St(vg). Then we shall consider 2-points of
V9, and so on.

Assume we first pick an end point of St(vg), vy 1, it is a 1-point of vg. By Lemma
3.13 there are at most two planes in the star St(vg) passing through w; 1, which means
that at most two variables corresponding to these two planes are solved. Hence we can
solve all other variables at u11. Next we pick another end point of St(vg), u1,2, which
does not connect to u; ; by a path that does not pass vy from Corollary 3.17. Hence there
are at most two planes in the star St(vg) passing through u; 2 by Lemma 3.13. Thus,
we can solve all variables at u; 2. Continuing this procedure, we can solve all variables
at all 1-points of St(vy).

Assume we can solve all variables at the (k — 1)-points ug_11,..., Uk—1,m. Then
consider the k-points. Without loss the generality we assume that k-point uy; is an end
point of St(ug—1,1). From induction assumption, all variables at ug_1,1 are solved. For
uj.1, there are at most two planes in St(ug—_1,1) passing through it by Lemma 3.13 and
ug,1 can not connect to another j-point (j < k) by the path that does not pass uk—_11
by Corollary 3.17. Hence at most two variables are solved at uj ;. Thus, we can solve all
variables at uy 1. Similarly, we can solve other variables at all k-points. By the induction
principle, we can solve all variables at all points of ¢.
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CASE 1: Assume s = 1 and v; is a point of multiplicity & in <7 and St(v1) is
simple joint.

Since k > 4 by definition of ¢, there are k variables appearing in k — 3 equations of
(4.6). Similar to Case 0, we can fix three variables and solve all variables at v;.

The rest of the unsolved variables of equations in (4.6) correspond to the pseudo-
complex ¢’ which has no loop and is a set of the stars.

We also use induction on the distance from the points to v;.

First, we consider the end points of St(v;), they are 1-points of v;.

Case 1.1: If any of the two end points of St(v1) is not connected by the path in
4" = 4 — St(v1), we can pick each end point of St(v) separately. Assume we first pick an
end point of St(vy), u; 1. By Lemma 3.13 there are at most two planes in the star St(v;)
passing through u, 1, which means that at most two variables corresponding to these two
planes are solved. Hence, we can use these variables and solve all other variables at u; .
Next we pick another end point of St(v1), u1,2, which does not connect to us 1 by a path
in ¢’. Hence we can solve all variables at uq 2 by the same reason of solving variables at
u1,1. Continuing this procedure, we can solve all variables at all 1-points of v;.

CASE 1.2: If there are two end points of St(v;) which are connected by a path in
@' we can choose an end point of St(vy), say u1,1, such that u; ; connects to another
end point uq o of St(v1). By Lemma 3.13 there are at most two planes, say P; and Ps,
in the star St(v1) passing through u; ;. We can use the two variables corresponding to
P; and P, and choose another variable, then solve all variables at u; 1. Since St(vy) is
simple joint, there is only one path in ¢’ which connects u; 1 and w1 2. Assume the plane
passing through wu;» in the path is P;. By Lemma 3.13 there are at most two planes,
say Py and Ps, in the star St(v;) passing through uy 2. Then we can fix three variables
corresponding to P3, P, and Ps, and solve other variables at 1y 2. Next, consider another
end point uq 3 of St(vy). Similarly, since St(v:1) is simple joint, only one of uq,1 and ug 2
can connect to uq 3 by a path in ¢’. Hence there are at most three variables solved at
u1,3. Using these three variables we can solve all other variables at u; 3. Continuing this
procedure, we can solve all variables at all 1-points of vy.

Assume we can solve all variables at the (k—1)-points ug_1,1,. .., Uk—1,m of v1. Then
consider the k-points of v;. Without loss of the generality we assume that k-point uy 1 is
an end point of St(uy—1,1) which connects to an end point uy ; of St(v1). From induction
assumption, all variables at ux_1 1 are solved. For uy 1, there are at most two planes in
St(uk—1,1) passing through it by Lemma 3.13. u,1 cannot connect to another point that
connects to u1 1 by Corollary 3.17, and w1 cannot connect to other two j-point (j < k)
by the path in ¢’ by Corollary 3.14. Hence at most three variables are solved at wuy 1.
Thus, we can solve all variables at wuj ;. Similarly, using this procedure, we can solve
other variables at all k-points.

By induction, we can solve all variables at all points of ¢.

CASE 2: s = 2. By the same procedure as above we can solve all variables at v;
and ve. If St(vy) and St(ve) are not connected by a path in 4’, we can solve all variables
from them separately. Hence, we only need to consider the case when they are connected.

First, we choose an end point of St(v1), say ui,1. It is a 1-point of v;. By Lemma
3.13, there are at most two planes in St(v;) passing through w; 1, hence, we can solve
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the variables at uq 1. For other end points of St(v1), we can solve the variables by the
same discussion in Case 1.

Now we consider an end point of St(vs), say wi 1, which connects to an end point
of St(v1), say ui 1. We know from Definition 3.6 that ws 1 only connects to uj; by one
unique path. Assume the plane passing through wy ; in the path is P;. Also, by Lemma
3.13, there are at most two planes in St(ve) which passes through w; ;. Assume the
planes are P, and P5;. Then we use these three solved variables corresponding to Py, P
and P; to solve other variables at wy ;.

Next, we pick another end point, say w; 2. Because w; o connects to at most one
end point of St(v1) or St(vy) by Definition 2.6, and at most two planes in St(vs) pass ve
and its end point by Lemma 3.13, we know that there are at most three solved variables
at wy 2. Hence we can use these three solved variables to solve other variables at w; ».
Continuing the same procedure, we can solve all variables at the end points of St(v;) or
St(’Ug).

