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(Received Mar. 6, 1996)

(Revised Mar. 3, 1997)

Abstract. We prove that if X is a connected H-space with at most three cells of positive

dimension, then the self homotopy set of X becomes a group relative to the binary

operation induced from any multiplication on X, and we determine it’s group structure in

some cases.

1. Introduction.

Throughout the paper we work in the category of topological spaces of the based

homotopy type of connected CW-complexes. The base point of any Hopf space is

taken to be the unit. When ðX ; mÞ is a Hopf space and A is any space, we denote by

½A;X ; m� the based homotopy set ½A;X � with the binary operation induced from the

multiplication m. A result of James [14] asserts that the set ½A;X ; m� forms an algebraic

loop which is a group if m is homotopy associative. O’Neill [20] proved that it is a

group if the (normalized) Lusternik-Schnirelmann category of A; catA, is less than 3 (see

2.1 below). It is not in general a group. Indeed, ½X � X � X ;X ; m� is a group if and

only if m is homotopy associative. For example, neither ½S7 � S7 � S7;S7
; m� nor

½S7 � S7 � S7;S7 � S7 � S7
; m� m� m� is a group for every m, since m is not homotopy

associative [13] (in this case catðS7 � S7 � S7Þ ¼ 3). Therefore the answer to the

following Problem 1 is negative in general.

Problem 1. Is ½X ;X ; m� a group for every multiplication m?

Problem 2. If so, compute ½X ;X ; m�.

According to Arkowitz and Lupton [4, Corollary 4.4], the answer to Problem 1

is negative for exceptional simple Lie groups of rank 6 and almost all classical

groups. The purpose of this paper is to give an a‰rmative answer to Problem 1 and

partial answers to Problem 2 when X is a connected CW-complex with at most three

cells. According to Browder [7], Hilton and Roitberg [12] and Zabrodsky [25], such a

Hopf space is homotopy equivalent to one of the following fifteen complexes:

S1;S3;S7;Sm � S n ðm; n A f1; 3; 7g; mU nÞ; SOð3Þ; SUð3Þ; En ðn ¼ 1; 3; 4; 5Þ;ð1:1Þ

where, for every integer m, Em is the principal S3-bundle over S7 induced by mo A

p7ðBS
3Þ ¼ Z=12fog and E1 ¼ Spð2Þ. Note that SOð3Þ ¼ P3ðRÞ, the real projective

space of dimension 3.
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If x, y are elements of an algebraic loop, then their commutator is the element

½x; y� ¼ ðxyÞðyxÞÿ1, where ðyxÞÿ1 is the right inverse of yx. If ðX ; mÞ is a Hopf space,

then, by [14], it has a homotopy right inverse, say s, and we write xy ¼ mðx; yÞ, xÿ1 ¼

sðxÞ and ½x; y� ¼ ðxyÞðyxÞÿ1. For each integer r, we define xr, the r-th power of x A X ,

to be ð. . . ððxxÞx . . .ÞxÞ (r-times power) if r > 0, the base point if r ¼ 0, and ðxÿ1Þÿr if

r < 0, and we define a multiplication mðrÞ by

mðrÞðx; yÞ ¼ ðxyÞ½x; y�r:

We denote by m0 the ‘standard’ multiplication if it exists. If P is a set of primes and

D is a nilpotent CW-complex or a nilpotent group, then we denote by DP the P-

localization of D, and we write n A P if n is a product of primes in P. We denote by

gcdfk1; . . . ; klg the greatest common divisor of integers k1; . . . ; kl . For integers mV 2

and n, we denote by Cðx; y; z;m; nÞ or simply by Cðm; nÞ the group with generators x,

y, z and relations

xz ¼ zx; yz ¼ zy; zm ¼ 1; ½x; y� ¼ zn:

Our first result gives an a‰rmative answer to Problem 1.

Theorem 1. Let X be one of the spaces of (1.1) and let A be En or one of the spaces

of (1.1). If P is a set of prime numbers, then ½A;XP; m� is a P-local group of nilpotency

class U2 for every multiplication m on XP, and ½A;XP; m
0
P�G ½A;X ; m 0 �P for every

multiplication m 0 on X.

The following four results give partial answers to Problem 2.

Theorem 2. Let E 0
0 ¼ S5 � S3 and E 0

1 ¼ SUð3Þ. Then, for each integer r, m and

l ¼ 0; 1, we have

½E 0
l ;SUð3Þ; m

ðrÞ
0 �GCð12; 2rþ 1Þ;ð1Þ

½Em;Spð2Þ; m
ðrÞ
0 �GCð120; 12ð2rþ 1ÞÞ:ð2Þ

Theorem 3. There exists a multiplication m0 on E5 such that ½Em;E5; m
ðrÞ
0 �G

Cð120; 12ð2rþ 1ÞÞ for every m and r.

Theorem 4. Let P1 UP2 be a partition of the set of all prime numbers. If n A P1

and 12=gcdfn; 12g A P2, then En has a multiplication m such that ½Em;En; m
ðrÞ�G

CðA2B2;A2ð2rþ 1ÞÞl ðZ=30lZ=24ÞP1
for every m and r, where A2 and B2 are the P2-

components of 12 and 10, respectively.

Corollary 1. There exist multiplications m0 on E3 and E4 such that

½Em;E3; m
ðrÞ
0 �GCð40; 4ð2rþ 1ÞÞlZ=3lZ=3;ð1Þ

½Em;E4; m
ðrÞ
0 �GCð15; 3ð2rþ 1ÞÞlZ=2lZ=8ð2Þ

for every m and r.

As an application of our calculations, we have
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Corollary 2. Let ðA; ðX ; mÞÞ be one of the following:

ðE 0m; ðSUð3Þ; m
ðrÞ
0 ÞÞ; ðEm; ðSpð2Þ; m

ðrÞ
0 ÞÞ; ðEm; ðE3; m

ðrÞ
0 ÞÞ; ðEm; ðE5; m

ðrÞ
0 ÞÞ:

Then none of the following functions is a homomorphism:

½SA;SX �  ÿ
S
½A;X ; m� ÿ!

p�
½A;S n�:

Here S is the suspension, n is 5 or 7 according as X is SUð3Þ or not, p : X ! S n is

the bundle projection, and the abelian group structure on ½A;S n� is given so that S :

½A;S n� ! ½SA;SS n� is an isomorphism.

