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Abstract. In this paper, we treat a quantum harmonic oscillator in thermal

equilibrium with any systems in certain classes of bosons with infinitely many degrees of

freedom. We describe the following results: (i) when a canonical correlation function is

given, we so reconstruct a Hamiltonian by the rotating wave approximation from it that

the Hamiltonian restores it. Namely, we solve an inverse problem in the quantum field

theory at finite temperature in a finite volume. (ii) Taking an infinite volume limit for the

result in (i), we consider long-time behavior of the canonical correlation function in the

finite volume limit.

1. Introduction

In this paper, we shall treat long-time behavior of the canonical correlation function

in an infinite volume limit. For that purpose, we shall apply Arai’s results [5] con-

cerning long-time behavior of two-point functions to a class of canonical correlation

functions of position and momentum operators in the infinite volume limit. In [5], Arai

argued long-time behavior of two-point functions of position operators for some models

of a quantum harmonic oscillator interacting with bosons.

We consider a quantum harmonic oscillator in thermal equilibrium with any system

in certain classes of bosons with infinitely many degrees of freedom in a finite volume

V > 0. Our models describe photons in a laser interacting with oscillation caused by a

heat bath, which can be observed when the laser passes in the heat bath as well as

photons in a laser interacting with oscillation caused by phonons on the surface of a

material, which can be observed when we irradiate the weak laser on the surface.

When a two-point function (or canonical correlation function) RV ðt1; t2Þ of the

position operator or momentum operator of the harmonic oscillator is given by an

observation at a temperature, we take the infinite volume limit, V ! y, for RV ðt1; t2Þ,

and get Ry

b ðt1; t2Þ1 limV!y RV ðt1; t2Þ at the inverse temperature, b, under suitable

conditions. And we argue long-time behavior of Ry

b ðt1; t2Þ.

For a positive parameter V > 0, we set GV 1 2pZ=V :
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GV ¼def 2pZ
V

1 k

�

�

�

�

k ¼ 2pn

V
; n ¼ 0;G1;G2; � � �

� �

:ð1:1Þ

The Hilbert space of state vectors of our system in the finite volume case is taken to be

the symmetric Fock space F over C l l
2ðGV Þ. We denote by a, a� the annihilation

and creation operators of the quantum harmonic oscillator, respectively, and by bk, b
�
k

ðk A GV Þ those of bosons, acting in F. We assume that there exists a self-adjoint

operator H on F, called a Hamiltonian, which governs the time development of the

system, such that eÿtH is trace class for all t 2 ð0; b� and

RV ðt1; t2Þ ¼def 1

b trðeÿbHÞ

ð b

0

dl trðeÿðbÿlÞHe iHt1BeÿiHt1eÿlHe iHt2BeÿiHt2Þ;

where B denotes either the position operator q ¼ ðaþ a�Þ=
ffiffiffi

2
p

or the momentum op-

erator p ¼ iða� ÿ aÞ=
ffiffiffi

2
p

of the quantum harmonic oscillator and tr denotes trace on F

(we use units where p (the Planck constant divided by 2p) ¼ 1). However, we do not

specify the concrete form of H. The Hamiltonian H may be a complicated function of a,

a�, bk and b�
k ðk A GV Þ.

To apply Arai’s result [5, Theorem 1.3] to our case, we first solve the following

inverse problem: In terms of RV ðt1; t2Þ only, determine positive frequencies x0, xk
(k A GV ) of the quantum harmonic oscillator and scalar bosons, respectively, and

coupling constants yk A C ðk A GV Þ, appearing in the Hamiltonian of the rotating wave

approximation (RWA),

HRWAðx; yÞ ¼def x0a�aþ
X

k AGV

xkb
�
kbk þ

X

k AGV

ðyka�bk þ ykb
�
kaÞ;ð1:2Þ

x ¼def x0
l ðxkÞk AGV

; y ¼def 0l ðykÞk AGV
;

(where c means the complex conjugate of c A C) such that the Hamiltonian HRWAðx; yÞ
recovers RV ðt1; t2Þ in the following sense:

fenergy levels of HRWAðx; yÞgnf0g

ðwhere ‘energy level’ is the notion in the quantum theory of

many-particle systems ½32; x2-1-a�Þ

¼ fspectra ðenergy levelsÞ of the one particle Hamiltonian hRWA of HRWAðx; yÞ

more than its lowest oneg

ðwhere this ‘energy level’ is the notion in the quantum mechanics ½33; x1-3�Þ

¼ positive poles of the meromorphic function

ðy

0

dte itzRV ð0; tÞ
� �

with hRWA a self-adjoint operator on C l l
2ðGV Þ such that HRWA ¼ dGðhRWAÞ, the

second quantization of hRWA (see §2.2), and

RV ðt1; t2Þ ¼ a representation in terms of W V ðt1; t2Þ;ð1:3Þ
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with

W V ðt1; t2Þ ¼
def

ðW0; e
iHRWAðx;yÞt1BeÿiHRWAðx;yÞt1e iHRWAðx;yÞt2BeÿiHRWAðx;yÞt2W0ÞF;

the two-point vacuum expectation value (two-point function) of B, with the Hamiltonian

HRWAðx; yÞ, where W0 is the Fock vacuum in F (in fact, it is the vacuum (ground state)

of HRWAðx; yÞ), and ð ; Þ
F

is the inner product of F.

There are some negative criticisms in a physical sense against RWA [13, §V.D],

claiming that a model, called the independent-oscillator model, is more suitable and

useful in physics than RWA model [12, 13, 22]. But, in this paper, we use RWA

model, since we find that it is suitable for our purpose of investigating the long-time

behavior of RV ðt1; t2Þ in the infinite volume limit. The reason why we employ RWA is

nothing but easy to argue the infinite volume limit for the Hamiltonian of RWA in a

mathematically rigorous way, and mathematical theories on RWA model are established

in [4, 5, 19]. If the inverse problem stated above is solved, then we can investigate the

long-time behavior of the infinite volume limit of RV ðt1; t2Þ through the infinite volume

limit Wyðt1; t2Þ of W V ðt1; t2Þ with representation (1.3). On the other hand, the long-

time behavior of the latter function is investigated in detail by Arai [5].

An answer to the inverse problem above is given by Theorem 3.1 in this paper. By

representation (1.3), we can consider the infinite volume limit Ry
b ðt1; t2Þ of RV ðt1; t2Þ,

through the right hand side of (1.3). Then, we have a representation of Ry
b ðt1; t2Þ by

using Wyðt1; t2Þ at (4.50) in §4.2. And, applying Arai’s results in [5] to the repre-

sentation, we consider the long-time behavior of Ry
b ðtÞ1Ry

b ð0; tÞ for B in Theorem 3.2

of this paper.

The present paper is organized as follows. In §2 we review some basic facts on the

Liouville space and RWA. In §3 we state our main results. In §4 we give proofs for

the main results. In the last section, as two appendices, we review Mori’s memory

kernel equation, and find an example.

The author would like to express his thanks to Professor H. Ezawa of Gakushuin

University for valuable suggestion and comments, and he wishes to express his gratitude

to Dr. M. Ban, Dr. S. Ogawa, and Dr. T. Miyake of Advanced Research Laboratory,

Hitachi Ltd., for helpful suggestions on the experimental side. He also acknowledges

helpful discussions on the inverse problem with participants in the international

workshop of ‘‘Constructive Results in Field Theory, Statistical Mechanics and Con-

densed Matter Physics,’’ satellite colloquium of ICMP-Paris, at Ecole Polytechnique on

27th of July ’94. He is grateful to the referee for his many useful and instructive

advice.

Research on §4.2 is supported by the Grant-in-Aid No.09740092 for Encouragement

of Young Scientists and No. 09640014 for Scientific Research (C).

2. Preliminaries

2.1. Liouville space

We give a complex Hilbert space l
2ðGV Þ by l

2ðGV Þ ¼
def

fðckÞk AGV
j ck A C ; k A GV ;

P
k AGV

jckj
2
< yg. For each f A C l l

2ðGV Þ, we denote f by f 0
l ð fkÞk AGV

, where
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f 0 A C and ð fkÞk AGV
A l

2ðGV Þ. An inner product ð ; Þ
Cll

2 of C l l
2ðGV Þ is given by

ð f ; gÞ
Cll

2 ¼
def

f 0g0 þ
P

k AGV
fkgk ð f ; g A C l l

2ðGV ÞÞ. We denote the symmetric Fock

space over C l l
2ðGV Þ by

F ¼
def 0

y

n¼0

SnðC l l
2ðGV ÞÞ

n
;ð2:1Þ

where SnðC l l
2ðGV ÞÞ

n is the n-fold symmetric tensor product of C l l
2ðGV Þ for each

n A N and S0ðC l l
2ðGV ÞÞ

0 ¼
def

C (see [29, p. 53, Example 2]).

We denote by að f Þ ð f A C l l
2ðGV ÞÞ the (smeared) annihilation operator on F and

set a ¼ að1l 0Þ, bk ¼ að0l ekÞ ðk A GV Þ with ek A l
2ðGV Þ such that the k 0-th com-

ponent of ek is given by ðekÞk 0 ¼ dkk 0 (the Kronecker delta) for k; k 0 A GV . The op-

erators a and a� (the adjoint of a) physically denote the annihilation and creation

operators of the quantum harmonic oscillator, respectively, and bk, b
�
k ðk A GV Þ those of

free bosons.

We consider a quantum harmonic oscillator in thermal equilibrium at an inverse

temperature b > 0 with a system of bosons with infinitely many degrees of freedom in a

finite volume. We take the Hilbert space of state vectors of the system to be F.

Let H be a strictly positive self-adjoint operator on F satisfying the condition

ðHÞ eÿtH is a trace class operator on F for every t A ð0; b�:

The operator H physically denotes the Hamiltonian of the quantum system under

consideration. Condition ðHÞ implies that the spectrum of H consists of only ei-

genvalues, each having a finite multiplicity. We set N � ¼
def

f0; 1; 2; . . .g. We denote the

eigenvalues of H by ln ðn A N
�Þ with order 0 < l0 U l1 U � � � U ln U lnþ1 U . . . ; ln %

y as n % y, counting multiplicities. We can take a complete orthonormal system

fjn j n A N
�g of F in such a way that each jn is a normalized eigenvector of H with

eigenvalue ln : Hjn ¼ lnjn.

For the Hamiltonian H, we can construct a space XcðHÞ consisting of suitable

operators on F [18, 19, 20], called a Liouville space. We denote the linear hull of

fjn jn A N
�g by D, i.e.,

D ¼
def

L:h: ½fjn j n A N
�g�:ð2:2Þ

From here on, we denote the linear hull of a set S by L:h: ½S �. Obviously D is dense in

F. Further, we denote by BðD;FÞ the space of bounded linear operators from D to

F. Every element A in BðD;FÞ has a unique extension to an element in BðFÞ, the

space of bounded linear operators on F. We denote the extension of A by Aÿ, and

A� dD (the restriction of A� to D) by Aþ.

