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Abstract. In this article, let k1 0 or 1 (mod 4) be a fundamental discriminant, and let

wðnÞ be the real even primitive character modulo k: The series

Lð1; wÞ ¼
X

y

n¼1

wðnÞ
n

can be divided into groups of k consecutive terms. Let v be any nonnegative integer, j an

integer, 0U jU k ÿ 1, and let

Tðv; j; wÞ ¼
X

jþk

n¼ jþ1

wðvk þ nÞ
vk þ n

Then Lð1; wÞ ¼ P

y

v¼0 Tðv; 0; wÞ ¼ P j
n¼1 wðnÞ=nþ

P

y

v¼0 Tðv; j; wÞ.
In section 2, Theorems 2.1 and 2.2 reveal a surprising relation between incomplete

character sums and partial sums of Dirichlet series. For example, we will prove that

Tðv; j; wÞ �M < 0 for integer vVmaxf1;
ffiffiffi

k
p

=jMjg if M ¼ P jÿ1
m¼1 wðmÞ þ 1=2wð jÞ0 0 and

jMjV 3=2. In section 3, we will derive algorithm and formula for calculating the class

number of a real quadratic field. In section 4, we will attempt to make a connection

between two conjectures on real quadratic fields and the sign of Tð0; 20; wÞ.

1. Introduction.

In this article, let k1 0 or 1 (mod 4) be a fundamental discriminant, and let wðnÞ be
the real even primitive character modulo k. The series

Lð1; wÞ ¼
X

y

n¼1

wðnÞ
n

can be divided into groups of k consecutive terms. Let v be any nonnegative integer, j

an integer, 0U jU k ÿ 1, and let

Tðv; j; wÞ ¼
X

jþk

n¼ jþ1

wðvk þ nÞ
vk þ n

¼
X

jþk

n¼ jþ1

wðnÞ
vk þ n

:
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Then Lð1; wÞ ¼
P

y

v¼0 Tðv; 0; wÞ ¼
P j

n¼1ðwðnÞ=nÞ þ
P

y

v¼0 Tðv; j; wÞ. The following are

some of the known results related to Tðv; j; wÞ:
� If k > 3 is a prime integer, then Tðv; j; wÞ0 0 for nonnegative integers v and j

(cf. [8]).
� Tðv; 0; wÞ > 0 for all nonnegative integers v and k (cf. [4]).
� Tðv; ½k=2�; wÞ < 0 for all nonnegative integers v and k, where ½x� denotes the

greatest integer Ux (cf. [9]).

Combining the results of [4] and [9], which are mentioned above, we have the

following interesting and important inequalities:

X

k

n¼1

wðnÞ
n

< Lð1; wÞ <
X

½k=2�

n¼1

wðnÞ
n

: ð1:1Þ

In section 2, Theorems 2.1 and 2.2 reveal a surprising relation between incomplete

character sums and partial sums of Dirichlet series. For example, we will prove that

Tðv; j; wÞ �M < 0 for integer vVmaxf1;
ffiffiffi

k
p

=jMjg if M ¼
P jÿ1

m¼1 wðmÞ þ ð1=2Þwð jÞ0 0

and jMjV 3=2. Roughly speaking, the sign of Tðv; j; wÞ is dependent on the value of
P jÿ1

m¼1 wðmÞ þ ð1=2Þwð jÞ. This result tells us more information about Tðv; j; wÞ than

Theorem 2 of [9] does. Sections 3 and 4 illustrate the importance of Theorems 2.1 and

2.2. In section 3, we will derive algorithm and formula for calculating the class number

of a real quadratic field. In section 4, we will attempt to make a connection between

two conjectures on real quadratic fields and the sign of Tð0; 20; wÞ.

2. Tðv; j; wÞ.

In this section we show that the sign of Tðv; j; wÞ has close relation to the sign of
P jÿ1

n¼1 wðnÞ þ ð1=2Þwð jÞ.
For integer j in the closed interval ½1; k ÿ 1�, write

Tðv; j; wÞ ¼
X

jþk

n¼ jþ1

wðnÞ
vk þ n

¼ 1

k

X

k

l¼1

wð j þ lÞ
wþ l=k

;

where w ¼ vþ ð j=kÞ. For w ¼ vþ ð j=kÞ > 0, consider the function

f ðxÞ ¼ 1

wþ x
defined for 0U xU 1:

Over the interval ð0; 1Þ, it has Fourier expansion

f ðxÞ ¼ 1

2
a0 þ

X

y

m¼1

ðam cos 2pmxþ bm sin 2pmxÞ;

where

1

2
a0 ¼

ð1

0

1

wþ x
dx ¼ log 1þ 1

w

� �

; am ¼ 2

ð1

0

cos 2pmx

wþ x
dx

and

bm ¼ 2

ð 1

0

sin 2pmx

wþ x
dx ðcf : ½11; pp: 189�Þ:

M.-G. Leu152



Using integration by parts, we have, for mV 1,

am ¼ 2

ð2pmÞ2
1

w2
ÿ 1

ðwþ 1Þ2

( )

ÿ 4

ð2pmÞ2
ð1

0

cos 2pmx

ðwþ xÞ3
dx:

Let Im ¼ 4=ð2pmÞ2
Ð 1

0 cos 2pmx=ðwþ xÞ3dx and Jm ¼ 2=ð2pmÞ2f1=w2 ÿ 1=ðwþ 1Þ2g. It

is easy to see that Im ¼ 4=ð2pmÞ2
Ð 1

0 cos 2pmx=ðwþ xÞ3 dx ¼ 12=ð2pmÞ3
Ð 1

0 sin 2pmx=

ðwþ xÞ4 dx > 0 by looking at the graph of y ¼ sin 2pmx=ðwþ xÞ4 on the interval [0, 1].

