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Abstract. The spectrum of the Milnor-Gromoll-Meyer sphere is given. For this

purpose the system of orthogonal functions on the symplectic group Spð2Þ (isomorphic

to the covering group of SOð5Þ) is studied.

Introduction.

The purpose of the present paper is to describe the spectrum of the Milnor-

Gromoll-Meyer sphere S7, a Riemannian manifold which is homeomorphic to

the standard 7-sphere S7 but not di¤eomorphic to S7. Our idea for finding the

spectrum of S7 is simple. Namely, since S7 is given as a base space of a

Riemannian submersion Spð2Þ ! S7 due to [GM], the spectrum of S7 is a

‘‘subspectrum’’ of the compact Lie group Spð2Þ with bi-invariant metric. Here

we recall that each space of eigenfunctions, belonging to a common eigenvalue,

on Spð2Þ is the space Hm spanned by matrix elements (representation coe‰cients)

of an irreducible representation pm of Spð2Þ. Therefore, our problem is reduced

to the problem of finding the dimension of the subspace H G
m

consisting of

functions in Hm which are constant on each fiber of the submersion. Then the

latter problem is solved by studying how the vertical vector fields of the sub-

mersion act on the matrix elements—a problem of finding the dimension of the

kernel of a linear mapping.

This paper is divided into five sections. We start with the definition of

Milnor-Gromoll-Meyer sphere S7 and state our main results, which describe,

in addition to the spectrum of S7, the spectrums of some other Riemannian

manifolds di¤eomorphic to S7. The next section, §2, is devoted to the repre-

sentation theory of SpUð4Þ (which is isomorphic to Spð2Þ by the isomorphism c

in §3). Following [Zh] we consider the Lie group Spð4;CÞ (complexification of

SpUð4Þ), and recall the definition of the representation pm with the representation

space Rm. Then we express the canonical orthogonal basis (Gel’fand-Cetlin

basis) of Rm as derivatives of the generating function fm, and get the explicit

expression for the matrix elements of pm. From this expression we obtain the
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formulas which tell us how right or left invariant vector fields on Spð4;CÞ act

on the matrix elements (Corollary 2.3.2). In §3 we give the correspondence c

between Spð2Þ and SpUð4Þ, which allows us to consider, instead of the original

submersion Spð2Þ ! S
7, the submersion SpUð4Þ ! S

7 and to apply the results

in §2. In §4, using the fact that the vertical space field of the submersion

SpUð4Þ ! S
7 has a basis consisting of vector fields written as sums of right or

left invariant vector fields on SpUð4Þ (Proposition 3.1.1), we derive the condition

for a function in Hm to be constant on each fiber of the submersion. Studying

this condition through the matrix elements, we see that the problem of finding the

dimension of the subspace H G

m becomes the problem of counting the number of

lattice points in a certain subset in R5 (Proposition 4.1.1). In Appendix, we give

the proof of Theorem 2.2.1 (the expression for Gel’fand-Cetlin basis) by direct

computation, and prove the other statements in §2 as its consequences.

Although our result (Theorem 1.1.1) describes the spectrum of S
7, we can

not ‘‘hear’’ the shape of S
7 yet. We hope that our datum makes a contri-

bution to such new development in spectral geometry as statistical properties of

spectrums. See e.g. [KMS], [UZ] for the case in which geodesic flows are com-

pletely integrable, and [Ze], [La] for a more general case. (Incidentally, the

geodesic flow of our object S
7 is completely integrable.)

Throughout this paper, by functions, vector spaces we mean complex-valued

functions, complex vector spaces respectively, unless otherwise specified.

1. The spectrums of some 7-spheres lying under Spð2Þ.

1.1. Statement of the main results.

Let H be the algebra of quaternions, with basis 1; i; j; k satisfying the usual

multiplication rules. Let SpðnÞ denote the symplectic group for dimension n,

that is, the group of n� n quaternion matrices Q such that QQ� ¼ Q�Q ¼ Id,

where Q� is the transposed conjugate matrix of Q. We fix on Spð2Þ the

bi-invariant metric g0 normalized so that the tangent vector iþ ¼
�

i
0

0
0

�

A

TeSpð2Þ ¼ spð2Þ, at the identity element e, has unit length. Let G : Spð1Þ �

Spð2Þ ! Spð2Þ be the action defined by the formula

Gðq;QÞ ¼
q 0

0 q

� �

Q
q 0

0 1

� �

;

where q is the conjugate of q. Since this action is free and isometric, we can

consider the quotient Riemannian manifold S
7 ¼ GnSpð2Þ, which turns out to be

an exotic sphere, i.e. a manifold homeomorphic to but not di¤eomorphic to the

standard sphere S7 ([GM]).

K. Yamato410



Definition. We call G the Gromoll-Meyer action on Spð2Þ, and the quotient

Riemannian manifold S7 the Milnor-Gromoll-Meyer 7-sphere.

Definition. Let g ¼ f0 ¼ g0 < g1a g2a � � �g, l ¼ f0 ¼ l0 < l1a l2a � � �g

be two infinite sequences tending to y. We say that g; l are uniformly close if

there exists a positive constant c such that jgl � ll ja c for all l ¼ 0; 1; 2; � � � : If

that is the case, we write Zg nZl for the series Zg ¼
P

y

l¼0 expð�gltÞ, Zl ¼
P

y

l¼0 expð�lltÞ.

Now we can state our result.

Theorem 1.1.1. Let f0 ¼ g0 < g1a g2a � � �g be the spectrum of S7, and let

ZS7 ¼
P

y

l¼0 expð�gltÞ be the partition function. Then ZS7 satisfies

ZS7 n

X

mn expð�lntÞ; ln ¼ n21 þ n22 � 5:

Here the summation is taken over all pairs n ¼ ðn1; n2Þ of integers such that

n1 > n2b 1, and mn is defined as follows:

mn ¼
i þ n22ðð�1Þn12n1 � ð�1Þn2ðn1 � n2ÞÞ=16 if 2n2a n1,

j þ ðn1 � n2Þðð�1Þn1n21 � ð�1Þn2n22Þ=16 if 2n2b n1,

�

where

i ¼ n22ðn1 þ n2Þð4n
2
1 � 4n1n2 � 2n22 þ 5Þ=48;

j ¼ ðn1 � n2Þ
2ðn1 þ n2Þð�2n21 þ 8n1n2 � 2n22 þ 5Þ=48:

Remark. Needless to say, the values of mn coincide for the case 2n2 ¼ n1,

and although mn are integers, i; j may be ratinal numbers.

Besides the Gromoll-Meyer action G , we can consider other free, isometric

actions Spð1Þ � Spð2Þ ! Spð2Þ and get some 7-dimensional Riemannian mani-

folds as quotient manifolds. For such a Riemannian manifold M 7, since we

have a Riemannian submersion Spð2Þ ! M 7, we say that M 7 lies under Spð2Þ.

We shall discuss the following cases:

(1) the action ðq;QÞ 7!

�

q 0

0 1

�

Q, and its quotient manifold ~SS7,

(2) the action ðq;QÞ 7!

�

q 0

0 q

�

Q, and its quotient manifold
~~SS~SS7,

(3) the action ðq;QÞ 7!

�

1 0

0 q

�

Q

�

q 0

0 1

�

, and its quotient manifold �SS7.

It is easy to see that ~SS7; ~~SS~SS7 are homogeneous Riemannian manifolds di¤eo-

morphic to the standard 7-sphere S7. On the other hand, �SS7 is di¤eomorphic to

S7, but now the metric is not homogeneous. For these manifolds we can give
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their respective spectrums. To describe those we denote by ZM 7 the partition

function of M 7 (cf. [BGM]).

Theorem 1.1.2. The partition functions satisfy

Z ~SS 7 ¼
X

~mmn expð�lntÞ; ~mmn ¼ n1n2ðn1 þ n2Þðn1 � n2Þ
2=6;

Z ~~SS~SS 7
¼

X

~~mm~mmn expð�lntÞ; ~~mm~mmn ¼ ð1� ð�1Þn1þn2Þn1n
2
2ðn1 þ n2Þðn1 � n2Þ=12;

Z �SS 7 n

X

�mmn expð�lntÞ; �mmn ¼ n1n2ðn1 � n2Þð1þ 2n2ðn1 � n2ÞÞ=6:

Here the summations are taken over all pairs n ¼ ðn1; n2Þ of integers such that

n1 > n2b 1, and ln ¼ n21 þ n22 � 5.

We shall prove these theorems in 1.3, assuming the propositions stated in

the next subsection.

1.2. The spaces Hm of eigenfunctions on Spð2Þ and their subspaces of

functions fixed under the actions.

By a signature we mean a pair ðm1;m2Þ of integers satisfying m1bm2b 0.

It is known that every irreducible unitary representation of Spð2Þ is uniquely

defined (up to equivalence) by a signature m ¼ ðm1;m2Þ (see [Zh]). Now fix a

signature m ¼ ðm1;m2Þ, and let Hm denote the vector space spanned by matrix

elements (or representation-coe‰cients) of the representation defined by m. Then

the representation p of Spð2Þ � Spð2Þ on Hm, pðx; yÞjð�Þ ¼ jðx�1 � yÞ, is irre-

ducible. Let H G
m denote the subspace of Hm consisting of functions which are

fixed under the Gromoll-Meyer action G , that is,

H G
m ¼ j A Hm j jð�Þ ¼ j

q 0

0 q

� �

�
q 0

0 1

� �� �

for all q A Spð1Þ

� �

:

Proposition 1.2.1. Let m ¼ ðm1;m2Þ be a signature. Set n1 ¼ m1 þ 2, n2 ¼

m2 þ 1. Then the dimension of the vector space H G
m is given by the following

formulas:

(i) If 2m2am1, then

dimH G
m ¼ i þ n22ðð�1Þn12n1 � ð�1Þn2ðn1 � n2ÞÞ=16

where

i ¼ n22ðn1 þ n2Þð4n
2
1 � 4n1n2 � 2n22 þ 5Þ=48:

(ii) If 2m2bm1, then

dimH G
m ¼ j þ ðn1 � n2Þðð�1Þn1n21 � ð�1Þn2n22Þ=16

where
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j ¼ ðn1 � n2Þ
2ðn1 þ n2Þð�2n21 þ 8n1n2 � 2n22 þ 5Þ=48:

Next, we study the subspaces of Hm consisting of functions which are fixed

by the other actions introduced in §1.1. Let H�
m , HA

m , H4

m be the subspaces

consisting of functions j A Hm such that

jð�Þ ¼ j
q 0

0 1

� �

�

� �

; jð�Þ ¼ j
q 0

0 q

� �

�

� �

; jð�Þ ¼ j
1 0

0 q

� �

�
q 0

0 1

� �� �

on Spð2Þ for all q A Spð1Þ, respectively. Then H�
m , H

A

m , H4

m are viewed as spaces

of functions on ~SS7; ~~SS~SS7; �SS7, respectively.

Proposition 1.2.2. Let m ¼ ðm1;m2Þ be a signature. Set

n1 ¼ m1 þ 2; n2 ¼ m2 þ 1; d ¼ n1n2ðn1 þ n2Þðn1 � n2Þ=6:

Then

dimH�
m ¼ ðn1 � n2Þd;

dimH�
m ¼ ð1� ð�1Þn1þn2Þn2d=2;

dimH4

m ¼ n1n2ðn1 � n2Þð1þ 2n2ðn1 � n2ÞÞ=6:

We shall prove these propositions in §4.

1.3. Derivation of the main results from the propositions in §1.2.

We begin with a general statement (in Cy category). This gives, for a

Riemannian submersion which is not assumed to be harmonic (see the remark

below), a relation between the respective spectrums of the Laplacians on the total

space and the base space.

Proposition 1.3.1. Let W be a closed, connected Riemannian manifold, and

let F : K �W ! W be an action of a compact Lie group K. Suppose that F is

free and isometric. Let M be the quotient manifold equipped with the metric such

that the natural mapping p : W ! M is a Riemannian submersion. Let D be the

Laplacian on W, and �DD the Laplacian on M. Let Cy

invðWÞ be the subspace con-

sisting of functions on W which are constant on each fiber p�1ðxÞ. Let DjCy

inv
ðW Þ

denote the restriction of D to Cy

invðWÞ. For x A M, let vðxÞ denote the volume of

the fiber p�1ðxÞ. Set V ¼ v1=2Dðv�1=2Þ. Let g be a real number, and let c be a

function on M, which is also viewed as a function on W. Then

ðD� VÞc ¼ �gc if and only if �DDðv1=2cÞ ¼ �gv1=2c:

Hence, the spectrum f0 ¼ g0 < g1a g2a � � �g of M is uniformly close to the

spectrum f0 ¼ l0 < l1a l2a � � �g of the operator DjCy

inv
ðW Þ. More precisely
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ll þminVa gla ll þmaxV for any l ¼ 0; 1; 2; � � � :

Remark. This proposition is applied to the submersions Spð2Þ ! M 7 in-

troduced in §1.1. Note that the submersion Spð2Þ ! S7 especially is not har-

monic, in other words the volumes of the fibers, vðxÞ, are not constant (cf. [W]).