We first define a class TðHÞ of linear operators on F. For a linear operator A on

F, we denote its domain by DðAÞ.

We say that a linear operator A on F is in the class TðHÞ if the following

conditions (T.1) and (T.2) are satisfied:

(T.1) DðAÞ ¼ D and DðA�ÞID.

When DðAÞID, we regard A as A dD and denote A dD by A only.
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(T.2) For all t in ð0; b�, eÿtHA and AeÿtH are in BðD;FÞ with ðeÿtHAÞÿ and

ðAeÿtHÞÿ being Hilbert-Schmidt operators on F.

It is easy to see that TðHÞ is a complex vector space with the natural operations of

addition and scalar multiplication. We also remark that TðHÞ may contain not only

bounded operators but also unbounded ones.

We can introduce an inner product in TðHÞ, called the Bogoliubov (Kubo-Mori)

scalar product, by

hA;BiH ¼
def 1

bZðbÞ

ð b

0

dl trððeÿðbÿlÞHA�ÞÿðeÿlHBÞÿÞð2:3Þ

for A;B A TðHÞ with

ZðbÞ ¼
def

trðeÿbHÞð2:4Þ

(see [19, Lemma 3.2]).

We denote by XcðHÞ the completion of TðHÞ in the norm k � kH of TðHÞ induced

by the inner product h� ; �iH . The Hilbert space XcðHÞ has a structure of partial �-

algebra ([19, Proposition 3.14]). We also note here that an element in XcðHÞ is not

always an operator acting in F. It is noteworthy that Naudts et al. attempted to argue

in general about linear response theory on the Hilbert space which is constructed by a

completion of a von Neumann algebra with KMS-state [27]. Similarly we can for-

mulate Mori’s theory in statistical physics in terms of XcðHÞ.

We define an operator L acting in XcðHÞ, called the Liouville operator in physics,

by

DðLÞ ¼
def

fA A TðHÞ jHA;AH dD A TðHÞg;ð2:5Þ

LA ¼
def

½H;A� ¼ HAÿ AH; A A DðLÞ:ð2:6Þ

It is shown that L is essentially self-adjoint [19, Lemma 3.8]. We denote the closure of

L by the same symbol.

The spectral properties of L can exactly be known as is shown below. Let Fm;n :

D ! D be an operator defined by

DðFm;nÞ ¼
def

D;ð2:7Þ

Fm;nx ¼
def

b1=2ZðbÞ1=2W 1=2
m;nðjn; xÞFjm; x A D; m; n A N

�;ð2:8Þ

where

Wm;n ¼
def

ln ÿ lm

eÿblm ÿ eÿbln
if lm 0 ln,

bÿ1eblm if lm ¼ ln.

8

>

<

>

:

ð2:9Þ

Note that

Wm;n > 0; m; n A N
�;ð2:10Þ

Wm;n ¼ Wn;m; m; n A N
�:ð2:11Þ
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It can be shown that fFm;ngm;n AN � is a complete orthonormal system of XcðHÞ with

LFm;n ¼ ðlm ÿ lnÞFm;n; m; n A N
�
;ð2:12Þ

Fþ
m;n ¼ Fn;m; m; n A N

�
;ð2:13Þ

(see [20, Proposition 3.9]). Moreover, we can prove

sðLÞ ¼ flm ÿ ln jm; n A N
�g;ð2:14Þ

sessðLÞ ¼ fe A sðLÞ j e is an eigenvalue of L of infinite multiplicityg;ð2:15Þ

where sðSÞ (resp. sessðSÞ) denotes the (resp. essential) spectrum of an operator S.

Remark. One can easily show that the set of possible limit points of sðLÞ is f0g.

The referee remarked this fact to the author. The author is thankful to the referee for

it. We note here that 0 is an eigenvalue of L of infinite multiplicity.

For every A A XcðHÞ and t A R, we define

AðtÞ ¼
def

e iLtA;ð2:16Þ

RAðt1; t2Þ ¼
def

hAðt1Þ;Aðt2ÞiH ; t1; t2 A R:ð2:17Þ

Remark. The vector AðtÞ can be regarded as a generalization of the Heisenberg

operator for A with the Hamiltonian H [19, Proposition 3.13]. With an interpretation

that A is an observable in the quantum system under consideration, the function

RAðt1; t2Þ physically means a two-point correlation function of the Heisenberg operator

AðtÞ of A at inverse temperature b.

Putting

RAðtÞ ¼ RAð0; tÞ;ð2:18Þ

we have

RAðt1; t2Þ ¼ RAðt2 ÿ t1Þ:ð2:19Þ

Thus, as for the correlation function RAðt1; t2Þ, we need only to consider RAðtÞ.

By (2.12) and (2.14), we have

RAðtÞ ¼
Xy

m;n¼0

Am;ne
itðlmÿlnÞð2:20Þ

with

Am;n ¼ jhFm;n;AiH j
2
V 0:ð2:21Þ

We can enumerate elements of the set

fepg
y
p¼ÿy ¼

def
sðLÞV ð0;yÞð2:22Þ

with order 0 < � � � < eÿðpþ1Þ < eÿp < � � � < eÿ1 < e0 < e1 < e2 < � � � < ep < epþ1 < � � � ;
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ep ! y as p ! y. It is easy to see that sðLÞ is reflection symmetric with respect to

the origin, so that we have

fÿepg
y

p¼ÿy ¼
def

sðLÞV ðÿy; 0Þ:ð2:23Þ

Introducing

AðGÞ
p ¼

X

m;n;lmÿln¼Gep

Am;n; p A Z;ð2:24Þ

R0
A ¼

X

m;n;lmÿln¼0

Am;n;ð2:25Þ

we can write

RAðtÞ ¼ Rÿ
AðtÞ þ Rþ

AðtÞ þ R0
A;ð2:26Þ

with

RG
A ðtÞ ¼

Xy

p¼ÿy

AðGÞ
p eGitep :

Here we set the following condition:

(A.0) There exists p0 A N such that A
ðGÞ
ÿp ¼ 0 for each p with ÿp < ÿp0.

Let

G
þ
V 1 fk A GV j kV 0g; G

ÿ
V 1 fk A GV j kU 0g:ð2:27Þ

Under assumption (A.0), we reorder fepg
y

p¼ÿ p0
as ek 1 ep for k A G

þ
V and p A

fÿp0;ÿp0 þ 1;ÿp0 þ 2; � � �g with k ¼ 2pðpþ p0Þ=V . We note here that for k A G
ÿ
V ,

ek ¼ eÿjkj ¼ ÿejkjðÿk ¼ jkj A G
þ
V Þ by the reflective symmetry above. Thus, under (A.0),

we have

RG
A ðtÞ ¼

X

k AGþ
V

A
ðGÞ
k eGitek :ð2:28Þ

We define a self-adjoint operator ~LL by

~LL ¼
def

PLP;ð2:29Þ

where P is the orthogonal projection onto

L:h: ½fFm;mjm A N
�gU fFm;njm; n A N

� with lm ÿ ln ¼ 0;Gek; k A G
þ
Vg�:

Then, under (A.0), we have

AðtÞ ¼ e i
~LLtA; t A R:ð2:30Þ

Thus, as far as the operator A satisfying (A.0) is concerned, it is su‰cient to consider ~LL

instead of L. Since we are concerned with only A satisfying (A.0) in what follows,

henceforth

we denote ~LL by L under ðA:0Þ:ð2:31Þ
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For a bounded measurable function f on ½0;yÞ, we can define the Fourier-Laplace

transform ½ f �ðzÞ ðIz > 0Þ by

½ f �ðzÞ ¼
def

ð

y

0

dt e itz f ðtÞ; Iz > 0:ð2:32Þ

Note that

RAð0Þ ¼
X

y

m;n¼0

Am;n ¼ kAk2H < y;ð2:33Þ

and hence

jRAðtÞj; jRG

A ðtÞjU kAk2H ; t A R:ð2:34Þ

By this fact, ½RA� and ½RG

A � exist. For all M;N A N and t > 0, we have

�

�

�

�

�

X

M

m¼0

X

N

n¼0

Am;ne
itðlmÿlnÞe itz

�

�

�

�

�

U kAk2He
ÿtI z

:

Hence, by the Lebesgue dominated convergence theorem, under (A.0) we obtain

½RA�ðzÞ ¼ ½Rÿ
A �ðzÞ þ ½Rþ

A �ðzÞ þ
iR0

A

z
ð2:35Þ

with

½RG

A �ðzÞ ¼ i
X

k AGþ
V

A
ðGÞ
k

zG ek
; Iz > 0:ð2:36Þ

The function on the right hand side of (2.35) is obviously meromorphic on C with

possible poles f0;Gek j k A G
þ
Vg. Thus, ½RA�ðzÞ can be extended uniquely to a mero-

morphic function on C . We denote the extension of ½RA�ðzÞ by the same symbol.

It follows from (2.35) and (2.36) that

A
ðGÞ
k ¼ lim

z!Hek

1

i
ðzG ekÞ½RA�ðzÞ; k A G

þ
V ;ð2:37Þ

R0
A ¼ lim

z!0

1

i
z½RA�ðzÞ:ð2:38Þ

Lemma 2.1. Assume (A.0). Then the function RAðtÞ is twice continuously di¤er-

entiable if and only if

X

k AGþ
V

lim
z!ek

1

i
ðzÿ ekÞ½RA�ðzÞ

� �

e
2
k < y

and

X

k AGþ
V

lim
z!ÿek

1

i
ðzþ ekÞ½RA�ðzÞ

� �

e
2
k < y:
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Proof. This lemma follows from the following well-known lemma and (2.37).

r

Lemma 2.2. Let m be a finite measure on a measure space X. Let CðtÞ ¼
Ð

X
e itxdmðxÞ, t A R. Then CðtÞ is twice continuously di¤erentiable if and only if

ð

X

x2 dmðxÞ < y:

Here we note the following lemma:

Lemma 2.3. Assume (A.0). If A A DðLÞ, then RAðtÞ is twice continuously

di¤erentiable.

Proof. Let A A DðLÞ. Then we have

0 <
X

y

m;n¼0

ðlm ÿ lnÞ
2
Am;n ¼ kLAk2H < y

by (2.21). Thus, our lemma follows from (2.14), (2.22), (2.24), (2.28), (2.37), (A.0) and

Lemma 2.1. r

Let, for k A Gþ
V ;X

ðkÞ
ÿ ðHÞ be the closed subspace generated by fFm;n jm; n A

N
� with lm ÿ ln ¼ ÿekg and PðkÞ

ÿ be the orthogonal projection from XcðHÞ onto

X
ðkÞ
ÿ ðHÞ.

Lemma 2.4. Assume (A.0). Suppose that PðkÞ
ÿ A0 0 for all k A Gþ

V . Then, for each

k A Gþ
V , there exists a simple zero ok of ½Rÿ

A �ðzÞ such that ek < ok < ekþ2p=V . Moreover,

the set of zeros of ½Rÿ
A �ðzÞ is fokgk AGþ

V
.