In §2, we recall some general results for later use and give a result about a group of

nilpotency class U2. In §3, we study the cases Sm � S n for m; n A f1; 3; 7g. In §4, we

prove Theorem 1. In §5, we prove Theorems 2 and 3. In §6, we prove Theorem 4,

Corollaries 1 and 2. In §7, we study the composition operation in ½X ;X ; m0�, when X is

SUð3Þ or Spð2Þ, and prove

Corollary 3. ([19, Example 4.5]). Let EðX Þ be the group of self homotopy

equivalences of a based space X. Then we have

EðSUð3ÞÞ ¼ fabÿ1gc1 ; aÿ1bgc2 ; bgc3 ; bÿ1gc4 ; 0U ci < 12g

¼ hx; y; z; x2 ¼ y2 ¼ z12 ¼ 1; xy ¼ yx; xz ¼ zx; zyz ¼ yi;

EðSpð2ÞÞ ¼ fbgc1 ; bÿ1gc2 ; 0U ci < 120g

¼ hy; z; z120 ¼ 1; y2 ¼ 1; zyz ¼ yi;

where a, b and g are elements in Theorem 5.1 below, x is the complex conjugation,

y ¼ bÿ1, z ¼ bg, and hx1; . . . ; xk; r1; . . . ; rli denotes the group with generators x1; . . . ; xk
satisfying relations r1; . . . ; rl .

In the final section, §8, we give an invariant of Hopf spaces.

We do not distinguish notationally between a map and its homotopy class. To

indicate the multiplication m considered, we denote respectively the commutator and the

Samelson product by ½ÿ;ÿ�m and hÿ;ÿim which are defined from the commutator map.

We thank K. Morisugi who simplified our original proof of Theorem 2.

2. General results.

Let catA be the (normalized) Lusternik-Schnirelmann category of a space A such

that catA ¼ 0 if A is contractible. Results of O’Neill [20] and Whitehead [24, p. 464]

imply the following:

Theorem 2.1. If ðX ; mÞ is a Hopf space and A is a space with catA < 3, then ½A;X ;

m� is a group of nilpotency class UcatA.

Theorem 2.2. ([24, p. 465]). Let ðX ; mÞ be a Hopf space and let

f�g ¼ P0 HP1 H � � � HPc ¼ A
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be a sequence of subcomplexes of a CW-complex A such that the boundary of each cell of

Pi is contained in Piÿ1 ði ¼ 1; . . . ; cÞ. Let G i be the set of all homotopy classes of maps

f : A ! X such that f jPi is null homotopic. Then ½G0;G i�HG iþ1 for 0U iU cÿ 1,

where G0 ¼ ½A;X ; m�.

Although the hypothesis in 2.1 and 2.2 are weaker than in [24], the proof is same.

The following result is due to James and Whitehead.

Theorem 2.3. ([16], [15]). Let X be the total space of an Sm-bundle over S n with

nV 2. Then X has a cell structure Sm Ua e
n Ur e

mþn such that

Sr ¼ Si � JðwÞ;ð2:4Þ

where i : Sm ! X is the inclusion, J is the Hopf-Whitehead J homomorphism, w A

pnÿ1ðOðmþ 1ÞÞ is the characteristic element of the bundle, and a is the image of w under

the obvious homomorphism pnÿ1ðOðmþ 1ÞÞ ! pnÿ1ðS
mÞ.

Let ðG; mÞ be a group. For simplicity, we write xy ¼ mðx; yÞ as usual. We define

mðrÞðx; yÞ ¼ xy½x; y�r for each integer r.

Lemma 2.5. If ðG; mÞ is a group of nilpotency class U2, then ðG; mðrÞÞ is a group of

nilpotency class UnilðG; mÞ and ½x; y�r ¼ ½x; y�2rþ1, where ½x; y�r is the commutator with

respect to mðrÞ.

Proof. We write x � y ¼ mðrÞðx; yÞ. Recall that in a group of nilpotency class U2

the following formulas hold:

½x; yz� ¼ ½x; y�½x; z�; ½xy; z� ¼ ½y; z�½x; z�; x½y; z� ¼ ½y; z�x:

We then easily have

ðx � yÞ � z ¼ x � ðy � zÞ; x � xÿ1 ¼ xÿ1 � x ¼ 1; ½x; y�r ¼ ½x; y�2rþ1
:

Hence ðG; mðrÞÞ is a group and ½x; ½y; z�r�r ¼ ½x; ½y; z�2rþ1�2rþ1 ¼ ½x; ½y; z��ð2rþ1Þ2 ¼ 1.

Therefore nilðG; mðrÞÞU nilðG; mÞ. r

3. Products of spheres.

Let m; n A f1; 3; 7g. Since catðSm � S nÞ ¼ 2, Problem 1 is a‰rmative for Sm � S n

by 2.1. Let m, m 0 be multiplications on Sm, S n, respectively. The product multi-

plication m� m 0 on Sm � S n is the composition of

Sm � S n � Sm � S n
����!
1�T�1

Sm � Sm � S n � S n
����!

m�m 0

Sm � S n
;

where T is the switching map. Then we have the splitting

½Sm � S n
; Sm � S n

; m� m 0�G ½Sm � S n
; Sm

; m�l ½Sm � S n
; S n

; m 0�:

Let m0 : S
n � S n ! S n be the complex multiplication for n ¼ 1, quaternionic

multiplication for n ¼ 3 and Cayley multiplication for n ¼ 7. As usual, we write xy ¼

m0ðx; yÞ and mr ¼ m
ðrÞ
0 . Then fmr; 0U r < lg is the set of all the multiplications on S n up

to homotopy, where l is 1, 12 or 120 according as n is 1, 3, or 7. We abbreviate
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½ÿ;ÿ�mr to ½ÿ;ÿ�r and hÿ;ÿimr to hÿ;ÿir. Then p6ðS
3Þ ¼ Z=12fhi3; i3i0g, p14ðS

7Þ ¼

Z=120fhi7; i7i0g and hin; inir ¼ ð2rþ 1Þhin; ini0 by [3] (cf. [14]). Let q : Sm � S n !

Sm 5S n be the quotient map, and p1 : S
m � S n ! Sm, p2 : S

m � S n ! S n the

projections.

Proposition 3.1. We have

½S1 � S n;S1
; m0� ¼

Zfp1glZfp2g n ¼ 1

Zfp1g nV 2,

�

ð1Þ

½S1 � S n;S n
; mr� ¼ Zfp2glZ=2fq�hng ðn A f3; 7gÞ;ð2Þ

½S3 � S3;S3
; mr� ¼ Cðp1; p2; g ; 12; 2rþ 1Þ;ð3Þ

½S7 � S7;S7
; mr� ¼ Cðp1; p2; g ; 120; 2rþ 1Þ;ð4Þ

½S7 � S3;S3
; mr� ¼ Zfp2glZ=2fn 0 � h6 � p1glZ=15fq�g 00g;ð5Þ

½S7 � S3;S7
; mr� ¼ Zfp1glZ=24fq�g 000g;ð6Þ

where g ¼ q�g 0 with g 0 a generator of p2nðS
nÞ, g 00 is a generator of p10ðS

3Þ ¼ Z=15, n 0 A

p6ðS
3Þ, hn A pnþ1ðS

nÞ are elements in [23], and g 000 is a generator of p10ðS
7Þ ¼ Z=24.

