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Abstract. Some equivalent characterizations for boundedness of maximal sin-
gular integral operators on spaces of homogeneous type are given via certain norm
inequalities on John-Strémberg sharp maximal functions and without resorting the
boundedness of these operators themselves. As a corollary, the results of Grafakos on
Euclidean spaces are generalized to spaces of homogeneous type. Moreover, applica-
tions to maximal Monge-Ampére singular integral operators and maximal Nagel-Stein
singular integral operators on certain specific smooth manifolds are also presented.

1. Introduction.

It is well-known that the space of homogeneous type introduced by Coifman and
Weiss [5] (see also [6]) is a natural setting for the Calderén-Zygmund theory of singular
integrals. The main purpose of this paper is to establish some equivalent characteriza-
tions for the boundedness of maximal singular integral operators on spaces of homoge-
neous type via certain norm inequalities on John-Strémberg sharp maximal functions
and without resorting the boundedness of these operators themselves. Part of the results
are also new even on Euclidean spaces. As a corollary of this, we generalize the results
of Grafakos in [7] on Euclidean spaces to spaces of homogeneous type. Moreover, using
these results, we obtain the boundedness of maximal Monge-Ampeére singular integral
operators ([4]) and maximal Nagel-Stein singular integral operators on certain specific
smooth manifolds ([20]) in LP, 1 < p < oo, from L! to weak L! and from L% to BMO,
where and in what follows, L2° means the set of L°° functions with bounded support.

To be precise, we work on spaces of homogeneous type in the sense of Coifman
and Weiss [5], [6]. A homogeneous-type space (X, d, i) means that X is a set, d is a
quasi-metric on X, namely, there exists a constant A > 1 such that for any z, y, z € X,

d(z,y) < Ald(z, z) + d(y, 2)]. (1.1)

Moreover, p is a positive Borel regular measure and has the doubling property. Recall
that a measure p is said to be doubling, if there is a constant C' > 1 such that for any
z € X and r > 0,

u(B(z,2r)) < Cu(B(z,1)). (1.2)
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In [17], Macias and Segovia proved that for any given quasi metric d, there is another
quasi metric d’, which is equivalent to d in the sense that there exists a constant C > 0
such that for all z, y € X, C~Yd(z,y) < d'(z,y) < Cd(z,y), and that the metric balls
with respect to d’ are open. Thus, throughout this paper, we always assume that all
balls in X are open, and the measure of any ball is finite.

Let K be a locally integrable function on X x X \ {(z, y) : = = y} satisfying the
following size condition and the standard Hormander condition, that is, there exists a
constant C' > 0 such that for all R > 0, and all y, 3/ € X,

/ 1K (2,9)| + K (g, 2)]) du() < C (1.3)
R<d(z,y)<2R
and
/ 1K (2,y) — K(o.9)| + |K(.2) — K\ o)] du(@) < C. (1.4)
d(z,y)>2d(y,y")

Associated to the above kernel K, we define a linear operator T by that for any f €
L (X) and p—a.e. x ¢ supp f,

Tf(x) = /X K () £ (y) duly). (1.5)

We then define the truncated operator T, for any € > 0, and the maximal operator T,
respectively, by

T.f(x) = / K@D )

and

T f(z) = sup Tef ()], (1.6)

where x € X and f € L(X).
The first result of this paper is the following equivalences for the boundedness of T*.

THEOREM 1.1.  Let u(X) = oo and T* be the maximal operator as in (1.6) with K
satisfying (1.3) and (1.4). Then the following statements are equivalent:

(i) for certain r > 0, there is a constant C' > 0 such that for any X\ > 0, ball B and
bounded function f supported in B,

p({z € B: |T"f(2)| > A}) < CXT"u(B)[fl Lo (x5

(ii) for certain o > 0, there is a constant C' > 0 such that for any ball B and bounded
function f supported in B,
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1 * o o
5 /B T F@)I° du(@) < Cllf |9

(iii) T* is bounded from L (X) to BMO(X);
(iv) for any 1 < p < oo, T* is bounded on LP(X);
(v) T* is bounded from L*(X) to L**°(X).

To the extent that we know, the equivalence between (iii) and others of Theorem
1.1 are also new even when X = R".

REMARK 1.1.  The proof of Theorem 1.1 also indicates that when pu(X) < oo,
the implicity (i) = (ii) = (iii) and (iv) = (v) = (i) of Theorem 1.1 still hold.
However, it is still unclear so far if the implicity (iii) = (iv) of Theorem 1.1 is true
when u(X) < oo.

When p(X) < oo, instead of Theorem 1.1, we have the following conclusion.

THEOREM 1.2. Let u(X) < oo and T* be the mazimal operator as in (1.6) with K
satisfying (1.3) and (1.4). The following statements are equivalent:

(1) T* is bounded from L*(X) to L' >°(X);
(2) for any 1 < p < oo, T* is bounded on LP(X).

We remark that the conclusions of Theorem 1.2 when pu(X) = oo are included in
Theorem 1.1.

From Theorem 1.1 and Theorem 1.2, we can deduce the following conclusions, for
which, the first and the second conclusions when X = R™ were obtained by Grafakos in
[7].

THEOREM 1.3.  Let T and T* be the operators, respectively, as in (1.5) and (1.6)
with K satisfying (1.3) and (1.4). If T is bounded on L*(X), then T* is also bounded on
LP(X) for any p € (1,00), bounded from L'(X) to L*>°(X), and bounded from L°(X)
to BMO(X).

It should be stressed that in the proof of Theorem 1.3, we employ some of the
techniques which were inspired by the work of Riviere [23] and further developed by
Grafakos in [7]; see also [8, pp. 305-309].