Since 0 < Im¼jImj < Jm, we have am ¼ Jm ÿ Im¼Jmym, where ym ¼ ðJm ÿ ImÞ=Jm and

0 < ym < 1. Similarly, we have bm ¼ 2=ð2pmÞf1=wÿ 1=ðwþ 1Þg ÿ 4=ð2pmÞ3f1=w3 ÿ
1=ðwþ 1Þ3g þ 12=ð2pmÞ3

Ð 1

0
cos 2pmx=ðwþ xÞ4 dx. Let Xm ¼ 12=ð2pmÞ3

Ð 1

0
cos 2pmx=

ðwþ xÞ4 dx andYm ¼ 4=ð2pmÞ3f1=w3ÿ1=ðwþ 1Þ3g. Then Xm ¼ 12=ð2pmÞ3
Ð 1

0
cos 2pmx=

ðwþ xÞ4 dx ¼ 48=ð2pmÞ4
Ð 1

0 sin 2pmx=ðwþ xÞ5 dx > 0 and Xm < Ym. Hence, we have

bm ¼ 2

2pm

1

w
ÿ 1

wþ 1

� �

ÿ 4

ð2pmÞ3
1

w3
ÿ 1

ðwþ 1Þ3

( )

hm;

where hm ¼ ðYm ÿ XmÞ=Ym and 0 < hm < 1. Now

Tðv; j; wÞ ¼ 1

k

X

k

l¼1

wð j þ lÞ
wþ l=k

w ¼ vþ j

k
and jV 1

� �

¼ 1

k

X

kÿ1

l¼1

wð j þ l Þ f l

k

� �

þ 1

k
wð j þ kÞ 1

wþ 1

¼ 1

k

X

kÿ1

l¼1

wð j þ l Þ 1

2
a0 þ

X

y

m¼1

am cos 2pm
l

k
þ bm sin 2pm

l

k

� �

( )

þ 1

k

wð jÞ
wþ 1

¼ wð jÞ
k

1

wþ 1
ÿ a0

2
ÿ
X

y

m¼1

am

 !

þ 1

k

X

k

l¼1

X

y

m¼1

amwð j þ lÞ cos 2pm l

k
þ bmwð j þ lÞ sin 2pm l

k

� �

since
X

y

m¼1

am ¼
X

y

m¼1

Jmym converges and
X

k

l¼1

wð j þ lÞ ¼ 0

 !

¼ E þ 1

k

X

y

m¼1

am
X

k

l¼1

wð j þ lÞ cos 2pm l

k
þ bm

X

k

l¼1

wð j þ lÞ sin 2pm l

k

 !

where E ¼ wð jÞ
k

1

wþ 1
ÿ log 1þ 1

w

� �

ÿ
X

y

m¼1

am

 ! !

¼ E þ 1

k

X

y

m¼1

amwðmÞ
ffiffiffi

k
p

cos 2pm
j

k
ÿ bmwðmÞ

ffiffiffi

k
p

sin 2pm
j

k

� �

ðcf : Lemma 2:3Þ:
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Hence

ffiffiffi

k
p

Tðv; j; wÞ ¼
ffiffiffi

k
p

E þ
X

y

m¼1

amwðmÞ cos 2pm j

k
ÿ bmwðmÞ sin 2pm j

k

� �

¼
ffiffiffi

k
p

E þ
�

1

w
ÿ 1

wþ 1

��

2

ð2pÞ2
�

1

w
þ 1

wþ 1

�

X

y

m¼1

wðmÞym cos 2pmð j=kÞ
m2

ÿ 2

2p

X

y

m¼1

wðmÞ sin 2pmð j=kÞ
m

þ 4

ð2pÞ3
�

1

w2
þ 1

wðwþ 1Þ þ
1

ðwþ 1Þ2
�

X

y

m¼1

wðmÞhm sin 2pmð j=kÞ
m3

�

; ð2:1Þ

where 0 < ym, hm < 1. Let

Sv j ¼
2

ð2pÞ2
1

w
þ 1

wþ 1

� ��

�

�

�

X

y

m¼1

wðmÞym cos 2pmð j=kÞ
m2

�

�

�

�

þ 4

ð2pÞ3
1

w2
þ 1

wðwþ 1Þ þ
1

ðwþ 1Þ2

 !