Proof. Let k A fm; ng. By 2.1 and 2.2, we have a central extension of groups:

0 ! pmþnðS
kÞ !

q �

½Sm � S n;S k
; mr� ! ½Sm 4S n;S k

; mr� ! 0:

Hence we have (1) and (2). We also have (3) and (4), since ½S n � S n;S n
; mr� is

generated by p1, p2, q
�hin; ini0 and since ½p1; p2�r ¼ q�hin; inir. We have (5), since the

group ½S7 � S3;S3
; mr� is generated by p2, n

0 � h6 � p1, q
�g 00 and since hi3; n

0 � h6ir ¼ 0

and hence ½p2; n
0 � h6 � p1�r ¼ q�hi3; n

0 � h6ir ¼ 0. We have (6), since ½S7 � S3;S7
; mr� is

generated by p1 and q�g 000. r

4. Proof of Theorem 1.

For n A f1; 3; 7g the real projective space PnðRÞ has Hopf structures and satisfies the

following which contains a part of Theorem 1 and is maybe well-known.

Proposition 4.1. If P is a set of prime numbers and n A f1; 3; 7g, then

Ind : ½PnðRÞ;PnðRÞP; m� ! HomðHnðP
nðRÞÞ;HnðP

nðRÞPÞÞ;

defined by Indð f Þ ¼ f� is an isomorphism for every multiplication m on PnðRÞP.

Proof. The case n ¼ 1 is trivial. Let n A f3; 7g, P any set of prime numbers, and

m any multiplication on PnðRÞP. First, consider the case 2 B P. We easily have

½Pnÿ1ðRÞ;PnðRÞP� ¼ 0 and ½SPnÿ2ðRÞ;PnðRÞP� ¼ 0. Let g : S nÿ2 ! Pnÿ2ðRÞ be the

canonical covering map and q 0
: Pnÿ2ðRÞ ! S nÿ2 the quotient map. Then q 0 � g ¼ 2inÿ2

and so ðS2gÞ��ðS2q 0Þ� : pnðP
nðRÞPÞGpnðP

nðRÞPÞ. Hence ðS2gÞ� : ½S2Pnÿ2ðRÞ;PnðRÞP�

! pnðP
nðRÞPÞ is surjective so that ½SPnÿ1ðRÞ;PnðRÞP� ¼ 0. Thus q�

: pnðP
nðRÞPÞG

½PnðRÞ;PnðRÞP; m� and, by using the Hurewicz homomorphism, we see that Ind is an

isomorphism.
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Second, suppose 2 A P. Let c : PnðRÞ ! PnðRÞ4S n be a cooperation [9, p.

99]. For f A ½PnðRÞ;PnðRÞP� and x A pnðP
nðRÞPÞ, we denote by f x the composition of

the following:

PnðRÞ ���!
c

PnðRÞ4S n
���!
f4x

PnðRÞP 4PnðRÞP ���!
‘

PnðRÞP;

where ‘ is the folding map. Let e : PnðRÞ ! PnðRÞP be the P-localizing map. Since

½Pnÿ1ðRÞ;PnðRÞP; m� ¼ Z=2f jg, where j : Pnÿ1ðRÞHPnðRÞ ÿ!
e

PnðRÞP, it follows from

Puppe’s theorem [9, p. 175] that ½PnðRÞ;PnðRÞP� ¼ f0x; ex; x A pnðP
nðRÞPÞg, where 0 is

the constant map to the base point. We then easily have that Ind is a bijective

homomorphism of loops and hence of abelian groups. r

Consider the following pull-back diagram:

En ��!
fn

Spð2Þ

pn

?
?
y

?
?
y

p

S7
��!
ni7

S7:

ð4:2Þ

Let Qn ¼ S3 Uno e7, where o is the generator of p6ðS
3Þ identified with p7ðBS

3ÞGZ=12.

Then En ¼ Qn Urn e
10 by 2.3. Recall from [11] that Em FEn if and only if m1Gn

(mod 12) and from [25] that En admits a Hopf structure if and only if n2 2 (mod

4). We denote by in the inclusions of S3 into Qn and En, by jn the inclusion Qn ! En,

and by qn the quotient maps Qn ! S7 and En ! S10. Observe that qn ¼ pn � jn. Let

wn be the characteristic element of En. Then wn ¼ nw1.

Lemma 4.3. (1) The space Qn is a co-Hopf space if and only if n is even. Hence

(catQn; catEn) is (1, 2) or (2, 3) according as n is even or odd.

(2) We have catP3ðRÞ ¼ 3 and catX U 2 if X is one of the spaces of (1.1) except

P3ðRÞ and En.

Proof. (2) It is well-known that catX is 1, 2 or 3 according as X is Sm, Sm � S n

or P3ðRÞ. Also, as is well-known, SUð3Þ ¼ QU e8, where Q ¼ SðS2 U e4Þ is the

suspension of the complex projective plane. It follows that catQ ¼ 1 and

catSUð3Þ ¼ 2.

(1) By the method of 4.4 in [21], if n is odd, then catQn ¼ 2 and catEn ¼ 3. Recall

that a space X is a co-Hopf space if and only if catX U 1, so it follows that Qn is not a

co-Hopf space for n odd. Let y : S3 ! S3 4S3 be the co-multiplication. Under the

identification pmðS
3 4S3Þ ¼ pmðS

3Þl pmðS
3Þl pmþ1ðS

3 � S3;S3 4S3Þ, we have y � g

¼ gl glHðgÞ for every g A pmðS
3Þ, where H is the Hopf y-invariant of [5]. It then

follows from Theorem 3.20 of [5] that HðoÞ is the generator of p7ðS
3 � S3;S3 4S3Þ

GZ=2 for the generator o of p6ðS
3Þ, and that Qn is a co-Hopf space if n is even. One

can construct a co-multiplication of Qn for n even by using Theorem 15.4 of [9],

although details are omitted. Since the cup length of H �ðEnÞ is 2, we have catEn

V 2. Since catEn U 1þ catQn, we then have catEn ¼ 2 for n even. r
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Notation: cðnÞ ¼ 12=gcdfn; 12g, cðm; nÞ ¼ gcdfn; 12g=gcdfm; n; 12g and cðm; n;PÞ

is the P-component of cðm; nÞ for P a set of primes.

Recall from [23] that p10ðS
7Þ ¼ Z=8lZ=3fa1ð7Þg, p9ðS

3Þ ¼ Z=3fa1ð3Þ � a1ð6Þg,

p9ðS
7Þ ¼ Z=2fh27g, and p8ðS

3Þ ¼ Z=2fn 0 � h26g.

Lemma 4.4. (1) We denote by ½x� A plðEnÞ an element such that pn� ½x� ¼ x A plðS
7Þ.