Proof. Let ½Rÿ
A �ðcÞ ¼ 0. Then, by (2.36), we have

P

k AGþ
V
A

ðÿÞ
k ðcÿ ekÞ

ÿ1 ¼ 0. It

is easy to see that c must be positive. The function f ðzÞ ¼
P

k AGþ
V
A

ðÿÞ
k ðzÿ ekÞ

ÿ1 is

holomorphic on Cnfekgk AGþ
V
and f 0ðzÞ ¼ ÿ

P

k AGþ
V
A

ðÿÞ
k ðzÿ ekÞ

ÿ2. It follows from this

and the assumption PðkÞ
ÿ A0 0 ðk A Gþ

V Þ that, in each interval Ik 1 ðek; ekþ2p=V Þ; f ðzÞ is

monotone decreasing with f ðzÞ ! y as z # ek and f ðzÞ ! ÿy as z " ekþ2p=V . Hence

there exists a unique ok in Ik such that f ðokÞ ¼ 0. It is easy to check that ok is simple

and that there are no zeros of f ðzÞ other than fokgk AGþ
V
. r

Under assumption (A.0) and that RAðtÞ is twice continuously di¤erentiable and

A
ðÿÞ
k 0 0 for some k, we can define

o0
V ¼

def

P

k AGþ
V

ek lim
z!ek

1

i
ðzÿ ekÞ½RA�ðzÞ

� �

P

k AGþ
V

lim
z!ek

1

i
ðzÿ ekÞ½RA�ðzÞ

� � ¼

P

k AGþ
V

ekA
ðÿÞ
k

P

k AGþ
V

A
ðÿÞ
k

:ð2:39Þ

Remark. We here note that the constant o0
V is determined by ½RA�ðzÞ only.

2.2. The Hamiltonian of RWA.

In this subsection, we introduce the Hamiltonian of RWA. Let x ¼ x0 l

ðxkÞk AGV
A C l l

2ðGV Þ be a sequence of real numbers with 0 < xk < xk 0 for k; k 0 A
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G
þ
V with k < k 0; xk ¼ xÿk for k A G

ÿ
V ðÿk A G

þ
V Þ, and limjkj!y xk ¼ y. Then, for

this x ¼ x0 l ðxkÞk AGV
and a sequence of complex numbers, y ¼ 0l ðykÞk AGV

A C l

l
2ðGV Þ, we define operators h0 and hRWA by

h0ð1l 0Þ ¼def x0 1l 0;ð2:40Þ

h0ð0l ekÞ ¼def xk 0l ek; k A GV ;ð2:41Þ

hRWA ¼def h0 þ ðy; �Þ
C l l

21l 0þ ð1l 0; �Þ
Cll

2 y:ð2:42Þ

We here assume the following condition:

jykj ¼ jyÿkj0 0; k A G
þ
V :ð2:43Þ

We now define a function DðzÞ for every z A Cnfxkgk AGV
by

DðzÞ ¼def zÿ x0 þ
X

k AGV

jykj2
xk ÿ z

¼ zÿ x0 þ
X

k AGþ
V

fykyk 2
xk ÿ z

;ð2:44Þ

where ~y0y0 ¼ jy0j and ~ykyk ¼
ffiffiffi
2

p
jykj ðk A G

þ
V with k > 0).

Then the following lemmas are well-known ([4, §II], [19, Lemma 4.1]):

Lemma 2.5. For each k A G
þ
V , there exists a simple zero Ek of DðzÞ such that E0 <

x0 1 infk AGV
xk, and xkÿ2p=V < Ek < xk for k A G

þ
V with kV 2p=V . Moreover the set of

zeros of DðzÞ is fEkgk AGþ
V
.

Lemma 2.6. h0 and hRWA are self-adjoint, and sðhRWAÞ ¼ fEkgk AGþ
V
with each Ek

simple.

As [4, 19], we define the Hamiltonian of RWA by

HRWAðx; yÞ ¼def dGðhRWAÞ;ð2:45Þ
where dGðhRWAÞ is the second quantization of hRWA.

We define two operators acting in F by

H0 ¼ dGðh0Þ ¼ x0a�aþ
X

k AGV

xkb
�
kbk;ð2:46Þ

HRWA
I ¼

X

k AGV

ðyka�bk þ ykb
�
kaÞ;ð2:47Þ

where a; bk ðk A GV Þ are the annihilation operators, and a�; b�
k ðk A GV Þ the creation

operators acting in F ([11, §IV]). Then, it follows that DðHRWA
I ÞIDðH0Þ, and

HRWAðx; yÞ ¼ H0 þHRWA
I

on DðH0Þ ([19, §IV]).

Remark. The Hamiltonian HRWAðx; yÞ of RWA is often used in the quantum

optics. HRWAðx; yÞ is derived from the Hamiltonian HLCðx; yÞ of the linear coupling
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model,

HLCðx; yÞ ¼def H0 þ
X

k AGV

ða� þ aÞðykb�
k þ ykbkÞ;ð2:48Þ

as follows: now we regard H0 and
P

k AGV
ða� þ aÞðykb�

k þ ykbkÞ as the free part and

interaction one, respectively. We have

e iH0ta�b�
ke

ÿiH0t ¼ e iðx
0þxkÞta�b�

k ;

e iH0tabke
ÿiH0t ¼ eÿiðx0þxkÞtabk;

e iH0ta�bke
ÿiH0t ¼ e iðx

0ÿxkÞta�bk;

e iH0tab�
ke

ÿiH0t ¼ eÿiðx0ÿxkÞtab�
k

for each k A GV . We here assume that the time t0 spent in observing particles in an

experimental equipment satisfies the inequality,

1

jx0 þ xkj
f t0 f

1

jx0 ÿ xkj
; k A GV :

Then the equipment can find the e¤ect of the terms for a�bk; ab�
k ðk A GV Þ, but it cannot

find that of the terms for a�b�
k ; abk ðk A GV Þ. So, in the observation using the

equipment, we can neglect the terms for a�b�
k ; abk ðk A GV Þ from (2.48), and we obtain

HRWAðx; yÞ. Thus HRWAðx; yÞ is very unnatural Hamiltonian, which brings some

troubles into physics (see [13]).

We now introduce the position and momentum operators exactly. The position

operator q and the momentum operator p are given by

q ¼def 1
ffiffiffi

2
p ðaþ a�Þ; p ¼def i

ffiffiffi

2
p ða� ÿ aÞ:ð2:49Þ

For B ¼ q; p, we define the two-point function WBðt1; t2Þ by

WBðt1; t2Þ ¼def ðW0; e
iHRWAðx;yÞt1BeÿiHRWAðx;yÞt1e iHRWAðx;yÞt2BeÿiHRWAðx;yÞt2W0ÞF:ð2:50Þ

So putting

WðtÞ ¼def 1
2 ða�

W0; e
iHRWAðx;yÞta�eÿiHRWAðx;yÞtW0ÞF;ð2:51Þ

we have

Wqðt1; t2Þ ¼ Wpðt1; t2Þ ¼ Wðt2 ÿ t1Þ:ð2:52Þ

Then, for instance, by [19, Lemma 4.5(b), (60)], we obtain

WðtÞ ¼ 1

2

X

k AGþ
V

e iEkt

D 0ðEkÞ
:ð2:53Þ
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3. Statement of the main results.

Now, we can state our main results:

Theorem 3.1. Assume that (H), (A.0) and A A TðHÞVDðLÞ is symmetric with

PðkÞ
ÿ A0 0 for all k A Gþ

V . Let o0
V be given (2.39) and fokgk AGþ

V
be the set of zeros of

½Rÿ
A �ðzÞ (Lemma 2.4). Set x ¼ x0 l ðxkÞk AGV

and y ¼ 0l ðykÞk AGV
with

x0 ¼ o0
V ; xk ¼ xÿk ¼ ok; k A Gþ

V ðso ÿ k A Gÿ
V Þ;ð3:1Þ

yk ¼
ffiffiffiffiffiffi

2p
p

rk=
ffiffiffiffi

V
p

; k A GV ;ð3:2Þ

where

r0 1 ~r0r0; rk ¼ rÿk 1 ~rkrk=
ffiffiffi

2
p

; k A Gþ
V ðso ÿ k A Gÿ

V Þð3:3Þ

ði:e:; ~ykyk ¼
ffiffiffiffiffiffi

2p
p

~rkrk=
ffiffiffiffi

V
p

Þ
and

~rkrk 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VRþ
Að0Þ

2pi½Rþ
A �

0ðÿokÞ

s

; k A Gþ
V :ð3:4Þ

Then;

(i)
P

k AGV
jykj2 ¼

2p

V

X

k AGþ
V

~rr2k < y and

sðhRWAÞnfinf sðhRWAÞg ¼ fpositive poles of ½RA�ðzÞg;

where hRWA is defined by (2.42) with x and y given above.

(ii) For all t1; t2 A R and B ¼ q; p;

RAðt1; t2Þ ¼ 2ðRAð0Þ ÿ R0
AÞRWBðt1; t2Þ þ R0

A;

where WBðt1; t2Þ is defined by (2.50) with x and y given above.

Remark. In Theorem 3.1, the assumption with respect to Hamiltonian H is (H)

only. The other assumptions are concerned with observable A.

From now on, we consider the case that the operator A is given by B ¼ q; p. So

we omit the index ‘‘Bð¼ q; pÞ’’ in RBðtÞ and RG
B ðtÞ. Moreover, we write clearly V > 0

in RBðtÞ and RG
B ðtÞ. That is RV ðtÞ1RBðtÞ and RG;V ðtÞ1RG

B ðtÞ. And besides, we

set R0;V 1R0
B.

We find functions obðkÞ and rbðkÞ ðk A RÞ such that data ok and rk ðk A GV Þ
derived from RV ðtÞ are distributed around obðkÞ and rbðkÞ respectively. We set

oÿk 1ok; k A Gþ
V :ð3:5Þ

So, we extend fokgk AGþ
V
to the sequence fokgk AGV

. In order to find such functions, we

assume the following technical conditions for existence of the infinite volume limit:
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(A.1) o0
V ! o0

b > 0 as V ! y.