�

�

�

�

X

y

m¼1

wðmÞhm sin 2pmð j=kÞ
m3

�

�

�

�

and

Pj ¼
�

�

�

�

2

2p

X

y

m¼1

wðmÞ sin 2pmð j=kÞ
m

�

�

�

�

¼ 1
ffiffiffi

k
p
�

�

�

�

X

jÿ1

m¼1

wðmÞ þ 1

2
wð jÞ

�

�

�

�

ðcf : Proposition 2:4Þ:

Then we have

Sv jU
2

ð2pÞ2
�

1

w
þ 1

wþ 1

�

zð2Þ þ 4

ð2pÞ3
�

1

w2
þ 1

wðwþ 1Þ þ
1

ðwþ 1Þ2
�

zð3Þ

U
2

ð2pÞ2
2

w

p2

6
þ 4

ð2pÞ3
3

w2

p2

6

�

zð2Þ ¼ p2

6
> zð3Þ

�

¼ 1

w

1

6
þ 1

4p

1

w

� �

<
1

4

1

w
ðif vV 1Þ:

If wð jÞ ¼ 0 and M ¼
P jÿ1

m¼1 wðmÞ0 0, then E ¼ 0 and Pj ¼ jMj=
ffiffiffi

k
p

. We thus have

Pj ¼
jMj
ffiffiffi

k
p V

1

4

1

w
> Sv j

for integer vVmaxf1;
ffiffiffi

k
p

=4jMjg.
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To sum up, we have proved the following:

Theorem 2.1. Let k1 0 or 1 (mod 4) be a fundamental discriminant and w the real

even primitive character modulo k. If wð jÞ ¼ 0 and M ¼
P jÿ1

m¼1 wðmÞ0 0, then

Tðv; j; wÞ �
X

jÿ1

m¼1

wðmÞ
( )

< 0

for integer vVmaxf1;
ffiffiffi

k
p

=4jMjg.

For the case wð jÞ0 0, we can obtain similar result as follows.

By the similar argument used earlier, we have, for mV 1,

2

ð2pmÞ2
1

w2
ÿ 1

ðwþ 1Þ2

( )

ÿ 12

ð2pmÞ4
1

w4
ÿ 1

ðwþ 1Þ4

( )

< am <
2

ð2pmÞ2
1

w2
ÿ 1

ðwþ 1Þ2

( )

:

This gives

2

ð2pÞ2
1

w2
ÿ 1

ðwþ 1Þ2

( )

X

y

m¼1

1

m2
ÿ 12

ð2pÞ4
1

w4
ÿ 1

ðwþ 1Þ4

( )

X

y

m¼1

1

m4

<
X

y

m¼1

am <
2

ð2pÞ2
1

w2
ÿ 1

ðwþ 1Þ2

( )

X

y

m¼1

1

m2
:

Since
P

y

m¼1ð1=m2Þ ¼ ðp2=6Þ and
P

y

m¼1ð1=m4Þ ¼ ðp4=90Þ, we have

1

12

1

w2
ÿ 1

ðwþ 1Þ2

( )

>
X

y

m¼1

am ð2:2Þ

>
1

12

1

w2
ÿ 1

ðwþ 1Þ2

( )

1ÿ 1

10

1

w2
þ 1

ðwþ 1Þ2

 !( )

:

For w > 1 (that is vV 1), by (2.2) and Lemma 2.5, we have

0 < log 1þ 1

w

� �

ÿ 1

wþ 1
þ
X

y

m¼1

am

<
1

w
ÿ 1

wþ 1
þ 1

12

1

w2
ÿ 1

ðwþ 1Þ2

( )

<
1

w
ÿ 1

wþ 1

� �

1þ 1

12

1

w
þ 1

wþ 1

� �� �

:

This implies that, for w > 1 and wð jÞ0 0,
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jEj ¼ 1

k
log 1þ 1

w

� �

ÿ 1

wþ 1
þ
X

y

m¼1

am

( )

<
1

k

1

w
ÿ 1

wþ 1

� �

1þ 1

12

1

w
þ 1

wþ 1

� �� �

:

Hence, for kV 5, w > 1 and wð jÞ0 0,

ffiffiffi

k
p

jEj
1=wÿ 1=ðwþ 1Þ þ Sv j <

1
ffiffiffi

k
p þ 1

12
ffiffiffi

k
p 1

w
þ 1

wþ 1

� �

þ Sv j

<
1
ffiffiffi

k
p þ 1

6
ffiffiffi

k
p 1

w
þ 1

4

1

w

<
1
ffiffiffi

k
p þ 1

12

1

w
þ 1

4

1

w

¼ 1
ffiffiffi

k
p þ 1

3

1

w
:

If jMj ¼ jP jÿ1
m¼1 wðmÞ þ ð1=2Þwð jÞjV ð3=2Þ, then

Pj ¼
jMj
ffiffiffi

k
p V

3þ jMj
3

ffiffiffi

k
p ¼ 1

ffiffiffi

k
p þ jMj

3
ffiffiffi

k
p

>
1
ffiffiffi

k
p þ 1

3w

>
1
ffiffiffi

k
p þ 1

12
ffiffiffi

k
p 1

w
þ 1

wþ 1

� �

þ Sv j

for integer vVmax 1;
ffiffiffi

k
p

=jMjg
�

.

By (2.1), we have the following theorem.

Theorem 2.2. Let kV 5 and k1 0 or 1 (mod 4) be a fundamental discrimi-

nant and w the real even primitive character modulo k. If wð jÞ 6¼ 0 and jMj ¼
j
P jÿ1

m¼1 wðmÞ þ ð1=2Þwð jÞjV ð3=2Þ, then

Tðv; j; wÞ �
X

jÿ1

m¼1

wðmÞ þ 1

2
wð jÞ

( )

< 0

for integer vVmaxf1;
ffiffiffi

k
p

=jMjg.

Remark 1. Theorems 2.1 and 2.2 tell us more information about Tðv; j; wÞ than

Theorem 2 of [9] does.

Finally, to close this section, we need to supply the following lemmas and

proposition.