We abbreviate ½ki7� to ½k�. Then

p3ðEnÞ ¼ Zfing ¼ p3ðQnÞ; fn�ðinÞ ¼ i1;ð1-1Þ

p4ðEnÞ ¼ Z=2fin�h3g; p6ðEnÞ ¼ Z=gcdfn; 12gfin�og;ð1-2Þ

p7ðEnÞ ¼ Zf½cðnÞ�gl
Z=2fin � n

0 � h6g n1 0 (mod 2)

0 n1 1 (mod 2),

�

ð1-3Þ

where fn� ½cðnÞ� ¼ ðn=gcdfn; 12gÞ[12];

p9ðEnÞ ¼

0 n1 1; 5 (mod 6)

Z=2f½h27 �g n1 2; 4 ðmod6Þ

Z=3fi�a1ð3Þ � a1ð6Þg n1 3 (mod 6)

Z=3fi�a1ð3Þ � a1ð6ÞglZ=2f½h27 �g n1 0 (mod 6);

8

>
>
>
<

>
>
>
:

ð1-4Þ

p10ðEnÞ ¼ Z=15fin�xglZ=8f½n7�gl
Z=3f½a1ð7Þ�g n1 0 (mod 3)

0 n2 0 (mod 3),

�

ð1-5Þ

where p10ðS
3Þ ¼ Z=15fxg;

h½12�; i1im0 ¼ 12g 0; where p10ðSpð2ÞÞ ¼ Z=120fg 0g:ð1-6Þ

(2) The following is exact:

0ÿ! p7ðEnPÞ ÿ!
q �
m

½Qm;EnP� ÿ!
i �m

cðm; n;PÞp3ðEnPÞÿ! 0:

Proof. (1) By [17], we have (1-1), (1-2), (1-3) and (1-5) when n ¼ 1. We then

easily have (1-1), (1-2) and (1-3) by (4.2) and the homotopy exact sequences of

the bundles. When n2 0 (mod 3), (1-5) follows from the equation D1ða1ð7ÞÞ ¼

a1ð3Þ � a1ð6Þ and the following commutative diagram:

0 ¼ p11ðS
7Þ ��! p10ðS

3Þ ��!
i�

p10ðEnÞ ��! p10ðS
7Þ ��!

Dn
p9ðS

3Þ
?
?
y





?
?
y

f n�

?
?
yn





0 ¼ p11ðS
7Þ ��! p10ðS

3Þ ��!
i�

p10ðSpð2ÞÞ ��! p10ðS
7Þ ��!

D1
p9ðS

3Þ:

Let n1 0 (mod 3). Then Dnða1ð7ÞÞ ¼ 0 by the diagram. If there exists an element

y A p10ðEnÞ with 3y ¼ i�a2ð3Þ, then i�a2ð3Þ ¼ fn� i�a2ð3Þ ¼ 3 fn�ðyÞ ¼ 0. This is a con-

tradiction. Hence (1-5) is proved. Consider the exact sequence:

p10ðS
7Þ ÿ!

D
p9ðS

3Þÿ! p9ðEnÞÿ! p9ðS
7Þ ÿ!

D
p8ðS

3Þ:
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We have Da1ð7Þ ¼ nn 0a1ð3Þ � a1ð6Þ and Dh27 ¼ nðn 0 � h26Þ, where o1 n 0a1ð3Þ ðmod n 0Þ

with n 0 2 0 (mod 3). Hence (1-4) follows. By [6], we have (1-6).

(2) Consider the exact sequence of based sets:

p4ðEnÞ ����!
ðSmoÞ �

p7ðEnÞ ����!½Qm;En� ����!
i �m

p3ðEnÞ ����!
ðmoÞ �

p6ðEnÞ:

Since o ¼ xn 0 þ ya1(3) with x1 1 (mod 2) and h3 � Sn
0 ¼ 0 by [23], we have ðSmoÞ�

¼ 0 by (1-2). We have Imði�mÞ ¼ KerðmoÞ� ¼ cðm; nÞp3ðEnÞ by (1-2). r

The proof of Theorem 1 is divided into four steps:

½A;XP; m� is a nilpotent group:ðStep 1Þ

½A;XP; m� is P-local:ðStep 2Þ

½A;XP; m
0
P�G ½A;X ; m 0�P:ðStep 3Þ

nil½A;XP; m�U 2:ðStep 4Þ

Proof of Theorem 1–Part I. We prove these steps here except Step 4, whose

proof is postponed until the end of this section.

(Step 1) If A is Sm with m A f1; 3; 7g, Sm � S n with m; n A f1; 3; 7g, SUð3Þ, or Em

with m even, then catAU 2 so that ½A;XP; m� is a group of nilpotency class U2 by 2.1.

Let A be P3ðRÞ or Em with m odd. It su‰ces to prove that ½A;XP; m� is asso-

ciative. Let fi A ½A;XP� for i ¼ 1; 2; 3 and consider the following commutative diagram:

T

V

?
?
yi 0

A ������!
d

A� A� A ������!
f1� f2� f3

XP � XP � XP

q

?
?
y

?
?
y
q

A5A5A ������!
f1 5 f2 5 f3

XP 5XP 5XP;

where T ¼ XP � XP � f�gUXP � f�g � XP U f�g � XP � XP, d is the diagonal map, and

q is the quotient map. Let m be any multiplication on XP. To simplify the notation,

we denote the binary operation in ½ÿ;XP; m� by ‘þ’. Since m � ð1� mÞ � i 0 ¼

m � ðm� 1Þ � i 0, there exists a map s : XP 5XP 5XP ! XP such that m � ð1� mÞ ¼

m � ðm� 1Þ þ s � q. Hence we have

f1 þ ð f2 þ f3Þ ¼ fð f1 þ f2Þ þ f3g þ s � ð f1 5 f2 5 f3Þ � q � d:

Let ða; bÞ be (10, 3) if A ¼ Em and (3, 1) if A ¼ P3ðRÞ. By a cell structure of A, the

map q � d factors into

A ����!
q 0

S a
����!

g
S3b ¼ S b 5S b 5S b

����!
i5i5i

A5A5A

for some g, where q 0 is the quotient and i is the inclusion. Hence

s � ð f1 5 f2 5 f3Þ � q � d ¼ s � ð f1 5 f2 5 f3Þ � ði5 i5 iÞ � g � q 0
:
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We prove the assertion by showing

s � ð f1 5 f2 5 f3Þ � ði5 i5 iÞ � g ¼ 0:ð4:5Þ

Let A ¼ Em with m odd. Then 2g ¼ 0. If X is S1 or S1 � S1, then (4.5) is

obviously satisfied. If X is S3, S1 � S3, S3 � S3, SUð3Þ, P3ðRÞ or E3, then 3p9ðXPÞ ¼

0 by [23] and [17] and (1-4) of 4.4 so that s � ð f1 5 f2 5 f3Þ � ðim 5 im 5 imÞ � g ¼ 0. If

X is S7, S1 � S7 or S7 � S7, then fk � im A p3ðXPÞ ¼ 0 so that ð f1 5 f2 5 f3Þ � ðim 5 im
5 imÞ ¼ 0. If X is E1 or E5, then p9ðXPÞ ¼ 0 by (1-4) of 4.4 so that s � ð f1 5 f2 5 f3Þ �

ðim 5 im 5 imÞ ¼ 0. If X ¼ E4 and 2 B P, then p9ðXPÞ ¼ 0 by (1-4) of 4.4 so that

s � ð f1 5 f2 5 f3Þ � ðim 5 im 5 imÞ ¼ 0. If X is E4 or E0 and 2 A P, then cðm; 4;PÞ1 0

(mod 4) and hence fk � im ¼ 4akin for some ak A ZP by (2) of 4.4 so that ð f1 5 f2 5 f3Þ �

ðim 5 im 5 imÞ � g ¼ 0. Let X ¼ E0 ¼ S3 � S7. If 2; 3 B P, then p9ðXPÞ ¼ 0 by (1-4) of

4.4 so that s � ð f1 5 f2 5 f3Þ � ðim 5 im 5 imÞ ¼ 0. If 2 B P and 3 A P, then 3p9ðXPÞ ¼ 0

by (1-4) of 4.4 so that s � ð f1 5 f2 5 f3Þ � ðim 5 im 5 imÞ � g ¼ 0.

Let A ¼ P3ðRÞ. If p1ðXPÞ ¼ 0, then fk � i ¼ 0 so that (4.5) is satisfied. The case

X ¼ P3ðRÞ was checked in Proposition 4.1. If X is S1, S1 � S1 or S1 � S7,

then ½P3ðRÞ;XP� ¼ 0. If X is S1 � S3, then ½P2ðRÞ;XP� ¼ 0, whence q�
: p3ðXPÞ !

½P3ðRÞ;XP; m� is surjective so that ½P3ðRÞ;XP; m� is an abelian group.

(Step 2) We give the proof only for A ¼ Em, because other cases are sim-

ilar. Consider the following exact sequence of groups:

p7ðXPÞ ���!
q �
m

½Qm;XP; m� ���!
i �m

p3ðXPÞ ���!
ðmoÞ �

p6ðXPÞ:

The subgroup Im q�
m is central by 2.2. Obviously this group and KerðmoÞ� are P-

local. Hence ½Qm;XP; m� is P-local by 1.2 on page 4 in [10]. By applying this method

to the following exact sequence of groups, we see that ½Em;XP; m� is P-local:

p10ðXPÞ ��!
q�
m

½Em;XP; m� ��!
j �m

½Qm;XP; m� ��!
r
�
m

p9ðXPÞ:

(Step 3) Let e : X ! XP be the P-localizing map. Then e� : ½A;X ; m
0� ! ½A;XP; m

0
P�

is a P-isomorphism by Theorem 6.2 on page 90 in [10] and hence ½A;XP; m
0
P�G

½A;X ; m
0�P. r

Remark 4.6. The above proof shows that if A is a CW-complex, then, for every

multiplication m, ½A;X ; m� is a group provided (i) X ¼ Ek ðk ¼ 0; 1; 3; 4; 5Þ and dimAU 12

or (ii) X ¼ SUð3Þ and dimAU 10.

Let A be a principal S3-bundle over Sm with m ¼ 5 or 7. Its cell structure is

S3 U em U emþ3 by 2.3. Let i : S3 ! A be the inclusion, p : A ! Sm the projection, and

q : A ! Smþ3 the quotient map. Let ðX ; mÞ be a Hopf space.

Lemma 4.7. For every g A pmðXÞ and every map h : A ! X , the following diagram

commutes:

A �������!
q

Sm 5S3
������!
hg;h � iim

X

d

?
?
y

?
?
y
id5i Cm

x
?
?

A5A �������!
ðeim�pÞ5id

Sm 5A ������!
g5h

X 5X ;
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where e is 1 or ÿ1 and Cm is the commutator map with respect to m. Hence

½g � p; h�m ¼ ehg; h � iim � q:

Proof. The first square commutes for some e with jej ¼ 1, since ðid5 iÞ � q and

ðp5 idÞ � d induce the same homomorphism up to sign on the integral cohomology.

By definitions so does the second one. r

Lemma 4.8. (1) For every multiplication m on S3 and S7, we have

½Qn;S
3; m� ¼ ZfhcðnÞiglZ=2fn 0 � h6 � p � jg; i�hcðnÞi ¼ cðnÞi3;ð1-1Þ

½En;S
3; m� ¼ ZfhcðnÞiglZ=30; i�hcðnÞi ¼ cðnÞi3;ð1-2Þ

½Qn;S
7; m� ¼ Zfqng; ½En;S

7; m� ¼ ZfpnglZ=24:ð1-3Þ

(2) If P is a set of primes, then every multiplication m on S3
P and S7

P is integral, that is,

m ¼ m 0
P for some multiplication m 0 on S3 and S7.

Proof. (1) We omit the proof of (1-3), since it is easy. By applying the functor

½ÿ;S3; m� to the cofibering S6 ÿ!
no

S3 ! Qn, (1-1) follows from 2.1, 2.2 and the equality

h3 � Sno ¼ 0 in [23].

We show that the following is exact:

0ÿ! p10ðS
3Þ ÿ!

q �

½En;S
3� ÿ!

j �

½Qn;S
3� ÿ! 0:ð4:9Þ

By 2.4, ðSrnÞ
�
: ½SQn;S

3� ! p10ðS
3Þ is trivial, since p4ðS

3Þ ¼ Z=2 and p10ðS
3Þ ¼ Z=15.

To prove the triviality of r�
n : ½Qn;S

3� ! p9ðS
3Þ, we consider the following commutative

square:

½Qn;S
3� ����!

r �
n

p9ðS
3Þ

S

?
?
y

?
?
yS

½SQn;S
4� ����!

ðSrnÞ
�

p10ðS
4Þ:

We have easily

ImfSi� : ½SQn;S
4� ! p4ðS

4Þg ¼ cðnÞp4ðS
4Þ:ð4:10Þ

By 6.1 of [18], we have Jðw1Þ ¼ 2n24 þ d such that the order of d is 3. Hence JðwnÞ ¼

nJðw1Þ ¼ 2nn24 þ nd. By (8.10) on page 537 in [24], k i4 � n4 ¼ k2n4 þ Sa for some a,

whence ki4 � n
2
4 ¼ k2n24 , and

ki4 � d ¼ kdþ
k

2

� �

ð½i4; i4� � h0ðdÞÞ

¼ kdþ kðk ÿ 1Þðn4 � h0ðdÞÞ þ
k

2

� �

ðSa 0 � h0ðdÞÞ

for some a 0, where h0 is the 0-th Hopf-Hilton homomorphism. Given any integer a, let

~aa ¼ acðnÞ. We have
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JðwnÞ
�ð~aai4Þ ¼ 2nð~aai4 � n

2
4Þ þ nð~aai4 � dÞ

¼ 2n~aa2n24 þ n~aadþ ~aað~aaÿ 1Þðn4 � h0ðdÞÞ þ n
~aa

2

� �

ðSa 0 � h0ðdÞÞ

¼ 0;

since 2ncðnÞ1 0 (mod 8), ncðnÞ1 0 (mod 3) and the orders of n4 � h0ðdÞ and Sa 0 � h0ðdÞ

are 1 or 3. Thus ðSrnÞ
� in the square is trivial by (2.4) and (4.10), whence so is r�

n ,

since the suspension homomorphism S on the right hand side is injective by the EHP-

sequence. Therefore (4.9) is exact.