For this reason we can not give the spectrum exactly, but we know only the

‘‘band’’ in which the spectrum appears.

Proof. By the usual argument about Riemannian submersions we have

D ¼ �DDþ grad log v

for functions on M. (Roughly speaking, we use the formula D ¼ div grad, and

observe that the vector field gradc on W is invariant under the action, the log

Lie derivative of the horizontal area element with respect to gradc becomes �DDc,

and the log Lie derivative of the vertical area element yields the inner product

gðgrad log v; gradcÞ.) Hence we have ðD� v1=2Dðv�1=2ÞÞðcÞ ¼ v�1=2 �DDðv1=2cÞ for

functions c on M. This shows the coincidence of the eigenvalues of the op-

erators ðD� VÞjCy

inv
ðW Þ and �DD. The first part of our proposition is proved. By

the maximum-minimum property of the eigenvalues ([CH, VI, §2]) we have the

inequalities as above for the eigenvalues of the operators DjCy

inv
ðW Þ; ðD� VÞjCy

inv
ðW Þ,

which gives us immediately the desired estimates for the spectrum of M. r

Proof of Theorem 1.1.1. Applying the preceding proposition to the sub-

mersion Spð2Þ ! S7, we see that the spectrum of S7 is uniformly close to the

spectrum of the operator DjCy

inv
ðSpð2ÞÞ. Hence it su‰ces to show that the partition

function of the spectrum of the operator DjCy

inv
ðSpð2ÞÞ is given by

P
mn expð�lntÞ.

Indeed, by the irreduciblity of the representation of Spð2Þ � Spð2Þ on Hm men-

tioned in §1.2, the Laplacian D of Spð2Þ is a constant multiplication on each

subspace Hm, and this constant is given by �ððm1 þ 2Þ2 þ ðm2 þ 1Þ2 � 5Þ (Propo-

sition 3.3.1). Note that the Hilbert space L2
GðSpð2ÞÞ of square integrable functions

on Spð2Þ which are fixed under the action G has the Hilbert space decomposition

L2
GðSpð2ÞÞ ¼ lmH

G
m
, where the summation is taken over all signatures

m. Hence the operator DjCy

inv
ðSpð2ÞÞ has, for each signature m, the eigenvalue

�ððm1 þ 2Þ2 þ ðm2 þ 1Þ2 � 5Þ with multiplicity dimH G
m
. Consequently, since we

know this multiplicity by Proposition 1.2.1, we obtain the desired formula. r

Proof of Theorem 1.1.2. The proof is the same as above. In fact, for ~SS7

or ~~SS~SS7 the spectrum can be found exactly, because the manifold is homogeneous,

and hence the volume vðxÞ of each fiber is constant. As for �SS7, the function v is

not constant, and hence the partition function is found only through the relation

n. r
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In order to know the constants minV ;maxV concretely, we shall need

Lemma 1.3.2. Under the same assumption as in the preceding proposition, the

volume of the fiber p�1ðxÞ is given by

vðxÞ ¼ vK
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detF ðxÞ
p

:

Here FðxÞ is the matrix ðgðe�i ; e
�
j Þ; i; j ¼ 1; . . . ; dimKÞ, where g is the metric on W,

feig is a basis of the Lie algebra of K, e�i are the vector fields on W induced from

ei, and vK is the volume of K with respect to the left invariant volume element o

satisfying oðe1; e2; . . . ; edimKÞ ¼ 1.

Proof. Elementary. r

2. The system of orthogonal functions on SpUð4Þ.

2.1. The complex symplectic group Spð4;CÞ and its representations fpmg.

We begin by recalling the definition of Spð4;CÞ given in [Zh]. The sym-

plectic group Spð4;CÞ consists of matrices x ¼ ðxijÞ satisfying s ¼ txsx, where s

is the matrix

s ¼

0 0 0 �1

0 0 �1 0

0 1 0 0

1 0 0 0

0

B

B

B

@

1

C

C

C

A

;

and tx is the transpose of x. The symplectic unitary group is defined as SpUð4Þ ¼

Spð4;CÞVUð4Þ. Let m ¼ ðm1;m2Þ be a pair of integers satisfying m1bm2b 0.

We fix m throughout this section. Let fm : Spð4;CÞ ! C be the function defined

by

fmðxÞ ¼ xm1�m2

11 xm2

ð1;2Þð1;2Þ:

Here xði; jÞðk; lÞ denotes the minor of a matrix x obtained from the intersection

of the i; j-th rows and k; l-th columns. Let CyðSpð4;CÞÞ be the vector space

of complex-valued Cy functions on Spð4;CÞ and let Rm be the subspace

spanned by the right translations Rxfm ¼ fmð�xÞ of fm, x A Spð4;CÞ. Then we

have an irreducible complex analytic representation pm : Spð4;CÞ ! GLðRmÞ,

pmðxÞð f Þ ¼ f ð�xÞ, f A Rm. The function fm is called the generating function of

pm. Let ð ; Þ be the inner product of Rm such that the restriction of pm to

SpUð4Þ is unitary, normalized so that kfmk ¼ 1. In order to study Rm more

closely, we introduce some notations. As a basis of the Lie algebra spð4;CÞ

we take
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h1 ¼

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 �1

0

B

B

B

@

1

C

C

C

A

; h2 ¼

0 0 0 0

0 1 0 0

0 0 �1 0

0 0 0 0

0

B

B

B

@

1

C

C

C

A

; e1 ¼

0 1 0 0

0 0 0 0

0 0 0 �1

0 0 0 0

0

B

B

B

@

1

C

C

C

A

;

e2 ¼

0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

0

B

B

B

@

1

C

C

C

A

; e3 ¼

0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0

0

B

B

B

@

1

C

C

C

A

; e4 ¼

0 0 0 0

0 0 1 0

0 0 0 0

0 0 0 0

0

B

B

B

@

1

C

C

C

A

;

f1 ¼
te1; f2 ¼

te2; f3 ¼
te3; f4 ¼

te4:

For a matrix f A spð4;CÞ we denote by f the left invariant vector field on

Spð4;CÞ which is equal to f at the identity element, and by f̂f the right invariant

vector field which is equal to the transpose tf at the identity element (Note that

f̂f3, for instance, coincides with e3 at the identity element). The correspondence

f 7! f̂f gives an isomorphism between the two Lie algebras of left invariant vector

fields and right invariant vector fields.

2.2. The Gel’fand-Cetlin basis and the matrix elements.

In order to give the Gel’fand-Cetlin basis of Rm we have to introduce some

notations. Let Mm be the set of 4-tuples ðp1; p2; i; jÞ of integers such that

m1b p1bm2b p2b 0; m1 þm2 � ðp1 þ p2Þb ib 0; p1 � p2b jb 0:

For a positive integer r we define CrðmÞ to be the polynomial in m of degree r

CrðmÞ ¼ mðm� 1Þ � � � ðm� ðr� 1ÞÞ;

and we set CrðmÞ ¼ 1 for nonpositive integers r. Moreover, for a pair of integers

s; t we define Cs; t to be the polynomial Cs; t ¼
Q

sbrbt Cr. We set Cs; t ¼ 1 for

s < t. Now, for each m A Mm we define a left invariant di¤erential operator

Wm : C
yðSpð4;CÞÞ ! CyðSpð4;CÞÞ, which maps Rm into itself, as follows.

First, for each pair of nonnegative integers p, q, we introduce a di¤erential

operator

Wp;q ¼
X

minð p;qÞ

l¼0

ð�1Þ l
q

l

� �

ClðpÞ‘
q�l
42 f l

3 f
p�l
1 Cp;q; lðh1; h2Þ;

where

‘42 ¼ f2ðh2 þ 1Þ � f4 f1;
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and

Cp;q; lðh1; h2Þ

¼ Cq�lðh1 þ 1� pÞClðh2 þ 1þ pÞCp;p�lþ1ðh1 � h2ÞCp�l�1;p�qðh1 � h2Þ:

Then we define

Wm ¼ f i
3 f

j
4 Wp1�m2;p2 for m ¼ ðp1; p2; i; jÞ A Mm:

We can now give the Gel’fand-Cetlin basis of Rm.

Theorem 2.2.1. For m¼ ðp1; p2; i; jÞ AMm, set jm ¼WmðfmÞ. Then fjmgm AMm

is the orthogonal basis of Rm.

The proof (and the norm of jm) will be given in Appendix.

Next, to give the expression for the matrix elements of pm we introduce the

right invariant di¤erential operators ŴWm in a similar way. Namely, we set

ŴWp;q ¼
X

minð p;qÞ

l¼0

ð�1Þ l
q

l

� �

ClðpÞ‘̂‘
q�l
42 f̂f l

3 f̂f
p�l
1 Cp;q; lðĥh1; ĥh2Þ;

where

‘̂‘42 ¼ f̂f2ðĥh2 þ 1Þ � f̂f4 f̂f1;

and we define

ŴWm ¼ f̂f i
3 f̂f

j
4 ŴWp1�m2;p2 for m ¼ ðp1; p2; i; jÞ A Mm:

Now, for m; n A Mm let jmn : Spð4;CÞ ! C be the function defined by

jmnðxÞ ¼ ðpmðxÞðjnÞ; jmÞ:

Theorem 2.2.2. The function jmn is expressed as

jmn ¼ ŴWmWnðfmÞ:

The proof will be given in Appendix.

2.3. The expression for the action of spð4;CÞ on the basis fjmg.

Finally, we can give the explicit formulas for the action of spð4;CÞ, the

di¤erential of pm, on the basis fjmg.

Proposition 2.3.1. Let m ¼ ðp1; p2; i; jÞ A Mm. The action of the left in-

variant vector fields e1; e2; . . . ; h1; h2 A spð4;CÞ on the function jm A Rm is given by
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e1ðjmÞ ¼ �iðAj
mþe2�e3

þ Cj
mþe1�e3þe4

Þ þ ðI � iÞðBj
m�e1

þDj
m�e2þe4

Þ;

e2ðjmÞ ¼ �ijAj
mþe2�e3�e4

þ jðI � iÞBj
m�e1�e4

þ iðJ � jÞCj
mþe1�e3

� ðI � iÞðJ � jÞDj
m�e2

;

e3ðjmÞ ¼ iðI � iÞj
m�e3

;

e4ðjmÞ ¼ jðJ � jÞj
m�e4

;

f1ðjmÞ ¼ �jðAj
mþe2�e4

þ Bj
m�e1þe3�e4

Þ þ ðJ � jÞðCj
mþe1

þDj
m�e2þe3

Þ;

f2ðjmÞ ¼ Aj
mþe2

þ Bj
m�e1þe3

þ Cj
mþe1þe4

þDj
m�e2þe3þe4

;

f3ðjmÞ ¼ j
mþe3

;

f4ðjmÞ ¼ j
mþe4

;

h1ðjmÞ ¼ ðI � 1� 2iÞj
m
;

h2ðjmÞ ¼ ðJ � 1� 2 jÞj
m
;

where I ; J;A;B;C;D are constants

I ¼ m1 þm2 � ðp1 þ p2Þ þ 1; J ¼ p1 � p2 þ 1;

A ¼
1

IJCp1�m2�p2�1ðm1 �m2Þ
;

B ¼
ðp1 þ 1Þðp1 �m2ÞCp2þ1ðm1 � p1 þ p2 þ 1Þ

IJ
;

C ¼
ðm1 � p1Þðm1 þm2 � p1 þ 1Þ

IJCp2þ1ðm1 � p1 þ p2Þ
;

D ¼ �p2ðm1 � p2 þ 2Þðm2 � p2 þ 1Þðm1 þm2 � p2 þ 3ÞCp1�m2�p2ðm1 �m2Þ=IJ;

and ei denote the vectors e1 ¼ ð1; 0; 0; 0Þ; e2 ¼ ð0; 1; 0; 0Þ; . . . ; e4 ¼ ð0; 0; 0; 1Þ, which

act on the indexing set Mm in the obvious manner. Here it is to be understood

that the function j
m 0 is zero if m

0 B Mm.

In order to obtain the system of orthogonal functions on the Milnor-Gromoll-

Meyer sphere, we shall use the following.