(A.2) There exist a non-negative, continuously di¤erentiable function ob, and a real-

valued continuous function rb A L2ðRÞ, which satisfy the following conditions;

obðk 0Þ < obðkÞ; 0U k 0 < k;ð3:6Þ

obðÿkÞ ¼ obðkÞ; k A R;ð3:7Þ

lim
k!Gy

obðkÞ ¼ y;ð3:8Þ

m1obð0Þ ¼ inf
ÿy<k<y

obðkÞ > 0;ð3:9Þ

and there exist constants a0 > 1=2;K0 > 0; and ai > 0;Ci > 0 ði ¼ 1; 2Þ such that

jrbðkÞjU
L

1þ jkja0ð3:10Þ

for all jkjVK0 with L a constant (which may depend on a0 and K0).

jobðkÞ ÿ obðk 0ÞjUC1jk ÿ k 0ja1ð1þ obðkÞ þ obðk 0ÞÞ; k; k 0
A R;ð3:11Þ

jobðkÞ ÿ okjUC2
p

V

� �a2
; k A GV ;ð3:12Þ

ffiffiffiffiffiffi

2

o0
b

s













rb
ffiffiffiffiffiffi

ob
p













L2

< 1;ð3:13Þ

X

k AGV

obðkÞ2rbðkÞ2 < y;ð3:14Þ

ð

y

ÿy

obðkÞ2rbðkÞ2dk < y;ð3:15Þ

which implies

o
j
brb A L2ðRÞ; j ¼ ÿ1;ÿ1=2; 0; 1=2; 1:ð3:16Þ

Furthermore, for every V > 0, there exists a sequence Drk A R ðk A GV Þ such that

jrbðkÞ ÿ rkjUDrk; k A GV ;ð3:17Þ
X

k AGV

o2
kðDrkÞ

2 < y;ð3:18Þ

lim
V!y

1

V

X

k AGV

ðDrkÞ2 ¼ 0:ð3:19Þ

Then, we have

Lemma 3.1. If Ry

b ð0Þ1 limV!y RV ð0Þ and Ry

b ;0 1 limV!y R0;V exist, then

½Rþ;y
b �ðzÞ1 limV!y½Rþ;V �ðzÞ also exists.
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Proof. We note RG;V ð0Þ A R, so by (4.2), (4.10), (4.11) and (4.33) below, we have

½Rþ;V �ðzÞ ¼ ÿi
RV ð0Þ ÿ R0;V

2

� �
ÿzÿ o0

V
þ
2p

V

X

k AGþ
V

erkrk 2
ok þ z

0
@

1
A

ÿ1

:ð3:20Þ

So, we have our lemma. r

Here, to use Theorem 3.1 and Lemma 3.1, we assume that

(A.3) For every V > 0;RV ðtÞ is twice continuously di¤erentiable. And Ry
b ð0Þ1

limV!y RV ð0Þ and Ry

b;0 1 limV!y RV

0 exist.

We define a function D
b
RWAðzÞ by

D
b
RWAðzÞ ¼

def Ry
b ð0Þ ÿ Ry

b;0

2

� �
i½Rþ;y

b �ðÿzÞ
� �ÿ1

:ð3:21Þ

Remark. D
b
RWAðzÞ is Arai’s original function [5, (1.14)] multiplied by ÿ1 (see

(4.51) below).

It is clear that there exists the inverse function jbðxÞ of ob such that jbðxÞ is

di¤erentiable and monotone increasing in ðm;yÞ with

lim
x#m

jbðxÞ ¼ 0; j 0
bðxÞ ¼ ðo 0

bðjbðxÞÞÞ
ÿ1; x > m:

To use Arai’s results in [5], we assume a little more assumptions:

(A.4) (see [5, (AI)])

sup
0<e;mU x

�����

ð
y

ÿy

rbðkÞ
2

ðxÿ ieÞ ÿ obðkÞ
dk

����� < y; inf
0<e;mU x

�����D
b
RWAðxÿ ieÞ

����� < y:

(A.5) (see [5, (AII) and §IV]) There exists a constant yðbÞ A ð0; p=2Þ such that the

function j 0
bðxÞrbðjbðxÞÞ

2 has an analytic continuation I
ð0Þ
b ðzÞ onto the domain

D
b
m;y ¼

def
fz A C jRz > m;ÿyðbÞ < arg z < 0gð3:22Þ

with the following properties:

lim
e#0

I
ð0Þ
b ðxÿ ieÞ ¼ I

ð0Þ
b ðxÞ; x > m;ð3:23Þ

jI
ð0Þ
b ðzÞjU constjzjÿq0ðbÞ;ð3:24Þ

for all su‰ciently large jzj ðz A D
b
m;y) with a constant q0ðbÞV 0. Moreover,

lim
z!0; z A D

b

m; y

I
ð0Þ
b ðmþ zÞ

zp0ðb;mÞ
¼ A

ð0Þ
m
ðbÞð3:25Þ
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with constant A
ð0Þ
m ðbÞ0 0 and p0ðb;mÞV 0, and

inf
0<e<e0;mU x

jDb
RWAðxÿ ieÞ ÿ 2ipI

ð0Þ
b ðxÿ ieÞj > 0ð3:26Þ

for all su‰ciently small e0 > 0.

So by using Arai’s result [5, Theorem 1.3], we obtain the following theorem:

Theorem 3.2. For B ¼ q; p, there exists Ry
b ðt1; t2Þ1 limV!y RV ðt1; t2Þ. Let

B
ð0Þ
m ðbÞ ¼

def
ÿðDb

RWAðmÞ þ 2ipd0;p0ðmÞA
ð0Þ
m ÞDb

RWAðmÞ, and Ry
b ðtÞ1Ry

b ð0; tÞ.

(i) If Ry
b;0 0 0, then limt!y Ry

b ðtÞ ¼ Ry
b;0.

(ii) If Ry
b;0 ¼ 0, then

Ry
b ðtÞ ¼ R

þ;y
b ðtÞ þ R

þ;y
b ðÿtÞ;

R
þ;y
b ðtÞ �

t!y
ðRy

b ð0Þ ÿ Ry
b;0Þ

A
ð0Þ
m ðbÞeÿipðp0ðb;mÞþ1Þ=2Gðp0ðb;mÞ þ 1Þ

B
ð0Þ
m ðbÞ

� eÿitmtÿðp0ðb;mÞþ1Þ;

where GðzÞ is the gamma function.

Remark. Concerning part (i), if the condition that Ry
b;0 0 0 occurs, it may be the

case where there are infinitely many elements in the thermal states for every V > 0 such

that the elements are not orthogonal to B just like the superfluidity at T ¼ 0. Here the

thermal states is a physical notion given by L:h: ½fFn;ngn¼0;1;...� (i.e., L (the thermal

state) ¼ 0) in thermo field dynamics (e.g. [18]).

4. Proofs of main results.

4.1. Proof of Theorem 3.1.

In this subsection, we prove our main theorem, Theorem 3.1, by using the

mathematical structure of Mori’s memory kernel equation for quantum statistical physics

[19, 20, 21].

Lemma 4.1. For all C A TðHÞ and m; n A N
�,

hFm;n;CiH ¼ hFn;m;CþiH

Proof. By (2.8), (2.11) and (2.13), we have

bÿ1=2ZðbÞÿ1=2
Wÿ1=2

m;n hFm;n;CiH ¼ ðjm;CjnÞF

¼ ðCþjm; jnÞF ¼ ðjn;C
þjmÞF ¼ bÿ1=2ZðbÞÿ1=2

Wÿ1=2
m;n hFn;m;CþiH : r

It follows from Lemma 4.1 and A ¼ Aþ (by the present assumption in Theorem 3.1)

that Am;n ¼ An;m for each m; n A N
�, which implies that A

ðþÞ
k ¼ A

ðÿÞ
k for all k A Gþ

V .

Hence we have

Rÿ
AðtÞ ¼ Rþ

AðtÞð4:1Þ
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so that

RAðtÞ ¼ 2RRþ
AðtÞ þ R0

A:ð4:2Þ

Let XþðHÞ be the closed subspace generated by the vectors Fm;n with lm ÿ ln > 0

and Pþ be the orthogonal projection from XcðHÞ onto XþðHÞ. It follows that

PþLHLPþ. Hence the vector

Aþ ¼
def

PþAð4:3Þ

is in DðLÞ, since A is in DðLÞ. Using Parseval’s formula with respect to the complete

orthonormal system fFm;n jm; n A N
�g, one can easily show that

kAþk
2
H ¼

X

k AGþ
V

A
ðþÞ
k ¼ R

ðþÞ
A ð0Þ;

hAþ;LAþiH ¼
X

k AGþ
V

ekA
ðþÞ
k :

Hence

o
0
V ¼

hAþ;LAþiH

kAþk
2
H

ð4:4Þ

since A
ðþÞ
k ¼ A

ðÿÞ
k ðk A G

þ
V Þ, where o0

V is defined by (2.39).

Let P0 be the orthogonal projection from XcðHÞ onto the one-dimensional subspace

faAþ j a A Cg. We can define a self-adjoint operator L1 acting in ðI ÿP0ÞXcðHÞ,

called the projected Liouville operator, by

DðL1Þ ¼
def

DðLÞV ðI ÿP0ÞXcðHÞ;ð4:5Þ

L1 ¼
def

ðI ÿP0ÞLð4:6Þ

(see [19, 20, 28]).

Lemma 4.2. Assume (A.0). Then, under identification (2.31), the spectrum of the

projected Liouville operator L1 consists of isolated points only, and sessðL1Þ is a set of all

eigenvalues lm ÿ ln 0 0 ðm; n A N
�Þ with infinitely dimensional eigenspace of L.

Proof. We now define symmetric operator V acting in XcðHÞ by

DðVÞ ¼
def

DðLÞ;

V ¼
def

ÿðP0LþLP0Þ þP0LP0:

We note here that P0C A DðLÞ for every C A XcðHÞ since Aþ A DðLÞ. It is evident

that ð1ÿP0ÞLð1ÿP0Þ ¼ LþV on DðLÞ. Let Cn A DðLÞ (n A N) with conditions

supn¼1;2;...kCnkH < y and supn¼1;2;...kLCnkH < y. Then, there exist subsequences

fCkgk H fCngn and vectors B1;B2 A XcðHÞ such that w-limk!yCk ¼ B1 and

w-limk!yLCk ¼ B2. It follows that s-limk!yP0Ck ¼ P0B1 and s-limk!y P0LCk ¼
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P0B2 since P0 is a finite rank operator, so a compact operator. And besides, we have

LP0Ck ¼
hAþ;CkiH

hAþ;AþiH
LAþ !

hAþ;B1iH

hAþ;AþiH
LAþ

as k ! y. Therefore, we have

VCk ! ÿP0B2 þ
hAþ;B1iH

hAþ;AþiH
ðÿLAþ þP0LAþÞ

as k ! y. Thus, V is relatively compact with respect to L, so that LþV is self-

adjoint, and sessðLÞ ¼ sessðLþVÞ. Hence it follows our lemma from (2.14), (2.15)

and (2.31). r

Let

AþðtÞ ¼
def

e iLtAþ; t A R:ð4:7Þ

Then we have

Rþ
AðtÞ ¼ hAþ;AþðtÞiH :

Let

IþðtÞ ¼
def

ie iL1tðI ÿP0ÞLAþ; t A R;ð4:8Þ

fþðtÞ ¼
def hIþð0Þ; IþðtÞiH

kAþk
2
H

; t A R:ð4:9Þ

Then AþðtÞ satisfies Mori’s memory kernel equation

d

dt
AþðtÞ ¼ io0

VAþðtÞ ÿ

ð t

0

fþðtÿ sÞAþðsÞ dsþ IþðtÞ; t A R;

(see Theorem A.1(iii) in §5. Appendix). Since hAþ; IþðtÞiH ¼ 0, it follows that, by

Theorem A.1(i) in §5. Appendix,

d

dt
Rþ

AðtÞ ¼ io0
VR

þ
AðtÞ ÿ

ð t

0

fþðtÿ sÞRþ
AðsÞ ds:ð4:10Þ

Lemma 4.3. Assume (A.0). Let ok ðk A Gþ
V Þ be the zeros of ½Rÿ

A �ðzÞ (Lemma 2.4).

