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Abstract. In this paper, we consider the realization problem of amenable
bicategories by using AFD-bimodules. As a corollary, we can realize an amenable
standard lattice as that of an AFD II;-subfactor. This gives another proof of S. Popa’s
theorem. Weak amenability of fusion algebras is also discussed.

0. Introduction.

The index theory of subfactors was begun by V. Jones in his celebrated
paper [J]. One of the most important problems in this theory is the classifi-
cation of subfactors. In this respect, the standard invariant (or the standard
lattice) is useful and important. A. Ocneanu introduced this kind of invariants
as paragroups and announced that it is a complete invariant for isomorphism
classes of finite depth subfactors. The announcement was shown by S. Popa in
[PI]. Moreover, in he proved that strongly amenable subfactors are classi-
fied by standard invariants, and recently he showed that the invariant remains
complete for amenable subfactors (see [P7]). In the notion of amenability
for subfactors was introduced by S. Popa with some equivalent conditions (also
see [P4], [P6], [P7]). In F. Hiai and M. Izumi studied amenability by using
fusion algebras.

Another important invariant for subfactors is a tensor category. For a II;-
subfactor N = M, the bimodule yL*(M),, generates a (graded) tensor category
and it includes all information of the standard invariant ([OI], [02]). In [Y1],
S. Yamagami proved that tensor categories consisting of bimodules have some
rigidity which he called e-structures. In our previous paper [HY], we studied
tensor categories by using e-structures and showed that (non-graded) amenable
C*-tensor categories can be realized by AFD-bimodules, where AFD-bimodules
mean bimodules with two-side action of AFD II;-factors. In this paper, we will
show the graded version of this theorem. This type theorem for standard lattices
was already established by S. Popa. In [P5], he proved that any given standard
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lattice can be realized by some subfactor which may be non-AFD, and he
announced that if standard lattices are amenable, they can be realized by AFD-
subfactors. We can give another proof of this theorem as a corollary of the
main result in this paper, i.e., we can construct an AFD II;-subfactor which has a
preassigned amenable standard lattice as its higher relative commutants. Here it
should be remarked that we cannot realize amenable bicategory only by applying
the theorem of [HY]. For example, let N = M be an extremal non-AFD II;-
subfactor with finite index such that N ~ M. If N = M has amenable graphs,
its bicategory % i1s amenable in our sense. On the other hand, since N is
isomorphic to M, we can imbed this bicategory into some non-graded C*-tensor
category %’. Indeed, by using an automorphism o« : N — M, N-M bimodules
can be regarded as N-N ones. Hence if it is possible to choose o so that &’
becomes amenable in the sense of [HY |, we can realize it by AFD-bimodules as
well as the bicategory ¥. But it i1s not known whether such a choice of o is
possible or not.

This paper is organized as follows. In Section 1 we review the notion of
C*-bicategories according to [Y4]. This is a graded version of C*-tensor cat-
egory defined in [HY]. A typical example of C*-bicategories is a bicategory
generated by subfactors. In Section 2 we construct commuting squares of
AFD II;-factors from a C*-bicategory % = Ui,je (1.2} %; by using an ergodic
probability measure on the associated fusion algebra, and in Section 3 we
construct bimodules. These constructions are essentially same as those of [HY],
but some differences occur. For example, thanks to the ergodicity, 4. (X)
becomes a factor for any X € Object(%);). But if X is in %12, 4,,(X) may not
be a factor. (In fact, this can occur.) This corresponds to the fact that the
ergodicity of the principal graph of a subfactor does not always imply that of
dual one. This kind of examples were found by U. Haagerup ([Ha], also see
[HI, Example 8.11]). S. Popa showed in that the ergodicity of two graphs
are mutually equivalent if they are amenable. This fact holds in our situation as
well, i.e., if ¥ is amenable, 4, (X) is a factor for any X in €. In Section 5 this
fact is studied in detail and we show that for a probability measure v on Sy, v v
1s ergodic if and only if v x v is ergodic under the assumption of amenability. In
Section 4 we investigate the weak amenability of fusion algebras. The notion of
weak amenability was introduced by F. Hiai and M. Izumi in as a natural
generalization of the amenability for groups. They showed that weak ame-
nability is strictly weaker than amenability and they asked “Find a suitable
condition under which weak amenability and amenability are equivalent.” We
give a partial answer to this problem, i.e., it is shown that for a fusion algebra
coming from a C*-tensor category (in particular, coming from bimodules), if it
has ““amenable generators”, weak amenability and amenability are equivalent.
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1. Preliminaries and notations.

In this section, we define C*-bicategories and introduce some notations. See
[M, Chap. XII, Sec. 6] for the definition of abstract bicategories.

1.1. C*-bicategories.

DEerINITION 1.1.1. A category % is called a C*-bicategory if it satisfies the
following conditions:

(1) The category % is a disjoint union of categories {%}, ;. , where L is a
set.

(2) Hom-sets are considered only for two objects in the same %, i.e.,
Hom(X, Y) is defined if X and Y are objects in the same %j;.

(3) The category % is a C*-category. i.e., each hom-set Hom(X,Y) (X,
Y are objects in the same %) is a Banach space and there exists a *-operation
«:Hom(X,Y)> f — f*eHom(Y,X) such that | /*f|| = | f|* and (f/*)* = f.
In particular, End(X) = Hom(X, X) is a C*-algebra.

(4) For each i, j keL, there exist a *-preserving bivariant functor
® :%; x € — G and natural families of unitary isomorphisms {ay y z:
X®Y)®RZ—-XQ®(Y®Z)} (called associativity) which satisfy the following
pentagonal identity:

(XRYV)®Z)QW — XQY)®ZOW) —m—— XQY)®((ZQ W)

= |

XQYRZ)OW —— XR(YR®Z)®W) —— XY@ (Y®(Z® W)

(5) For each i € L, there exist an object I; in € (called the unit object) and
natural families of unitary isomorphisms {/y:[;® X — X where X in %},
{ry : X®1I— X where X in %;} (called left and right unit constraints re-
spectively) satisfying the triangle identity as follows:

XY —— XRUQY)

I‘X®lyl J{b{@ly

X®Y e X®Y.