Corollary 2.3.2. Let m ¼ ðp1; p2; i; jÞ, n ¼ ðq1; q2; k; lÞ A Mm, and set
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I ¼ m1 þm2 � ðp1 þ p2Þ þ 1; J ¼ p1 � p2 þ 1;

K ¼ m1 þm2 � ðq1 þ q2Þ þ 1; L ¼ q1 � q2 þ 1:

Then for the matrix element jmn, the following identities hold:

ĥh1ðjmnÞ ¼ ðI � 1� 2iÞjmn; ĥh2ðjmnÞ ¼ ðJ � 1� 2jÞjmn;

h1ðjmnÞ ¼ ðK � 1� 2kÞjmn; h2ðjmnÞ ¼ ðL� 1� 2lÞjmn;

êe3ðjmnÞ ¼ iðI � iÞjm�e3n
; êe4ðjmnÞ ¼ jðJ � jÞjm�e4n

;

e3ðjmnÞ ¼ kðK � kÞjmn�e3
; e4ðjmnÞ ¼ lðL� lÞjmn�e4

;

f̂f3ðjmnÞ ¼ jmþe3n
; f̂f4ðjmnÞ ¼ jmþe4n

;

f3ðjmnÞ ¼ jmnþe3
; f4ðjmnÞ ¼ jmnþe4

;

where e3 ¼ ð0; 0; 1; 0Þ, e4 ¼ ð0; 0; 0; 1Þ, and m� e3, for example, means

ðp1; p2; i � 1; jÞ, with the convention that jm 0n ¼ 0 if m 0 B Mm, and jmn 0 ¼ 0 if

n 0 B Mm.

The proofs will be given in Appendix.

3. The description of S7 in terms of SpUð4Þ.

3.1. The Gromoll-Meyer action in SpUð4Þ.

Now, in order to study the submersion Spð2Þ ! S7 defined in §1, we con-

sider the corresponding objects in the general linear group GLð4;CÞ. To be more

precise, let SpUðnÞ ¼ Spðn;CÞVUðnÞ denote the symplectic unitary group in the

terminology of [Zh], and let spuðnÞ be the Lie algebra. Let h1; h2; e1; . . . ; f4

(resp. ĥh1; ĥh2; êe1; . . . ; f̂f4) be the basis of left (resp. right) invariant vector fields

on Spð4;CÞ as in §2. We introduce two inclusions i, o : GLð2;CÞ ! GLð4;CÞ

defined by

i
a b

c d

� �� �

¼

1 0 0 0

0 a b 0

0 c d 0

0 0 0 1

0

B

B

B

@

1

C

C

C

A

; o
a b

c d

� �� �

¼

a 0 0 b

0 1 0 0

0 0 1 0

c 0 0 d

0

B

B

B

@

1

C

C

C

A

:

Define

G c
: GLð2;CÞ � GLð4;CÞ ! GLð4;CÞ by G cðg; xÞ ¼ iðgÞoðgÞxoðg�1Þ;

and denote its restriction: SpUð2Þ � SpUð4Þ ! SpUð4Þ by the same symbol.

Set

ci ¼
i 0

0 �i

� �

; cj ¼
0 �1

1 0

� �

; ck ¼
0 �i

�i 0

� �

A spuð2Þ:
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Proposition 3.1.1. Let g0 be the bi-invariant metric on SpUð4Þ normalized

so that ih1 A spuð4Þ has unit length. Then the action

G c
: SpUð2Þ � SpUð4Þ ! SpUð4Þ

is free and isometric, and hence yields the quotient Riemannian manifold. This

Riemannian manifold is isometric to the Milnor-Gromoll-Meyer sphere S7. For

each A ¼ ci; cj; ck A spuð2Þ, the Killing vector field dG c
A on SpUð4Þ induced by the

action is expressed as

dG c
ci
¼ iĥh1 þ iĥh2 � ih1;

dG c
cj
¼ êe3 � f̂f3 þ êe4 � f̂f4 þ e3 � f3;

dG c
ck
¼ �iðêe3 þ f̂f3Þ � iðêe4 þ f̂f4Þ þ iðe3 þ f3Þ;

respectively. Therefore, for a function j on SpUð4Þ which is written as the re-

striction of a holomorphic function on Spð4;CÞ, in order that j is invariant under

the action G c it is necessary and su‰cient that j satisfies

ðĥh1 þ ĥh2 � h1Þj ¼ 0; ð f̂f3 þ f̂f4 � e3Þj ¼ 0; ðêe3 þ êe4 � f3Þj ¼ 0:

For the proof we have to study the correspondence between Spð2Þ and

SpUð4Þ, which is done in the following.

3.2. The correspondence of Spð2Þ to SpUð4Þ.

In order to define a correspondence of Spð2Þ to SpUð4Þ (slightly di¤erent

from [Ch] because of the di¤erent choice of ‘‘J ’’), we let MnðCÞ (resp. MnðHÞ)

denote the algebra of n� n matrices with coe‰cients in C (resp. H). Let c be an

injective R-algebra homomorphism c : H ! M2ðCÞ defined by

cðaþ jbÞ ¼

�

a �b

b a

�

; a; b A C :

It is easy to verify that its restrictions give the isomorphisms Spð1ÞGSpUð2Þ,

spð1ÞGspuð2Þ. Moreover, we denote by c again the mapping M2ðHÞ!M4ðCÞ

defined by the formula

cðQÞ ¼

�

A �BS

SB SAS

�

where Q is written in the form Q ¼ Aþ jB with A;B A M2ðCÞ, and where

S ¼
�

0
1

1
0

�

. Then using the relation jB ¼ Bj, B A M2ðCÞ, we see that c is an
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injective R-algebra homomorphism and satisfies cð tQÞ ¼ tðcðQÞÞ. Hence the re-

strictions of c yield the isomorphisms Spð2ÞGSpUð4Þ, spð2ÞG spuð4Þ.

Lemma 3.2.1. The Gromoll-Meyer action G and the action G
c are equivalent

through c, that is, the following diagram is commutative:

Spð1Þ � Spð2Þ ���!G Spð2Þ

c�c

?
?
?
y
ko c

?
?
?
y
ko

SpUð2Þ � SpUð4Þ ���!G
c

SpUð4Þ

Hence, for a A spð1Þ the Killing vector field dGa on Spð2Þ induced by the action G

corresponds to the Killing vector field dG c
cðaÞ on SpUð4Þ under c.

Proof. Immediate from the identity c
�� q

0
0
q 0

��

¼ oðcðqÞÞiðcðq 0ÞÞ, q; q 0 A
H � f0g. r

3.3. Proof of Proposition 3.1.1.

For simplicity of notation we set

aþ ¼ a 0

0 0

� �

; a� ¼ 0 0

0 a

� �

; 10 ¼
1
ffiffiffi

2
p 0 1

�1 0

� �

; a0 ¼
1
ffiffiffi

2
p 0 a

a 0

� �

for each a ¼ i; j; k A H . Then these matrices form the orthonormal basis for the

Lie algebra spð2Þ (with respect to g0). Moreover, the isomorphism c : spð2Þ !
spuð4Þ gives the following correspondence between the respective basis:

cðiþÞ ¼ ih1; cð jþÞ ¼ �e3 þ f3; cðkþÞ ¼ �ie3 � if3;

cði�Þ ¼ ih2; cð j�Þ ¼ �e4 þ f4; cðk�Þ ¼ �ie4 � if4;

cð10Þ ¼
1
ffiffiffi

2
p ðe1 � f1Þ; cði0Þ ¼

i
ffiffiffi

2
p ðe1 þ f1Þ;

cð j0Þ ¼
1
ffiffiffi

2
p ð�e2 þ f2Þ; cðk0Þ ¼ � i

ffiffiffi

2
p ðe2 þ f2Þ:

Hence, in particular, our definition of the metric g0 on SpUð4Þ in Proposition

3.1.1 implies that c gives the isometry between Spð2Þ and SpUð4Þ. By Lemma

3.2.1 we conclude that the action G
c satisfies the same properties as G and the

quotient manifold G
cnSpUð4Þ is isometric to S

7. Next, to find the expressions

for Killing vector fields induced by G
c, let A ¼

�
a
c

b
d

�

A spuð2Þ. Then the

vector field dG c
A on SpUð4Þ induced by G

c is expressed as
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dG c
A ðxÞ ¼ Rx�

a 0 0 b

0 a b 0

0 c d 0

c 0 0 d

0

B

B

B

@

1

C

C

C

A

0

B

B

B

@

1

C

C

C

A

� Lx�

a 0 0 b

0 0 0 0

0 0 0 0

c 0 0 d

0

B

B

B

@

1

C

C

C

A

0

B

B

B

@

1

C

C

C

A

A TxSpUð4Þ

where Rx� (resp. Lx�) denotes the map: TeSpUð4Þ ! TxSpUð4Þ between the

tangent spaces, induced from the right (resp. left) translation by x on SpUð4Þ.
Taking A ¼ ci ¼

�

i
0

0
�i

�

A spuð2Þ and recalling the definition of h1; h2; ĥh1; ĥh2
in §2, we observe that the above formula becomes

dG c
ci
ðxÞ ¼ Rx�

i 0 0 0

0 i 0 0

0 0 �i 0

0 0 0 �i

0

B

B

B

@

1

C

C

C

A

0

B

B

B

@

1

C

C

C

A

� Lx�

i 0 0 0

0 0 0 0

0 0 0 0

0 0 0 �i

0

B

B

B

@

1

C

C

C

A

0

B

B

B

@

1

C

C

C

A

¼ iĥh1x þ iĥh2x � ih1x:

Similarly, using such obvious relations as Rx�e3 ¼ ð f̂f3Þx we get the expressions

for dG c
cj
; dG c

ck
. There remains to prove the last part. Clearly, on Spð4;CÞ

the equation dG c
ci
ðjÞ ¼ dG c

cj
ðjÞ ¼ dG c

ck
ðjÞ ¼ 0 is equivalent to ðĥh1 þ ĥh2 � h1Þj ¼

ð f̂f3 þ f̂f4 � e3Þj ¼ ðêe3 þ êe4 � f3Þj ¼ 0. Since Spð4;CÞ is the complexification of

SpUð4Þ, we have also such equivalence on SpUð4Þ. This completes the proof of

Proposition 3.1.1. r

The following was mentioned in §1.3.

Proposition 3.3.1. Let g0 be the bi-invariant metric on the symplectic group

Spð2Þ as in §1.1. Let m ¼ ðm1;m2Þ be a signature and let Hm be the space as in

§1.2. Then the Laplacian D of the Riemannian manifold Spð2Þ satisfies

Dj ¼ �ððm1 þ 2Þ2 þ ðm2 þ 1Þ2 � 5Þj

for any j A Hm.

Proof. This is a special case of a well known fact about compact Lie

groups (cf. [Gu]). We give a direct proof, as a consequence of our argument.

By means of the isometry c we identify the space Hm with the vector space

lmnCjmn, where m; n range over Mm, and jmn are as in §2.2. It su‰ces to prove

that the Laplacian D of SpUð4Þ satisfies Dfm ¼ �ððm1 þ 2Þ2 þ ðm2 þ 1Þ2 � 5Þfm
for the generating function fm (defined in §2.1). Indeed, since the left invariant

vector fields ih1; ih2;�e3 þ f3; . . . ;�ði=
ffiffiffi

2
p

Þðe2 þ f2Þ on SpUð4Þ mentioned above

form the orthonormal basis of TeSpUð4Þ at the identity element e, we see that
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D ¼ �ðh21 þ h22 þ 4h1 þ 2h2 þ 2 f1e1 þ 2 f2e2 þ 4 f3e3 þ 4 f4e4Þ:

Then our contention follows from the identities

h1ðfmÞ ¼ m1fm; h2ðfmÞ ¼ m2fm;

e1ðfmÞ ¼ e2ðfmÞ ¼ e3ðfmÞ ¼ e4ðfmÞ ¼ 0

which are noted in Appendix. r

4. The dimension of H G
m

or H G
m
ðSpUð4ÞÞ.

4.1. The space H G
m
ðSpUð4ÞÞ and the lattice points Lm.

Fix a pair of integers m ¼ ðm1;m2Þ, m1bm2b 0, and let pm be the unitary

representation of SpUð4Þ defined in §2. Let Mm be defined as in §2.2. Denote

by HmðSpUð4ÞÞ the vector space spanned by matrix elements of pm. Then we

have

HmðSpUð4ÞÞ ¼ lCjmn

where the direct sum is taken over all m; n A Mm, and jmn are the functions on

SpUð4Þ defined by jmnð�Þ ¼ ðpmð�Þjn; jmÞ with the Gel’fand-Cetlin basis fjmg.