As was proved, ½En;S
3; m� is a group. Hence this is generated by hcðnÞi; q�g 00 and

n 0 � h6 � p, where g 00 is a generator of p10ðS
3Þ. By 2.2, the element q�g 00 is in the center.

We have

½n 0 � h6 � p; hcðnÞi�m ¼ hn 0 � h6; cðnÞ � i3im � q ¼ 0;

since 2hn 0 � h6; cðnÞi3im ¼ 0 in p10ðS
3Þ ¼ Z=15.

(2) Let n be 3 or 7. Then S n
P 4S n

P ¼ ðS n 4S nÞP and S n
P 5S n

P ¼ ðS n 5S nÞP by

1.11 on page 58 in [10]. Consider the following commutative diagram:

0 ��! ½S n 5S n;S n� ��! ½S n � S n;S n� ��! ½S n 4S n;S n� ��! 0
?
?
y

?
?
y

?
?
y

0 ��! ½S n
P 5S n

P;S
n
P� ��! ½S n

P � S n
P;S

n
P� ��! ½S n

P 4S n
P;S

n
P� ��! 0:

Since the first vertical arrow is surjective and the third one is injective, we

have (2). r

We denote by dðm; nÞ the order of the image of r�
m : ½Qm;En� ! p9ðEnÞ.

Lemma 4.11. (1) If n2 0 (mod 3), m ¼ n1 0 (mod 3) or n1 0 (mod 12), then

dðm; nÞ ¼ 1 and the following is exact:

0ÿ! p10ðEnÞ ÿ!
q�
m

½Em;En� ÿ!
j �m

½Qm;En� ÿ! 0:ð1-1Þ

(2) If n2 2 (mod 4), then, with respect to any multiplication m on En, the sequence in

(2) of 4.4 for P the set of all primes is an exact sequence of abelian groups and (1-1) is a

central extension of groups under the hypothesis. The group structure of ½Qm;En; m� is

independent of m.

(3) Let n2 2 (mod 4). Then there exists b A ½Em;En� such that i�mb ¼

cðm; nÞdðm; nÞin. Let a ¼ ½cðnÞ� � pm, g ¼ q�
mg

0 with g 0 a generator of in�p10ðS
3Þþ

Z=8f½n7�g, d ¼ q�
m½a1ð7Þ� for n1 0 (mod 3), and e ¼ in � n

0 � h6 � pm for n1 0 (mod 4).

Then, for every multiplication m on En, we have the following facts:

a; b; g; d; e generate ½Em;En; m�;

g; d; e are in the center;

g; d generate the image of q�
m : p10ðEnÞ ! ½Em;En; m�;

½a; b�m ¼ Gcðm; nÞdðm; nÞh½cðnÞ�; inim � qm:

Self homotopy groups of Hopf spaces 81



Proof. Before proving (1), we prove that (1) implies (2) and (3).

(2) Let n2 2 (mod 4). Then En is a Hopf space. Let m be any multiplication on

En. It follows from 2.1 that ½Qm;En; m� is a group so that we have the following exact

sequence of groups:

p4ðEnÞ ����!
ðmSoÞ�

p7ðEnÞ ����!
q �

½Qm;En; m� ����!
i �

p3ðEnÞ ����! p6ðEnÞ:

Since ðmSoÞ� ¼ 0 by 4.4 and [23], q� is injective. The image of q� is a central

subgroup of ½Qm;En; m� by 2.2 and the image of i� is isomorphic to Z by 4.4. Hence

½Qm;En; m� is an abelian group whose group structure is independent of m. Also

½Em;En; m� is a group as being proved above, and (1-1) is a central extension of groups

under the hypothesis by 2.2. This proves (2).

(3) Let n2 2 (mod 4). Since j �mðaÞ, j �mðbÞ (and j �mðeÞ if n1 0 (mod 4)) are

generators of Imð j �mÞ, it follows that a; b; g; d; e generate ½Em;En; m� and g; d generate

Imðq�
mÞ. By 4.7, we have

½a; b�m ¼ Gh½cðnÞ�; b � imim � qm ¼ Gcðm; nÞdðm; nÞh½cðnÞ�; idim � qm:

By 2.2, g and d are in the center. We show that so is e. Let Cm : En 5En ! En be the

commutator map with respect to m. Then

½a; e� ¼ Cm � ð½cðnÞ�5 in � n
0 � h6Þ � ðpm 5 pmÞ � d ¼ 0;

since ðpm 5 pmÞ � d ¼ 0 for dimensional reasons. Consider the commutative diagram:

Em ��������������!
qm

S7 5S3
��������������!
hin�n

0�h6;cðm;nÞdðm;nÞini
En

d

?
?
?
?
y

?
?
?
?
y

id5 cðm;nÞdðm;nÞin

x
?
?
?
?

Cm

Em 5Em ��������������!
ðG i7�pmÞ5 b

S7 5En ��������������!
in�n

0�h6 5 id
En 5En:

We have

½e; b�m ¼ G cðm; nÞdðm; nÞhin � n
0 � h6; inim � qm

¼ G cðm; nÞdðm; nÞin � hn
0 � h6; idim 0 � qm

¼ 0; since hn 0 � h6; idim 0 ¼ 0;

where m 0 is the multiplication on S3 induced from m. Hence e is in the center. This

proves (3).

In the rest of the proof we prove (1). Consider the exact sequence of based sets:

½SQm;En� ���!
ðSrmÞ

�

p10ðEnÞ ���!
q �
m

½Em;En� ���!
j �m

½Qm;En� ���!
r �
m

p9ðEnÞ:ð4:12Þm;n

By (2.4) and the equation h3 � JðwmÞ ¼ 0, we have

ðSrmÞ
� ¼ 0 : ½SQm;En� ! p10ðEnÞ for all m; n:

Thus it remains to prove the surjectivity of j �m or equivalently the triviality of r�
m.