In the rest of this paper, we always assume without loss of generality that
L ={1,2}. In the obvious way, we can extend the notations defined in [HY,
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Section 1] (C*-tensor functors, comjugations, isomorphisms, strict, simple, semi-
simple, etc.) to C*-bicategories. We will freely use them.

ReEMARK. (1) As in [HY], for each object X, we denote its conjugation
by X*.

(2) For each intertwiner f € Hom(X,Y), we use the notation 'f = f* =
(f)" e Hom(Y*, X*), where f € Hom(X*, Y*) is the conjugation of f.

(3) We use the same notation “I” for unit objects /; and I, if no confusions
occur.

(4) For X, Y eObject(%;), if there exists ueHom(X,Y) such that
u'u=1y, we write X < Y.

As pointed out in [HY, Theorem 1.2], we have the following coherence
theorem (see for details).

THEOREM 1.1.2. Let % be a C*-bicategory with conjugation. Then there
exists a C*-tensor bicategory €' with conjugation such that €' is strict and € =~ €.

According to [Y1], [Y4], we shall work with the following notion as in [HY,
Definition 1.6].

DeriNITION 1.1.3. Let 4 = UU% be a strict, semisimple C*-bicategory
with conjugation. A family of self-conjugate morphisms {ey =&y : X @ X* —
I}y covjeer 18 called a Frobenius duality (or e-structure) if they satisfy the
followings:

(1) (Multiplicativity)

YQYreyr Qx: =2
ol ]
Y® X N §

ex
(2) (Naturality) For a morphism f: X — Y,

Yovr 2L yer

1®tfl J{(‘:Y

XX — I.

(3) (Faithfulness) The map
Hom(X,Y)s f—éeyo(f®1)e Hom(X ® Y*, 1)

is injective.
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(4) (Minimality) For a morphism f € End(X), we have

lex (f ® Dex | = llex-(1 ®.f)ey-||

REMARK. In Yamagami proved that a rigid C*-bicategory has a
Frobenius duality uniquely.

ExamMpLE 1.14. Let N = M be a Il;-subfactor with finite Jones index.
From this inclusion, we can construct a semisimple C*-bicategory with conju-
gation as follows: Let yXoy = yL*(M),,. We consider all unitary equivalence
classes of irreducible bimodules which appear as irreducible components of
~(Xo ®y X))y for some ne N (where X, is a conjugate bimodule of Xp) and
denote it by Sy y. Let ¥y ny be a category consisting of all finite-type (finite
index) N-N bimodules whose irreducible components are contained in Sy y.
Similarly, by using bimodules y(Xo ®y X;)y ®n Xoar, (v(Xo ®y X))y O
Xoy)" and y(X; ®pn Xo)},, We get categories Gy ur, €y v and €ay p.  Then it is
easy to see that the category ¢ =) 4 Be [N.M) %4 p forms a semisimple C*-
bicategory with conjugation. Moreover, if we apply the coherence theorem to €,
% is isomorphic to a strict one %', which has Frobenius duality (see [Y1] for the
proof). This bicategory is an invariant for the conjugation classes of N ¢ M
and is stronger than the standard invariant, i.e., a bicategory includes all the
information of standard invariants.

1.2. Minimal traces, quantum dimensions and Frobenius reciprocity.
Let % be a strict, semisimple C*-bicategory with conjugation and Frobenius
duality.

DerINiTION 1.2.1. For each object X in %, define a linear functional on
End(X) by

End(X)s f =< f)xeC

where (f>yl; =ex(f ® Ix+)ey € End(/) = C.
We call this functional a minimal trace.
As in [HY, Proposition 1.8], the next proposition holds.

ProposiTioN 1.2.2. (1) For f e Hom(X,Y) and g€ Hom(Y,X), we have
Sy =<9 Dx
(2) For feEnd(X) and g € End(Y),
SOPxoy=Lrx{Py-
(3) For feEnd(X),
Cfox =<{ox
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DerINITION 1.2.3. For each object X in €, define
d (X ) =Llx)y
(or equivalently, d(X)l; = exey).
d is called a quantum (or statistical) dimension.

ProposiTiION 1.2.4. (1) d(X ® Y) =d(X)d(Y).
2) dX@®Z)=dX)+d(Z).

Proor. See [Y4]. O

DeFiNiTION 1.2.5. For fe Hom(X ® Y,Z), we define Frobenius trans-
formations of f by

(lxy- ®@f) o (ey- ® 1ly) e Hom(Y, X" ® Z)
(f®1ly:)o(ly ®ey) e Hom(X,Z® Y™).

1.3. Fusion algebras and amenability.

Fusion algebras were systematically studied by F. Hiai and M. Izumi in
[HI]. We recall some notations and properties of fusion algebras.

Let S be a countable set. An algebra C[S] =@ ¢ Cs is called a fusion
algebra if it satisfies the followings:

(1) The product unit 7 is contained in the base set S.

(2) There exists a family of non-negative integers {N{' }, ,.¢ such that

s-t= ZNstz“-

uesS

(3) There exists a map S 3 s+ s* €S, called conjugation, which is extended
to a *-operation in C|[S] so that

(s-0)"=1"s",

where s,7€ S.
(4) Nstt = Nst*7u - Nlj,l*'

(5) There exists a map d:S —[l,00), called a dimension, such that
d(s) = d(s*) and its linear extension satisfies

d(s- 1) = d(s)d(1).

DeFiniTION  1.3.1. Let x4 be a probability measure on S. (1) The
probability measure u is said to be symmetric if u(s) = u(s*) for any se S.

(2) The probability measure u is said to be generating if its support
generates C|S].
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(3) For each probability measures x4, v on S, we define a convolution of
them by
_ o du)
u * v(u) - Z :u(S)v(Z)]Vs,ld(S)d(l) :

s, teS

Here we remark that u*v is also a probability measure on S.
(4) The probability measure p is ergodic if

lim [l 3, — "], = 0
n— oo

for any s e S, where u" denotes the n-fold convolution g --- % pu.
The next lemma is useful (see and [HI, Lemma 3.2] for the proof).