The organization of this paper is as follows. In Section 2, for any p € (0,00), we
establish certain norm inequalities on the John-Stromberg sharp maximal function, which
are used in the proof of Theorem 1.1 and have independent interest; see Theorem 2.1
and Theorem 2.2 below. The proofs of Theorem 1.1 and Theorem 1.2 are presented in
Section 3, and Section 4 is devoted to the proof of Theorem 1.3. Finally, in Section 5, we
present two applications of Theorem 1.1 through Theorem 1.3 to maximal Monge-Ampeére
singular integral operators in [4] and maximal Nagel-Stein singular integral operators on
certain specific smooth manifolds in [20], respectively.

We now make some conventions. Throughout the paper, unless explicitly indicated,
#(X) can be finite or infinite. We always denote by C a positive constant which is
independent of the main parameters, but it may vary from line to line. Constant with
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subscript such as C4, does not change in different occurrences. The notation ¥ < Z
means that there exists a constant C' > 0 such that Y < CZ. Let D C X and we denote
by xp the characteristic function of D. Given A > 0 and a ball B, AB denotes the ball
with the same center as B and whose radius is A times that of B. For a local integrable
function f on X and a ball B, fg denotes the mean of f over B, namely,

1
fs =5 /B £() dp(y).

2. Some maximal operators.

In this section, we consider the boundedness of some maximal operators, which are
used in the proofs of Theorem 1.1 through Theorem 1.3 and are of independent interest.
We begin with the following basic covering lemma in [1, p. 138].

LEMMA 2.1.  Let (X, d, u) be a space of homogeneous type and B = {PBo}tacs be
a family of balls in X such that U = ¢ PBa is measurable and pu(U) < co. Then there
exists a disjoint sequence {B(x;, rj)}jen C %A, such that U C ;e By, Cirj) with
C1 a positive constant depending only on A. Moreover, for any o € A, B, is contained
in some B(xj, Cirj).

The first maximal operator we are concerned with is the operator My 5, 0 < s < 1,
defined by

Mo, f(x) = sup int {t>0: u{yeB: [fy)>1}) <su(B)}

for any locally integrable function f and x € X. This operator in the setting of Euclidean
spaces was first introduced by John [12] and then rediscovered by Stromberg [24] and
Lerner [14], [15]. For any locally integrable function f, let f* be the nonincreasing
rearrangement of f, namely,

ff@)=inf{s>0: p({z € X : |f(x)| > s}) < t};
see, for example, [13]. Then, it is easy to see that

Mo, s f(x) = ;gl;(fxB)*(su(B))-

Related to the operator My s, there is a sharp maximal operator Mg, s Which, for
any locally integrable function f and x € X, is defined by

M f(x) = sup inf inf {t > 0: u({y € B: /() = el > 1}) < su(B)}.

It is easy to see that for any s € (0, 1), locally integrable function f and z € X,
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M, f(x) < Mo, f ().

A useful variant of My s is the central maximal operator M ; which, for any locally
integrable function f, is defined by

Mg f(x) = ig}ginf {t>0: p({y € Bz, r): |f(y) >t}) < su(B(z, )}

Applying the doubling condition (1.2) of , we can verify that there is a constant Cy > 1
depending on (X, d, ) such that for any z € X,

Mg, o f(x) < Mo, s f(2) < Mg -1 (). (2.1)

LEMMA 2.2. Let s € (0,1). Then for any two locally integrable functions fi and
foandzr e X,

1\4067 s(fl + fg)(l‘) < M(i 5/2f1($) + M(i s/2f2(x)' (22)
PrOOF. Let B be a ball and f be any locally integrable function. We define
mo, s, 5(f) =inf{t>0: u({y € B: |f(y)| > t}) < su(B)}. (2.3)

For any fixed o > 0, there are positive numbers ¢; and ¢, with

ag
mo, s/2, B(f1) <t <mg, sy, B(f1) + 57

and

o
mo, s /2, B(f2) < ta <myg,s/2, B(f2) + 3

such that for j =1, 2,
S
o e B 15501 > 1)) < (3 )ue)
Thus,

p{y € B [fi(y) + fa(y)| > t1 +t2}) < su(B).

This in turn implies that

mo, s, B(f1 + fa) <t +t2 <mo, /2 B(f1) +mo,s/2, B(f2) + 0,
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which together with the arbitrariness of o then gives (2.2) immediately. This finishes the
proof of Lemma 2.2. O

We now recall the Hardy-Littlewood maximal operator .# defined by

1
M f () —;upm/glf(y)Idu(y),

Sz

where the supremum is taken over all balls containing x and of positive radius.

LEMMA 2.3. Let s € (0,1). Then for any locally integrable function f and any
A >0,

{fzeX:|fx)>AC{zeX: M, flz)> A}, (2.4)
and
p({r € X @ My, of(x) > A}) < Czs 'u({z € X @ |f(x)] > A}), (2.5)

where C3 > 0 is a constant independent of f, A and s.

PrOOF. Recall that p is regular. For each fixed A > 0, it follows from the Lebesgue
differentiation theorem that

p({z e X : [f(z)] > A}) = p({z € X : Xgyex: | >a (@) = 1})

<p({z e X0 M (Xpyex: | rw)>a) (@) > s}),
where .Z° is the central Hardy-Littlewood maximal operator defined by

C = su 1
I = sp g L 156l

We claim that
{v e X M (Xyex: |f>ay) (@) > s} C{z e X : M§ f(z) > A} (2.6)
In fact, if (X (yex: |f(y)>r}) (&) > s, then there is a ball B(z, r) such that
py € Bz, r): [f(y)l > A}) > su(B(z, 7)). (2.7)
Since for any t < A,
n{y € B, r) : [f(y)l > A}) <p{y € Blx, r) = [f(y)| > t}),

we have that
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inf {t >0: u({y € Bz, r): |[f(y)| > t}) < su(B(z, 7))} = A (2.8)
Note that
1
e Bl )+ 1760 >3 = U {v € B 1)l > A+ 1},
k>1
and

u({y € B, ) s [£)] > A}) = klggou({y € B |f)] > A+ }C})

which implies that if the equality in (2.8) holds, then for any k € N,

w({veBlens 1rwI> 2+ 1) < sutbie )

and therefore,
n({y € B(z,r): [f(y)| > A}) < su(B(z, 7).