When n1 1 (mod 2) and n2 0 (mod 3), j �m is surjective by 4.4 (1-4).
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Let n1 0 (mod 2) and n2 0 (mod 3). Since qm � rm ¼ pm � jm � rm ¼ 0 and q�
:

p7ðS
7Þ ! ½Qm;S

7� is surjective, we have r�
m ¼ 0 : ½Qm;S

7� ! p9ðS
7Þ. Hence r�

m ¼ 0 :

½Qm;En� ! p9ðEnÞ by the following commutative square:

½Qm;En� ��!
r �
m

p9ðEnÞ

pn�

?
?
y G

?
?
y

pn�

½Qm;S
7� ��!

r �
m

p9ðS
7Þ:

Let n1 1 (mod 2) and n1 0 (mod 3). In this case (4.12)n;n is an exact sequence of

algebraic loops. Take any x A ½Qn;En� and write i�ðxÞ ¼ ai with a A Z. Then x ¼ ajþ

q�ðyÞ for some y A p7ðEnÞ. Thus j �ðida � ðy � pÞÞ ¼ x. Hence j � is surjective.

Let n1 0 (mod 2) and n1 0 (mod 3). When n1 0 (mod 12), the bundle En ! S7

is trivial, whence j �m is surjective by (1-3) of 4.8 and (4.9). Let n1 6 (mod 12). In this

case the diagram (4.2) factors as

En ��!
g2

En=2 ��! Spð2Þ
?
?
y

?
?
y

?
?
y

S7
��!

2
S7

��!
n=2

S7

and

En ��!
g3

En=3 ��! Spð2Þ
?
?
y

?
?
y

?
?
y

S7
��!

3
S7

��!
n=3

S7:

Since no ¼ 6o ¼ 2n 0 ¼ h33 ¼ Sðh32Þ by [23], it follows that Qn ¼ SðS2 Uh3
2
e6Þ and i :

S3 ! Qn and q : Qn ! S7 are suspension maps. Hence we have the following com-

mutative diagram of exact sequences of groups:

0 ��! p7ðEnÞ ��! ½Qn;En� ��! p3ðEnÞ ��! 0

gk�

?
?
y

?
?
y
gk� G

?
?
y
gk�

0 ��! p7ðEn=kÞ ��! ½Qn;En=k� ��! p3ðEn=kÞ ��! 0:

As is easily seen, the first gk� is surjective for k ¼ 2 and isomorphic for k ¼ 3, hence so is

the second gk� . Consider the commutative square:

½Qn;En� ��!
gk�

½Qn;En=k�

r�
n

?
?
y

?
?
y
r �
n

p9ðEnÞ ��!
gk�

p9ðEn=kÞ:

By 4.4 (1-4), we can show that the lower gk� is surjective. Hence the triviality of the

first r�
n follows from the following fact:

the image of the second r�
n does not contain an element of order 3 for k ¼ 2ð4:13Þ

and of order 2 or 6 for k ¼ 3:
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We prove (4.13) as follows. First, let k ¼ 2. In this case En=2 is a Hopf space.

Take any x A ½Qn;En� and write j �ðxÞ ¼ ai A p3ðEn=2Þ ¼ Zfig. Then x ¼ aðg2 � jÞþ

q�ðyÞ for some y A p7ðEn=2Þ by the exact sequence

p7ðEn=2Þ ÿ!
q �

½Qn;En=2� ÿ!
i �

p3ðEn=2Þ:

Since j � : ½En;En=2� ! ½Qn;En=2� is a homomorphism, we have j �ðga2ðy � pÞÞ ¼ aðg2 � jÞ

þ y � p � j ¼ x. Thus j � is surjective and hence r
�
n ¼ 0 : ½Qn;En=2� ! p9ðEn=2Þ.

Second, let k ¼ 3. Consider the commutative square:

½Qn;En=3� ��!
p�

½Qn;S
7�

r
�
n

?
?
y

?
?
y
r
�
n

p9ðEn=3Þ ��!
p�

p9ðS
7Þ:

Since the lower p� is surjective by 4.4 (1-4) and since r
�
n ðqÞ ¼ p � j � rn ¼ 0, the image of

the first r
�
n does not contain an element of order 2 or 6. r

Proof of Theorem 1 – Part II. We proceed to Step 4. It remains to prove that

nil½A;XP; m�U 2 when A is P3ðRÞ or Em with m odd.

Let A ¼ P3ðRÞ. If X ¼ P3ðRÞ, then ½P3ðRÞ;XP; m�GZP by Proposition 4.1. If X

is S1, S1 � S1 or S1 � S7, then ½P3ðRÞ;XP; m� ¼ 0 as seen in Part I. If X is S7 or

S7 � S7, then ½P3ðRÞ;XP; m� ¼ 0. If X is S3, S1 � S3, S3 � S3, S3 � S7, SUð3Þ or Em

with m2 2 (mod 4), then ½P2ðRÞ;XP� ¼ 0, hence q�
: p3ðXPÞ ! ½P3ðRÞ;XP; m� is sur-

jective so that ½P3ðRÞ;XP; m� is abelian.

Let A ¼ Em with m odd. If X ¼ S3, then nil½Em;XP; m� ¼ 1 by 4.8. If X is S7 or

S7 � S7, then ½Em;XP; m�G ½Em=S
3;XP; m� ¼ p7ðXPÞl p10ðXPÞ so that nil½Em;XP; m� ¼ 1.

If X ¼ SUð3Þ, then ½Qm;XP; m�GZP so that nil½Em;XP; m�U 2 by 2.2, since p7ðXÞ ¼ 0

and p6ðX Þ is finite. If X is S1 or S1 � S1, then ½Em;XP� ¼ 0. If X ¼ S1 � S7, then

½Qm;XP; m� is abelian so that nil½Em;XP; m�U 2. If X is S1 � S3, S3 � S3, P3ðRÞ or En

with n2 2 (mod 4), then we can prove the assertion by the almost same method. So

we give a proof only for En. Let X ¼ En with n2 2 (mod 4). By (4.12) and 2.2, it

su‰ces to prove that ½Qm;XP; m� is abelian. Take any x1, x2 A ½Qm;XP; m�. By (2) of

4.4, we can write i�mxk ¼ akcðm; n;PÞin with ak A ZP. There exists a map g : S7 ! S6

which makes the following diagram commute:

Qm ����!
d

Qm 5Qm ����!
x1 5 x2

XP 5XP

q

?
?
y U

x
?
?im5im

?
?
y
Cm

S7
����!

g
S3 5S3 XP;

where Cm is the commutator map with respect to m. Write ak ¼ a 00
k=a

0
k with a 0

k A Pc (the

complement of P), a 00
k A Z, and put h ¼ Cm � ðð1=a

0
1Þin 5 ð1=a 0

2ÞinÞ. We have

½x1; x2� ¼ Cm � ðx1 5 x2Þ � ðim 5 imÞ � g � q ¼ a 00
1 a

00
2 cðm; n;PÞ2h � g � q;

which is a 2-torsion element. We show that this is trivial. If 2 B P, then p7ðXPÞ ¼ ZP
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so that h � g ¼ 0. Assume 2 A P. If n ¼ 1; 5, then h A p6ðXPÞ ¼ 0. If n ¼ 3, then

3p6ðXPÞ ¼ 0 so that h � g ¼ 0. If n ¼ 0; 4, then cðm; n;PÞ1 0 (mod 4) so that

cðm; n;PÞh � g ¼ 0. Thus ½x1; x2� ¼ 0 and hence ½Qm;XP; m� is abelian. r

5. Proofs of Theorems 2 and 3.

In this section, we use the notation in 4.11. We recall from [17] and [6] the

following:

p3ðSUð3ÞÞ ¼ Zfig; p5ðSUð3ÞÞ ¼ Zf½2�g with p � ½2� ¼ 2i5;

p8ðSUð3ÞÞ ¼ Z=12fh½2�; iim0g:

We define elements in ½E 0
l ;SUð3Þ� as follows:

a ¼
½2� � p1 l ¼ 0

½2� � p l ¼ 1,

�

b ¼
i � p2 l ¼ 0

id l ¼ 1,

�

g ¼ h½2�; iim0 � q;

where pk is the projection from S5 � S3 to the k-th component, and q : E 0
l ! S8 is the

quotient map. Then we have the following result which contains Theorem 2.