LemMA 1.3.2 (Foguel). Let u be a probability measure on S such that u* A
w1 £ 0 for some ke N (in particular, I € support(u)). Then we have

lim [|g" — @], = 0.
n—aoo

DerINITION 1.3.3. Let C[S] be a fusion algebra. For each se S, define a
densely defined linear map on the Hilbert space /%(S) by

L(6) =Y N}/

ues

We also define L, (x =) _¢x(s)se C[S], x(s) e C) by
L, = ZX(S)LS.

seS
The fusion algebra CI[S] is said to be amenable if for a =) _ca(s)s € C[S] with
a(s) non-negative integers, we have

|Lall = d(a) =) _ a(s)d(s).
seS
Here we remark that the inequality ||L,|| < d(a) holds in general.

Let € be a strict, semisimple C*-bicategory with conjugation and Frobenius
duality. We denote the set of unitary equivalence classes of objects in %j; by
S; (called the spectrum set) and assume that each Sj is countable or finite.
(Throughout this paper, we always assume this.) Then as pointed out in [HY,
Section 2], C[Sj] has a fusion algebra structure, where C[Sj] is a free vector space
over the set S;. We say that % is amenable if the fusion algebra C[S);] is
amenable as in the sense of [Definition 1.3.3. Then we have

ProposITION 1.3.4. The fusion algebra C|Sy,] is amenable if and only if
C|[Sy] is amenable.
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ProOF. Assume that C[S);] is amenable. Take an arbitrary X e
Object(%),). Consider the subfusion algebra of C[S;;] generated by XX* and
denote it by Z(XX*). Similarly, define Z(X*X) = C[S»]. By the amenability
of C[S}1], we have

d(X)* = |Ly-x| = lim (N )"

— lim (N 1/n
= m (V1)

— i XX+ 1/n

= o2 W)

> lim (N/, )= d(x)?
= (!

where N¥ =dimHom(Y,Z) (Y,Ze€®%;). Then we get |Ly-x|| = d(X)* and
this implies that Z(X*X) is amenable. For any Y € Object(%2), we can take
X € Object(%)2) such that Y < X*X (for example, take Z € Object(%)2) and
define X =Z(I+ Y)). Since Y € Z(X*X) and this fusion algebra is amenable,
we have ||Ly| =d(Y). This means that C[Sy] is amenable. The reverse
implication can be shown similarly. ]

The disjoint union Ul.j C[S;] forms a graded fusion algebra in the following
sense. For each se §; and 1€ Sk,
(1) st~ @yes, dimHom(s - t,u)u (s-t means s® 1),

)
(2) SijBSI—>S*€Sﬁ,
(3) (s-0)" ~t*-5* seSyte Sy,
(4) dimHom(s - t,u) = dim Hom(s* - u, t) = dim Hom(u - ¢*,s), s € S, t € Si,
ue Sik>

(5) d(S)d(l) = ZueSik dim HOIH(S "1, u)d(u)a

(6) d(s*)=d(s).

For each two probability measures x4 on S; and v on Sy, we define a
probability measure u*v on S; by

d
wxv(u) = u(s)v(t) dim Hom(s - ¢, u)
seS;:e Sik d(S)d([)
where u € Sj.

1.4. Some notations.
1) Let X, Y and Z be objects of %;;, € and %;;, respectively. We write
ij> 0j ij

XY=XQ®Y7Y,
Y1 Hom(z, x
| = Hom(Z, X),

X
Z 3
NX—dlle].
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(2) For each object X in %;, we define a probability measure dy on the
spectrum set Sj; by

1 \)
ox = ) Y Nyd(s)d.

SGS@/
(3) For a subset Q < Object(%};), define
F0(Q)={se S :s <X X, for some X;,..., X, e QUQ"}

and let Z(Q2) be the free vector space over Zy(£2). Then Z(Q) is closed under
multiplication and conjugation, and it becomes a subfusion algebra of C[Sj].
We call this the subfusion algebra generated by Q.

2. Construction of commuting squares.

In this section, we construct commuting squares of AFD II;-factors from an
abstract C*-bicategory by using a probability measure.

Let € be a semisimple, strict C*-bicategory with conjugation and Frobenius
duality consisting of %y, €12, ¢»1 and %,. Take a symmetric generating
probability measure u on Sj; such that [ esupport(u)=S(x) and fix it
throughout this section (4 may not be ergodic). By taking representing elements
of §;, we freely identify elements of S; with some irreducible objects.

Let R be an AFD II;-factor and let t be the unique tracial state on R.
Then we can take a mutually orthogonal family of projections {e;} of R such
that

SES]]

for each se Sy because of the inequality > ¢ w(s)/(d(s)) < D cs, u(s) = 1.
For each integer n and element x = (xj,...,x,) €S} =S X - xSy
(n-times), we define a projection e, € R®" by

€x = €y, ® --- ®ex,,-
n
For each x,ye Sy}, we set
R, = exR®”ey.

DeFINiTION 2.1, (1) For a positive integer n and an object X in %);
(i=1,2), define a von Neumann algebra 4,(X) by

4,(X) = C)

lxn.. '.X]X
x,y €S|

® R,
) @
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X
For n=0, Ay(X) is defined to be Ay(X)= lX] We often use the

notation 4, = A4,(I).
(2) For each seS);, define

L1 X R X1*
LX) = @ lx X1 1®ly SJ’l ]®ny.

x,y€Sh S

Notice here the following facts:

(1) Au(X) = Dy, A2(X).

(2) For each se Sy;, if s < x,---x; X for some x e S(x)", then 4}(X) =~ R.
Otherwise, A4)(X) = {0}.