Then fokgk AGþ
V
H sðL1Þ and

fþðtÞ ¼
X

k AGþ
V

Rþ
Að0Þ

i½Rþ
A �

0ðÿokÞ
e itok ¼

X

k AGþ
V

~yy2ke
itok ¼

2p

V

X

k AGþ
V

~rr2ke
itokð4:11Þ

with

X

k AGþ
V

�

�

�

�

1

½Rþ
A �

0ðÿokÞ

�

�

�

�

< y:ð4:12Þ
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Proof. By Lemma 4.2 and the fact dimðI ÿP0ÞXcðHÞ ¼ y, there exist real

constants gk ðk A Gþ
V Þ and vectors Ck A DðL1Þ such that L1Ck ¼ gkCk ðk A Gþ

V Þ; gk 0
g j if k0 j; and sðL1Þ ¼ fgkgk AGþ

V
. Then we have

fþðtÞ ¼
1

Rþ
Að0Þ

X

k AGþ
V

ake
itgkð4:13Þ

with ak ¼ jhCk; ðI ÿP0ÞLAþiH j2. It is easy to see that ½fþ�ðzÞ ðIz > 0Þ can be

analytically continued as a meromorphic function on C with

½fþ�ðzÞ ¼
i

Rþ
Að0Þ

X

k AGþ
V

ak

zþ gk
:ð4:14Þ

On the other hand, by Theorem A.1(ii) in §5. Appendix, (4.10) gives

½fþ�ðzÞ ¼ iðzþ o0
V Þ þ

Rþ
Að0Þ

½Rþ
A �ðzÞ

:ð4:15Þ

From this and (4.14), it follows that ÿgk with ak 0 0 is a zero of ½Rþ
A �ðzÞ and we have

ak ¼
Rþ

Að0Þ
2

i½Rþ
A �

0ðÿgkÞ
> 0:ð4:16Þ

It is obvious that any zero of ½Rþ
A �ðzÞ is a pole of ½fþ�ðzÞ and hence it is equal to one of

ÿgk’s with ak 0 0. Since ½Rÿ
A �ðzÞ ¼ ½Rþ

A �ðÿzÞ by (4.1), we have gk ¼ ok, namely the

set of zeros of ½Rþ
A �ðzÞ is equal to fÿokgk AGþ

V
. Thus the first half of lemma fol-

lows. Putting (4.16) and gk ¼ ok into (4.13), we obtain (4.11). Since
P

k AGþ
V
ak ¼

kðI ÿP0ÞLAþk2H < y, we have (4.12). r

Proof of part (i) of Theorem 3.1. The fact
P

k AGþ
V
jykj2 < y follows from (4.12).

It is clear that the set of positive poles of ½RA�ðzÞ is equal to the set of poles of ½Rÿ
A �ðzÞ,

i.e., fekgk AGþ
V
. By (3.20), (4.14), (4.15), Lemma 4.3, and the fact limz!ÿek1=½Rþ

A �ðzÞ ¼ 0,

we have

ek ÿ o0
V þ

X

‘ A Gþ
V

Rþ
Að0Þ

i½Rþ
A �

0ðÿo‘Þ
1

o‘ ÿ e‘
¼ 0;

i.e., ek is a solution to DðzÞ ¼ 0 with x0 ¼ o0
V , xk ¼ xÿk ¼ ok ðk A Gþ

V Þ, and y0 ¼ ~y0y0,

y‘ ¼ yÿ‘ ¼
ffiffiffi

2
p

~y‘y‘, where ~y‘y‘
2 ¼ Rþ

Að0Þ=i½Rþ
A �

0ðÿo‘Þ ð‘ A Gþ
V Þ. Hence ek ¼ Ek (k A Gþ

V :

see Lemma 2.5 in §2.2). Thus, by Lemma 2.6 in §2.2, we obtain the desired result.

Proof of part (ii) of Theorem 3.1. Let WðtÞ be given by (2.51) in §2.2. Let

a�ðtÞ ¼ e iHRWAðx;yÞta�eÿiHRWAðx;yÞt; t A R:

Then we can show that

d

dt
a�ðtÞ ¼ ix0a�ðtÞ ÿ

ð t

0

fRWAðtÿ sÞa�ðsÞ dsþ IRWAðtÞ;

where
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IRWAðtÞ ¼ i
X

k AGV

e ixk t ykb
�
k ; fRWAðtÞ ¼

X

k AGV

y2ke
ixkt

(see [17], [19, (120)]). Since ða�W0; IRWAðtÞW0ÞF ¼ 0, it follows that

d

dt
WðtÞ ¼ ix0WðtÞ ÿ

ð t

0

fRWAðtÿ sÞWðsÞ ds:

Note that Wð0Þ ¼ 1=2. Take x0; xk and yk as in the assumption of Theorem 3.1. Then

fþðtÞ ¼ fRWAðtÞ ðt A RÞ. Hence WðtÞ obeys the same equation as that Rþ
AðtÞ satisfies

(see (4.10)). Thus, by the uniqueness of solution to Eq. (4.10), we have

Rþ
AðtÞ ¼ 2RAð0ÞWðtÞ; t A R:

Putting this expression into (4.2), we obtain the desired result. Note that, by (4.1),

2Rþ
Að0Þ ¼ RAð0Þ ÿ R0

A and RG

A ð0Þ A R.

4.2. Proof of Theorem 3.2.

We prepare basic tools from [7, 8, 16]. Let Fy
b be the symmetric Fock space given

by standing ‘2ðGV Þ for L2ðRÞ in (2.1), i.e.,

F
y
b ¼

def 0
y

n¼0

SnðL
2ðRÞÞn:ð4:17Þ

We use the operator-valued distribution kernels bðkÞ and bðkÞ� of the standard

smeared annihilation and creation operators, respectively [11, (4.3.13)–(4.3.15)].

We define a Hamiltonian Hb of boson free particles in the infinite volume by

Hb ¼
def

dGðobÞ ¼

ðy

ÿy

obðkÞbðkÞ
�
bðkÞ dk:ð4:18Þ

We can define the Fock space F
V
b for the volume V by standing ‘2ðGV Þ for C l ‘2ðGV Þ

in (2.1), i.e.,

F
V
b ¼

def 0
y

n¼0

Snð‘
2ðGV ÞÞ

n;ð4:19Þ

which describes state vectors of bosons in the finite box ½ÿV=2;V=2�. Then we can

identify F
V
b with the subspace of F

y
b since each element in Snð‘

2ðGV ÞÞ
n can be

identified with a piecewise constant function in SnðL
2ðRÞÞn which is a constant on

each cube of volume ð2p=VÞn centered about a lattice point ðk1; . . . ; knÞ A G n
V 1GV �

GV � � � � � GV .

The periodic annihilation and creation operator-valued distribution kernels bV ðkÞ

and bV ðkÞ
� are defined by

bV ðkÞ ¼
def V

2p

� �1=2ð p=V

ÿp=V

bðk þ lÞdl;ð4:20Þ

bV ðkÞ
� ¼
def V

2p

� �1=2ð p=V

ÿp=V

bðk þ lÞ�dlð4:21Þ

acting in F
V
b .
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We define functions oV
b and o

ðVÞ
b by

oV
b ðkÞ ¼

def
obðkV Þ;ð4:22Þ

o
ðVÞ
b ðkÞ ¼

def
okVð4:23

for k A R with kV a discrete point closed to k:

kV A GV ; with jk ÿ kV jU
p

V
:ð4:24Þ

We define Hamiltonians H V
b and H

ðVÞ
b of boson free particles in the finite volume

V > 0 by

HV
b ¼

def
dGðoV

b Þ ¼

ð

y

ÿy

oV
b ðkÞbðkÞ

�
bðkÞ dk;ð4:25Þ

H
ðVÞ
b ¼

def
dGðo

ðVÞ
b Þ ¼

ð

y

ÿy

o
ðVÞ
b ðkÞbðkÞ�bðkÞ dk:ð4:26Þ

We set

CV
1 1C1

p

V

� �a1 1

2m
þ 1

� �

; CV
2 1C2 max

1

m
;
1

e0

� �

p

V

� �a2
:ð4:27Þ

In what follows we assume that

CV
i < 1; i ¼ 1; 2ð4:28Þ

since this is satisfied for all su‰ciently large V. Here we note that (3.11) implies

jobðkÞ ÿ oV
b ðkÞjU

2CV
1

1ÿ CV
1

obðkÞ; k A Rð4:29Þ

joV
b ðkÞ ÿ o

ðVÞ
b ðkÞjUCV

2 oV
b ðkÞ; k A Rð4:30Þ

(see [8, proof of Lemma 3.1]).

In the same way as [7, Lemma 3.1] and [8, Lemma 3.1], by (3.11) with (4.29), (3.12)

with (4.30), (3.9) and (4.24) we have the following lemma:

Lemma 4.4. DðH V
b Þ ¼ DðH

ðVÞ
b Þ ¼ DðHbÞ

and

kðHb ÿHV
b ÞCk

F
y

b
U

2CV
1

1ÿ CV
1

kHbCk
F

y

b
;

kðHV
b ÿH

ðVÞ
b ÞCk

F
y

b
UCV

2 kHV
b Ck

F
y

b

for C A DðHbÞ.

In the same way as [7, Lemma 3.3 and (3.12)], by (3.10), we can define a function

rV
b A L2ðRÞ as
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rV
b ¼def L2ÿ lim

K!y

X

‘ A GV ;j‘jUK

rbð‘Þw½‘ÿp=V ; ‘þp=V �ð4:31Þ

¼
X

‘ A GV

rbð‘Þw½‘ÿp=V ; ‘þp=V �;

where wI denotes the characteristic function of an interval I. Moreover, we define r
ðVÞ
b

on R by

r
ðVÞ
b ¼def

X

‘ A GV

r‘w½‘ÿp=V ; ‘þp=V �;ð4:32Þ

where r‘’s were given in (3.3). We note that r
ðVÞ
b A L2ðRÞ by Theorem 3.1(i) and (3.2).

Lemma 4.5.