Let G c
: SpUð2Þ � SpUð4Þ ! SpUð4Þ be the Gromoll-Meyer action defined in

§3.1, and let H G
m
ðSpUð4ÞÞ be the subspace of HmðSpUð4ÞÞ consisting of functions

fixed under G c. In order to find the dimension of H G
m
ðSpUð4ÞÞ we introduce

a set of lattice points in R
5. Namely, we let Lm be the set of 5-tuples ðp1; p2;

q1; q2; lÞ of integers such that

(1) m1b p1bm2b p2b 0, m1b q1bm2b q2b 0, q1 � q2b lb 0,

(2) q1 þ q2 is even,

(3) ðq1 þ q2Þ=2am1 þm2 � p1, p2a ðq1 þ q2Þ=2a p1.

Proposition 4.1.1. The dimension of the vector space H G
m
ðSpUð4ÞÞ is equal

to the cardinality of the set Lm.

To prove our proposition we begin by considering a direct sum decom-

position of HmðSpUð4ÞÞ. For integers p1; p2; q1; q2; l satisfying the condition (1)

above, let Hm; ð p;q; lÞ be the subspace of HmðSpUð4ÞÞ defined by

Hm; ð p;q; lÞ ¼ li; j;kCjð p1;p2; i; jÞðq1;q2;k; lÞ

where the direct sum is taken over all integers i; j; k such that 4-tuples ðp1; p2; i; jÞ,

ðq1; q2; k; lÞ belong to the set Mm. Then we have

HmðSpUð4ÞÞ ¼ lp;q; lHm; ð p;q; lÞ

where the sum is taken over all integers p1; p2; q1; q2; l satisfying (1). Thus

Proposition 4.1.1 is reduced to the following assertion.
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Proposition 4.1.2. Let p1; p2; q1; q2; l be integers satisfying (1) above. Then

the space Hm; ð p;q; lÞ is invariant under the action G c. Let H G
m; ð p;q; lÞ denote the

subspace of functions in Hm; ð p;q; lÞ which are fixed under G c. Then

H G
m; ð p;q; lÞ G

C if p1; p2; q1; q2; l satisfy ð2Þ and ð3Þ,

0 otherwise.

�

4.2. Proof of Proposition 4.1.2.

First we note that p1; p2; q1; q2; l are fixed, and set

I ¼ m1 þm2 � ðp1 þ p2Þ þ 1; J ¼ p1 � p2 þ 1;

K ¼ m1 þm2 � ðq1 þ q2Þ þ 1; L ¼ q1 � q2 þ 1:

For any integers i; j; k such that 0a ia I � 1, 0a ja J � 1, 0a kaK � 1, we

set

jði; jÞðkÞ ¼ jð p1;p2; i; jÞðq1;q2;k; lÞ:

As a matter of convention we set jði; jÞðkÞ ¼ 0 if integers i; j; k do not satisfy the

condition 0a ia I � 1, 0a ja J � 1, 0a kaK � 1. Note that Hm; ð p;q; lÞ is a

vector space with the basis jði; jÞðkÞ, 0a ia I � 1, 0a ja J � 1, 0a kaK � 1.

By Proposition 3.1.1 we see that a subspace S of HmðSpUð4ÞÞ is invariant under

G c if and only if S is invariant under the three vector fields

dG c
ci
¼ iĥh1 þ iĥh2 � ih1; dG c

cj
¼ êe3 � f̂f3 þ êe4 � f̂f4 þ e3 � f3;

dG c
ck
¼ �iðêe3 þ f̂f3Þ � iðêe4 þ f̂f4Þ þ iðe3 þ f3Þ:

By Corollary 2.3.2 we observe that the space Hm; ð p;q; lÞ is invariant under the

operators ĥh1; ĥh2; h1; êe3; f̂f3; êe4; f̂f4; e3; f3, and hence the space Hm; ð p;q; lÞ is G c in-

variant. The former part of Proposition 4.1.2 is proved. For the proof of the

latter part we have to look at the action G c on Hm; ð p;q; lÞ more closely. For any

integer h we introduce the subspace HðhÞ of Hm; ð p;q; lÞ defined by

HðhÞ ¼ 0
k¼iþjþh
0aiaI�1
0ajaJ�1

Cjði; jÞðkÞ:

By our definition, HðhÞ0 0 if and only if �ðI þ J � 2Þa haK � 1. Geo-

metrically, HðhÞ is the vector space with the basis jði; jÞðkÞ whose index ði; j; kÞ

ranges over lattice points in ½0; I � 1� � ½0; J � 1� � ½0;K � 1� of the plane

fðx; y; zÞ j z ¼ xþ yþ hg in R
3. Obviously we have the direct sum decomposition

Hm; ð p;q; lÞ ¼ 0
�ðIþJ�2ÞahaK�1

HðhÞ:
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On the other hand, by Proposition 3.1.1 we know that H G
m; ð p;q; lÞ consists of all

j A Hm; ð p;q; lÞ such that

ðĥh1 þ ĥh2 � h1Þj ¼ 0; ð f̂f3 þ f̂f4 � e3Þj ¼ 0; ðêe3 þ êe4 � f3Þj ¼ 0:

Therefore the latter part of Proposition 4.1.2 is an immediate consequence of the

following two lemmas.

Lemma 4.2.1. Let h be an integer.

(i) If h0 p2 � ðq1 þ q2Þ=2, then ðĥh1 þ ĥh2 � h1Þj0 0 for any j0 0 A HðhÞ.

(ii) If h ¼ p2 � ðq1 þ q2Þ=2, then ðĥh1 þ ĥh2 � h1Þj ¼ 0 for any j A HðhÞ.

Proof. Using the obvious relation I þ J � K � 1 ¼ q1 þ q2 � 2p2, by Cor-

ollary 2.3.2 we have

ðĥh1 þ ĥh2 � h1Þjði; jÞðkÞ ¼ ð�2p2 � 2ði þ jÞ þ q1 þ q2 þ 2kÞjði; jÞðkÞ:

Hence ðĥh1 þ ĥh2 � h1Þj ¼ ðq1 þ q2 � 2p2 þ 2hÞj for j A HðhÞ. This proves our

lemma. r

Lemma 4.2.2. Assume that q1 þ q2 is even, and set h0 ¼ p2 � ðq1 þ q2Þ=2.

Set D ¼ f̂f3 þ f̂f4 � e3, U ¼ êe3 þ êe4 � f3, and let j A Hðh0Þ.

(i) Suppose that h0b 1. If DðjÞ ¼ 0, then j ¼ 0.

(ii) Suppose that h0a�I or h0a�J. If DðjÞ ¼ UðjÞ ¼ 0, then j ¼ 0.

(iii) Suppose that�I þ 1a h0a 0 and�J þ 1a h0a 0. Then H G
m; ð p;q; lÞ GC .

In order to prove Lemma 4.2.2 we have to consider, moreover, a direct sum

decomposition of HðhÞ. For any integers h; k, we set

Hðh; kÞ ¼ 0
iþj¼k�h
0aiaI�1
0ajaJ�1

Cjði; jÞðkÞ:

Obviously, Hðh; kÞ0 0 if and only if

�ðI þ J � 2Þa haK � 1; maxðh; 0Þa kaminðK � 1; I þ J � 2þ hÞ:

Now, for each h the subspace HðhÞ can be written as

HðhÞ ¼ 0
0akaK�1

Hðh; kÞ:

For any fixed h and for each k satisfying 0a kaK � 1, we denote by projk the

projection of HðhÞ onto the factor Hðh; kÞ (which may be trivial).
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Lemma 4.2.3. Let h be an integer.

(i) The operator D ¼ f̂f3 þ f̂f4 � e3 maps the space HðhÞ into Hðh� 1Þ.

Moreover, for each integer k, 0a kaK � 1, the mapping D satisfies

D : Hðh; kÞ ! Hðh� 1; k � 1ÞlHðh� 1; kÞ;

Dðjði; jÞðkÞÞ ¼ ð�kðK � kÞjði; jÞðk�1Þ; jðiþ1; jÞðkÞ þ jði; jþ1ÞðkÞÞ:

(ii) The operator U ¼ êe3 þ êe4 � f3 maps the space HðhÞ into Hðhþ 1Þ.

Moreover, for each k, 0a kaK � 1, the mapping U satisfies

U : Hðh; kÞ ! Hðhþ 1; kÞlHðhþ 1; k þ 1Þ;

Uðjði; jÞðkÞÞ ¼ ðiðI � iÞjði�1; jÞðkÞ þ jðJ � jÞjði; j�1ÞðkÞ;�jði; jÞðkþ1ÞÞ:

Proof. By Corollary 2.3.2 we have

ð f̂f3 þ f̂f4 � e3Þjmn ¼ j
mþe3n

þ j
mþe4n

� kðK � kÞj
mn�e3

;

ðêe3 þ êe4 � f3Þjmn ¼ iðI � iÞj
m�e3n

þ jðJ � jÞj
m�e4n

� j
mnþe3

where m ¼ ðp1; p2; i; jÞ, n ¼ ðq1; q2; k; lÞ. Recalling our definition of jði; jÞðkÞ, we

get immediately the expressions for Dðjði; jÞðkÞÞ, Uðjði; jÞðkÞÞ. Lemma 4.2.3 is

proved. r

Lemma D. Let h be an integer, and set D ¼ f̂f3 þ f̂f4 � e3.

(i) The following identities hold:

D � proj0 ¼ proj0 �D � proj0 : HðhÞ ! Hðh� 1; 0Þ;

projk �D ¼ projk �D � ðprojk þ projkþ1Þ : HðhÞ ! Hðh� 1; kÞ; 0a kaK � 2;

projK�1 �D ¼ projK�1 �D � projK�1 : HðhÞ ! Hðh� 1;K � 1Þ:

(ii) For any k satisfying 1a kaK � 1, the composite mapping projk�1 �D :

Hðh; kÞ ! Hðh� 1; k � 1Þ is an isomorphism.

(iii) If hb 1, then the mapping D : HðhÞ ! Hðh� 1Þ is injective.

(iv) Suppose that ha 0, and let j A HðhÞ. If DðjÞ ¼ 0 and proj0ðjÞ ¼ 0,

then j ¼ 0.

Proof. Assertion (i) is an immediate consequence of (i) of the preceding

lemma. To prove (ii), suppose that 1a kaK � 1. Then note that Hðh; kÞ is

isomorphic to Hðh� 1; k � 1Þ under the correspondence jði; jÞðkÞ 7! jði; jÞðk�1Þ be-

tween their respective basis. By (i) of Lemma 4.2.3 we see that the mapping

projk�1 �D jHðh; kÞ is expressed, with respect these basis, as a diagonal matrix
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with nonzero diagonals. This proves (ii). To prove (iii), suppose that hb 1,

and j A HðhÞ satisfies DðjÞ ¼ 0. To prove j ¼ 0 it will su‰ce to prove that

projkðjÞ ¼ 0, k ¼ 0; . . . ;K � 1. Clearly, proj0 j ¼ 0, because Hðh; 0Þ ¼ 0 for

hb 1. Using this fact and (i) we observe that proj0 D proj1 j ¼ proj0 Dðproj0 þ

proj1ÞðjÞ ¼ proj0 DðjÞ ¼ 0. Since proj0 D : Hðh; 1Þ ! Hðh� 1; 0Þ is injective by

(ii), we get proj1 j ¼ 0. In this way, using the injectivity of projk�1 �D jHðh; kÞ,

we get projk j ¼ 0 for k ¼ 2; . . . ;K � 1, as desired. A similar argument proves

(iv). r

Lemma U. Let h be an integer, and set U ¼ êe3 þ êe4 � f3.

(i) The following identities hold:

proj0 �U ¼ proj0 �U � proj0 : HðhÞ ! Hðhþ 1; 0Þ;

projk �U ¼ projk �U � ðprojk�1 þ projkÞ : HðhÞ ! Hðhþ 1; kÞ; 1a kaK � 1;

U � projK�1 ¼ projK�1 �U � projK�1 : HðhÞ ! Hðhþ 1;K � 1Þ:

(ii) Suppose that ha�I or ha�J, and let j A HðhÞ. Then, proj0ðjÞ ¼ 0

if and only if proj0ðUðjÞÞ ¼ 0.

(iii) Suppose that �minðI � 1; J � 1Þa ha 0. Then the kernel of the op-

erator proj0 �U : Hðh; 0Þ ! Hðhþ 1; 0Þ is of dimension one.

(iv) If h < �ðI � KÞ or h < �ðJ � KÞ, then

U : Hðh;K � 1Þ ! Hðhþ 1;K � 1Þ

is injective.

Proof. Assertion (i) follows from Lemma 4.2.3, (ii). As for (ii), since

proj0 �U ¼ proj0 �U � proj0, the condition proj0ðjÞ ¼ 0 implies proj0 UðjÞ ¼ 0.