Hence we can define a normal tracial state 7% on A4,(X) by

Ty (Lazx)) = W 0x(s).
It is easy to check the following.
LeMMA 2.2. Let X be an object in %);. Then for each neN, pe
lxn e X]X

X] and a € (R,, we have p® a e A,(X) and the identity
Yn W

|
‘C?{(p ® Cl) = méx,y<p>y,,--~y1XT(a)'

DErINITION 2.3. Let X e Object(%);) and Y € Object(%;). Define an em-
bedding from A4,(X) to 4,,1(X) by

lx MX} QxRy3p®ar— Z(1S®p)®(es®a)€An+1(X).
Yn2to i sesS

We also define an embedding from 4,(X) to 4,(XY) by

lxn...xlX

’ yX]®ny9p®a»—>(p@ly)®aeAn(XY).
-

Next three lemmas are easily checked and we omit their proofs (see [HY,
Section 3]).

Lemma 2.4, The above two embeddings are mutually compatible and they are
also compatible with respect to the tracial states {t%}, and {t%y},.

By this lemma, () A,(X) has a tracial state 7y induced by {7}},. We
denote by A, (X) the weak closure of the GNS-representation of | ] 4,(X) with
respect to 7y. Here we remark that the definition of 7y is slightly different from
that of [HY] (in [HY], zx is not a state).
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Let X be an object in %); and a € Z(A,, (X)) (the center of 4,,(X)). Since

E4,x)(a) € Z(4,(X)) = C‘B Clyx)

seSy;

(where “E” means the trace-preserving conditional expectation), we can write

E4 x)(a) = Z Ju(8) - Lysxy

SES“
with f (s) € C.

LemMA 2.5. The sequence {f,}, of functions on Sy; satisfies the following
properties.

(1) Suls) = s 0(0) fra (1)
teSy;
for any se S(u" xdy).

(2)  sup,|full,, < 0.
On the other hand, if {f,}, (f, €l*(S(u" *dx)) n>0) satisfies (1) and (2),
we can find an element a € Z(A (X)) such that {f,}, is associated to a.

A sequence {f,}, in the above lemma is called a harmonic sequence (see
Section 5).

LEMMA 2.6. Let X and Y be objects in €\; and €, respectively. Then the
square

An(X) - An+1 (X)
N N
A(XY) < A (XY)

is commuting with respect to Tyy.

By the above lemma, we obtain an increasing sequence of commuting
squares as follows:

Ay(X) < A(X) < AX) < -+ < Ax(X)
N N N
Ao(XY) < A(XY) < A(XY) < -+ < An(XY)

3. Realization of an amenable bicategory.

Let % be a strict, semisimple, amenable C*-bicategory with conjugation and
Frobenius duality. Then the tensor category %), is amenable by definition and
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we can find a symmetric ergodic probability measure u on S;; such that x4 does
not vanish everywhere (see [HY, Theorem 2.5]).

Since %), is an amenable C*-tensor category in the sense of [HY], the
following holds ([HY, Section 3 and Section 4|).

THEOREM 3.1. Let X be an object in €y1. Then the following holds:
(1)  For each object X in %11, A (X) is a factor.
(2) We have a standard inclusion of subfactors

Ay c Ay (X) € Ao (XXT)
with the Jones projection given by

XX~
XX~

L
———~&yEx €

5d 1 = Ay(XX*) < A (XX¥),

and the Jones index by [Ao(X): A] = d(X)*.
(3) Al NA,(X)=End(X) = A4o(X).
By using this theorem, we can prove the next proposition.
PRrOPOSITION 3.2, For each object X in €12, Ay (X) is a factor and
Al NA,(X) = A4o(X) (= End(X)).
Proor. By [Theorem 3.1, we have
Al NA,(XX") = End(XX7)
because XX * is an object in %;;. Then, since the squares

AO c Aoo

N N
A(X) <= A(X)
N N

Ao(XX*) < A (XX¥)
are commuting, we get
AL NAL(X)=Ey, (x)(4, N4, (XX™))
= E4, (x)(4o(XX 7))
= E4y(x)(Ao(XX 7))
= End(X)

where “E” is the trace-preserving conditional expectation. In particular, if X is
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irreducible, the relative commutant A/ N A, (X) is trivial. Then Z(A4, (X)) <
Al NA,(X) implies Z(A, (X)) =C. That is, A4,,(X) is factor if X is irre-
ducible. On the other hand, if 4.,(X) is a factor for some object in €5, 4, (Y)
is also a factor for all objects Y in %, because of [Lemma 2.3. Hence the proof
is completed. (Any harmonic sequence comes from a harmonic function, see
Section 5.) ]

REMARK. The factoriality of 4, (X) (X is an object in %),) is non-trivial
without amenability. If we remove the assumption ‘“‘amenability”’, we cannot get
the factoriality of 4., (X) because the ergodicity of x is only for %;;. (In fact,
there exists such an example due to U. Haagerup [Ha], also see [HI, Example
8.11].)

S. Popa proved in [P2, Corollary 5.4.5] that if a subfactor is amenable and
the canonical probability measure J, 2, of the fusion algebra generated by
vL?(M), is ergodic, then the probability measure O, L2(M)@yL2 (M), 18 also ergodic
in the fusion algebra generated by yL*(M) ®y L*(M),,. The above proposition
can be considered as an extension of this result (see Section 5 for more details).

We define bimodules as follows.

DeriniTION 3.3, Take an object X, in %), and fix it.
(1) For each object X in %); and n e N, define

xn...xlX
V'V

Xn:@[

H
x,y€Sf

|o.x,
(2) For each object X in %), and n e N, define

X,= @

X,y €S}

lxn...xlX

® «R,.

(3) For each object X in %, and ne N, define

xh---x1XbX’
Yn W

6= @ |

x,y€Sf

|o.n,

(4) For each object X in %5 and ne N, define

X, x1 XX

X, = l
x,y €S| yn"'leO

0.k,

As observed in [HY], for each object X in %1, X, is an A,-A4, bimodule
where two side actions are defined by
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(2®b) - (p®a)- (BOC) = (+® Ly) 0 po f® bac

X, X X
ael ” 1]’ Pelyn g’ ]’ ﬁelzn Zl]’ beny, aeyR;, ce:Ry.
[ Zn- -2 Wyt Wy

Analogously, for each object Y in %};, Z in %;; and W in %;, we can construct
bimodules

(1) (YZ) 429

and

An(Y)(YW)nAn(XOW*)'
RemARK. (1) For X € %), by using the Frobenius reciprocity, we have
X, ~ (XXy),
(2) For X € %5, since XoX € Object(%;;), we have
X, = (XoX),.
(3) For X € %1, by using the Frobenius reciprocity, we have
X, ~ (XoXX]),.