This contradicts (2.7). Thus, .Z°(x{yex: |f(y)|>r})(x) > s implies that
Mg f(x) > inf {t > 0: p({y € Bz, r) : |f(y)| > t}) < su(B(x, 7))} > A

and the inequality (2.6) holds.
The proof of (2.5) follows from the same argument as that used in [15, p.2451]. In
fact, note that for any A > 0 and s € (0,1),

{:17 cX: M07Sf(x) > /\} C {35 e X: %(X{yeX:|f(y)|>/\})($) > 5},

which together with the fact that the operator .# is bounded from L' (X) to weak L'(X)
gives us (2.5). This finishes the proof of Lemma 2.3. O

The following good-\ inequality is an analog of the good-\ inequality on the Hardy-
Littlewood maximal operator .# and the Fefferman-Stein sharp maximal operator M*
defined by

“f(z) = su L — ;
M @) = sp s [ 17(6) = fol duty):

see [18] for the details on the good-\ inequality related to .# and M?*.

LEMMA 2.4. Let 0 < s1, 82 < 1/2, A > 0 and f be any locally integrable function.
Suppose that B is a ball satisfying that there is a point xo € B such that My, s, f(xo) < A.
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Then there is a constant C > 0, which is independent of f, B, A\, s1 and sa2, such that
c i >‘ —1
plqz € B: Mg f(z) >3\ Mg, f(r) < 1 < Csy sap(B).

Before proving Lemma 2.4, we recall the definition of median values; see [12], [24],
[11]. Let f be a real locally integrable function and B be a ball. The median value
my¢(B) of f over B is defined to be one of real numbers satisfying that

piz e B: 1) > mp)) < X2,

and

p{z e B: f(x) <mys(B)}) < %

If f is complex, we then define my(B) = mge(s)(B) + imim(f)(B), where i* = —1. It is
easy to verify that for any s € (0,1/2], ball B and locally integrable function f,

[m(B)] < V2 inf Mo,1j2f(x) < V2 inf Mo, of(x), (2.9)
and
w({veB:1fw) —mpB) > 2v2 int M{ f@)}) <su(B):  (210)

see [11, p.238] for (2.9), and [11, p.236] and [24, p.519] for (2.10) in the setting of
Euclidean spaces.

PROOF OF LEMMA 2.4. Let rp be the radius of B and

E = {x € B: M, f(z)>3)\ M, fz) < 2}

0, s2

To prove the lemma, it suffices to consider the case when F # . For each fixed z € E,
we have that Mg . f(z) > 3\, which means that there exists a ball B(z, r,) such that

inf {t>0: u({y € Bz, rz) : |[f(y)| > t}) < siu(B(x, 75))} > 3.

Since zg & Bz, r3) (for otherwise, My s, f(zo) > A), by (1.1) together with xy, € B,
we then have r, < 2Arp and B(z, 1) C 4A%2B. This in turn implies that

Mg 5, (fxaazp)(z) > 3A

and so
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be {x € B: Mg, (fxans)(@) > 3X M, (f)(@) < i}

Lemma 2.2 together with (2.9) and the definition of Mg tell us that

$1/2

Mg 5, (fxaazB)(z)
<M, o ((f = mp(44°B))xanzp) () + M, o(ms(4A° B)xaa25)()

<M551/2((f my(4A2B))xaa2p)(x) + |m;(4A?B)|

< Mg, o ((

51/2

)(

) (@)
£ = myAAB) xaem) @) +2 ind Mo, f(0)
) (@)

< Mg 51/2((f mf(4A B X4A2B + 2M0 s1f($0)

Therefore, by the assumption that Moy, s, f(xo) < A, Lemma 2.3 and E # &, which

implies that A > 4inf,c4425 M .. f(2), together with (2.10), we have

032

WE) < p({z € Bt Mg, jp(If —m(4A°B)Ixaazp)(z) > A})

Ssin({y € 44°B - |f(y) — my(4A*B)| > A})
Ss'u({veadB: 1) - mpaa?B) > 4_int M f()})
5 8;182u(3)7

which completes the proof of Lemma 2.4. O

LEMMA 2.5. Let 0 < s1, so < 1/2. Then there exist constants Cy > 0 and C > 0,
which depend only on X, such that for any locally integrable function f and any X > 0,

p({z e X+ Mg, f(x) > 3A})
< Oysy%sop({r € X ¢ |f(x)] > \}) + Cu({m e X: M&szf(sc) > 2}), (2.11)

provided that p({x € X : |f(z)| > A\}) < O3 ts1u(X).

PrRoOOF. For each fixed A > 0, set
W={zeX: My f(zx)> A},

and

Wy = {x € X M§, flx)>3\ M, flz)<

| >~

b
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We see by (2.5) that

1(Va) < Cssy'u({y € X« [f(y)] > A}) < u(X).

Thus, X\V, is not an empty set. Note that W) C V) and V), is an open set. For each
x € V), denote by 7, the distance of z and the set X\ V), that is,

L= inf d(z, ).
" yEl)Ifl\V,\ (x y)

Let C7 be the same as in Lemma 2.1. Obviously, we can assume that C; > 1. It is also
easy to see that r, > 0 and

= B<x, ;&)

zeVy

Applying Lemma 2.1, we can find a sequence of non-overlapping balls { B(z;, r;/(2C1))}
such that

Vi = UB(% 4?) B<xj, iﬂ) N(X\Vy) # .

By Lemma 2.4 and (1.2), we thus have that

| >

us) < Yon({oem(ag ) b5, 000) > 30 01, 1(0) <
J

r‘
oS 1)
J

< syt sap(V).