Lemma 2.3.
Pk

l¼1 wð j þ lÞe2piml=k ¼ wðmÞ
ffiffiffi

k
p

eÿ2pim j=k.
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Proof. Multiplying eÿ2pim j=k on both sides of the Gauss sum for real even

primitive character w modulo k, we have

wðmÞ
ffiffiffi

k
p

eÿ2pim j=k ¼
X

k

n¼1

wðnÞe2pimn=keÿ2pim j=k

¼
X

jþk

n¼ jþ1

wðnÞe2pimn=keÿ2pim j=k

¼
X

k

l¼1

wð j þ lÞe2pimð jþlÞ=keÿ2pim j=k

¼
X

k

l¼1

wð j þ lÞe2piml=k: r

To obtain Proposition 2.4, we apply a method used in [10].

Proposition 2.4. Let j be any integer in the closed interval ½1; k ÿ 1�. Then

X

jÿ1

n¼1

wðnÞ þ 1

2
wð jÞ ¼

ffiffiffi

k
p

p

X

y

n¼1

wðnÞ sin 2pnð j=kÞ
n

:

Proof. For fixed integer j, we define the periodic function f with period 2p as

follows:

fðxÞ ¼

1; if 0 < x <
2p j

k
;

1

2
; if x ¼ 0 or x ¼ 2p j

k
or x ¼ 2p;

0; if
2p j

k
< x < 2p.

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

Then
P jÿ1

n¼1 wðnÞ þ ð1=2Þwð jÞ ¼
Pk

n¼1 fð2pn=kÞwðnÞ.

By exercise 17(c) of [11, Chapter 8], we have

lim
N!y

sNðf; 0Þ ¼
1

2
ðfð0þÞ þ fð0ÿÞÞ ¼ 1

2
ð1þ 0Þ ¼ fð0Þ

and

lim
N!y

sN f;
2p j

k

� �

¼ 1

2
f

2p j

k
þ

� �

þ f
2p j

k
ÿ

� �� �

¼ 1

2
ð0þ 1Þ ¼ f

2p j

k

� �

;

where sNðf; xÞ ¼ j=k þ
PN

n¼1 ðan cos nxþ bn sin nxÞ, an ¼ 1=p
Ð 2p

0 fðxÞ cos nx dx and bn ¼
1=p

Ð 2p

0 fðxÞ sin nx dx. Hence, over the interval ½0; 2p�, f has Fourier expansion

fðxÞ ¼ j

k
þ
X

y

n¼1

ðan cos nxþ bn sin nxÞ;
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where an ¼ 1=p
Ð 2p

0
fðxÞ cos nx dx ¼ ð1=npÞ sin 2pnð j=kÞ and bn ¼ 1=p

Ð 2p

0
fðxÞ sin nx dx ¼

1=npÿ ð1=npÞ cos 2pnð j=kÞ. Now

X

jÿ1

n¼1

wðnÞ þ 1

2
wð jÞ ¼

X

k

m¼1

f
2pm

k

� �

wðmÞ

¼
X

k

m¼1

j

k
þ
X

y

n¼1

an cos
2pmn

k
þ bn sin

2pmn

k

� �

( )

wðmÞ

¼
X

k

m¼1

X

y

n¼1

wðmÞan cos
2pmn

k
þ wðmÞbn sin

2pmn

k

� �

( )

since
X

k

m¼1

wðmÞ ¼ 0

 !

¼
X

y

n¼1

X

k

m¼1

wðmÞan cos
2pmn

k
þ
X

k

m¼1

wðmÞbn sin
2pmn

k

 !

¼
X

y

n¼1

an
X

k

m¼1

wðmÞ cos 2pmn

k
þ bn

X

k

m¼1

wðmÞ sin 2pmn

k

 !

¼
X

y

n¼1

anwðnÞ
ffiffiffi

k
p

¼
ffiffiffi

k
p

p

X

y

n¼1

wðnÞ sin 2pnð j=kÞ
n

:

Here we used the fact that Gauss sum
Pk

m¼1 wðmÞ exp ð2pimn=kÞ ¼ wðnÞ
ffiffiffi

k
p

since

wðÿ1Þ ¼ 1.

Lemma 2.5. For x > 0, 1=x > logð1þ 1=xÞ > 1=ðxþ 1Þ.

Proof. For x > 0, from the inequality ex > 1þ x, it is easy to derive

1=x > logð1þ 1=xÞ. Next, for x > 0, consider GðxÞ ¼ logð1þ 1=xÞ ÿ 1=ðxþ 1Þ. Then

G 0ðxÞ < 0 for x > 0. Suppose there exists x0 > 0 such that Gðx0Þ ¼ 0, then

1þ 1

x0
¼ e1=ðx0þ1Þ ¼ 1þ 1

x0 þ 1
þ 1=ðx0 þ 1Þ2

2!
þ � � � þ 1=ðx0 þ 1Þn

n!
þ � � �

which gives

1

x0
<

1

x0 þ 1
þ 1

ðx0 þ 1Þ2
þ � � � þ 1

ðx0 þ 1Þn þ � � �

¼ 1=ðx0 þ 1Þ
1ÿ 1=ðx0 þ 1Þ ¼

1

x0
;

a contradiction. Since Gð1=2Þ ¼ log 3ÿ 2=3 > 0, we have GðxÞ > 0 for x > 0. The

lemma is proved. r

M.-G. Leu158



3. Class numbers of real quadratic fields.

The main results of this section are derived from the inequalities (1.1):