DerINITION 3.4, For each object X in %;; and ne N, define an inner
product on X, by

(,0 ® a|p/ ® a/) = 5x,x’5y,y’<p(p/) *>x,,~--x1XT(a(a/)*)

, , " xn...xlX , x’/lxiX
where x,x’',y,y" € Sf}, pe ,p € , ,
yn...yl yn...yl

Similarly, by using minimal traces and 7, we define an inner product on X, for
each object X in 4.

] and a € Ry, a’ € R,

DeriNITION 3.5. For each object X in %), and n e N, define an embedding
map from X, to X, by

lxy x)l} ]@ny9p®ar—> Z(ls®p)®(es®a)e,\/n+1_
JR

SESH

Similarly, we define embeddings from X, to X,.; for each object X in %.
For the proofs of the next two lemmas, see [HY, Section 3|.

Lemma 3.6. Embeddings defined in Definition 3.5 preserve inner products
defined in Definition 3.4.

Lemma 3.7. Above embeddings are compatible with two side actions.
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By completion, for each object X in %, we can define a bimodule X,,. The
next lemma can be shown in the same way as [HY, Proposition 3.9].

Lemma 3.8.  For each object Y in 61;, Z in €; and W in €n, we have
End((YZ)Oko(Z*)) =A,(Y)

and

End((YW) = A, (Y).

oko(XOW*))

Lemma 3.9.  For each object X in €1y and Y in €y, the inclusion of factors
Ay(X) c A (XY) € A, (XYYT)
is standard with the Jones projection

XYY"

lX ® —S;EY € lXYY*

T ] = Ap(XYY") € A (XYY?),

and the Jones index is given by [A,(XY): A, (X)) =d(Y)~

Proor. Thanks to [Proposition 3.2, 4, (X), A (XY) and A, (XYY™) are
factors. In the canonical way, we can identify

AW(X)LZ(AOO(XY))AOO(X) 4. (X) (XYY*X*)QOA
(See [HY, arguments before [Lemma 3.6)).

It is easy to see that under this identification, the Jones projection

»(X)*

e, (x) : L2 (A0 (XY)) = L (4 (X))
corresponds to d(Y) 'eiey. Moreover, by Lemma 3.8, we have
End(XYY'X"),, ) = A (XYY",
Consequently, we get the assertion. O

By the same argument as in [HY|, it is easy to see that X — X, is an
involutive C*-tensor functor. To prove that this functor is fully faithful (i.e., this
functor is an isomorphism), we need the next proposition.

ProrosiTioN 3.10.  For each object X in 61; and Y in %, the equality we

have
Ar(X)'NAL(XY) =1y @ End(Y) = 4o(XY).

For the proof, we use the following simple fact.
Lemma 3.11.  For objects X in €, Y in Gy, and Z in €1, we have
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Proor. For each element xe (End(XY)® 1z)N(ly ® End(YZ)), there
exist f € End(XY) and g € End(YZ) such that

XZf@lZ:L\/@g.

We compute

f_ f®eze, =(lxyy ®ez)o(ly g ® 1z+) o (lyy ®ey).

( )

Let g be (ly ®éez)o(g®1z-)o(ly ®ey), then ge End(Y) and the relation
=1/(d(Z))lxy ® g holds. Hence we get

x:ﬁl;(@g@lze ly ®End(Y)® 1,
and
(End(XY)® 12)N(ly ® End(YZ)) c 1y ® End(Y) ® 1.
The reverse inclusion 1s obvious. ]

PRrOOF OF |Proposition 3.10. We assume X in %}, and Y in %5;. Consider the
bimodule ,_ (XY)oko(XO)- Then End(,, x)(XY),, (Xo)) = A, (X)' N4, (XY)
holds because End((XY), (XO)) A (X Y) Moreover by [Proposition 3.2, we
have

End(u, 1) (XY) 04 () < End(a, (XY) 4 (40

= A’ NA,(XY) = End(XY)

since XY is an object in %},. On the other hand, via the Frobenius reciprocity,
we have
a0 (XY) oy, = a0 (XYXG)

DAy "

Thus we get
Ao (X) N AL (XY) = End(y, () (XY),. )
~ End(Aw(X) (XYXO*)oko)-
Then by [Lemma 3.8, we have
End (4, (n) (XYX;),,) = End(XoY*X*),, 1)
= A, (XoY")

and
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End(y, x)(XYX(),., ) = AL, N A, (XoY™)
= End(X,Y").
This implies that
A (X)' NAL(XY) < 1y ® End(YX)
on (XYX;),. Then we get
A (X) N A, (XY) = (End(XY) ® ly:) N (1x ® End(YXy)).

Therefore by using the previous lemma, we get the assertion. In a similar way,
we can prove the statement in the case where Y belongs to %5;. ]

We now get the next theorem.

THEOREM 3.12. A strict, semisimple, amenable C*-bicategory with conjuga-
tion and Frobenius duality can be realized as AFD-bimodules.

Proor. Thanks to [Proposition 3.10, for each object X in %y;, ¥ in %, Z in
%1, we have

End(4, (x)(XYZ),, 4 (7)) = Ao (X) N AL (XY)
= End(Y).

This fact and [HY, Proposition 1.1] imply that the functor X — X, is an
isomorphism. Here we remark that [HY, Proposition 1.1] also holds for
C*-bicategories. ]

As an application to subfactor, the following corollary holds.

CorROLLARY 3.13. Let N c M be a Il\-subfactor with finite index and
amenable graph. Then there exists an AFD Il -subfactor A < B such that its
bicategory is isomorphic to that of N = M. In particular, their standard invariants
(paragroups or standard lattices) are isomorphic.