(i) limV!y krV
b ÿ rbkL2 ¼ 0:

(ii) limV!y krV
b ÿ r

ðVÞ
b kL2 ¼ 0:

(iii) limV!y













rV
b
ffiffiffiffiffiffiffi

oV
b

q ÿ
rb
ffiffiffiffiffiffi

ob
p













L2

¼ 0:

(iv) limV!y













rV
b
ffiffiffiffiffiffiffi

oV
b

q ÿ
r
ðVÞ
b
ffiffiffiffiffiffiffiffiffiffi

o
ðVÞ
b

q













L2

¼ 0:

(v) For every z A C with Iz0 0,

lim
V!y

2p

V

X

‘ A Gþ
V

~r‘r‘
2

o‘ þ z
¼ lim

V!y

ð

y

ÿy

r
ðVÞ
b ðkÞ2

o
ðVÞ
b ðkÞ þ z

dk ¼
ð

y

ÿy

rbðkÞ2

obðkÞ þ z
dkð4:33Þ

Proof. Since we can use (3.10) as a growth condition for rb, in the same way as [7,

Lemma 4.2], we have part (i). By (3.9) and (3.10), we have

�

�

�

�

�

rbðkÞ
ffiffiffiffiffiffiffiffiffiffiffiffi

obðkÞ
p

�

�

�

�

�

U
L
ffiffiffiffi

m
p 1

1þ jkja0 ;

which is a growth condition for rb=
ffiffiffiffiffiffi

ob
p

. So we have part (iii) in the same way as part

(i). Part (ii) follows from (3.19). We have the following inequality by Lemma 2.4,

(3.12), (3.19) and part (i):

rV
b
ffiffiffiffiffiffiffi

oV
b

q ÿ
r
ðVÞ
b
ffiffiffiffiffiffiffiffiffiffi

o
ðVÞ
b

q











































2

L2

U
2
ffiffiffiffi

e0
p 2p

V

X

‘ A GV

ðhr‘Þ2 þ
2
ffiffiffiffiffiffiffiffi

me0
p 2p

V

X

‘ A GV

�

�

�

�

�

ffiffiffiffiffiffi

o‘
p ÿ

ffiffiffiffiffiffiffiffiffiffiffiffi

obð‘Þ
q

�

�

�

�

�

2

rbð‘Þ2

U
2
ffiffiffiffi

e0
p 2p

V

X

‘ A GV

ðhr‘Þ2 þ
2
ffiffiffiffiffiffiffiffi

me0
p C 2

2

ð ffiffiffiffi

e0
p þ ffiffiffiffi

m
p Þ2

p

V

� �2a2

krV
b k

2
L2 ! 0

An inverse problem in quantum field theory 357



as V ! y, which is a proof of part (iv). For every z A C with Iz0 0, we have

ð4:34Þ

JðzÞ1
�

�

�

�

�

ð

y

ÿy

r
ðVÞ
b ðkÞ2

o
ðVÞ
b ðkÞ þ z

ÿ
rbðkÞ2

obðkÞ þ z

0

@

1

A dk

�

�

�

�

�

U

�

�

�

�

�

ð

y

ÿy

�

1

o
ðVÞ
b ðkÞ þ z

ðrðVÞ
b ðkÞ2 ÿ rV

b ðkÞ
2Þ

þ 1

o
ðVÞ
b ðkÞ þ z

ÿ 1

oV

b ðkÞ þ z

0

@

1

ArV

b ðkÞ
2

�

dk

�

�

�

�

�

þ
�

�

�

�

�

ð

y

ÿy

�

1

oV

b ðkÞ þ z
ðrV

b ðkÞ
2 ÿ rbðkÞ2Þ

þ 1

oV

b ðkÞ þ z
ÿ 1

obðkÞ þ z

 !

rbðkÞ2
�

dk

�

�

�

�

�

U
1

jIzj

ð

y

ÿy

jrðVÞ
b ðkÞ2 ÿ rV

b ðkÞ
2j dk þ

ð

y

ÿy

jrV

b ðkÞ
2 ÿ rbðkÞ2j dk

� �

þ 1

jIzj2
ð

y

ÿy

joV

b ðkÞ ÿ o
ðVÞ
b ðkÞjrV

b ðkÞ
2
dk þ

ð

y

ÿy

jobðkÞ ÿ oV

b ðkÞjrbðkÞ
2
dk

� �

:

By Schwarz’s inequality,

ð

y

ÿy

jrðVÞ
b ðkÞ2 ÿ rV

b ðkÞ
2j dkU ðkrðVÞ

b k
L2 þ krV

b kL2ÞkrðVÞ
b ÿ rV

b kL2 ;ð4:35Þ

ð

y

ÿy

jrV

b ðkÞ
2 ÿ rbðkÞ2j dkU ðkrV

b kL2 þ krbkL2ÞkrV

b ÿ rbkL2 :ð4:36Þ

By (3.12), (3.16) and (4.29),

ð

y

ÿy

joV

b ðkÞ ÿ o
ðVÞ
b ðkÞjrV

b ðkÞ
2
UC2

p

V

� �a
2

krV

b k
2
L2 ;ð4:37Þ

ð

y

ÿy

jobðkÞ ÿ oV

b ðkÞjrbðkÞ
2
U

2CV

1

1ÿ CV

1

k ffiffiffiffiffiffi

ob
p

rbk2L2 :ð4:38Þ

By (4.34)–(4.38),

JðzÞU 1

jIzj fðkr
ðVÞ
b k

L2 þ krV

b kL2ÞkrðVÞ
b ÿ rV

b kL2 þ ðkrV

b kL2 þ krbkL2ÞkrV

b ÿ rbkL2g

þ 1

jIzj2
C2

p

V

� �a
2

krV

b k
2
L2 þ

2CV

1

1ÿ CV

1

k ffiffiffiffiffiffi

ob
p

rbk2L2

� �

! 0
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as V ! y since limV!ykrðVÞ
b kL2 ¼ krbkL2 ¼ limV!ykrV

b kL2 and limV!ykrðVÞ
b ÿ

rV
b kL2 ¼ 0 ¼ limV!ykrV

b ÿ rbkL2 by parts (i) and (ii). So we obtain part (v). r

Let H V
a and Ha be self-adjoint operators defined as the closure of o0

Va
�a and o0

ba
�a,

respectively, where a and a� above are annihilation and creation operators acting in

L2ðRÞ defined by a fn ¼def ffiffiffi

n
p

fnÿ1 and a� fn ¼def
ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p

fnþ1, respectively, for a complete

orthonormal basis f fngn AN � of L2ðRÞ.
Let

F
y ¼def L2ðRÞnF

y
b :ð4:39Þ

We define Hamiltonians HRWA, HV
RWA, and H

ðVÞ
RWA by

HRWA ¼def H0 þHI ;ð4:40Þ

H0 1Ha n I þ I nHb;

HI 1

ðy

ÿy

rbðkÞða� n bðkÞ þ an bðkÞ�Þ dk;

HV
RWA ¼def HV

0 þH V
I ;ð4:41Þ

HV
0 1HV

a n I þ I nHV
b ;

HV
I 1

ðy

ÿy

rV
b ðkÞða� n bðkÞ þ an bðkÞ�Þ dk;

H
ðVÞ
RWA ¼def HðVÞ

0 þH
ðVÞ
I ;ð4:42Þ

H
ðVÞ
0 1HV

a n I þ I nH
ðVÞ
b ;

H
ðVÞ
I 1

ðy

ÿy

r
ðVÞ
b ðkÞða� n bðkÞ þ an bðkÞ�Þ dk:

We note that, for n ¼ ÿ1=2; 0; 1, ðobÞnrb A L2ðRÞ by (3.9) and (3.16). Similarly,

(3.14) implies ðoV
b Þ

n
rV
b A L2ðRÞ for n ¼ ÿ1=2; 0; 1. By (3.12), (3.17) and (3.18), we

have

koðVÞ
b r

ðVÞ
b k2L2U

4p

V

X

‘ A GV

o2
‘ ðDr‘Þ

2 þ 4koV
b r

V
b k

2
L2 þ 4C2

2

p

V

� �2a
2

krV
b k

2
L2 ;

which implies ðoðVÞ
b ÞnrðVÞ

b A L2ðRÞ ðn ¼ ÿ1=2; 0; 1Þ. So, by Lemma 4.4, and applying [4,

Proposition2.1] to (3.15) and (3.16),

Lemma 4.6. (i) DðHV
0 Þ ¼ DðHðVÞ

0 Þ ¼ DðH0Þ, and
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kðH V
0 ÿH0ÞCkU

ffiffiffi

2
p

max
2CV

1

1ÿ CV
1

;
jo0

V ÿ o0
b j

o0
b

( )

kH0Ck;

kðHðVÞ
0 ÿH V

0 ÞCkU
ffiffiffi

2
p

CV
2 kH V

0 Ck
for C A DðH0Þ.

(ii) DðH0ÞHDðHa
RWAÞ and the closure of Ha

RWA dDðH0Þ is essentially self-adjoint on

any core for Ha
0 , where Ha

0 ¼ H0 (if Ha
RWA ¼ HRWA); H

a
0 ¼ H V

0 (if Ha
RWA ¼ H V

RWA);

Ha
0 ¼ H

ðVÞ
0 (if Ha

RWA ¼ H
ðVÞ
RWA).

By using well-known inequalities [11, (4.3.33) and (4.3.34)] with respect to creation

and annihilation operators, and noticing f =
ffiffiffiffiffiffi

ob
p

A L2ðRÞ for every f A L2ðRÞ since

m; e0 > 0, we have

Lemma 4.7. For C A DðHa1=2
0 Þ, f A L2ðRÞ,

kan bð f Þ�CkUF 1
e ðo0

a;oa
b ; f ÞkHa

0 Ck þ G1
e ðo0

a; f ÞkCk;

ka� n bð f ÞCkUF 2
e 0ðo0

a;oa
b ; f ÞkHa

0 Ck þ G2
e 0ðoa

b ; f ÞkCk;

where

F 1
e ðo0

a;oa
b ; f Þ1 1

ffiffiffiffiffiffiffiffi

o0
a

q

1

2
k f =

ffiffiffiffiffiffiffiffi

oa
b

q

kL2 þ ek f kL2

� �

;

F 2
e 0ðo0

a;oa
b ; f Þ1

ffiffiffiffiffiffiffiffiffiffi

1

2o0
a

s

þ e 0
 !

k f =
ffiffiffiffiffiffiffiffi

oa
b

q

kL2 ;

G1
e ðo0

a; f Þ1 k f kL2

4e
ffiffiffiffiffiffiffiffi

o0
a

q ;

G2
e 0ðoa

b ; f Þ1
k f =

ffiffiffiffiffiffiffiffi

oa
b

q

kL2

4e 0
:

for every e; e 0 > 0, where

o0
a ¼ o0

b (if Ha
0 ¼ H0Þ; o0

a ¼ o0
V (if Ha

0 ¼ H V
0 ;H

ðVÞ
0 ), and oa

b ¼ ob (if Ha
0 ¼ H0);

oa
b ¼ oV

b (if Ha
0 ¼ HV

0 ); oa
b ¼ o

ðVÞ
b (if Ha

0 ¼ H
ðVÞ
0 ).