)

This together with (2.5) in Lemma 2.3 in turn gives us that
p({z e X : Mg, f(z) > 3A})

<uw) s uf{o e X 2t 10> 41)

< stsantV) +u({oex i p0)> 7))
Sstsunllo e Xz f@ > )+ u({oe XM f@)> 7)) O

We can then formulate the main results of this section.
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THEOREM 2.1. Let u(X) = oo, p € (0,00) and Cy > 0 be the same as in
Lemma 2.5. Then there exists a constant C > 0 such that for any s € (0,1/2] and
s < (223PC4)~ 1, and any locally integrable function f,

sup W p({z € X ¢ [f(z)] > A}) < CsupNWpu({z e X : Mg,sf(x) > A},
A>0 A>0

provided that

iti% MNu({x e X 1 |f(z)] > A}) < 0. (2.12)

PrROOF. By (2.4) and Lemma 2.5 with 0 < s; = s < 1/2 = s, we see that for any
s € (0,1/2], A > 0 and locally integrable function f,

u{z € X+ |f(@)] > 3A})
<ulfe € X+ M, 51 (x) > 3M))

< 2Cusu({z € X : |f(x)| > \}) + CM({Q: €X: M f(z)> i})

Therefore,
BN u({r € X+ [f(x)] > 3A})

< 223PCusNPu({x € X : |f(x)] > A\}) + C)\p,u<{x eX: ngsf(a:) >

i)

W

Taking supremum over the last inequality gives us that for any R > 0,

sup Nu({z e X : [f(z)] > A})
0<A<3R

<2°3°Cys sup NMu({z € X : [f(z)] > A}) + Csup Wu({z € X : M} f(x) > A,
0<A<R A>0 '

which together with the assumptions that s < (2237Cy)~! and (2.12) completes the proof
of Theorem 2.1. O

THEOREM 2.2. Let p € (0,00) and Cy > 0 be the same as in Lemma 2.5. There
exists a constant C > 0 such that for any s € (0,1/2] and s < (223PCy)™1, and any
locally integrable function f,

() if u(X) = oo, and for some po € (0, p),

i1>1](;)) trou({r e X : |f(z)] >t}) < oo, (2.13)

then
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[fllLrx) < CHMg,sfHLp(x)?
(ii) if u(X) < oo, then
1F0 0y < CIAE o oy + ClFllzse 0
where || f||p1.(x) is the L' >°(X) norm of f defined by

£l o) = sup T € X & | (x)| > 7).

PROOF. We first consider the case that u(X) = co. As in the proof of Theorem
2.1, by (2.4) and Lemma 2.5 with 0 < s = s < 1/2 = 51, we see that for any s € (0,1/2],
R > 0 and locally integrable function f,

3R
[ ntta e X5 15(@)] > Apxtan
’ R
< 31’/ n({w € X+ Mg o f() > 3A})AP~1 d
0
R
< 223Pc4s/ w({z € X - |f(@)] > AWt dx+ O||ME £
0

Lr(X)"

Note that if u(X) = oo and f satisfies (2.13), it then follows that

R
/O p{z e X : |f(z)| > ADNP"1d) < 0.

Taking s € (0,1/2] such that s < (223PC4)~!, we then have that for any R > 0,

3R
/0 u({e € X ¢ [7(@)] > AN AN < MG T

Letting R — oo leads to the desired result.
Now let pu(X) < oo. If A > Ay, x = 2C5||f]| 1. = (x) [0(X)] 7!, we know from Lemma
2.5 that
pn({z € X o |f(z)] > 3A})

< 2Cuonlle X 1) > 3) + O {o e X0 1) > 7).

For any R > )¢, x, integrating the last estimate then yields
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3R
/3 e e X @] > ANt

R
< OGSy + 2297 Con [l € X 2 1] > AT ar
X

This in turn implies that

3R
/0 iz € X ¢ |f(@)] > AHA

3R

3/\f,X
= / p({x € X |f(2)] > ADAP"Lax +/ p({x € X |f(2)] > ADAP"Lax
0 3XAf, x

R
< OX] xpul(X) + C[|MG o f |7 ) + 237 Cas / n({z € X+ |f(@)] > ADAPTHdA,
0

and the desired conclusion follows immediately. (]

3. Proofs of Theorem 1.1 and Theorem 1.2.

To prove Theorem 1.1, we first recall the following Calderén-Zygmund decomposition
theorem on spaces of homogeneous type in [5, pp. 72-74].

LEMMA 3.1.  Let f € L'(X) and X > || fl|lo(x) [W(X)]7", there exist a family of
balls {Bj}jen, and constants C > 0 and L > 1, such that
(a1) f=g+bwithb= ZjeAbj;
(a2) |g(z)] < CA for almost all x € X,
(az) suppb; C Bj, fBJ- bj(z) du(z) =0, and for allx € X, 3 .y x5, (%) < L,
(aa) [Ibjllzrx) < CAu(By),
(85) Xjen t(Bj) < CATHIfllzr(x)-

We also need the following interpolation theorem of operators, which can be proved
by the same argument as that used in the proof of Marcinkiewicz interpolation theorem.
We omit the details for brevity. The advantage of this interpolation theorem is that the
operators included are even not necessary to be sub-linear.

LEMMA 3.2 Let 1 < p; < pg < p2 <00, and T, Ty and T, be three operators.
Assume that

(1) there is a constant C > 0 such that for any fi, fa € U, >, LP(X),

IT(f1 + f2)(2)| < C(TL (1) (@)] + [Ta(f2) (2)));

(2) Ty and Ty are bounded, respectively, from LP*(X) to LP»*°(X) and from LP?(X)
to LP2>°(X).