Since ¢’ has no loop, any three points cannot be connected pairwise in ¢’ by Corol-
lary 3.17 and any point can connect to only one end point or connect to two end points
of St(vy) and St(vz) by two unique paths in ¢’ from Corollary 3.15, we can continue this
procedure and solve all variables without ambiguity.

Similarly, we can consider the case of s > 2.

Thus we can solve all variables in terms of some variables without ambiguity since
%'’ has no loop.

Now, there are p variables such that all variables are presented as

((a:l SYL)y ey (T yn)) = f((xl SY1), s (T yp)),

where each component of f is a composition by some maps as (3.25). So they are
homogeneous polynomial of (x1 : y1),...,(zp : yp). Let

U:=(CPYY —{((z1:1),...,(xp:yp)) : for some 1 <i < p,

(z; : ;) is irregular of some equation of (4.6)}.

By Lemma 3.9, U is an open connected set of (CP')P. By Lemma 3.10, f defines an
embedding from U C (CP')? to (CP')". Since U is irreducible, so is f(U) irreducible.
Observe that (0 : 1) = ((0 : 1),...,(0 : 1)) and (1 : 0)™ = ((1 : 0),...,(1 : 0)) are
contained in f(U). We deduce that (0 : 1)” and (1 : 0)" are in the same irreducible
component of {P1 = 0,..., Py = 0}. In fact, put (1:0)" ((0:1)", respectively) to
(4.6), we can see that

P,=0 forallr=1,...,¢c(9),

and Qs = |GsiGs;GskGal # 0 (|HyHgjHspHg| # 0, respectively) for all s =
1,...,C(n,4) — ().

Moreover, let V;. be the variety defined by the zero set of all 3 x 3 subdeterminants
DB(FriFerrkFrl) of |FriFerrkFrl|~
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To simplify we consider a 3-subdeterminant Ds(F;F; Fy, Fy) of |F;F; F},Fy| as follows,

xigi1 + yihin  ®igi2 +yihia  xigis + yilus
D3(FiFjFLFy) = | 2950 +yihin  x5952 +yihje 25953 +yihjs
Thgk1 + Yeher  Twgre + ykhke  Tegrs + Yrhes
=D3(G,G;GLG)xizjor, + D3(H;G;GpGr)yixjxg
+ D3(GiH;GyG))ziyjzr + D3(G,GjHyGr)xixjys
+ D3(G;H;Hi Hy) gy, + Ds(H:GjHp Hy)yizyr
+ Ds(H; H; G Hy)yiyjer + Ds(H; H; Hy Hy) Yy Y, (4.7)

where D3(G;G,;GG}) is the left top 3-subdeterminant of |G;G,;GxG|, and so on.
Put (1:0)™ ((0:1)™, respectively) to (4.7), we can see

Dg(FlFJFkF‘l) = Dg(GzG]GkGl) ( Dg(HiHijH[), respectively).

Hence7 D3(FZFJF]€.FI) 7é 0 if and Ol’lly if Dg(GZG]GkGl) 75 0 (Dg(HZHJHkHl) 7£ 0)

From Definition 2.3 we know that for each point in ¢ there are three planes passing
through it which are in general position. Hence, there exist G;, G; and Gy,(H;, H; and
Hj,, respectively) such that

Ds(F;F;FRFy) #0

Similarly, we can consider other cases.
Thus, we can see that (1:0)™ and (0:1)" are not in V,. for r = 1,..., c(2).
Now we have shown that (1) and (2) hold in

C(n,4)—c(oy) c(y)
f(U)—{< U {Qs=0}> u( U v)}

s=1 r=1

which contains the points (1 : 0)" and (0 : 1)".

Recall that irreducible variety minus a subvariety is still a connected set. Hence, the
irreducible component of {P. =0 for r =1,...,¢(%/)} minus the subvariety of {Qs; =0
forall s =1,...,C(n,4) — c(<4)} and the subvarieties V,. for r = 1,..., (<) is still
connected. So there is a curve from ((1:0),...,(1:0)) to ((0:1),...,(0:1)) such that
(4.3), (4.4) and (4.5) are satisfied for any point lying in the curve. This means that we
have constructed a one-parameter family of arrangements /*(¢) such that «7*(0) = 7,
o*(1) = o and L(«/*(t)) = L(«) for all t € [0, 1].

Now we can apply Lemma 3.12 (Lattice-Isotopy Theorem) and finish the proof of
the Theorem. ]

In the course of proving Theorem A, we have proved the following Theorem.
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THEOREM B. Let o/* be a nice point arrangement of hyperplanes in CP3. The
moduli space of o/* with fixred combinatorics L(</*) is connected.

Proor. For given two nice point arrangements .o and o/* of hyperplanes in
C P? with fixed combinatorics L(.7*), in the proof of Theorem A, we have constructed
a one-parameter family @/*(t) of hyperplanes in CP? with fixed combinatorics L(&/*)
connecting «7; and #*. Therefore the moduli space of &7* with fixed combinatorics
L(47*) is connected. O

THEOREM C. The homotopy groups of the complement M(</*) of a nice point
arrangement of hyperplanes in CP? depend only on L(</*) (or the lattice L()).

PROOF.  Since the topology of M(2/*) is determined by L(«/*), by Theorem A,

the homotopy groups of the complement M (2/*) are determined by L(<7*). O
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