X

k

n¼1

wðnÞ
n

< Lð1; wÞ <
X

½k=2�

n¼1

wðnÞ
n

:

For tV 0, let AðtÞ ¼
P½t�

n¼1 wðnÞ. Then, by (1.1) and Abel’s identity (cf. Theorem 2

of [8]), we have

X

½m1�

n¼1

wðnÞ
n

ÿ Aðm1Þ
m1

þ
ð k

m1

AðtÞ
t2

dt < Lð1; wÞ ð3:1Þ

<
X

½m2�

n¼1

wðnÞ
n

ÿ Aðm2Þ
m2

þ
ð½k=2�

m2

AðtÞ
t2

dt;

where 1Um1U k and 1Um2U ½k=2�. Let rU ½k=2� be a positive number such that

AðrÞ ¼ 0. Then we have

X

½r�

n¼1

wðnÞ
n

þ
ð k

r

AðtÞ
t2

dt < Lð1; wÞ ð3:2Þ

<
X

½r�

n¼1

wðnÞ
n

þ
ð½k=2�

r

AðtÞ
t2

dt:

By (3.2) and Pólya’s inequality jAðtÞjU
ffiffiffi

k
p

log k [1, pp. 173], we derive

X

½r�

n¼1

wðnÞ
n

ÿ ðk ÿ rÞ
rk

ffiffiffi

k
p

log k < Lð1; wÞ ð3:3Þ

<
X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
rk

ffiffiffi

k
p

log k:

Hence

ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

ÿ ðk ÿ rÞ
2r

log k

log e
< h ¼

ffiffiffi

k
p

2 log e
Lð1; wÞ ð3:4Þ

<

ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
2r

log k

log e
;

where h is the class number, and e ð>1Þ is the fundamental unit of Qð
ffiffiffi

k
p

Þ.
To sum up, we have proved the following:

Theorem 3.1. For a real quadratic field Qð
ffiffiffi

k
p

Þ with fundamental unit e ð>1Þ, if

there exists positive number rU½k=2� such that AðrÞ¼0 and ðð2kÿ3rÞ=2rÞðlog k=log eÞ<1,
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then, by (3.4), the class number h of Qð
ffiffiffi

k
p

Þ is

h ¼
ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
2r

log k

log e

" #

; ð3:5Þ

where ½t� denotes the greatest integer Ut.

Example. Let k ¼ 521, then, by [13], e ¼ 138377240þ 5624309
ffiffiffiffiffiffiffiffi

521
p

. For r ¼ 178,

we have
P178

m¼1 wðmÞ ¼ 0. Hence, by (3.5), h ¼ ½1:1511� ¼ 1.

Remark 2. For an e¤ective method to calculate e, the fundamental unit of a real

quadratic number field, see, for example, Theorem 15 of [2]. In [2], one also can find

explicit formulas for the fundamental unit of Qð
ffiffiffiffi

C
p

Þ for some particular types of natural

numbers C.

To continue our investigation, we quote a well-known result (Lemma 3.2) and

results of Johnson and Mitchell [5]:

Lemma 3.2. If the discriminant of a quadratic field contains only one prime factor,

then the class number of the field is odd.

The proof can be found in [3, pp. 187].

Lemma 3.3.

(1) If prime p1 5 ðmod 8Þ, then Aðp=6Þ ¼ P½ p=6�
n¼1 wðnÞ ¼ 0.

(2) If prime p1 5 ðmod 24Þ, then Aðp=12Þ ¼
P½ p=12�

n¼1 wðnÞ ¼ 0.

In both cases, w is the real even primitive character modulo p.

Proof. See Johnson and Mitchell [5]. r

By Lemma 3.3, inequalities (3.3) and (3.4), we have immediately the following theorems.

Theorem 3.4.

(1) If prime p1 5 ðmod 8Þ, then

X

½ p=6�

n¼1

wðnÞ
n

ÿ 5 log p
ffiffiffi

p
p < Lð1; wÞ <

X

½ p=6�

n¼1

wðnÞ
n

þ 4 log p
ffiffiffi

p
p :

(2) If prime p1 5 ðmod 24Þ; then

X

½ p=12�

n¼1

wðnÞ
n

ÿ 11 log p
ffiffiffi

p
p < Lð1; wÞ <

X

½ p=12�

n¼1

wðnÞ
n

þ 10 log p
ffiffiffi

p
p :

In both cases, w is the real even primitive character modulo p.

Theorem 3.5.

(1) If prime p1 5 ðmod 8Þ, then

ffiffiffi

p
p

2 log e

X

½ p=6�

n¼1

wðnÞ
n

ÿ 5

2

log p

log e
< h <

ffiffiffi

p
p

2 log e

X

½ p=6�

n¼1

wðnÞ
n

þ 4

2

log p

log e
:

M.-G. Leu160



(2) If prime p1 5 ðmod 24Þ, then

ffiffiffi

p
p

2 log e

X

½ p=12�

n¼1

wðnÞ
n

ÿ 11

2

log p

log e
< h <

ffiffiffi

p
p

2 log e

X

½ p=12�

n¼1

wðnÞ
n

þ 10

2

log p

log e
:

In both cases, h is the class number, and e ð>1Þ is the fundamental unit of Qð ffiffiffi

p
p Þ.