Then T is also bounded on LP°(X).
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LEMMA 3.3. Let {B; = B(zj, r;)}jen be a sequence of balls in X such that for
some constant C' > 1,

ZXBJ'(‘Z') S c

JEA

Furthermore, let A > 0 and {b;};en be a sequence of functions such that for some fixed

constant Cs > 0, suppb; C B;, [y bj(z)du(z) = 0 and fB bj ()| du(z) < CsAu(By).
With the same assumptions as in Theorem 1.1, then there are constants C > 0 and
Cs > 2, which are independent of b; and X\, such that

({xeX\UB* T*<Zb) ) > Ce\ })gCZM(BJ)

JEA JEA
where B = A(4A% +1)B; with A same as in (1.1)
ProoF.  To prove this lemma, we invoke some ideas from [7]. Let b = > ., b,
and set
0= [ 1K)~ Kl Wl e
JEA
and
Ba(e) =AY [ K w0) Ko ),
JEA
where z; is the center of B;. If we can prove that there is a constant C'; > 0 such that
for z € X\U; By,
T*b(m) < 2E1(3§) + C5E2($) + C7 A, (31)

it then follows by (1.4) that
,u({x € X\ UB;. : T*(b)(z) > (C7 + 2))\})

A A
< ,u({x e X\|JB;: Ei(2) > 2}) -|—,u<{m e X\|JB; : Ex(2) > 05}>
J J
SAHIE N vy, B;) + [Bellioay, 5y}



Mazimal singular integral operators 337

o [ . K (o) = (o, dio) by )] )

JEA

//X\B* (z,y) — K(z,25)| du(z) dp(y)

]EA
SAT bl + Y u(By)
jen jea

which together with the assumption that ||b;]|z1(x) < Au(B;) gives us the desired esti-
mate.
We now prove (3.1). For each fixed z € X\ |J; B} and € > 0, set

Li(z,e)={j e A: forall y € B, d(z,y) < €},
Iy(z, e) ={j e A: forally € By, d(z,y) > €},

and

Is(z,e)={jeA:Bin{ye X :d(z,y) >e} #J
and B; N{y € X : d(z, y) <€} # T}

Then

[Teb(x)] < +

Te( > bj)(w)

j€Lx(z,€)

Te( > bj)(:c).

J€l3(z, €)

Applying the vanishing moment hypothesis of b;, we know that

(5 o)el-

J€l2(z, €)

) / K (2, 2,)}b5(9) du(y)' < Bu(a)

j€la(z, €)

and

7

)@= 5 [ K00 )

j€ls(z, €) jels(z,e)” B

> / K(2,9) [b;(0)X (.08 () — Dj(€)] du(y)‘

jels(z,e)” Bi

<

+

3 / K (. 9)D;(e) du(y)],

j€ls(x,e)” Bi

where B(z, €)¢ = X \ B(z, ¢) and Dj(e) = b YIXB(z,00 () du(y). Obvi-
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ously, |D,(€)] < CsA for any j € A by the assumption on b;. Thus

r( ¥ u)w

Jj€lz(z,€)
<! > (K (2,y) — K(2,2;)][b;(0)X (.0 () — Dj(€)] dpu(y)
j€l3(z, €) Bj
+ / K(x,y) du( )’
J€I3(5L’ €)
< Ei(2) + CsEa(x) + CsA Y (z,y)] du(y)-
jEIz(x,€) B

For each j € I3(x, €), by its definition, we can choose yjl-, y]2 € B, such that d(z, y]l) > €
and d(z, y?) < e. Note that d(z,z;) > A(4A% +1)r; by = ¢ Bj,

1
€> d(x y]) Zd(w, xj) — d(xj, yJQ) > (4A% + 1)r; —rj = 4A%r;. (3.2)

Therefore, for any y € B; with j € Is(z, €), we have that

d(z,y) < A(d(:r,yf-) er(y]?7 y)) < A(e+2A4rj) < <A+ ;)

and

€

1

This in turn implies
\J B;cB A+ 1) \B(z

2 2A
j€I3(z, €)

and thus by the hypothesis that > ..\ x5, (z) < C and (1.3),

> [ Kl < [ K@)l Y xe, ) du)
jels(a,e)” Bi B(z,(A+1/2)e)\B(, ¢/ (24)) jels(z, €)
<C.
Therefore, (3.1) holds for C; = C'C5, which completes the proof of Lemma 3.3. O

PROOF OF THEOREM 1.1. (i) = (ii). Choose ¢ € (0,r) in (ii). For any fixed ball
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B and bounded function f supported in B, by (i), we have
[ 17 @) duta)

[If1l oo (x) oo
< a,u(B)/ to L dt + O'/ p({x € B: T*f(z) > t})t7 tdt
0 11l oo (x)

S BT (x)s

namely, (ii) holds.

(if) = (iii). Without loss of generality, we may assume that o < 1 in (ii). Observe
that for any f € LS°(X), (T*f)° is locally integrable, and thus T*f is finite almost
everywhere. By the characterization of the space BMO(X) of Long and Yang [16, p. 700],
to prove (iii), it suffices to verify that for any f € LX(X),

1
sup i s [ 7°4() = 7 du(@) S 111y (33)

To this end, for any fixed ball B and f € L°(X), decompose f into
f(x) = f(x)xB-(x) + f(z)xx\B- (x) = fi(z) + fo(2),

where B* = A(4A% + 1)B. It then follows that

inf —z [ 1770 =l duta)

ceC u(B)

f@/B\T @) du(fﬂ)*;é%u(B)/B'T fala) = eI” du(z).

Our hypothesis says that

1 . , )
o [ 10 R dute) S 117 o

Since |T™* f2| is locally integrable, we can take zp € B such that T* fo(zp) < oo. For
any x € B, a standard computation together with (1.3) and (1.4) leads to that

|7 fo(x) = T fo(xB)]
< 51>1]g T fo(x) — Te fa(x )|

< sup / K (x, 2) — K(x5, 2)||f2(2)| du(2)

e0JX

tsup [ 1K @09l e, 920 (2) = Xt 20 )| a2) )
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< If = x) + sup / K@, 2| fa(2)] du(2)
T

dsp [ K (a2 alo)] du(2)

>0 P

< ||f|mx>{1 + sup

/ K (25, 2)|du(2)
e>0 Je/(24)<d(zp, z)<e

—+ sup

/ K(zs, 2)| du(Z)}
e>0 Je<d(zp, 2)<(A+1/2)e

S I llzee (x)s

which together with (3.4) then gives us the inequality (3.3). Here, in the second-to-last
inequality, we used the fact that 44%rg < € by (3.2), where 75 is the radius of B. Hence,
(iii) holds.