Conversely, suppose that, say ha�I . Then, note that there exists a number

j0b 1 such that

jðI�1; j0Þð0Þ
; jðI�2; j0þ1Þð0Þ; jðI�3; j0þ2Þð0Þ; � � �

form a basis of Hðh; 0Þ. Write proj0 j ¼ c0jðI�1; j0Þð0Þ
þ c1jðI�2; j0þ1Þð0Þ þ � � � : By

Lemma 4.2.3, (ii) we observe that the coe‰cient of proj0 UðjÞ ¼ proj0 U proj0ðjÞ

with respect to jðI�1; j0�1Þð0Þ is c0 j0ðJ � j0Þ. Hence the assumption proj0 UðjÞ ¼ 0

implies c0 ¼ 0, and inductively c1 ¼ 0; � � � : In this way we see that proj0ðUðjÞÞ ¼

0 implies proj0 j ¼ 0. To prove (iii), suppose that �minðI � 1; J � 1Þa ha 0.

Then note that

jð�h;0Þð0Þ; jð�h�1;1Þð0Þ; � � � ; jð0;�hÞð0Þ
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form a basis of Hðh; 0Þ, and jð�h�1;0Þð0Þ; jð�h�2;1Þð0Þ; � � � ; jð0;�h�1Þð0Þ form a basis

of Hðhþ 1; 0Þ. Now, using Lemma 4.2.3, (ii), we observe that the matrix of

proj0 �U with respect to these basis is of full rank. This shows (iii), because

dimHðh; 0Þ ¼ dimHðhþ 1; 0Þþ 1. A similar argument proves (iv). Indeed, sup-

pose that, say h < �ðI � KÞ. Then we can take as the basis of Hðh;K � 1Þ

(resp. Hðhþ 1;K � 1Þ)

jðI�1; j0ÞðK�1Þ; jðI�2; j0þ1ÞðK�1Þ; � � � ðresp: jðI�1; j0�1ÞðK�1Þ; jðI�2; j0ÞðK�1Þ; � � �Þ

for some j0b 1. It is easy to see that the matrix of U with respect to these basis

is of full rank. Therefore, since dimHðh;K � 1Þa dimHðhþ 1;K � 1Þ we get

the injectivity of U jHðh;K � 1Þ. This completes the proof of Lemma U. r

Proof of Lemma 4.2.2, (i), (ii). Assertion (i) follows from Lemma D, (iii).

Assertion (ii) follows from Lemma U, (ii) and Lemma D, (iv). r

Proof of Lemma 4.2.2, (iii). Suppose that q1 þ q2 is even, and �I þ 1a

h0a 0, �J þ 1a h0a 0. By Lemma 4.2.1 we know that

H G
m; ð p;q; lÞ ¼ fj A Hðh0Þ jDðjÞ ¼ UðjÞ ¼ 0g:

First, we contend that dimH G
m; ð p;q; lÞa 1. Indeed, let j;c A H G

m; ð p;q; lÞ. Then

proj0 UðjÞ ¼ proj0 UðcÞ ¼ 0, and thus proj0 Uðproj0ðjÞÞ ¼ proj0 Uðproj0ðcÞÞ ¼ 0.

By Lemma U, (iii) we have c proj0ðjÞ þ d proj0ðcÞ ¼ 0 for some nontrivial

c; d A C . Hence, by Lemma D, (iv) we get cjþ dc ¼ 0, as desired.

To complete the proof of Lemma 4.2.2, (iii), we have to give a nonzero

f A Hðh0Þ such that DðfÞ ¼ UðfÞ ¼ 0. For this purpose, let f0 A Hðh0; 0Þ be a

nonzero element such that proj0 Uðf0Þ ¼ 0 (it exists by Lemma U, (iii)).

Assertion 1. There exists f AHðh0Þ such that proj0ðfÞ ¼ f0, projkðDðfÞÞ ¼ 0

for each 0a kaK � 2.

Proof. To construct f we shall use, for every k ¼ 1; � � � ;K � 1, the

surjectivity of projk�1 �D : Hðh0; kÞ ! Hðh0 � 1; k � 1Þ ((ii) of Lemma D).

First, we find f1 A Hðh0; 1Þ such that proj0 Dðf1Þ ¼ �Dðf0Þ. Second, we find

f2 A Hðh0; 2Þ such that proj1 Dðf2Þ ¼ �proj1 Dðf1Þ. In this way we find finally

fK�1 A Hðh0;K � 1Þ such that projK�2 DðfK�1Þ ¼ �projK�2 DðfK�2Þ. Thus, set-

ting f ¼ f0 þ f1 þ � � � þ fK�1 proves Assertion 1. r

We contend that this f is what we wanted. Indeed, it su‰ces to prove the

following two assertions.

Assertion 2. UðfÞ ¼ 0.
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Proof. First, note that UDj ¼ DUj for any j A Hðh0Þ, because ½U ;D� ¼

ĥh1 þ ĥh2 � h1. Then, recalling Lemma U, (i) and the identities projkðDðfÞÞ ¼ 0,

0a kaK � 2, we see that projk DUðfÞ ¼ 0 for 0a kaK � 2. Now, using

this fact and the injectivity of projk D jHðh; k þ 1Þ (Lemma D, (ii)), we shall

prove projk UðfÞ ¼ 0 for k ¼ 0; . . . ;K � 1, and hence UðfÞ ¼ 0. Indeed, first,

proj0 UðfÞ ¼ 0, because proj0 UðfÞ ¼ proj0 U proj0ðfÞ ¼ proj0 Uðf0Þ ¼ 0 (by the

choice of f0). Next, proj1 UðfÞ ¼ 0, because proj0 D proj1 UðfÞ ¼ proj0 Dðproj0 þ

proj1ÞUðfÞ ¼ proj0 DUðfÞ ¼ 0, and proj0 D jHðh0 þ 1; 1Þ is injective. Inductively,

projk UðfÞ ¼ 0 for any positive kaK � 1. This proves Assertion 2. r

Assertion 3. projK�1 DðfÞ ¼ 0, and hence DðfÞ ¼ 0.

Proof. Note that the mapping U : Hðh0 � 1;K � 1Þ ! Hðh0;K � 1Þ is in-

jective by Lemma U (iv), because h0 satisfies h0�1<�ðI �KÞ;�ðJ�KÞ (because

of the obvious relation I þ J � K ¼ 1� 2h0). Hence to prove projK�1 DðfÞ ¼ 0

it su‰ces to prove that U projK�1 DðfÞ ¼ 0. But, this is obvious, because we

know that UDðfÞ ¼ 0 and DðfÞ ¼ projK�1 DðfÞ. Assertion 3 is proved. r

This completes the proof of Lemma 4.2.2. r

4.3. Counting the cardinality of Lm and the proof of Proposition 1.2.1.

Proposition 4.3.1. Let Lm be the set defined in §4.1, and let ]Lm be its

cardinality. Set n1 ¼ m1 þ 2, n2 ¼ m2 þ 1.

(i) If 2m2am1, then

]Lm ¼ i þ n22ðð�1Þn12n1 � ð�1Þn2ðn1 � n2ÞÞ=16

where

i ¼ n22ðn1 þ n2Þð4n
2
1 � 4n1n2 � 2n22 þ 5Þ=48:

(ii) If 2m2bm1, then

]Lm ¼ j þ ðn1 � n2Þðð�1Þn1n21 � ð�1Þn2n22Þ=16

where

j ¼ ðn1 � n2Þ
2ðn1 þ n2Þð�2n21 þ 8n1n2 � 2n22 þ 5Þ=48:

We need two lemmas.

Lemma 4.3.2. The cardinality of Lm is given by

]Lm ¼
X

m2=2asaðm1þm2Þ=2
s AZ

]PmðsÞ]QmðsÞ;
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where PmðsÞ;QmðsÞ are the sets defined by

PmðsÞ ¼ fðp1; p2Þ A Z
2

such that m1b p1bm2b p2b 0;m1 þm2 � sb p1b sb p2g;

QmðsÞ ¼ fðq1; q2; lÞ A Z
3

such that m1b q1bm2b q2b 0; q1 � q2b lb 0; q1 þ q2 ¼ 2sg:

Proof. It is easy to verify that the set Lm is written as a disjoint union

Lm ¼6
s
PmðsÞ �QmðsÞ, which yields at once our desired formula. r

It is elementary to find the cardinalities of PmðsÞ, QmðsÞ. Indeed, we have

Lemma 4.3.3. Let s be an integer such that m2a 2sam1 þm2. Then

]PmðsÞ ¼
ðm1 �m2 þ 1Þðsþ 1Þ if sam2,

ðm2 þ 1Þðm1 þm2 þ 1� 2sÞ if sbm2,

�

]QmðsÞ ¼
ðm2 þ 1Þð2s�m2 þ 1Þ if m2a 2sam1,

ðm1 �m2 þ 1Þðm1 þm2 þ 1� 2sÞ if m1a 2sam1 þm2.

�

Proof of Proposition 4.3.1. Suppose that 2m2am1. Then the righthand

side of the formula in Lemma 4.3.2 is written as

X

m2=2asam2

� þ
X

m2<sam1=2

� þ
X

m1=2<saðm1þm2Þ=2

�

with � ¼ ]PmðsÞ]QmðsÞ. Here s A Z. Applying Lemma 4.3.3, we have

]Lm ¼ ðm1 �m2 þ 1Þðm2 þ 1Þ

�

�

ðm2=2þ 1Þð1þ ð�1Þm2Þ=2þ
X

m2=2<sam2

ðsþ 1Þð2s�m2 þ 1Þ

�

þ ðm2 þ 1Þ2
X

m2<sam1=2

ðm1 þm2 þ 1� 2sÞð2s�m2 þ 1Þ

þ ðm1 �m2 þ 1Þðm2 þ 1Þ
X

m1=2<saðm1þm2Þ=2

ðm1 þm2 þ 1� 2sÞ2:

Using the elementary formulas

X

a<sab

1 ¼ ½b� � ½a�;
X

a<sab

s ¼ ð1=2Þð½b� � ½a�Þð½b� þ ½a� þ 1Þ;

X

a<sab

s2 ¼ ð½b� � ½a�Þð2ð½b� þ ½a�Þ2 � 2½b�½a� þ 3ð½b� þ ½a�Þ þ 1Þ=6;
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½l=2� ¼ l=2� 1=4þ ð�1Þ l=4

for real numbers a; b satisfying 0a a < b and an integer lb 0, where ½ � denotes

Gauss’s symbol, and substituting m1 ¼ n1 � 2, m2 ¼ n2 � 1, we see that ]Lm be-

comes the desired formula. Similarly, we obtain the formula for the case 2m2b

m1. Proposition 4.3.1 is proved. r

Proof of Proposition 1.2.1. By Proposition 4.1.1 we see that

dim H G
m
ðSpUð4ÞÞ is given by the formula in Proposition 4.3.1. Since H G

m
G

H G
m
ðSpUð4ÞÞ by Lemma 3.2.1, we obtain the desired expression for dimH G

m
. r

4.4. Proof of Proposition 1.2.2.

Let HmðSpUð4ÞÞ be as in §4.1. Let c be the correspondence Spð1ÞGSpUð2Þ,

Spð2ÞGSpUð4Þ in §3.2. By means of c, instead of the action Spð1Þ � Spð2Þ !

Spð2Þ giving the quotient manifold ~SS7 (resp. ~~SS~SS7, resp. �SS7), we consider the

corresponding action G@ (resp. GA, resp. G4): SpUð2Þ � SpUð4Þ ! SpUð4Þ.

In order to describe these actions, let A ¼ ci; cj; ck A spuð2Þ be as in §3.1. Then,

as in the proof of Proposition 3.1.1 we see that the Killing vector fields dG@

A on

SpUð4Þ induced by G@ are expressed as

dG@

ci
¼ iĥh1; dG@

cj
¼ êe3 � f̂f3; dG@

ck
¼ �iêe3 � if̂f3:ð1Þ

Similarly we have

dGA

ci
¼ iĥh1 þ iĥh2; dGA

cj
¼ êe3 � f̂f3 þ êe4 � f̂f4;ð2Þ

dGA

ck
¼ �iðêe3 þ f̂f3Þ � iðêe4 þ f̂f4Þ;

dG4

ci
¼ iĥh2 � ih1; dG4

cj
¼ êe4 � f̂f4 þ e3 � f3;ð3Þ

dG4

ck
¼ �iðêe4 þ f̂f4Þ þ iðe3 þ f3Þ:

Now, let H@

m
ðSpUð4ÞÞ (resp. HA

m
ðSpUð4ÞÞ, resp. H4

m
ðSpUð4ÞÞ) be the subspace

of HmðSpUð4ÞÞ consisting of functions which are fixed by the action G@ (resp.