We set

Fe; e 0ðo0
a;oa

b ; f Þ1F 1
e ðo0

a;oa
b ; f Þ þ F 2

e 0ðo0
a;oa

b ; f Þð4:43Þ

¼
ffiffiffiffiffiffiffiffi

2

o0
a

s

k f =
ffiffiffiffiffiffiffiffi

oa
b

q

kL2 þ
e
ffiffiffiffiffiffiffiffi

o0
a

q k f kL2 þ e 0k f =
ffiffiffiffiffiffiffiffi

oa
b

q

kL2

U

ffiffiffiffiffiffiffiffi

2

o0
a

s

þ e 0
 !

max
1
ffiffiffiffi

m
p ;

1
ffiffiffiffi

e0
p

� �

þ e
ffiffiffiffiffiffiffiffi

o0
a

q

8

>

<

>

:

9

>

=

>

;

k f kL2 ;
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Ge;e 0ðo0
a
;oa

b ; f Þ1G1
e ðo0

a
; f Þ þ G2

e 0ðoa

b ; f Þð4:44Þ

¼ 1

4

k f kL2

e
ffiffiffiffiffiffiffiffi

o0
a

q þ
k f =

ffiffiffiffiffiffiffiffi

oa

b

q

kL2

e 0

0

B

@

1

C

A

U
1

4

1

e
ffiffiffiffiffiffiffiffi

o0
a

q þ 1

e 0
max

1
ffiffiffiffi

m
p ;

1
ffiffiffiffi

e0
p

� �

8

>

<

>

:

9

>

=

>

;

k f kL2 :

By Lemmas 4.5, 4.6, 4.7 with (A.1) and (3.13), similarly to [8, Lemma 3.4],

Lemma 4.8. (i) There exist constant c1 > 0 and d1 > 0 (c1 and d1 may depend on e,

e 0 > 0 in Lemma 4.7) such that

kH0CkU c1kHRWACk þ d1kCk; C A DðH0Þ:

In particular, for all z A CnR, H0ðHRWA ÿ zÞÿ1
is bounded.

(ii) There exist constant c2 > 0 and d2 > 0 independent of V (c2 and d2 may depend on

e, e 0 > 0 in Lemma 4.7) such that

kHV
0 CkU c2kH V

RWACk þ d2kCk; C A DðH0Þ

for su‰ciently large V > 0. In particular, for all z A CnR, H V
0 ðHV

RWA ÿ zÞÿ1
is bounded.

Lemma 4.9. For all z A CnR,

lim
V!y

kðHðVÞ
RWA ÿ zÞÿ1 ÿ ðH V

RWA ÿ zÞÿ1k ¼ 0;

limV!ykðHV
RWA ÿ zÞÿ1 ÿ ðHRWA ÿ zÞÿ1k ¼ 0;

so

lim
V!y

kðHðVÞ
RWA ÿ zÞÿ1 ÿ ðHRWA ÿ zÞÿ1k ¼ 0:

Proof. We can prove our lemma in the same way as [8, Lemma 3.5]. We have

ðHðVÞ
RWA ÿ zÞÿ1 ÿ ðHV

RWA ÿ zÞÿ1 ¼ L1ðVÞ þ L2ðVÞ;

where

L1ðVÞ1 ðHðVÞ
RWA ÿ zÞÿ1ðHV

0 ÿH
ðVÞ
0 ÞðH V

RWA ÿ zÞÿ1;

L2ðVÞ1 ðHðVÞ
RWA ÿ zÞÿ1ðHV

I ÿH
ðVÞ
I ÞðH V

RWA ÿ zÞÿ1:

By Lemma 4.8(ii) and using kðH V
RWA ÿ zÞÿ1kU jIzjÿ1, we have

kHV
0 ðH V

RWA ÿ zÞÿ1kU c2 1þ jzj
jIzj

� �

þ d2

jIzj ;ð4:45Þ
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where c2 and d2 are in Lemma 4.8(ii), so they are independent of V > 0. By Lemma

4.6(i), (4.45) and using kðHðVÞ
RWA ÿ zÞÿ1kU jIzjÿ1, we have

kL1ðVÞkU
ffiffiffi

2
p

jIzjC
V
2 c2 1þ jzj

jIzj

� �

þ d2

jIzj

� �

! 0

as V ! y. By (4.43), (4.44), (4.45) and applying Lemma 4.7 to f ¼ rV
b ÿ r

ðVÞ
b A

L2ðRÞ, we have

kðH V
I ÿH

ðVÞ
I ÞðH V

RWA ÿ zÞÿ1k

UFe; e 0ðo0
V ;o

V
b ; r

V
b ÿ r

ðVÞ
b ÞkHV

0 ðH V
RWA ÿ zÞÿ1k

þ Ge; e 0ðo0
V ;o

V
b ; r

V
b ÿ r

ðVÞ
b ÞkðH V

RWA ÿ zÞÿ1k

U

ffiffiffiffiffiffiffi

2

o0
V

s

þ e 0
 !

max
1
ffiffiffiffi

m
p ;

1
ffiffiffiffi

e0
p

� �

þ e
ffiffiffiffiffiffiffi

o0
V

q

8

>

<

>

:

9

>

=

>

;

c2 1þ jzj
jIzj

� �

þ d2

jIzj

� �

krV
b ÿ r

ðVÞ
b kL2

þ 1

4jIzj
1

e

ffiffiffiffiffiffiffi

o0
V

q þ 1

e 0
max

1
ffiffiffiffi

m
p ;

1
ffiffiffiffi

e0
p

� �

8

>

<

>

:

9

>

=

>

;

krV
b ÿ r

ðVÞ
b kL2 :

By the inequality above, Lemma 4.5(ii), (A.1) and using kðHðVÞ
RWA ÿ zÞÿ1kU jIzjÿ1, we

have limV!ykL2ðVÞk ¼ 0. Thus, we obtain the first statement of our lemma. The

second statement of our lemma can be proven similarly to the first one, and the last

statement follows from the first and second ones. r

Let

F
V 1L2ðRÞnF

V
b :

By using the same way as the proof in [8, Lemmas 3.6, 3.7] with Lemma 4.6(ii), we can

show the following lemma:

Lemma 4.10. (i) The operator H
ðVÞ
b is reduced by F

V
b and

H
ðVÞ
b dFV

b ¼
X

k AGV

okbV ðkÞ�bV ðkÞ;

the second quantization of o
ðVÞ
b d ‘2ðGV Þ ¼ fokgk AGV

in F
V
b .

(ii) The operator H
ðVÞ
RWA is reduced by F

V .

It is well known that

F ¼ 0
y

n¼0

SnðC l ‘2ðGV ÞÞn GL2ðRÞn 0
y

n¼0

Snð‘2ðGV ÞÞn ¼ L2ðRÞnF
V
b ¼ F

V

since C and ‘2ðGV Þ intersect orthogonally in C l ‘2ðGV Þ. So, by Lemma 4.10, we can

identify HRWAðx; yÞ acting in F, given by (2.1) in Section 2, as H
ðVÞ
RWA acting in F

V .
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For simplicity, we set

W V ðt1; t2Þ1WBðt1; t2Þð4:46Þ

¼ ðW; e iH
ðVÞ

RWA
t1BeÿiH

ðVÞ

RWA
t1e iH

ðVÞ

RWA
t2BeÿiH

ðVÞ

RWA
t2WÞ

F
V ;

W V ðtÞ1WðtÞð4:47Þ

¼
1

2
ða� n IW; e iH

ðVÞ

RWA
tða� n IÞeÿiH

ðVÞ

RWA
tWÞ

F
V ;

Wyðt1 ; t2Þ1 ðW; e iHRWAt1BeÿiHRWAt1e iHRWAt2BeÿiHRWAt2WÞ
F

yð4:48Þ

WyðtÞ1
1

2
ða� n IW; e iHRWAtða� n IÞeÿiHRWAtWÞ

F
y ;ð4:49Þ

where W1 f0 nW0, W0 is the Fock vacuum of F
V
b and F

y
b . We remember that

W V ðt1; t2Þ ¼ W V ðt2 ÿ t1Þ (see (2.52)), and similarly we have Wyðt1; t2Þ ¼ Wyðt2 ÿ t1Þ.

Proof of Theorem 3.2.

By Lemma 4.9, for ðx; yÞ given in Theorem 3.1, H
ðVÞ
RWA ! HRWA in the norm

resolvent sense as V ! y through the identification in the remark after Lemma 4.10.

So, by [29, Theorem VIII.21], we have

Wyðt1; t2Þ ¼ lim
V!y

W V ðt1; t2Þ;

so by Theorem 3.1, there exists

Ry
b ðt1; t2Þ1 lim

V!y
RV ðt1; t2Þ

such that

Ry
b ðt1; t2Þ ¼ ðRy

b ð0Þ ÿ Ry
b;0ÞðW

yðt1; t2Þ þWyðt2; t1ÞÞ þ Ry
b;0;ð4:50Þ

where we note 2RWyðt1; t2Þ ¼ Wyðt1; t2Þ þWyðt2; t1Þ.

On the other hand, like as (3.20), by (4.1), (4.10), (4.11) and (4.33), we have

D
b
RWAðzÞ ¼ zÿ o0

b þ

ðy
ÿy

rbðkÞ
2

obðkÞ ÿ z
dk:ð4:51Þ

Therefore, Theorem 3.2 follows from Arai’s result [5, (1.5) and Theorem 1.3(a)].

5. Appendix

5.1. Mori’s memory kernel equation.

In this subsection, we recall briefly Mori’s memory kernel equation [25, 26]. Let X

be a Hilbert space with an inner product ð ; ÞX;L a self-adjoint operator in X with

domain DðLÞ, and A a non-zero element in DðLÞ, where the inner product ð ; ÞX is

linear in the right vector.
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We consider a stationary curve fAðtÞ j t A Rg defined by AðtÞ ¼
def

e iLtA ðt A RÞ and

the autocorrelation function RA of A given by RAðtÞ ¼
def

ðAð0Þ;AðtÞÞX.

Let X0 be the closed subspace generated by A, and P0 and X1 the orthogonal

projection operator on X0 and the complementary subspace of X0 in X, respectively.