(iif) = (iv). We first claim that for any 0 < s <1 and f1, fo € U5, LP(X),

M T (fr + fo)(@) < M5 o (T i) (@) + Mo, oja(T" fo) (x). (3.5)

In fact, for each fixed ball B, let mg, s, g(f) be the same as in (2.3) and

mo,s, 5(f) = infinf {t>0: p({y € B: |f(y) — | > }) < sp(B)}.

For each fixed o > 0, there exist constants ¢ € C, t; > 0 and t; > 0 with t; <
mmB(T*fl) +0/2 and ta < mg, 52, g(T* f2) + /2 such that

plly € B 1)~ ol > 0}) < 5 )uto),

and
il € B T al0) > 1) < (3 )u(),

Note that

T (fr+ f2)(y) — ol ST fry) — | + |T" fa(y)]-
It is easy to see that

p({y € B: |T*(fr + f2)(y) —c| > t1 +12})
<p({yeB: T fily) —c| > t:1}) + u({y € B: T" fa(y) > t2}).

Therefore,
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mo,s, B[T*(f1 + f2)] < Mo, o2 5(T* f1) +mo, s /2, 5(T* f2) + 0,

which together with the arbitrariness of ¢ and the definitions of M&S and My s yields
(3.5).

We now prove that for any s € (0,1), there is some constant Cg > 0 such that for
any f € L'(X) N L?*(X) with bounded support,

p{e € X - M (T°F)() > (Co + Cos A £ s A flma. (36)

where Cp is the same as in Lemma 3.3. Since T* is bounded from L2°(X) to BMO(X),
then for any f € L°(X),

[MAT™ F)ll e x) S 1l (x)s (3.7)

where M* is the Fefferman-Stein sharp function; see [18] for the details about M*. It is
obvious that for any locally integrable function f and x € X,

M§ (@) < 57 M (2). (38)
Note that u(X) = oco. For each fixed f € L'(X) N L?*(X) with bounded support, and
A > 0, by Lemma 3.1, we can obtain a family of balls {B;};eca and a constant C' > 0
such that f can be decomposed into f = g+ b as in Lemma 3.1. The hypothesis that T*

is bounded from L°(X) to BMO(X) together with (3.8), (3.7) and (ag) in Lemma 3.1
states that for some constant Cg > 0,

{zeX: M (T () > Css™' A} = 2.
This along with the inequalities (3.5) and (2.5) leads to that
u({x eX: M&S(T*f)(x) > (Cs + Cgs_l))\})

<p({zeX: Mg’ 2(T°9)(@) > Css™IA}) + u({x € X+ Mo 5 /o(T*b)(x) > CoA})

SsThu({z e X - T*b(z) > CgA}).

~

On the other hand, by Lemma 3.3 and Lemma 3.1 (a5), we have that

p({z € X : T*b(z) > CeA}) < u(UBj) + u({x € X\ UB; D Tob(z) > Cﬁ)\}>

SAT Sl -

Combining the estimates above yields (3.6).
Let L% (X) be the set of functions f € L¥(X) with [y f(z)du(z) = 0. If we can
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verify that for any f € L2 (X),

iti;é M({x e X T f(x) > A}) < o0, (3.9)

then by Theorem 2.1 (with s < (2237Cy)~!) and (3.6), we see

ili%/\u({x EX:T*f(x) > A} < ili%/\u({a: eX: M&S(T*f)(x) > A})

S Ifllzrxy-

This via a standard density argument states that 7 is bounded from L'(X) to L' *°(X),
and so is My sT* for any s € (0, 1/2] and s < (223PC4)~! by this fact together with (2.5)
in Lemma 2.3. By the last fact and the fact that M&ST* is bounded from L°(X) to
L>(X) together with (3.5) and Lemma 3.2, we know that Mg I* is bounded on LP(X)

for any p € (1, co). An application of Theorem 2.2 then yields that for any p € (1, 00)
and f € L??O(X),

IT* Fll oo xy SIUME (T Fllerixy S I lloe)-

The density argument then gives us the desired LP(X)-boundedness of T* with p €
(1, 00).

To see (3.9), let f € L5(X) and B be a ball such that supp f C B. It is obvious
that

Nil{w € B*: T*f(2) > A}) < |7 12 () < oo,

since T* f € BMO(X) and T*f is locally integrable. On the other hand, by Lemma 3.3,
we see that for any A > 0,

M({z € X\ B*: T f(z) > A}) S |[fllzrx) < o0

The estimate (3.9) then holds. Thus, (iv) is true.

(iv) = (v). It is easy to see that this is true by Lemma 3.1 and Lemma 3.3.

(v) = (i). This is obvious if we choose r = 1 in (i), which completes the proof of
Theorem 1.1. U

PrOOF OF THEOREM 1.2. As we have pointed out in Remark 1.1, it suffices to
show that when p(X) < oo, then (1) = (2). Recall that T* is bounded from L*(X)
to L1*°(X) implies that T* is bounded from L°(X) to BMO(X). For each fixed s €
(0, 1/2), by Lemma 2.3, we know that My s is bounded from L' *°(X) to itself. If (1)
is true, then the composition operator M&ST* is bounded on L(X), and My, sT* is
bounded from L*(X) to L''*°(X). Thus by the estimate (3.5) and Lemma 3.2, we know
that M&ST* is bounded on LP(X) for any p € (1, 00). Take s < (223?C,)~!. An
application of Theorem 2.2 then leads to that
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IT* fllr(x) < CIME (T Hllzox) + CIT* fllr=x)
S Olflleex) + CIT fllzr = (x)
< Ollfllzrx),

which completes the proof of Theorem 1.2. O

4. Proof of Theorem 1.3.

By Theorem 1.1 and Theorem 1.2, we only need to prove that T* is bounded from
L'(X) to LY*°(X). To this end, we need the following Cotlar-type inequality.