Proor. Let 4 = @y yU%N p UGy, v UGy m be a C*-bicategory associated
with N < M. Then by the coherence theorem, it is isomorphic to strict one.
By applying [Theorem 3.12 to this category, we get a C*-bicategory consisting of
AFD-bimodules. Moreover, if we take Xy = yL?*(M),,, Xo corresponds to
4, L (45 (X0)) 4, x)- Thus A, = 4, (Xo) is a desired subfactor. O

In [P5], S. Popa characterized standard invariants of subfactors by some
axioms and he called them standard lattices. In he proved that any abstract
standard lattice comes from some (not necessarily AFD) subfactor. Further-
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more, if the standard lattice is amenable, it gives a complete invariant for
amenable AFD II;-subfactors (see [P7]). He also announced that if a given
standard lattice is amenable, it can be realized by some AFD-subfactor. We can
give an another proof of this fact by using Popa’s result in and the above
corollary as follows:

COROLLARY 3.14. For each amenable standard lattice, there exists an AFD
I1-subfactor which realizes it as higher relative commutants.

PrOOF. Let {4;}; be an amenable standard lattice. By [P5], there exists a
(non-AFD) II;-subfactor N = M which realizes this lattice. Applying
3.13 to this inclusion, we get an AFD Il -subfactor A < B whose C*-bicategory is
isomorphic to that of N < M. If bicategories are isomorphic, standard lattices
are also isomorphic. So A < B realizes {4;};. O]

4. Some remarks on weak amenability of fusion algebras.

In the paper [HI], F. Hiai and M. Izumi introduced the concept of weak
amenability to fusion algebras. The original definition of weak amenability is
defined by the existence of an invariant mean and this is equivalent to the
existence of a symmetric ergodic probability measure whose support is the whole
set (see [HI, Proposition 4.2] and [HY, the proof of Theorem 2.5] for the proof).
In [HI], they proved that weak amenability is strictly weaker than amenability
and raised the following question: “Find a suitable condition under which weak
amenability and amenability are equivalent.” In this section, we will prove that
if a fusion algebra which comes from a C*-tensor category (in particular, if it
comes from bimodules, or subfactors) has ‘“‘amenable generators”, weak ame-
nability and amenability are equivalent. This is a partial answer to the above
question. Throughout this section, tensor categories are non-graded.

Let ¥ be a strict semisimple C*-tensor category with conjugation and
Frobenius duality (see for the definition of a C*-tensor category). We
denote the associated fusion algebra of ¢ by C|[S] and assume that C[S] is
weakly amenable. Thus there exists a symmetric, ergodic probability measure u
on S such that support(x) =S. By using u, we define 4.,(X), X, etc. as in
[AY]

For each object X in 4, we have a standard inclusion of subfactors
Ay c Apy(X) € A (XXT)

with the Jones projection given by

1 *
ax) e [

XX~

XX*] = Ao(XX™) = A (XX7),
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and the Jones index by [ (X): 4..] =d(X)*. First we consider a criterion for
the extremality of this inclusion. Recall that a II;-subfactor N < M with finite
index is called extremal if Eyrnay,(en) =[M : N]_II where Nc M c M; is a
basic extension with the Jones projection ey ([PP]).

Lemma 4.1. The next equality holds.

1 1 p(f)  d(s)?
——F / a(evey) = Liscvy - Lyooyye.
d(X) Ay (X)'NA, (XX )( Yex) d(X)zs,teS'un %0y (s) d(z)2 Ay(X) " LAN(XX)

ProOF. By the same argument as in the proof of [HY, Lemma 4.6], it is
easy to see that 4,(X)' N A4,(XX*) is spanned by the set

X, p

{@(p* R ly )" flp® 1x:) ®ex|o,f:sX* —t s,1€ S}

where x,,...,X;, X =X,...x], and {p: xX — s} is a family of coisometries with
mutually orthogonal initial spaces. Thus, it suffices to show that

Txx~ (61(1)()83}82({@@* ® ly)a"f(p ® 1x+) ® ex})

x,p

2
d(s)
= Txx ( DD o *5X a1 7 a0

s,tesS

X,p

“Layxx) {@(P* ® Ly ) Blp® 1x:) ® ex}) :

More explicitly, we will show that both two sides are equal to
(o By~ (d(s)u" (1)) /(d(X)d(1)?), where a,ff: sX* — t are coisometries.
The left hand side is computed as follows:

¥ @e0)p” © 1B ® b1, 5, A

= Y A(Li®ex) (0" ® Lyx ) (7" @ Ly )2 Bz ® 1) (0 ® Ly ) (1x ® 63y

X, U,0,T

(where u€ S, o:x — u, 7:uX — s are coisometries)
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pxn) - p(xn)
d(X)d(x1)---d(x,)

- Z 1y @ ex) (7" @ 1y )o Bz @ 1x+ ) (1u ® £y) ), N

_ ex)(t" op(T - ) L
_;«1”@ )7 @ Ly )t ® Ly ) (1, @ X)>”d(X)3d(u)

=) (L, ®ex)(y® Lyx)(1; ® ey ® Ly+)
u,y

X o' B(ly @ex- @ 1y-)(»" @ Lyx-)(1lu ®ex) ),
o A w)
d(X) d(u)?

(where y:sX* — u is a coisometry, then d(s)"?/(d(u)"*)(1, ® ex-)(y* ® 1x) :
uX — s is also coisometry)

d(s)u" (u)
=D By,
Z; d(X) d(u)?
(here we use the hook identity: (ex- ® ly-)(lx- ® &) = lx+)

d(s)u"(1)

= oeaa

On the other hand, the right hand side is equal to

u"(0)d(s) u(x1) -+ ()
d(X)* Oy (5)d(1)d(x1) - - d(x2)

Z<P ®1X P®1X)>xxx

N B N 10 (s) pu(xr) - - ()
;< Poue: N d(X)* 0y (s)d(1)°d(x1) - - d (x)

oy d(s)u" (1)

—< ﬂ>sX*d(X)3d(t)2‘

By this lemma, we get the criterion of extremality.