Remark 3. Since the class number h of Qð ffiffiffi

p
p Þ is odd for prime p1 5 (mod 8)

(cf. Lemma 3.2), as an illustration of Theorem 3.5, we know that the class number h is

equal to the only odd integer lying in the closed interval ½ð ffiffiffi

p
p

=2 log eÞ
P½ p=6�

n¼1 wðnÞ=nÿ
ð5=2Þ log p=log e; ð ffiffiffi

p
p

=2 log eÞ
P½ p=6�

n¼1 wðnÞ=nþ ð4=2Þ log p=log e� if log p=log e < 4=9. As

an example, p ¼ 2389 gives that log p=log e < 4=9 [13].

Remark 4. Let e¼ðtþu
ffiffiffi

p
p Þ=2 > 1 be the fundamental unit of Qð ffiffiffi

p
p Þ (p15

ðmod 8Þ a prime). Then the integers tV 1 and uV1. If u > p, then e ¼ ðtþ u
ffiffiffi

p
p Þ=2 >

p3=2=2 þ p
ffiffiffi

p
p

=2 ¼ p3=2 which gives 2=3 > log p=log e. If prime p1 5 ðmod 8Þ and u > p,

then, by (1) of Theorem 3.5, the class number h of Qð ffiffiffi

p
p Þ is an odd integer lying in the

closed interval ½ð ffiffiffi

p
p

=2 log eÞ
P½ p=6�

n¼1 wðnÞ=nÿð5=2Þ log p=log e; ð ffiffiffi

p
p

=2 log eÞ
P½ p=6�

n¼1 wðnÞ=nþ
ð4=2Þ log p=log e� which contains at most three integers. If prime p1 5 ðmod 24Þ and

u > p, then, by (2) of Theorem 3.5, the class number h of Qð ffiffiffi

p
p Þ is an odd integer

lying in the closed interval ½V ;W � ¼ ½ð ffiffiffi

p
p

=2 log eÞP½ p=12�
n¼1 wðnÞ=nÿ ð11=2Þ log p=log e;

ð ffiffiffi

p
p

=2 log eÞ
P½p=12�

n¼1 wðnÞ=n þ ð10=2Þ log p=log e� with W ÿ V ¼ ð21=2Þ log p=log e <

ð21=2Þð2=3Þ ¼ 7. Since W ÿ V < 8, we can use Corollary 1 (iii) of [12] (cf. [12, page 388

and page 390]) to determine exactly value of h. To be more precise, we quote Corollary

1 (iii) of [12] as follows: If prime p1 5 ðmod 8Þ, then hðÿpÞ13gTUhðpÞ þ ðp ÿ 5Þ
ðmod 16Þ, where hðnÞ is the class number of the quadratic field Qð ffiffiffi

n
p Þ, e

g ¼ ððtþ
u

ffiffiffi

p
p Þ=2Þg ¼ T þU

ffiffiffi

p
p

, g ¼ 3 if t1 u1 1 ðmod 2Þ, and g ¼ 1 otherwise.

For prime p1 5 ðmod 8Þ and p > e34, by a slight improvement in Pólya’s inequality,

we can obtain better estimates for Lð1; wÞ than Theorem 3.4 does. Therefore, we can

obtain better estimates for the class number h of Qð ffiffiffi

p
p Þ than Theorem 3.5 does.

Proposition 3.6. If wC is any primitive character modulo C and C > e34, then

�

�

�

�

X

m

n¼1

wCðnÞ
�

�

�

�

<
2

3

ffiffiffiffi

C
p

logC

for any positive integer m.

Proof. See, for example, [1, Chapter 8, Exercise 14]. r

If rU ½k=2� is a positive number such that
P½r�

n¼1 wðnÞ ¼ 0, then, by (3.2) and

Proposition 3.6, we have, for k > e34,

X

½r�

n¼1

wðnÞ
n

ÿ 2

3

ðk ÿ rÞ
rk

ffiffiffi

k
p

log k < Lð1; wÞ ð3:6Þ

<
X

½r�

n¼1

wðnÞ
n

þ 2

3

ðk ÿ 2rÞ
rk

ffiffiffi

k
p

log k
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for the real even primitive character w modulo k. Hence, for k > e34,

ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

ÿ ðk ÿ rÞ
3r

log k

log e
< h ð3:7Þ

<

ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
3r

log k

log e
;

where h is the class number, and e ð>1Þ is the fundamental unit of Qð
ffiffiffi

k
p

Þ.
To sum up, we have proved the following:

Theorem 3.7. For a real quadratic field Qð
ffiffiffi

k
p

Þ with fundamental unit e ð>1Þ, if

k > e34 and there exists positive number rU ½k=2� such that AðrÞ ¼ 0 and ðð2k ÿ 3rÞ=
3rÞ log k=log e < 1, then the class number h of Qð

ffiffiffi

k
p

Þ is

h ¼
ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
3r

log k

log e

" #

:

Remark 5. If the norm ee ¼ ÿ1, then, by Lemma 3.2 and the genus theory of

quadratic number field (cf. Corollary 3 of [8]), the condition ðð2kÿ3rÞ=3rÞ log k=log e < 1

in Theorem 3.7 can be replaced by ðð2k ÿ 3rÞ=3rÞ log k=log e < 2 and the conclusion

h ¼
ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
3r

log k

log e

" #

should be replaced by

h ¼
ffiffiffi

k
p

2 log e

X

½r�

n¼1

wðnÞ
n

þ ðk ÿ 2rÞ
3r

log k

log e

" #

ÿ i;

where i ¼ 0 or i ¼ 1 depends on whether ½ð
ffiffiffi

k
p

=2 log eÞ
P½r�

n¼1 wðnÞ=nþ ððk ÿ 2rÞ=3rÞ log k=
log e� þ EðkÞ is an even integer or anodd integer,whereEðkÞ is 1or 0dependingonwhetherk is
a prime or not a prime. For the case ee ¼ ÿ1, the similar replacement is also applied to

Theorem 3.1.