Then we define a linear operator L1 on the Hilbert space X1 by

DðL1Þ ¼
def

ð1ÿP0ÞXVDðLÞ

L1x ¼
def

ð1ÿP0ÞLx; x A DðL1Þ:

From this, we note that L1 is a self-adjoint operator acting in the Hilbert space X1 [25,

28]. And we define Mori’s frequency o
A
, fluctuation IAðtÞ ðt A RÞ and memory function

f
A
by

o
A
¼
def

ÿðAð0Þ;LAð0ÞÞXðAð0Þ;Að0ÞÞ
ÿ1
X ;ð5:1Þ

IAðtÞ ¼
def

ie iL1tð1ÿP0ÞLA; t A R;ð5:2Þ

f
A
ðtÞ ¼

def
ðIAð0Þ; IAðtÞÞXðAð0Þ;Að0ÞÞ

ÿ1
X ; t A R:ð5:3Þ

We note here that we change the original definition of Mori’s frequency into (5.1) to

discuss our argument. Then we have the following theorem:

Theorem A.1. ([25, 26, 28]). (i) For all t A R,

d

dt
RAðtÞ ¼ ÿio

A
RAðtÞ ÿ

ð t

0

ds f
A
ðtÿ sÞRAðsÞ:

(ii) For all z A C
þ ¼

def
fz A C jIz > 0g,

ð
y

0

dt e itzRAðtÞ ¼ RAð0Þ
1

io
A
ÿ izþ

ð
y

0

dt e itzf
A
ðtÞ

:

(iii) For all t A R,

d

dt
AðtÞ ¼ ÿio

A
AðtÞ ÿ

ð t

0

ds f
A
ðtÿ sÞAðsÞ þ IAðtÞ:ð5:4Þ

Equation (5.4) is Mori’s memory kernel equation, or Mori’s Langevin equation.

5.2. An example of the Hamiltonian H and the observable A in Theorem 3.1.

In this subsection, we give an example of the Hamiltonian H and the observable A

in Theorem 3.1. We find the example in [6].

There are many examples in models with free or quasi-free Hamiltonians which are

solvable. However, it is worth applying our theory to non-quasi-free (unsolvable)

models rather than quasi-free (solvable) ones.

Let H be a separable real Hilbert space with inner product ð ; Þ
H
, and hB a strictly

positive self-adjoint operator acting in H such that

ðhÞB for some constant a > 0, h
ÿa=2
B is Hilbert-Schmidt on H.
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Then we obtain a real Hilbert space Hÿ1 by the completion of H with respect to the

inner product

ð f ; gÞÿ1 ¼
def

ðh
ÿ1=2
B f ; h

ÿ1=2
B gÞ

H
; f ; g A H:ð5:5Þ

We consider the Gaussian mean zero random process ffð f Þ j f A Hÿ1g indexed by

Hÿ1. We denote by Q (resp. dm0) the underlying measure space (resp. the Gaussian

probability measure) and by h i the expectation with respect to dm0. Then we have

hfð f ÞfðgÞi ¼ ð f ; gÞÿ1; f ; g A Hÿ1:ð5:6Þ

The symmetric Fock space FB over Hÿ1 is given by

FB ¼
def

L2ðQ; dm0Þ:ð5:7Þ

It is well-known [11, Theorem 3.2.10] that FB is written as follows:

FB ¼ 0
y

n¼0

GnðHÿ1Þ;ð5:8Þ

G0ðHÿ1Þ ¼ C ;

GnðHÿ1Þ ¼ L:h: f: fð f1Þ � � � fð fnÞ : j f j A Hÿ1; j ¼ 1; . . . ; ng
closure

;

where : fð f1Þ � � � fð fnÞ : is the Wick product of random variables fð f1Þ � � � fð fnÞ, and

L:h: f g
closure

denotes the closure of L:h: f g in L2ðQ; dm0Þ. We define a subspace

GalgðHÿ1Þ by

GalgðHÿ1Þ ¼ 0
y

n¼0

G ð0Þ
n ðHÿ1Þ;ð5:9Þ

G
ð0Þ
0 ðHÿ1Þ ¼ C ;

Gð0Þ
n ðHÿ1Þ ¼ L:h: f: fð f1Þ � � � fð fnÞ : j f j A Hÿ1; j ¼ 1; . . . ; ng;

then GalgðHÿ1Þ is dense in FB.

It is evident that hB has a unique extension ĥhB to Hÿ1 such that

ðg; ĥhB f Þÿ1 ¼ ðg; f Þ
H
; f ; g A DðhBÞ:ð5:10Þ

For each f A Dðĥh
1=2
B Þ, we define the annihilation operator bð f Þ on GalgðHÿ1Þ by [6,

(2.7)]

bð f Þ : fð f1Þ � � � fð fnÞ :ð5:11Þ

¼
Xn

j¼1

ðĥh
1=2
B f ; f jÞÿ1 : fð f1Þ � � � fð fjÿ1Þfð fjþ1Þ � � � fð fnÞ :

and extending it by linearity to GalgðHÿ1Þ.

The creation operator bþð f Þ is defined as the adjoint of bð f Þ dGalgðHÿ1Þ:

bþð f Þ ¼
def

ðbð f Þ dGalgðHÿ1ÞÞ
�:ð5:12Þ
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Then, Dðbþð f ÞÞIGalgðHÿ1Þ and

bþð f Þ : fð f1Þ � � � fð fnÞ :¼: fðĥh
1=2
B f Þfð f1Þ � � � fð fnÞ :ð5:13Þ

hold [6, (2.8)]. Therefore, bð f Þ is closable and we denote the closure by the same

symbol. Both bð f Þ and bþð f Þ leave GalgðHÿ1Þ invariant and satisfy the canonical

commutation relation on GalgðHÿ1Þ (see [6, (2.9)]).

We denote by ba either b or bþ. In terms of bað f Þ, fð f Þ is written as

fð f Þ ¼ bðĥh
ÿ1=2
B f Þ þ bþðĥh

ÿ1=2
B f Þ; f A Hÿ1ð5:14Þ

on GalgðHÿ1Þ [6, (2.12)]. For f A DðĥhBÞ we define the canonical conjugate momentum

operator pð f Þ by

pð f Þ ¼
def 1

2i
ðbðĥh

ÿ1=2
B f Þ ÿ bþðĥh

ÿ1=2
B f ÞÞ:ð5:15Þ

As [6, p. 334], we can show that fð f Þ and pð f Þ are essentially self-adjoint on GalgðHÿ1Þ

with the canonical commutation relation on it, and we denote self-adjoint operators as

their closure by the same symbols, respectively.

Let

H0B ¼
def

dGðĥhBÞ;ð5:16Þ

where of course dGðĥhBÞ is the second quantization of ĥhB.

By ðhÞB, for all t > 0, expðÿtĥhBÞ is trace class on Hÿ1, and hence compact. So

that ĥhB has a purely discrete spectrum fwng
y

n¼0 with 0 < w0Uw2U � � � Uwn <

wnþ1U � � �, wn %y as n ! y. Let feng
y

n¼0 be the complete orthonormal system of the

corresponding eigenvectors in Hÿ1:

ĥhBen ¼ wnen; n A N
�:ð5:17Þ

Let

q1 f0 ¼
def

fðe0Þ; p1 p0 ¼
def

pðe0Þ;ð5:18Þ

fn ¼
def

fðenÞ; pn ¼
def

pðenÞ; n A N :ð5:19Þ

Then we have, for m; n A N
�,

½fm; pn� ¼ idmn;ð5:20Þ

½fm; fn� ¼ 0 ¼ ½pm; pn�:ð5:21Þ

Let v be a polynomially bounded continuous real function on R and bounded

below. Let ðY ; dsðyÞÞ be a finite measure space with Y being compact Hausdor¤ (the

s-field is omitted) and g be an Hÿ1-valued strongly continuous function on Y. Then

vðfðgÞÞ A L2ðQ; dm0Þ for all y A Y , and that the Bochner integral

VðfÞ ¼
def

ð
Y

vðfðgðyÞÞÞdsðyÞ A L2ðQ; dm0Þ
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is defined. Since sðYÞ is finite, VðfÞ is bounded below. Thus, by a general theorem

[30, p. 265,Theorem X.59], the operator H0B þ VðfÞ is essentially self-adjoint on

CyðH0BÞVDðVðfÞÞ and bounded below. We set for fixed constant cI > 0

HI ¼
def

VðfÞ ÿ inf sðVðfÞÞ þ cI > 0;ð5:22Þ

where sðVðfÞÞ is the spectrum of VðfÞ. And let

H ¼
def

H0B þHI :ð5:23Þ

Then H is essentially self-adjoint on CyðH0BÞVDðHI Þ. We denote the closure of H by

the same symbol.

Proposition B.1. (i) eÿtH is trace class for every t > 0.

(ii) For B ¼ q; p, B A TðHÞ.

Proof. First part (i) follows from Golden-Thompson inequality [31, Corollary,

p320]. So we can take D as (2.2) for the present H. It is well known that

DðH
1=2
0B ÞHDðpÞVDðqÞ and

kqxkUCðkH
1=2
0B xk þ kxkÞ; kpxkUCðkH

1=2
0B xk þ kxkÞ

for x A DðH
1=2
0B Þ, where C > 0 is a constant. By the fact that HI > 0, we have for all

x A DðH0BÞVDðHI Þ, ðx;H0BxÞU ðx;HxÞ. Since DðH0BÞVDðHI Þ is a core for H, it is a

core for H 1=2. Hence we can extend, by a limiting argument, this inequality to all

x A DðH 1=2Þ, showing that DðH 1=2ÞHDðH
1=2
0B Þ and kH

1=2
0B xkU kH 1=2xk ðx A DðH 1=2ÞÞ.

Hence DðH 1=2ÞHDðpÞVDðqÞ and

kqxkUCðkH 1=2xk þ kxkÞ; kpxkUCðkH 1=2xk þ kxkÞð5:24Þ

for x A DðH 1=2Þ. In particular DHDðqÞVDðpÞ. Since q and p are self-adjoint, B ¼ q

(or B ¼ p) satisfies (T.1). Since eÿtHx A DðH 1=2Þ ðt > 0Þ, by (5.24), we have for all

t > 0

kqeÿtHxkUCðkH 1=2eÿtHxk þ keÿtHxkÞ; x A FB:

Since H 1=2eÿtH and eÿtH are Hilbert-Schmidt, it follows that qeÿtH is also Hilbert-

Schmidt. Hence ðqeÿtHÞ� is Hilbert-Schmidt. We have ðeÿtHqÞÿ ¼ ðqeÿtHÞ�. Hence

ðeÿtHqÞÿ is Hilbert-Schmidt. Thus B ¼ q satisfies (T.2). Similarly we can prove that

p A TðHÞ. r

Example. Fix arbitrary natural number M A N and positive number e > 0. For

B ¼ q; p, by using (2.8) and (2.12) we set

AðM; eÞ ¼
def

X

0Um;nUM; eUjlmÿlnj

hFm;n;BiHFm;n:ð5:25Þ

Then AðM; eÞ satisfies (A.0), and AðM; eÞ A DðLÞ. Therefore H and AðM; eÞ give an

example for Theorem 3.1 such that

lim
e#0

lim
M!y

AðM; eÞ ¼ Bð5:26Þ

in XcðHÞ.

An inverse problem in quantum field theory 367



Remark. Actually, we can have finite numbers of data from an experiment. So

we have to build a model AðM; eÞ for the observable B using the data. Thus, we can

say that M A N and e > 0 mean parameters representing precision of an experimental

equipment. So, M ! y and e # 0 in (5.26) correspond to making the precision better.
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