PrOPOSITION 4.2. The subfactor A, = A, (X) is extremal if and only if

Jim 3

s, tesS

S0 = G0 N .
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Proor. By the previous lemma, we get

1, !
E 4, (x)na,(xx+) (M 8X8X> - WI
17T)(X*
d(s) d(1)
= D g i () = =S+ 0x (5) | Ny
s,tze:S d(l) d(S) |

On the other hand, A, = A, (X) is extremal if and only if

1, !
B, 00)naxx) (MEX8X> N WI.

Thus we see that this equality is equivalent to
. d(s) d(t)

— 1" (1) = =" % 0x (5)| Ny = 0.
Hence the result follows because

d(1) d(s)

n— oo

lim S;S% 1" % Ox (s) — 1" (s)|NFy

= lim Z{ZNfXd<z>} ﬁ W 3 s) — ' (9)

seS \ teS

= d(X) lim Y lu" % x(s) — p(s)| =0
sesS

by the ergodicity of u.

167

[

LemMaA 4.3.  For an object X of €, if the fusion algebra Z({XX*}) generated

by XX* is amenable, the subfactor A, < A, (X) is extremal.

PrOOF. Since the fusion algebra generated by XX * is amenable, by the
same argument of [P2, Theorem 5.3.1, the proof (vi) = (iv)], we get the ex-

tremality of A4, < A, (XX*). In fact, since

End((XX™)") = Ao((XX™)") = A7, N A ((XX™)"),

we get

1 I 1/2n
||LXX*|| _ nll_{l;lo(N(XX*)z")

R T (XX*)" 1/2n
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— lim (dim Ao (XX *)"))"/*"

n—oo

< lim (dim A/, N A, (XX *)"))"/*"

n— oo

<d(X)%.

= (a4,
By the amenability of Z({XX*}), we have
d(X)* = | Lxx-|.

Thus |1, 4, (xx+llis equal to the Jones index d(X)* of A, = A, (XX*). This
implies that 4., = A, (XX ™) is an amenable inclusion, in particular, it is extremal
([P2, Corollary 1.3.6 (i)]). Then the extremality of 4., = A, (X) follows because
Ay, < A, (X) is an intermediate subfactor of A, < A, (XX*) ([P2, 1.2.5]). O

THEOREM 4.4. Let ¥ be a strict semisimple C*-tensor category with con-
jugation and Frobenius duality. Suppose that there exists a sequence {Xi}[_,
(Xk € Object(%), Xx may be 0) such that for each k, Z({X;X;'}) is amenable.
Then in the fusion algebra E({Xy},_,), weak amenability and amenability are
equivalent.

Proor. We shall prove that in the above setting, weak amenability implies
amenability for the fusion algebra Z({Xy},,).
Let S be the spectrum set of Z({X;};—,). We write

C[S] = E({Xk}zc:1)~

Since C[S] is weakly amenable, there exists a symmetric ergodic probability
measure x on S with the whole support.

Now, we apply the previous considerations to x and the tensor category
generated by {Xi},~,.

By the previous lemma, we see that each subfactor A, < A, (X;) is ex-
tremal. Then by using [Proposition 4.2, we have for each i,

: d(s) , d(t) ,
iﬂazjdm”(” O
From this equation, letting Z, =1® X, ® --- ® X,,, we get

: d s n d n N
)ga;;g%w(ﬂ—ﬁgﬂwﬂzazﬂ

N}y, = 0.

which in turn implies the extremality of A, < A, (Z,) by |[Proposition 4.2
Since

Ayp c Ap(Zy) € A(ZnZ,) € Ao (ZnZ,,Z),) < -+
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is the Jones tower (see [HY]), we see that for any integer k, A, = Ao, ((ZnZ:)")
is extremal and the equality

fim 3 d(s) d(1)

>~ 200~ G O Vi =0

(ZnZ;)*

holds by using [Proposition 4.2 again.
On the other hand, for any sy € S, there is an integer m and k such that
5o = (ZmZ;;)k. Hence we get

ts 32 i O~
: d(s) d(t) ,
_hmE —u"(t) ———=<u"(s)|N°_ _...=0.
< n—>oos7teS d(l‘)lu (t) d(s)'u ( ) l‘(ZmZm)

This implies that the condition (D) of [HI, p. 698] holds for x. It is easy to see
that (D;) implies the condition (NW);) [HIL, p. 688]. Since the implication
“(NW)) = amenability” remains valid in the case of probability measures with
infinite supports, C[S] is amenable. ([HI, Theorem 4.6, the proof of (NW;) =
(4)] works for probability measures with infinite supports.) O

REMARK. For an object X, if Z({X}) is amenable, then by the hereditability
of amenability ([HI, Proposition 4.8]), Z({XX*}) is also amenable since
E({XX*}) < Z({X}). But the reverse implication is not true. For example, let
F, be a free group with 2-generators g and /& and let « be an outer action of F,
on an AFD IIi-factor R. Define

RXR = ROCng(R)R S R“hLz(R)R

Then Z({X}) is isomorphic to the group algebra C[F,] and hence it is non-
amenable, whereas

’RXX g =21 @ gy L*(R) g @ roty 1 LP(R)g

shows that Z({XX*}) is isomorphic to the group algebra C[{gh~')]. Here
{gh~"y denotes the cyclic group generated by gh~! in F;. Thus Z({XX*}) is
amenable.

ExaMPLE 4.6. Let N = Pc M be an inclusion of IIj-factors with finite
Jones index and we assume both N < P and P — M are amenable. Then both
E({pL?*(P) ®y L*(P)p}) and Z({pL*(M),}) are amenable. Thanks to the above
theorem, we see that weak amenability and amenability are equivalent in
E({pL*(P) ®y L*(P)p, pL*(M)p}). Therefore N = M is amenable if and only if
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E({pL*(P) @y L*(P)p, pL*(M)p}) is weakly amenable (i.e., has an ergodic
probability measure).