By Lemma 3.3, inequalities (3.6) and (3.7), we have immediately the following

theorems.

Theorem 3.8.

(1) If prime p1 5 ðmod 8Þ and p > e34, then

X

½ p=6�

n¼1

wðnÞ
n

ÿ 10

3

log p
ffiffiffi

p
p < Lð1; wÞ <

X

½ p=6�

n¼1

wðnÞ
n

þ 8

3

log p
ffiffiffi

p
p :
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(2) If prime p1 5 ðmod 24Þ and p > e34, then

X

½ p=12�

n¼1

wðnÞ
n

ÿ 22

3

log p
ffiffiffi

p
p < Lð1; wÞ <

X

½ p=12�

n¼1

wðnÞ
n

þ 20

3

log p
ffiffiffi

p
p :

In both cases, w is the real even primitive character modulo p.

Theorem 3.9.

(1) If prime p1 5 ðmod 8Þ and p > e34, then

ffiffiffi

p
p

2 log e

X

½ p=6�

n¼1

wðnÞ
n

ÿ 10

6

log p

log e
< h <

ffiffiffi

p
p

2 log e

X

½ p=6�

n¼1

wðnÞ
n

þ 8

6

log p

log e
:

(2) If prime p1 5 ðmod 24Þ and p > e34, then

ffiffiffi

p
p

2 log e

X

½ p=12�

n¼1

wðnÞ
n

ÿ 22

6

log p

log e
< h <

ffiffiffi

p
p

2 log e

X

½ p=12�

n¼1

wðnÞ
n

þ 20

6

log p

log e
:

In both cases, h is the class number, and e ð>1Þ is the fundamental unit of Qð ffiffiffi

p
p Þ.

Corollary 3.10. If prime p1 5 ðmod 8Þ, p > e34 and u > p, then

h ¼
ffiffiffi

p
p

2 log e

X

½ p=6�

n¼1

wðnÞ
n

þ 8

6

log p

log e

" #

ÿ i;

where e ¼ ðtþ u
ffiffiffi

p
p Þ=2 > 1 is the fundamental unit of Qð ffiffiffi

p
p Þ and

i ¼ 0; if

ffiffiffi

p
p

2 log e

X

½ p=6�

n¼1

wðnÞ
n

þ 8

6

log p

log e

" #

is odd;

1; otherwise.

8

>

<

>

:

Proof. ByRemark 4, we have ð2=3Þ> log p=log e. Since ð18=6Þ log p=log e < 2, there

are at most 2 positive integers lying in the closed interval ½ð ffiffiffi

p
p

=2 log eÞ
P½ p=6�

n¼1 wðnÞ=nÿ
ð10=6Þ log p=log e; ð ffiffiffi

p
p

=2 log eÞ
P½ p=6�

n¼1 wðnÞ=nþ ð8=6Þ log p=log e�. By Lemma 3.2, the

class number h of Qð ffiffiffi

p
p Þ is odd. Hence the corollary is proved. r

Remark 6. As before, let e ¼ ðtþ u
ffiffiffi

p
p Þ=2 > 1 be the fundamental unit of Qð ffiffiffi

p
p Þ

(p15 ðmod 8Þ a prime). Then it is well-known that the norm NðeÞ¼ee¼ÿ1. If u > 1,

then 2 > log p=log e. If u¼1, then p ¼ t2 þ 4. Since the function gðxÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffi

xÿ 4
p

þ
ffiffiffi

x
p Þ=2ÿ x10=21 is positive and strictly increasing for xV 29, we have 2:1 > log p=log e

for prime p ¼ t2 þ 4V 29. Therefore we have that 2:1 > log p=log e for prime p1

5 ðmod 8Þ and pV 29. Now, for prime p15 ðmod 8Þ and p>e34, by (1) of Theorem

3.9, the class number h of Qð ffiffiffi

p
p Þ is an odd integer lying in the closed interval ½V ;W � ¼

½ð ffiffiffi

p
p

=2 log eÞP½ p=6�
n¼1 wðnÞ=nÿð10=6Þ log p=log e; ð ffiffiffi

p
p

=2 log eÞP½ p=6�
n¼1 wðnÞ=nþð8=6Þ log p=log e�

with W ÿ V ¼ ð18=6Þ log p=log e < ð18=6Þð2:1Þ ¼ 6:3. Again, since W ÿ V < 8, we can

use Corollary 1 of [12] to determine exactly value of h.
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4. Chowla’s conjecture and Yokoi’s conjecture.

For x > 0, set

BðxÞ ¼
1

x
ÿ

1

xþ 1
ÿ

1

xþ 2
þ

1

xþ 3
ÿ

1

xþ 4
þ

1

xþ 5
ÿ

1

xþ 6

ÿ
1

xþ 7
þ

1

xþ 8
þ

1

xþ 9
ÿ

1

xþ 10
ÿ

1

xþ 11

ÿ
1

xþ 12
þ

1

xþ 13
þ

1

xþ 14
þ

1

xþ 15
ÿ

1

xþ 16
ÿ

1

xþ 17
ÿ

1

xþ 18
ÿ

1

xþ 19
:

Then we have the following lemma.