GA, resp. G4). Then, the description of the actions above yields immediately

Lemma 4.4.1.

H@

m
ðSpUð4ÞÞ ¼ fj j ĥh1ðjÞ ¼ êe3ðjÞ ¼ f̂f3ðjÞ ¼ 0g;

HA

m
ðSpUð4ÞÞ ¼ fj j ðĥh1 þ ĥh2Þj ¼ ðêe3 þ êe4Þj ¼ ð f̂f3 þ f̂f4Þj ¼ 0g;

H4

m
ðSpUð4ÞÞ ¼ fj j ðĥh2 � h1Þj ¼ ðêe4 � f3Þj ¼ ð f̂f4 � e3Þj ¼ 0g

where j A HmðSpUð4ÞÞ.
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In order to find the dimension of H@

m
ðSpUð4ÞÞ, we proceed as in §4.2.

Namely, for any integers p1; p2; j such that m1b p1bm2b p2b 0, p1 � p2b

jb 0 and for any n A Mm we set

Hm; ð p; j; nÞ ¼ l0aiaI�1Cjð p1;p2; i; jÞn;

where I ¼ m1 þm2 � ðp1 þ p2Þ þ 1 as in §4.2. Then HmðSpUð4ÞÞ ¼

lp; j; n Hm; ð p; j; nÞ. To see how G@ acts on Hm; ð p; j; nÞ, we set

jðiÞ ¼ jð p1;p2; i; jÞn

with the convention that jðiÞ ¼ 0 if i does not satisfy 0a ia I � 1. Then by

Corollary 2.3.2 we have

ĥh1ðjðiÞÞ ¼ ðI � 1� 2iÞjðiÞ; êe3ðjðiÞÞ ¼ iðI � iÞjði�1Þ; f̂f3ðjðiÞÞ ¼ jðiþ1Þ:

These formulas show that each subspace Hm; ð p; j; nÞ is invariant under ĥh1; êe3; f̂f3,

and moreover

fj A Hm; ð p; j; nÞ j ĥh1ðjÞ ¼ êe3ðjÞ ¼ f̂f3ðjÞ ¼ 0g ¼
Cjð0Þ if I ¼ 1,

0 otherwise.

�

Consequently, we conclude that dimH@

m
ðSpUð4ÞÞ is equal to the cardinality

of the set f j A Z j 0a jam1 �m2g �Mm, that is, ðm1 �m2 þ 1Þd, where d ¼

ðm1 þ 2Þðm2 þ 1Þðm1 �m2 þ 1Þðm1 þm2 þ 3Þ=6. This proves the first formula of

Proposition 1.2.2.

To find the dimension of HA

m
ðSpUð4ÞÞ, for any integers p1; p2 such that

m1b p1bm2b p2b 0 and any n A Mm, we set

Hm; ð p; nÞ ¼ l0aiaI�1;0ajaJ�1Cjð p1;p2; i; jÞn;

where I ; J are as in §4.2. Then HmðSpUð4ÞÞ ¼ lp; nHm; ð p; nÞ. We set jði; jÞ ¼

jð p1;p2; i; jÞn, and jði; jÞ ¼ 0 if i; j do not satisfy 0a ia I � 1, 0a ja J � 1. By

Corollary 2.3.2 we have

ðĥh1 þ ĥh2Þjði; jÞ ¼ ðI þ J � 2� 2i � 2 jÞjði; jÞ;

ðêe3 þ êe4Þjði; jÞ ¼ iðI � iÞjði�1; jÞ þ jðJ � jÞjði; j�1Þ;

ð f̂f3 þ f̂f4Þjði; jÞ ¼ jðiþ1; jÞ þ jði; jþ1Þ:

Using these formulas, we see that Hm; ð p; nÞ is invariant under ĥh1 þ ĥh2, êe3 þ êe4,

f̂f3 þ f̂f4, and

fj A Hm; ð p; nÞ j ðĥh1 þ ĥh2Þj ¼ ðêe3 þ êe4Þj ¼ ð f̂f3 þ f̂f4Þj ¼ 0g ¼
Cf if I ¼ J,

0 otherwise,

�
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where f ¼ jðI�1;0Þ � jðI�2;1Þ þ � � � þ ð�1ÞI�1
jð0; I�1Þ. Hence, HA

m
ðSpUð4ÞÞ is non-

trivial if and only if m1 þm2 is even, and if that is the case, dimHA
m
ðSpUð4ÞÞ is

equal to the cardinality of the set f0a p2am2g �Mm, that is ðm2 þ 1Þd.

There remains to find the dimension of H4
m
ðSpUð4ÞÞ. For any integers

p1; p2; i; q1; q2; l such that

m1b p1bm2b p2b 0; I � 1b ib 0;ð�Þ

m1b q1bm2b q2b 0; L� 1b lb 0;ð��Þ

we set

Hm; ð p; i;q; lÞ ¼ l0ajaJ�1;0akaK�1Cjð p1;p2; i; jÞðq1;q2;k; lÞ:

Here I ; J;K ;L are as in §4.2. Then HmðSpUð4ÞÞ ¼ lp; i;q; lHm; ð p; i;q; lÞ. We set

jð jÞðkÞ ¼ jð p1;p2; i; jÞðq1;q2;k; lÞ, and set jð jÞðkÞ ¼ 0 if j; k do not satisfy 0a ja J � 1,

0a kaK � 1. Then, by Corollary 2.3.2 we have

ðĥh2 � h1Þjð jÞðkÞ ¼ ðJ � K þ 2ðk � jÞÞjð jÞðkÞ;

ðêe4 � f3Þjð jÞðkÞ ¼ jðJ � jÞjð j�1ÞðkÞ � jð jÞðkþ1Þ;

ð f̂f4 � e3Þjð jÞðkÞ ¼ jð jþ1ÞðkÞ � kðK � kÞjð jÞðk�1Þ:

Using these formulas we observe that Hm; ð p; i;q; lÞ is invariant under ĥh2 � h1;

êe4 � f3; f̂f4 � e3, and moreover

fj A Hm; ð p; i;q; lÞ j ðĥh2 � h1Þj ¼ ðêe4 � f3Þj ¼ ð f̂f4 � e3Þj ¼ 0g ¼
Cf if J ¼ K ,

0 otherwise,

�

where f ¼
P

0ajaJ�1ððJ � j � 1Þ!=j!Þjð jÞð jÞ. Hence dimH4
m
ðSpUð4ÞÞ is equal to

]Cm, where Cm is the set of 6-tuples of integers ðp1; p2; i; q1; q2; lÞ satisfying

ð�Þ; ð��Þ above and the condition p1 � p2 þ q1 þ q2 ¼ m1 þm2. To find ]Cm, for

each integer s such that 0a sam1, let PðsÞ be the set of points ðp1; p2; iÞ A Z
3

satisfying ð�Þ and the condition p1 � p2 ¼ s, and let QðsÞ be the set of points

ðq1; q2; lÞ A Z
3 satisfying ð��Þ and the condition q1 þ q2 ¼ m1 þm2 � s. Then

Cm ¼ 6
0asam1

PðsÞ �QðsÞ (disjoint union). It is directly verified that

]PðsÞ ¼ ðm1 þ 2Þðm1 þ 1�maxðm2; sÞÞ þ
X

m2ap1am1

ðm2 þ s� 1� 2p1Þ;

]QðsÞ ¼ ðm1 þ 2Þðm1 þ 1�maxðm2; sÞÞ þ
X

m2aq1am1

ð2q1 þ s� 1� 2m1 �m2Þ:

In this way we obtain
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]Cm ¼ ðm1 þ 2Þðm2 þ 1Þðm1 �m2 þ 1Þð3þ 2m1 þ 2m1m2 � 2m2
2Þ=6:

Substituting m1 ¼ n1 � 2, m2 ¼ n2 � 1 yields the desired expression for ]Cm.

This completes the proof of Proposition 1.2.2. r

Appendix.

A.1. Proof of Theorem 2.2.1.

We fix a pair m ¼ ðm1;m2Þ of integers satisfying m1bm2b 0, and use the

notation in §2. We begin by recalling the Gauss decomposition in Spð4;CÞ (see

[Zh]). Almost every x ¼ ðxijÞ A Spð4;CÞ is decomposed uniquely into the product

x ¼

0

B

B

B

B

@

1 0 0 0

� 1 0 0

.

.

.

.

.

.

1 0

� � � � 1

1

C

C

C

C

A

d1 0 0 0

0 d2 0 0

0 0 d�1
2 0

0 0 0 d�1
1

0

B

B

B

@

1

C

C

C

A

1 z12 z13 z14

0 1 z23 z24

0 0 1 �z12

0 0 0 1

0

B

B

B

@

1

C

C

C

A

of matrices in Spð4;CÞ, and we know that

d1 ¼ x11; d2 ¼
xð1;2Þð1;2Þ

x11
; z12 ¼

x12

x11
; z13 ¼

x13

x11
; z14 ¼

x14

x11
;

z23 ¼
xð1;2Þð1;3Þ

xð1;2Þð1;2Þ
; z24 ¼ z13 � z12z23:

From the formula z24 ¼ xð1;2Þð1;4Þ=xð1;2Þð1;2Þ, we see that if 0a pam1 �m2, 0a

qam2, then z
p
12z

q
24fm A CyðSpð4;CÞÞ, and moreover zp12z

q
24fm A Rm by [Zh, §113,

Theorem 6], or by Proposition A.1.3 below. Now consider the subgroup

G0 ¼

a 0 0 b

0 a 0 b 0 0

0 c 0 d 0 0

c 0 0 d

0

B

B

B

@

1

C

C

C

A

	

	

	

	

	

	

	

	

a b

c d

� �

;
a 0 b 0

c 0 d 0

� �

A Spð2;CÞ

8

>

>

>

<

>

>

>

:

9

>

>

>

=

>

>

>

;

of Spð4;CÞ, and denote by pmjG0
the restriction of the representation pm to the

subgroup G0.

Lemma A.1.1. If 0a pam1 �m2, 0a qam2, then z
p
12z

q
24fm A Rm is a

highest weight vector of pmjG0
, whose weight is given by

d1 0 0 0

0 d2 0 0

0 0 d�1
2 0

0 0 0 d�1
1

0

B

B

B

@

1

C

C

C

A

7! d
m1�ð pþqÞ
1 d

m2þp�q
2 :
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Conversely, each highest weight vector of pmjG0
has the form z

p
12z

q
24fm (up to a

constant factor) with 0a pam1 �m2, 0a qam2.

Proof. By definition, a function f A Rm is a highest weight vector, with

weight a, of pmjG0
if and only if f satisfies the functional equations

f ð�z0Þ ¼ f ð�Þ for any z0 A Z0; f ð�dÞ ¼ aðdÞ f ð�Þ for any d A D0;

where Z0 is the subgroup of G0 consisting of upper triangular matrices with

1’s along the diagonal, and D0 is the subgroup of G0 consisting of diagonal

matrices. From the identities

z

1 0 0 b

0 1 b 0 0

0 0 1 0

0 0 0 1

0

B

B

B

@

1

C

C

C

A

¼

1 z12 z13 þ b 0z12 z14 þ b

0 1 z23 þ b 0 z24

0 0 1 z34

0 0 0 1

0

B

B

B

@

1

C

C

C

A

;

d�1zd ¼

1 d�1
1 d2z12 d�1

1 d�1
2 z13 d�2

1 z14

0 1 d�2
2 z23 d�1

1 d�1
2 z24

0 0 1 d�1
1 d2z34

0 0 0 1

0

B

B

B

@

1

C

C

C

A

for matrices

z ¼

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0

B

B

B

@

1

C

C

C

A

; d ¼

d1 0 0 0

0 d2 0 0

0 0 d�1
2 0

0 0 0 d�1
1

0

B

B

B

@

1

C

C

C

A

;

we see that the function z
p
12z

q
24fm satisfies the functional equations above. To

prove the converse we have to use the indicator system in [Zh]. By [Zh, §113,

Theorem 6] we know that if z
p
12z

q
24fm A Rm for some p; qb 0, then we have

0a pam1 �m2, 0a qam2. Now it is easy to complete the proof of the

converse. r

Corollary A.1.2. The representation space Rm has the orthogonal direct

sum decomposition

Rm ¼ lp;qRmðp; qÞ;

where p; q range over integers such that 0a pam1 �m2, 0a qam2, and

Rmðp; qÞ denotes the subspace of Rm spanned by the right translations ðzp12z
q
24fmÞ

ð�gÞ, g A G0. The dimension of Rmðp; qÞ is equal to ðm1 � ðpþ qÞ þ 1Þðm2 þ p �

qþ 1Þ.
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Proof. The method of Z-invariants ([Zh]) gives us the orthogonal direct

sum decomposition. To find the dimension of Rmðp; qÞ, note that the irreducible

representation pmjG0
in Rmðp; qÞ can be written as a tensor product of two irre-

ducible representations pa; pb of Spð2;CÞ ð¼ SLð2;CÞÞ, whose highest weights

a; b are given by

a
d1 0

0 d�1
1

� �� �

¼ d
m1�ð pþqÞ
1 ; b

d2 0

0 d�1
2

� �� �

¼ d
m2þp�q
2

respectively. Since the dimensions of the representation spaces of pa; pb are

m1 � ðpþ qÞ þ 1, m2 þ p� qþ 1 respectively, we get the desired formula. r

Proposition A.1.3. For any integers p; qb 0, the operator Wp;q satisfies

Wp;qðfmÞ ¼ Np;qz
p
12z

q
24fm;

where Np;q is defined to be

Np;q ¼ Cqðm1 þ 1ÞCqðm2ÞCqðm1 þm2 þ 2ÞCp;p�qðm1 �m2Þ:

The proof will be given in the end of this appendix.