If Nc Pc M is a free composition subfactor ([BJ]), except for [P: N] =
[M : P] =2, N c M is not amenable ([HI, Proposition 8.7]). From this fact and
the above argument, we see that if N =« P < M 1s a free composition subfactor,
except for [P: N]=[M : P] =2, E({pL*(P) ®y L*(P)p, pPL*(M),}) is not weakly
amenable.

5. Relations between ergodicity and amenability.

In [P2], S. Popa proved that “For a II;-subfactor N = M with amenable
graph, the ergodicity of the principal graph is equivalent to that of the dual
principal graph.” In this section, we generalize this result to the one in
C*-bicategories.

Let & be a strict, semisimple C*-bicategory with conjugation and Frobenius
duality and Uij C[S;] be the associated graded fusion algebra. Let u be a
symmetric generating probability measure on Sj; such that I € support(u).

DerFINITION 5.1. For i€ {1,2}, (1) Take X € Object(%);) and fix it. For a
sequence {f,}, (f, € [”(support(u" *dyx)), it is called u-harmonic if it satisfies

L) = wxd5(0) fr (1)

tES]i

(s € support(u" *dy), ne N) and sup, || f,|., < .
(2) For fel”(Sn), fis called p-harmonic if it satisfies

Sl = uxa()f (1)

teSi;
(S esS 1 ,').
The next proposition can be shown by using Foguel’s lemma.

PROPOSITION 5.2.  For each p-harmonic sequence {f,},, there exists a u-
harmonic function f such that flgoonmsy) = Ju-

Proor. Define a linear map P:[*(S);) — [“(Sy;) by

(Pg)(s) = 3 wxd,()g(2)

teSy;

(s€ S, gel”(Sy;)). It is easy to see that

(P"g)(s) = Y w"*3(1)g(0).

teSy;
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Let {f,}.—; (f,€l™(support(u" «dyx)) =1*(Sy;)) be a w-harmonic sequence.
Then we have for any k,ne N,

1P frisr = P friiit oo = sUp [(P" friges)(8) = (P frii) ()]

SESU

> sup (P frir1)(s) — (Pn+1f+k+l)( )l

se support(ukdy)

= sup |fk+1 (s) = fi(s)]

sesupport(uk*dy)

= ||fk+l|support (pkxoy) fk”

On the other hand,

1 1
1P frsierr = P fswsi o < Wil 1" = ]l — 0

as n — oo. Hence we get fk+1‘support(,uk*5x) = f, for any ke N. Define f by
flsupport(utsiy) = fe- Then f'is a desired p-harmonic function. O

ProPOSITION 5.3. Let u be a symmetric, generating probability measure on
S and i€ {1,2}. Then the following three statements are equivalent.

(1) Each u-harmonic sequence consists of constant functions.

(2) Each p-harmonic function is a constant function.

(3) For any s,te Sy,

lim ||u" *dy — " *6,]|; = 0.
n—oo
Proor. (1) < (2) By the previous proposition, this is obvious.

(2) = (3) Take a norm-bounded sequence { f,}, from /*(Sj;) arbitrarily and
fix it. Let w be a ultrafilter on N. Define

10 = lim 3 4 <))

seS 1i

Then we have

Zﬂ % 04(5) Zﬂ Ju(s)

SES1, AGSh

< (sup ||fn||@) =
n

This inequality and Foguel’s lemma imply

For ¢ > 0, there exists a finite set F < Sy; such that ) _p.u*0,(t) <e. Then
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Y usdu(0f(0) = D prdu(Du" x5i(s)f,(s)

J(@) =Y W x(s)1,(5)

seS;

S@0) =Y 1 *0(5)1,(s)

SES],‘

<2sup||fyll e+ Y uxdult)

teF

Since ¢ is arbitrary, this implies that

D xS (0)f (1) =1m Y pxdu(r)u" #5(s) 1, (s)

teSy; t,s€Sy;

=lim > u < 8,(5)£,(5)

SES],*

i.e., fis p-harmonic. Then, by (2), f is scalar and we have

0= f(8) = £(1) = lim 3™ ("5 du(u) — " #,(u)) 1)

ueSy;

Take s,¢€ Sy; and fix them. Since {f,}, is arbitrary, we can set f,(u) =1 if
u" % ds(u) = u" x9,(u), and f,(u) = —1 otherwise. Then we have

0= /(s) ~ f(2) = lim [ 6, — "4,

Since this equality holds for any w, we get (3).
(3) = (2) Let fel”(S;;) be a y-harmonic function. Then

() = F(O)] = | D (" % 0(u) — 1" 6,(u) f ()

uesSy
< el &5 — " 5 04|y — O
(as m — oo) shows that f'is a constant function. O
THEOREM 5.4. Assume € is amenable. If u is ergodic,

lim " % d; — p" * 64|, =0
n— oo

holds for any i and s,t € Sy;.
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ProoF. By the ergodicity of u, 4., (X) is a factor for any X € Object(%);).
Then by the amenability of %, we can apply [Proposition 3.2 and see that 4.,(Y)
is also factor for any Y e Object(%)>). (Here we remark that all results in
Section 3 also hold in the case that support(x) # S). Hence by [Lemma 2.3, each
u-harmonic sequence is trivial. Then by using |[Proposition 5.3, we get the
assertion. ]

COROLLARY 5.5. Assume that € is amenable. Take a generating probability
measure v on Sy, (where “generating” means that v x v is generating in C[Sy]) and
define p =v v on Sy and ' = Vv on Sy where V(s) = v(s*). Then u is ergodic
if and only if ' is ergodic.

Proor. We have only to show that x’ is ergodic if x is ergodic. Since u is
symmetric, generating, ergodic, I € support(u) and % is amenable, we have

lim ||u" *dg — " *6,]|; =0
n— oo

for each s,7€ S1. Then for each se Sy,

yn+1

n+1 V " !
i 0= M = e v 6 = )y

<" x v ds — " =

< Z v(0)|| 1" %0y %65 — 1" % 04|, — 0

teSyp

as n — oo. []
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