LEMMA 4.1.  Under the hypothesis of Theorem 1.3, there exists a constant C > 0
such that for any f € L*(X)NL>®(X) and p-a.e. x € X,

T f(z) < A(Tf)(x) + Cllf Lo x)-
PROOF. We proceed with the proof as in that of Theorem 1 in [7]. For any fixed

f € L*(X)N L*(X), since T is bounded on L?(X), |Tf(z)] is finite almost everywhere.
For each fixed z such that |Tf(x)| < co and € > 0, decompose f into

FW) = fWXB@, o W) + FW)XX\B(=, A(4a24+1)e)(Y) + F(Y)XB(z, A(4424+1))\ B, €) (¥)
= fiy) + f2(y) + f3(y).

Observe that for any y € B(x, €), by (1.3),

ITef(2)] = [Te fa ()| + | Te f3(2)]
= |T fa(2)[ + |T f5(2)]
ST fa(x) =T+ T+ TAHW]+ 1 fllLex)-

—_  ~—

As in (ii)=-(iii) in the proof of Theorem 1.1, we know that for any y € B(z, €),
T f2(x) = Tfa(y)| S N fllzex)-

Therefore, by the L?(X)-boundedness of T,

_
u(B(z, €))
1

1/2
2
Sz ) + A (T ) ().

Tt @) S Il + [, Wl

Taking supremum for all € > 0 gives the conclusion of Lemma 4.1. (|
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PrROOF OF THEOREM 1.3. By Theorem 1.1 and Theorem 1.2, it suffices to prove
that 7 is bounded from L'(X) to weak L'(X). For any fixed A\ > [u(X)] 7| fl|lL1(x),
applying Lemma 3.1 to f at level A\, we can decompose f into f = g + b with g and b
same as in Lemma 3.1. By Lemma 3.3, we see that

u({x € X - TB(@) > A}) S A I o).

On the other hand, for some constant Cy > 0, which is large enough and independent of
f and A\, Lemma 4.1 together with the L?(X)-boundedness of .# and Lemma 3.1 tells
us that

p({z € X : T"g(x) > CoA}) < p({w € X+ A(Tg)(z) > A})
< A2 (Tg)l| L2 (x)
SA Mgl x)
SAH Az x)-

This completes the proof of Theorem 1.3. g

5. Some applications.

This section is devoted to some applications of Theorem 1.1 through Theorem 1.3.
We first consider the Monge-Ampere singular integral operators in [4].

5.1. Monge-Ampeére singular integral operators.

For x € R™ and t > 0, denote by S(z, t) certain open and bounded convex set
containing z. We call .# = {S(x,t) : x € R", ¢t > 0} a family of sections if {S(z, t) :
x € R™ t > 0} is monotone increasing in ¢, i.e., S(x, t) C S(x, t’) for t < ¢, and satisfies
the following three conditions:

(a) There exist positive constants K1, Ko, K3, €1 and €2 such that given two sections
S(xo, to) and S(z, t) with ¢ < tg satisfying S(zo, to) N S(z, t) # &, and given an
affine transformation T that “normalizes” S(zo, to), i.e.,

B<0, ;) C T(S(xo, to)) C B0, 1),

there exists z € B(0, K3) depending on S(xg, o) and S(z, t) such that

B(z, o (;)) C T(S(z, 1)) C B(z, K (;) )

and T(z) € B(z, %KQ(%)EQ). Here and in what follows, B(x,t) denotes the Eu-
clidean open ball centered at = with radius ¢ > 0.
(b) There exists a constant o > 0 such that for any given section S(x, t) and y ¢
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S(x, t), if T is an affine transformation that normalizes S(z, t),
B(T(y), ”)NT(S(x, (1 —e)t)) =2

for any € € (0,1).
(€) Mo S(x, t) = {z} and | J,o, S(z, t) = R".

In addition we assume that a positive Borel regular measure p which is finite on
compact sets is given, u(R"™) = oo, and satisfies the following doubling condition

p(S(x, 2t)) < Cu(S(x, 1)), (5.1)

where C' > 0 is independent of  and ¢.

The definition of sections was introduced by Caffarelli and Gutiérrez [3] to establish
a real variable theory associated to the Monge-Ampere equation. Caffarelli and Gutiérrez
[3] established a Besicovitch type covering lemma for .%#, a family of sections. In terms of
sections, they set up a variant of the Calderén-Zygmund decomposition by applying this
covering lemma. As applications of this decomposition, Caffarelli and Gutiérrez intro-
duced the Hardy-Litttlewood maximal operator .# and the space BMO & associated to
a family of sections and the above given doubling measure, and obtained some important
results on the maximal operator .# and this BMO & space. Recently, there are several
papers concerning the real analysis associated to the Monge-Ampere equation. Aimar,
Forzani and Toledano [2] proved that the properties (a) and (b) imply the following en-
gulfing properties of sections: there is a constant 8 > 1, depending only on o, K7 and €,
such that for any z, y € R™ and t > 0, y € S(z, t) implies that S(y, t) C S(x, 6t) and
S(x, t) C S(y, 6t). Moreover, they introduced the function

d(z,y)=inf{t >0: 2 € S(y, t) and y € S(x, t)}
and proved that d is a quasi metric satisfying that for all z, z, y € R"™,
d(z,y) < 0(d(z,2z) + d(z,y)),

and also that for any x € R™ and ¢ > 0, S(x, t/(20)) C Bg(z,t) C S(z, t), where
Bi(z, t) ={y € R" : d(x, y) < t}. From this and (5.1), it is easy deduce that

u(Balz, 2t)) < (Co)los=UH y(By(z, 1)),

where [log,(46)] is the largest integer no more than log,(46). Thus (R", d, 1) is a space
of homogeneous type in the sense of Coifman and Weiss [5]; see also [2]. Incognito [10]
introduced another “metric” p associated to the sections:

plz, y) =inf{t >0: ye S(z, t)}

and proved that p(z, y) < p(y, ) and
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p(z, y) <0 (p(x, 2) + p(2, y))

for any z, y, z € R™. With the aid of the function p, Incognito discussed the boundedness
of following Monge-Ampeére singular integrals.