Remark. Since for a nonnegative integer p, the number CrðpÞ does not

vanish if and only if ra p, we see that for nonnegative integers p; q, the number

Np;q does not vanish if and only if pam1 �m2 and qam2.

For the proof of Theorem 2.2.1 we have to study the operators f3; f4, which

map Rmðp; qÞ into itself, more closely.

Lemma A.1.4. The commutation relations

½h1;‘42� ¼ �‘42; ½h2;‘42� ¼ �‘42;

hold, and moreover for nonnegative integers p; q; i; j,

½h1; f
i
3 f

j
4 Wp;q� ¼ �ðpþ qþ 2iÞ f i

3 f
j
4 Wp;q;

½h2; f
i
3 f

j
4 Wp;q� ¼ ðp� q� 2 jÞ f i

3 f
j
4 Wp;q:

Hence, the generating function fm satisfies

h1ð f
i
3 f

j
4 Wp;qðfmÞÞ ¼ ðm1 � p� q� 2iÞ f i

3 f
j
4 Wp;qðfmÞ;

h2ð f
i
3 f

j
4 Wp;qðfmÞÞ ¼ ðm2 þ p� q� 2 jÞ f i

3 f
j
4 Wp;qðfmÞ:

Proof. The former parts are direct consequences of the relations:

½h1; f1� ¼ � f1; ½h2; f1� ¼ f1; ½h1; f2� ¼ � f2; ½h2; f2� ¼ � f2;

½h1; f3� ¼ �2 f3; ½h2; f3� ¼ 0; ½h1; f4� ¼ 0; ½h2; f4� ¼ �2 f4:

The fact that h1ðfmÞ ¼ m1fm, h2ðfmÞ ¼ m2fm yields the latter part. r
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Proof of Theorem 2.2.1. First, note that each jm is nonzero. This follows

from Lemma A.1.5 below. Next, we contend that for fixed p1; p2 satisfying

0a p2am2a p1am1, the functions

jmp ; mp ¼ ðp1; p2; i; jÞ; 0a iam1 þm2 � ðp1 þ p2Þ; 0a ja p1 � p2;

constitute an orthogonal basis for Rmðp1 �m2; p2Þ. In fact, by Proposition A.1.3

we observe that

jmp ¼ WmpðfmÞ ¼ f i
3 f

j
4 Wp1�m2;p2ðfmÞ A Rmðp1 �m2; p2Þ:

Comparing the weights of jmp by Lemma A.1.4, we see that jmp ’s are mutually

orthogonal. Thus, counting the dimension of Rmðp1 �m2; p2Þ we conclude that

fjmpg is a basis for Rmðp1 �m2; p2Þ. Now by Corollary A.1.2 it is clear that

fjmgm AMm

is an orthogonal basis of Rm. Theorem 2.2.1 is proved. r

Assuming Proposition A.1.3, we can find the norm of jm.

Proposition A.1.5. The norm Nm ¼ kjmk of jm is given by the formula

N 2
m ¼ i! j!Ciðm1 þm2 � ðp1 þ p2ÞÞCjðp1 � p2ÞNp1�m2;p2N

�
p1�m2;p2

where Np;q is as in Proposition A.1.3, and N �
p;q is defined to be

N �
p;q ¼ p!q!Cqðm1 þ 1� pÞCqðm2 þ 1þ pÞCp�1;p�qðm1 �m2Þ:

Proof. The same argument as in [Zh, §69] proves our proposition.

Namely, we consider the adjoint operator W�
m of Wm. It is given by

W�
p;q ¼

X

minð p;qÞ

l¼0

ð�1Þ l
q

l

� �

ClðpÞCp;q; lðh1; h2Þe
p�l
1 e l3‘

�q�l
42 ;

‘
�
42 ¼ ðh2 þ 1Þe2 � e1e4 ¼ e2ðh2 þ 1Þ � e4e1:

Direct computation yields

W�
p;qðz

p
12z

q
24fmÞ ¼ N �

p;qfm for nonnegative integers p; q:

On the other hand

e i3e
j
4 f

i
3 f

j
4 ðz

p
12z

q
24fmÞ ¼ i! j!Ciðm1 � p� qÞCjðm2 þ p� qÞzp12z

q
24fm:

Using these formulas and Proposition A.1.3 we observe that

W�
mWmðfmÞ ¼ Np1�m2;p2N

�
p1�m2;p2

i! j!Ciðm1 þm2 � ðp1 þ p2ÞÞCjðp1 � p2Þfm:

Recalling our assumption ðf
m
; f
m
Þ ¼ 1, we see that this formula shows Propo-

sition A.1.5. r
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There remains to prove Proposition A.1.3. We need some lemmas.

Lemma A.1.6. The operators f1, ‘42 satisfy

f1ðfmÞ ¼ ðm1 �m2Þz12fm; ‘42ðfmÞ ¼ m2ðm1 þm2 þ 2Þz24fm;

and moreover, for any nonnegative integers r; k,

f r
1 ðfmÞ ¼ Crðm1 �m2Þz

r
12fm;

‘
k
42ðfmÞ ¼ Ckðm2ÞCkðm1 þm2 þ 2Þzk24fm:

Proof. Recall that the left invariant vector field f1 is expressed as f1 ¼

E21 � E43, where Eij ¼
P4

s¼1 xsiðq=qxsjÞ, and that Eij is the operator replacing the

j-th column by the i-th column [Zh, §68]. Then we observe that

f1ðfmÞ ¼ E21ðfmÞ ¼ ðm1 �m2Þ
x12

x11
f
m
¼ ðm1 �m2Þz12fm:

Since f1ðz12Þ ¼ �z212, we get immediately the expression for f r
1 ðfmÞ. Similarly,

we have

f2ðfmÞ ¼ ððm1 þm2Þz13 � 2m2z12z23Þfm;

f4ðfmÞ ¼ m2z23fm; f4ðz12Þ ¼ z13:

(To get the expression for f2ðfmÞ we have to use the identity xð1;2Þð1;4Þ þ

xð1;2Þð2;3Þ ¼ 0.) Using these identities, we get the expression for ‘42ðfmÞ.

Moreover, using the identities

h2ðz24Þ ¼ �z24; f1ðz24Þ ¼ z12z24 � z14;

f2ðz24Þ ¼ �z224 þ ðz12z24 � z14Þz23; f4ðz14Þ ¼ 0; f4ðz24Þ ¼ �z23z24;

by direct computation we obtain

‘42ðz
r
24Þ ¼ rðr� 2Þzrþ1

24 ;

‘42ðz
r
24fmÞ ¼ ðm2 � rÞðm1 þm2 þ 2� rÞzrþ1

24 f
m
;

and then the desired expression for ‘
k
42ðfmÞ. Lemma A.1.6 is proved. r

Lemma A.1.7. For nonnegative integers p; q the following identities hold:

f3ðz
p�1
12 z

q
24fmÞ ¼ ðq�m2Þz

p
12z

qþ1
24 f

m

þ ðm1 � p� qþ 1Þzp�1
12 z

q
24z14fm;
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‘42ðz
p
12z

q
24fmÞ ¼ ðm2 � qÞðm1 þm2 þ 2þ p� qÞzp12z

qþ1
24 f

m

þ pðm2 þ pþ 1Þzp�1
12 z

q
24z14fm:

Hence, eliminating the terms containing z14 yields

ðm1 þ 1� qÞðm2 � qÞðm1 þm2 þ 2� qÞzp12z
qþ1
24 f

m

¼ ðm1 � ðpþ qÞ þ 1Þ‘42ðz
p
12z

q
24fmÞ � pðm2 þ pþ 1Þ f3ðz

p�1
12 z

q
24fmÞ:

Proof. From the identities

f3ðz12Þ ¼ �z12z14; f3ðz24Þ ¼ ð�z14 þ z12z24Þz24;

f3ðfmÞ ¼ ðm1z14 �m2z12z24Þfm

we get at once the expression for f3ðz
p�1
12 z

q
24fmÞ. As for the second formula we

note that

f2ðz12Þ ¼ z14 � z12z13; h2ðz12Þ ¼ z12; and hence ‘42ðz12Þ ¼ 2z14:

Then we get

‘42ðz
p
12Þ ¼ pðpþ 1Þzp�1

12 z14;

and hence the expression for ‘42ðz
p
12z

q
24fmÞ. Lemma A.1.7 is proved. r

Lemma A.1.8. For any nonnegative integers p; q,

Wp;qþ1 ¼ ‘42Wp;qðh1 � ðpþ qÞ þ 1ÞCp�q�1ðh1 � h2Þ

� p f3Wp�1;qðh2 þ pþ 1ÞCpðh1 � h2Þ:

Proof. Recalling the definition of Wp;q, and using the fact that ClðpÞ ¼ 0

if lb pþ 1, we can write the first half of the right-hand side of our formula as

‘42Wp;qðh1 � ðpþ qÞ þ 1ÞCp�q�1ðh1 � h2Þ ¼
X

q

l¼0

ð�1Þ lClðpÞ‘
q�lþ1
42 f l

3 f
p�l
1 Dl

with Dl ¼
� q

l

�

Cp;q; lðh1; h2Þðh1 � ðpþ qÞ þ 1ÞCp�q�1ðh1 � h2Þ. Similarly, using

½ f3;‘42� ¼ 0, ½h2; f3� ¼ 0, ½h2;Wp�1;q� ¼ ðp� q� 1ÞWp�1;q and replacing l þ 1 by l,

we can write the second half of the right-hand side as

�p f3Wp�1;qðh2 þ pþ 1ÞCpðh1 � h2Þ ¼
X

qþ1

l¼1

ð�1Þ lClðpÞ‘
q�lþ1
42 f l

3 f
p�l
1 El
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with El ¼
� q

l�1

�

ðh2 þ pþ 1ÞCp�1;q; l�1ðh1; h2ÞCpðh1 � h2Þ. On the other hand,

by definition we have

Wp;qþ1 ¼
X

qþ1

l¼0

ð�1Þ lClðpÞ‘
qþ1�l
42 f l

3 f
p�l
1 Fl

with Fl ¼
� qþ1

l

�

Cp;qþ1; lðh1; h2Þ. Now, note the following obvious relations:

Cs; t ¼ Cs; tþ1Ct ¼ CsCs�1; t for any integers sb t;

CrðmÞ ¼ mCr�1ðm� 1Þ ¼ ðm� rþ 1ÞCr�1ðmÞ for any integer rb 1:

Then, using the identities

qþ 1

l

� �

ðh1 þ 1þ l � ðpþ qÞÞ

¼
q

l

� �

ðh1 þ 1� ðpþ qÞÞ þ
q

l � 1

� �

ðh1 þ 2� pÞ;

1a la q, we obtain Dl þ El ¼ Fl for 1a la q. Clearly D0 ¼ F0, Eqþ1 ¼ Fqþ1.

These relations yield the desired formula. Lemma A.1.8 is proved. r

Proof of Proposition A.1.3. We shall prove Proposition A.1.3 by double

induction on p; q. It su‰ces to prove the following two assertions.

Assertion 1. If p or q is zero, then Proposition A.1.3 holds, that is

W0;qðfmÞ ¼ N0;qz
q
24fm; Wp;0ðfmÞ ¼ Np;0z

p
12fm:

Indeed, we have W0;q ¼ ‘
q
42Cqðh1 þ 1Þ, N0;q ¼ Cqðm1 þ 1ÞCqðm2ÞCqðm1 þ

m2 þ 2Þ, and Wp;0 ¼ f
p
1 , Np;0 ¼ Cpðm1 �m2Þ. Then Lemma A.1.6 shows our

formulas.