Lemma 4.1.

(1) BðxÞ < 0 for x > 2:

(2) jBðxÞj > jBðtþ xÞj for x > 12 and t > 0:

Proof. For x > 2, it is easy to verify the following inequalities:

1

x
ÿ

1

xþ 1
ÿ

1

xþ 4
< 0; ÿ

1

xþ 2
þ

1

xþ 3
< 0;

ÿ
1

xþ 7
þ

1

xþ 8
þ

1

xþ 9
ÿ

1

xþ 10
< 0;

ÿ
1

xþ 11
ÿ

1

xþ 12
þ

1

xþ 13
þ

1

xþ 14
þ

1

xþ 15
ÿ

1

xþ 16
< 0

and

1

xþ 5
ÿ

1

xþ 6
ÿ

1

xþ 17
ÿ

1

xþ 18
ÿ

1

xþ 19
< 0:

Thus, the statement (1) is proved.

Using the proof of statement (1) and the easy exercise:

�

�

�

�

ÿ
1

xþ 1
þ

1

xþ 2
þ

1

xþ 3
ÿ

1

xþ 4

�

�

�

�

¼

�

�

�

�

ÿ10ÿ 4x

ðxþ 1Þðxþ 2Þðxþ 3Þðxþ 4Þ

�

�

�

�

>

�

�

�

�

ÿ
1

xþ tþ 1
þ

1

xþ tþ 2
þ

1

xþ tþ 3
ÿ

1

xþ tþ 4

�

�

�

�

for x > 0 and t > 0, we can derive statement (2) without di‰culty. r

Note. Bð1ÞA 0:0585302.

Using Davenport’s result Tðv; 0; wÞ > 0 [4] and Lemma 4.1, we have the following

proposition.

Proposition 4.2. Let d1 0 or 1 ðmod 4Þ be a fundamental discriminant such that

wdðqÞ ¼ ÿ1 for prime qU 19, where wd is the real even primitive character modulo d.
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Then

Tðv; 20; wdÞ > 0

for integer vV 1.

Proof. The integer d such that wdðqÞ ¼ ÿ1 for prime qU 19 is greater than 9172

[7]. For integer vV 1,

Tðv; 20; wdÞ ¼
X

20þd

n¼21

wdðvd þ nÞ
vd þ n

¼ ÿ
X

20

n¼1

wdðvd þ nÞ
vd þ n

þ
X

20

n¼1

wdðvd þ nÞ
vd þ n

þ
X

d

n¼21

wdðvd þ nÞ
vd þ n

þ
X

20

n¼1

wdðvd þ d þ nÞ
vd þ d þ n

¼ Tðv; 0; wdÞ ÿ
X

20

n¼1

wdðnÞ
vd þ n

þ
X

20

n¼1

wdðnÞ
vd þ d þ n

¼ Tðv; 0; wdÞ ÿ Bðvd þ 1Þ þ Bðvd þ d þ 1Þ:

Since Tðv; 0; wdÞ > 0 for vV 0 [4] and, by Lemma 4.1, ÿBðvd þ 1Þ þ Bðvd þ d þ 1Þ > 0

for integer vV 1, therefore we have Tðv; 20; wdÞ > 0 for integer vV 1. r

Problem 1. Let w be a real even primitive character modulo k such that wðqÞ ¼ ÿ1

for prime qU 19. Is Tð0; 20; wÞ > 0 always true?

Before proposing the next problem, we recall the following conjectures on the class

number of real quadratic fields:

ðC1Þ (S.Chowla): LetDbe a square-free rational integer of the formD¼ð2nÞ2 þ 1 for

natural number n. Then, there exist exactly 6 real quadratic fields Qð
ffiffiffiffi

D
p

Þ of class number

one, that is ðD; nÞ ¼ ð5; 1Þ; ð17; 2Þ; ð37; 3Þ; ð101; 5Þ; ð197; 7Þ; ð677; 13Þ.
ðC2Þ (H. Yokoi): Let D be a square-free rational integer of the form D ¼ n2 þ 4

for natural number n. Then, there exist exactly 6 real quadratic fields Qð
ffiffiffiffi

D
p

Þ of class

number one, that is ðD; nÞ ¼ ð5; 1Þ; ð13; 3Þ; ð29; 5Þ; ð53; 7Þ; ð173; 13Þ; ð293; 17Þ. In [6], H.

K. Kim. M.-G. Leu and T. Ono proved that at least one of the two conjectures ðC1Þ,
ðC2Þ is true and that for the other case there are at most 7 quadratic fields Qð

ffiffiffiffi

D
p

Þ of

class number one.

In relation to these two conjectures, we propose the following problem:

Problem 2. Is Tð0; 20; wDÞ > 0 true for any square-free integer D ð>8844444Þ of

the form D ¼ ð2nÞ2 þ 1 or n2 þ 4 ðn A NÞ with real even primitive character wD having

wDðqÞ ¼ ÿ1 for prime qU 19?

Remark 7. If Problem 2 is true, then Lð1; wÞ>Bð1Þ. Hence, by applying

Dirichlet’s class number formula and following the easy procedure used in [6], one can

prove the conjectures ðC1Þ and ðC2Þ without condition.
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