For each fixed y € R" and j € Z, denote by S;(y) the section S(y, 27). Let {K,};
be a sequence of functions on R™ x R" such that for any « € R", supp K (z, -) C S;(x),

Kj(x, y)du(y) =0,
Rn

sup [ 1Ky )l duy) S 1.

J

if T is an affine transformation that normalizes the section S;(y), then for o € (0, 1],

1 «
\Kj(x, u) — Kj(x, v)| < W\TU — Tvl|?,

and all still hold with = and y interchanged. Let K = j K;. The operator defined by
Tf(x)= | Kz, y)f(y)duly) (5.2)
RTI,

is called the Monge-Ampere singular integral operator. Caffarelli and Gutiérrez [4] proved
that for o = 1, the operator T is bounded on L?(R™, ). Incognito [10] proved that for
0 < o < 1, the operator T is bounded on L?(R", ;1) and also that

/ K (2, y) - Kz, o) dule) < 1,
p(x,y)<462p(y’, y)

from which he further deduced that 7" is bounded from L'(R", i) to L*'*°(R", ). Note
that 0=1d(z, y) < p(z, y) < d(x, y); see [9]. As in the proof of Lemma 1 in [10], we can
verify that

/ (1K, ) = K G o) + K (s 2) = K/, )]) du(@) S 1
d(z, y)2463d(y, y')

Therefore, by Theorem 1.3, we have

THEOREM 5.1.  Let T be the Monge-Ampére singular integral operator as in (5.2)
and T* be the associated mazimal operator defined by

T f(x) = sup
e>0

/ Kz, )£ (y) du(y).
d(z,y)>e
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If, in addition, the kernel K satisfies

sup [ (1K, )| + Ky, 2)]) dp(x) < oo,
R>0JR<d(z,y)<2R

then T* is bounded on LP(R™, u) for any p € (1,00), bounded from L*(R", ) to weak
LY(R™, u) and bounded from L (R™, 1) to BMO(R", i1).

5.2. Singular integral operators of Nagel and Stein.

In this subsection, we apply Theorem 1.3 to obtain the boundedness of maximal
singular integral operators of Nagel and Stein in [20]. Such singular integral operators
naturally appear in the study on solutions of the Kohn-Laplacian for certain unbounded
model polynomial domains in several complex variables in [21]. To be precise, we consider
two specific settings as in [20]:

(A) Let M be a compact connected C'*°-manifold of dimension at least 3. Suppose
that there exist smooth vector fields {X7, ..., X3} on M, which together with
their commutators of order < m span the tangent space to M at each point.

(B) Let Q = {(z,w) € C?: Sm[w] > P(z)}, where P is a real, subharmonic, non-
harmonic polynomial of degree m. Then M = 92 can be identified with C x R =
{(z,t): 2 € C, t € R}. The basic (0,1) Levi vector field is then Z = % - i%—g%,
and we write Z = X;+iX5. The real vector fields { X7, X5} and their commutators
of orders < m span the tangent space at each point.

In both cases, we endow M with the control, or Carnot-Carathéodory, metric d
determined by the given smooth real vector fields ([22], [19], [20]); and in the compact
situation (A), we endow M with any fixed smooth measure p of strictly positive density,
and in the situation (B), we endow M with the Lebesgue measure p. Then by the results
n [22], [19] (see also Proposition 3.1.1 in [21]), (M, d, p) is a space of homogeneous
type in the sense of Coifman and Weiss; see [20] for more details.

A function ¢ on M is said to be a bump function associated to a ball B(zg, §), if
it is supported in that ball, and satisfies the differential inequalities [0% | S d~* for all
monomials dx in Xi,..., X of degree a and all a > 0.

We now recall the definition of singular integral operators of Nagel and Stein as
below; see [20, pp. 546-547]. Let T be a linear mapping from C§° (M) to C*° (M), where
C§° (M) is the space of C'* functions on M of compact support. Suppose the operator T’
has a distribution kernel K which is C'*° away from the diagonal of M x M and satisfies
the following four properties:

(I-1) If ¢, ¢ € C§°(M) have disjoint supports, then
(T, ¥) = / K(z, y)e(y)v(z) du(z) du(y)-
M xM

(I-2) If ¢ is a normalized bump function associated to a ball of radius r, then [0%Ty| <
r~ % More precisely, for each integer a > 0, there is another integer b > 0 and a
constant M, , so that whenever ¢ is a C°° function supported in a ball B(xg, r),
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then

sup r*|(0%T¢)(z)| < My, psup sup  1°0% ).
xeM c<b zeB(xo,T)

(I-3) If  # y, then for every a >0, |0% y K(x, y)| S d(x, y)~*V(z, y) ="
(I-4) Properties (I-1) through (I-3) also hold with = and y interchanged. That is, these
properties also hold for the adjoint operator T¢ defined by (T%p, ) = (T4, ).

Nagel and Stein [20] proved that each singular integral operator T' satisfying the
conditions (I-1) through (I-4) extends to a bounded operator on LP(M) for any p €
(1,00). From this and Theorem 1.3, it immediately follows the following conclusion.

THEOREM 5.2.  Let T be a singular integral operator satisfying the conditions (I-1)
through (I-4). Define

T* f(x) = sup
e>0

[ K@)

d(xz,y)>e€

Then T* is bounded on LP(M) for any p € (1,00), bounded from L*(M) to weak L*(M)
and bounded from L°(M) to BMO(M).
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