Assertion 2. Fix any integers pb 1, qb 0, and assume that

Wp�1;qðfmÞ ¼ Np�1;qz
p�1
12 z

q
24fm; Wp;qðfmÞ ¼ Np;qz

p
12z

q
24fm:

Then

Wp;qþ1ðfmÞ ¼ Np;qþ1z
p
12z

qþ1
24 f

m
:

Indeed, this is a consequence of Lemmas A.1.7, A.1.8 and the relation

Cp�q�1ðm1 �m2ÞNp;q ¼ Cpðm1 �m2ÞNp�1;q:

This completes the proof of Proposition A.1.3. r
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A.2. Proof of Theorem 2.2.2.

For representations of the general linear groups, the explicit formulas of

matrix elements are given in [Zh]. For the purpose of proving our theorem, the

argument in [Zh, §71] may be summarized as in the following lemma. For a

function c : Spð4;CÞ ! C let ĉc denote the function defined by ĉcðxÞ ¼ cð txÞ.

For a left invariant vector field X on Spð4;CÞ we denote by X̂X the right invariant

vector field such that the tangent vector ðX̂X Þe at the identity element e is equal to

the transpose tðXeÞ of the tangent vector Xe A spð4;CÞ. Fix m ¼ ðm1;m2Þ as in

§2, and recall that jmnðxÞ ¼ ðpmðxÞðjnÞ; jmÞ.

Lemma A.2.1.

(i) For any x A Spð4;CÞ, the adjoint operator pmðxÞ
�
of pmðxÞ satisfies

pmðxÞ
� ¼ pmð

txÞ:

(ii) The identities

dXðcÞXðcÞ ¼ X̂XðĉcÞ; X ðYðcÞÞ ¼ X̂X ðŶY ðĉcÞÞd
hold for any left invariant vector fields X ;Y and any function c on

Spð4;CÞ.

(iii) The complex conjugate of the function jmn satisfies

jmnðxÞ ¼ jmnðxÞ for x A Spð4;CÞ;

and hence cjmnjmn ¼ jnm.

Proof. As noted in [Zh, p. 198], using the assumption that the restric-

tion pmjSpUð4Þ is unitary, we observe that the di¤erential representation dpm :

spð4;CÞ ! glðRmÞ satisfies ðdpmðX ÞÞ� ¼ dpmð
tXÞ. Hence we see that pmðxÞ

� ¼

pmð
txÞ for x A Spð4;CÞ which is close to e, and thus for all x. To prove (ii) it

su‰ces to verify the first half. We see that X̂XðĉcÞðxÞ ¼ ðd=dsÞjs¼0ĉcðexp s
tðXeÞxÞ ¼

ðd=dsÞjs¼0cð
tx exp sðXeÞÞ ¼ ðXðcÞÞð txÞ ¼ dXðcÞXðcÞðxÞ. This proves (ii). In order to

prove (iii), since the function jmn : Spð4;CÞ ! C is holomorphic, it su‰ces to

verify that the restriction of jmn to Spð4;RÞ is real-valued. For this purpose

consider the real vector space Rm;0 ¼ fc A Rm jcðxÞ A R for any x A Spð4;RÞg.

It is clear that Rm;0 is invariant under pmðxÞ ðx A Spð4;RÞÞ, and that fm A Rm;0.

Moreover jm A Rm;0 for any m A Mm (because the operator Wm leaves Rm;0 in-

variant). Since fjmgm AMm
constitutes a basis of Rm;0, we conclude that the value

jmnðxÞ is real for x A Spð4;RÞ. This completes the proof of Lemma A.2.1. r

Proof of Theorem 2.2.2. Set o ¼ ðm2; 0; 0; 0Þ A Mm. Then clearly Wo is the

identity operator, and jo ¼ fm.
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Assertion 1. joo ¼ fm, that is, ðpmðxÞfm; fmÞ ¼ fmðxÞ for x A Spð4;CÞ.

This is an immediate consequence of the Gauss decomposition of x, (i) of

Lemma A.2.1, and the fact that pmðdÞfm ¼ dm1

1 dm2

2 fm for any d as in Appendix

A.1 (see [Zh, p. 205]).

Assertion 2. jon ¼ jn.

For l A Mm let Nl denote the norm of jl A Rm, and let fl ¼ ð1=NlÞjl the

normalization. Set fmnðxÞ ¼ ðpmðxÞðfnÞ; fmÞ. Then we have fmnðxyÞ ¼
P

l fmlðxÞ �

flnðyÞ, x; y A Spð4;CÞ. Taking m ¼ n ¼ o we get fmðxyÞ ¼
P

l folðxÞfloðyÞ.

On the other hand we have pmðyÞðfmÞ ¼
P

l floðyÞfl, i.e. fmðxyÞ ¼
P

l floðyÞ �

flðxÞ. Thus the irreducibility of pm yields folðxÞ ¼ flðxÞ. This proves As-

sertion 2.

Assertion 3. jmo ¼ ŴWmðfmÞ.

By Assertion 2 we know that jonðxÞ ¼ jnðxÞ ¼ WnðfmÞðxÞ. Hence cjonjon ¼

WnðfmÞ. Applying (ii), (iii) of Lemma A.2.1 and recalling the definition of ŴWn,

we see that jno ¼ ŴWnðfmÞ.

d
Now we can prove Theorem 2.2.2. From the proof of Assertion 2 we have

fmðxyÞ ¼
P

l folðxÞfloðyÞ, fmoðxyÞ ¼
P

l fmlðxÞfloðyÞ. Fixing y, and applying

the right invariant operator ŴWm to the first formula, by Assertions 2, 3 we get

jmoðxyÞ ¼ ð1=NlÞ
P

l ŴWmWlðfmðxÞÞfloðyÞ. Comparing this formula and the sec-

ond one above, by the irreducibility of pm we obtain ð1=NmNlÞŴWmWlðfmðxÞÞ ¼

fmlðxÞ. Returning to the unnormalized functions, we get jml ¼ ŴWmWlðfmÞ, which

is what we wanted. Theorem 2.2.2 is proved. r

A.3. Proofs of Proposition 2.3.1 and Corollary 2.3.2.

Let m ¼ ðp1; p2; i; jÞ and set m0 ¼ ðp1; p2; 0; 0Þ. Recalling the definition

jm0 ¼ Wp1�m2;p2ðfmÞ, by Proposition A.1.3 we have

jm0 ¼ Np1�m2;p2z
p1�m2

12 z
p2
24fm:

From this expression we get directly the following formulas for the action of

spð4;CÞ on jm0 (special case i ¼ j ¼ 0 of Proposition 2.3.1).

Lemma A.3.1. Let I ; J;A;B;C;D be as in Proposition 2.3.1. Then

e1ðjm0Þ ¼ IðBjm0�e1
þDjm0�e2þe4

Þ;

e2ðjm0Þ ¼ �IJDjm0�e2
; e3ðjm0Þ ¼ 0; e4ðjm0Þ ¼ 0;

f1ðjm0Þ ¼ JðCjm0þe1
þDjm0�e2þe3

Þ;

f2ðjm0Þ ¼ Ajm0þe2
þ Bjm0�e1þe3

þ Cjm0þe1þe4
þDjm0�e2þe3þe4

:
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Proof. The identities

e1ðz12Þ ¼ 1; e1ðz24Þ ¼ �z23; e1ðfmÞ ¼ 0

yield immediately

e1ðz
p
12z

q
24fmÞ ¼ pz

p�1
12 z

q
24fm � qz

p
12z

q�1
24 z23fm

for nonnegative integers p; q. On the other hand, using the relation z13 ¼ z24 þ

z12z23 and the identities in the proof of Lemma A.1.6 we get

f4ðz
p
12z

q�1
24 f

m
Þ ¼ ðm2 þ p� qþ 1Þzp12z

q�1
24 z23fm þ pz

p�1
12 z

q
24fm:

Eliminating the term z
p
12z

q�1
24 z23fm from these two formulas, we get

ðm2 þ p� qþ 1Þe1ðz
p
12z

q
24fmÞ ¼ pðm2 þ pþ 1Þzp�1

12 z
q
24fm � q f4ðz

p
12z

q�1
24 f

m
Þ:

Then the identity Np;q ¼ Cqþ1ðm1 �m2 � pþ qþ 1ÞNp�1;q yields the desired ex-

pression for e1ðjm0Þ. Next, the expression for e2ðjm0Þ follows immediately from

e2ðz12Þ ¼ 0; e2ðz24Þ ¼ 1; e2ðfmÞ ¼ 0;

Np;q ¼ ðm1 � qþ 2Þðm2 � qþ 1Þðm1 þm2 � qþ 3ÞCp�qðm1 �m2ÞNp;q�1:

The identities e3ðjm0Þ ¼ e4ðjm0Þ ¼ 0 are obvious by the infinitesimal version of

Lemma A.1.1. As for f1ðjm0Þ, we use the formula

f1ðz
p
12z

q
24fmÞ ¼ ðm1 �m2 � pþ qÞzpþ1

12 z
q
24fm � qz

p
12z

q�1
24 z14fm

obtained from the identities in the proof of Lemma A.1.6. Moreover, we need

the formula for f3ðz
p
12z

q�1
24 f

m
Þ obtained from the first formula in Lemma A.1.7.

Eliminating the term z
p
12z

q�1
24 z14fm from these two formulas, we obtain the desired

expression for f1ðjm0Þ. Finally, to find the expression for f2ðjm0Þ we proceed

similarly. We use the formula

f2ðz
p
12z

q
24fmÞ ¼ ðm1 þm2 � ðpþ qÞÞzp12z

qþ1
24 f

m
þ pz

p�1
12 z

q
24z14fm

þ ðm1 �m2 þ q� pÞzpþ1
12 z

q
24z23fm � qz

p
12z

q�1
24 z14z23fm:

Moreover, we need

f3 f4ðz
p
12z

q�1
24 f

m
Þ ¼ p f3ðz

p�1
12 z

q
24fmÞ � pðq�m2Þz

p
12z

qþ1
24 f

m

þ ðq� 1�m2Þ f4ðz
pþ1
12 z

q
24fmÞ

þ ðm1 � p� qþ 1Þðm2 þ p� qþ 1Þzp12z
q�1
24 z14z23fm
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which is a direct consequence of the expression for f4ðz
p
12z

q�1
24 f

m
Þ given above,

f3ðz23Þ ¼ �z224 and the first formulas in the proof of Lemma A.1.7. Eliminating

the term z
p
12z

q�1
24 z14z23fm from these two formulas, we obtain the desired ex-

pression for f2ðjm0Þ. Lemma A.3.1 is proved. r

To complete the proof of Proposition 2.3.1, we need the following com-

mutation relations.

Lemma A.3.2. Let i; j be nonnegative integers. Then

½e1; f
i
3 f

j
4 � ¼ �i f i�1

3 f
j
4 f2;

½e2; f
i
3 f

j
4 � ¼ i f i�1

3 f
j
4 f1 � i j f i�1

3 f
j�1
4 f2 þ j f i

3 f
j�1
4 e1;

½e3; f
i
3 f

j
4 � ¼ iðh1 þ i � 1Þ f i�1

3 f
j
4 ;

½e4; f
i
3 f

j
4 � ¼ jðh2 þ j � 1Þ f i

3 f
j�1
4 ;

½ f1; f
i
3 f

j
4 � ¼ �j f i

3 f
j�1
4 f2;

½ f2; f
i
3 f

j
4 � ¼ 0:

Proof. Direct consequences of the identities used in the proof of Lemma

A.1.4 and

½e1; f3� ¼ � f2; ½e1; f4� ¼ 0; ½e2; f3� ¼ f1; ½e2; f4� ¼ e1;

½e3; f3� ¼ h1; ½e3; f4� ¼ 0; ½e4; f3� ¼ 0; ½e4; f4� ¼ h2;

½ f1; f3� ¼ 0; ½ f1; f4� ¼ � f2; ½ f2; f3� ¼ ½ f2; f4� ¼ ½ f3; f4� ¼ 0: r

Proof of Proposition 2.3.1. The expressions for f3ðjmÞ, f4ðjmÞ are obvious

by our definition of jm. As for h1ðjmÞ; h2ðjmÞ, recalling that

jm ¼ Np1�m2;p2 f
i
3 f

j
4 ðz

p1�m2

12 z
p2
24fmÞ;

we see that the desired formulas are already given in Lemma A.1.4. Note that

jm ¼ f i
3 f

j
4 ðjm0Þ. Then the others are direct consequences of Lemmas A.3.1 and

A.3.2. r

Proof of Corollary 2.3.2. Immediate consequence of Theorem 2.2.2,

Lemma A.2.1 and the fact that the operator ŴWm (resp. Wn) commutes with every

left (resp. right) invariant vector field. r
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