Theorem 5.1. If l ¼ 0; 1 and n ¼ 1; 4; 5, then for every integer m; r, we have

½E 0
l ;SUð3Þ; mðrÞ� ¼ Cða; b; g ; 12;Gð2rþ 1ÞkmÞ;ð1Þ

where h½2�; iim ¼ kmh½2�; iim0 , and

½Em;En; m
ðrÞ� ¼ Cða; b; g ; 120;Gcðm; nÞð2rþ 1ÞkmÞð2Þ

l
Z=2fin � n

0 � h6 � pmg n ¼ 4

0 n ¼ 1; 5,

(

where a; b; g are elements defined in 4.11(3) and h½cðnÞ�; inim ¼ kmg
0 in p10ðEnÞ ¼

Z=120fg 0g.

Proof. We have (2) by 2.5 and 4.11. By the same methods, we can prove (1) and

so we omit the details. r

To prove Theorem 3, we need the following.

Lemma 5.2. For k A f0; 1; 3; 4; 5g, let

n1

0 ðmod 48Þ if k ¼ 0

Gk ðmod 12Þ if k ¼ 1; 3; 5

16; 32 ðmod 48Þ if k ¼ 4:

8

<

:

Then there exists a multiplication m on En such that the projection fn : ðEn; mÞ !

ðSpð2Þ; m0Þ is a Hopf map.

Proof. It follows from the S7-version of Theorem A in [3] that there exist

multiplications m 0, m 00 on S7 such that ni7 : ðS
7; m 0Þ ! ðS7; m 00Þ is a Hopf map. Then the

existence of m follows from [1]. r
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Remark 5.3. In the situation of 5.2, En FEk.

Proof of Theorem 3. Let n; k; m be as in 5.2. Let k ¼ 5. The sequence (1-1) in

4.11 is a central extension of groups, and ½Em;En; m� is generated by a ¼ ½12� � pm, b

and g, where b � im ¼ in, g ¼ q�
mg

0, g 0 is a generator of p10ðEnÞ ¼ Z=120. By 4.7, we

have ½a; b� ¼ Gh½12�; inim � qm. Also fn�h½12�; inim ¼ h fn� ½12�; fn�ðinÞim0 ¼ hn½12�; i1im0
¼ nh½12�; i1im0 . Hence the order of h½12�; inim is 10/gcdfn; 5g and

½Em;En; m� ¼ Cða; b; g ; 120; 12 � gcdfn; 5gÞ:

By letting n ¼ 7, we obtain Theorem 3 from 2.5. r

6. Proofs of Theorem 4, Corollaries 1 and 2.

Recall H �ðSpð2ÞÞ ¼ Lðx3; x7Þ.

Proposition 6.1. Let P1 UP2 be a partition of the set of all primes and n an integer

with n2 2 (mod 4). If n A P1 and cðnÞ ¼ 12=gcdfn; 12g A P2, then for any multi-

plications m1 on S3
P1

� S7
P1

and m2 on Spð2ÞP2
there is a multiplication m on En such that,

for each integer r, the following is a weak pullback diagram [2] of Hopf spaces and Hopf

maps

ðEn; m
ðrÞÞ ���!

fn
ðSpð2ÞP2

; m
ðrÞ
2 Þ

h 0

?
?
y

?
?
yh

ðS3
P1

� S7
P1
; m

ðrÞ
1 Þ ���!

i�ni
ðKðQ; 3Þ � KðQ; 7Þ; m0Þ;

where h 0 ¼ ð1=cðnÞÞhcðnÞi� p, h ¼ x3 � x7, i is the localization of the inclusion Sm !

KðZ;mÞ, and m0 is the unique multiplication on KðQ; 3Þ � KðQ; 7Þ. Moreover the

following is the pullback diagram of algebraic loops:

½X ;En; m
ðrÞ� ����!

fn�
½X ;Spð2ÞP2

; m
ðrÞ
2 �

h 0
�

?
?
y

?
?
yh�

½X ;S3
P1

� S7
P1
; m

ðrÞ
1 � ����!

ði�niÞ�
½X ;KðQ; 3Þ � KðQ; 7Þ; m0�:

Proof. It su‰ces to prove the assertions for r ¼ 0. In fact, if f : ðX ; mÞ ! ðX 0; m 0Þ

is a Hopf map, then so is f : ðX ; mðrÞÞ ! ðX 0; m 0ðrÞÞ. Consider the following homotopy

pullback diagram:

W ���!
f 0
n

Spð2ÞP2

h 00

?
?
y

?
?
yh

S3
P1

� S7
P1

���!
i�ni

KðQ; 3Þ � KðQ; 7Þ:

Note that i � ni and h are Hopf maps with respect to any Hopf structures on S3
P1

� S7
P1

and Spð2ÞP2
, respectively. Hence by [22] (cf. [2]) there is a multiplication on W with
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respect to which h 00 and f 0n are Hopf maps. Since h � fn ¼ ði � niÞ � h 0, there is a map

g : En !W such that f 0n � g ¼ fn and h 00 � g ¼ h 0. By Theorem 5.1 on page 82 in [10],

p�ðWÞ is the pullback of

p�ðS
3
P1
� S7

P1
Þÿ! p�ðKðQ; 3Þ � KðQ; 7ÞÞ ÿ p�ðSpð2ÞP2

Þ:

By localizing g at Pi ði ¼ 1; 2Þ, we see that g is a weak homotopy equivalence and hence

a homotopy equivalence. The last assertion of 6.1 now follows from the theorem in

[10] referred to as above. r

The following can be proved easily, so we omit its proof.

Lemma 6.2. If (X ; mÞ is a Hopf space and P is a set of primes, then ðmPÞ
ðrÞ ¼ ðmðrÞÞP

for every integer r.

Proof of Theorem 4. We use the notation in 4.11 and 6.1. For convenience, we

denote by ‘þ’ the group operation in ½Em;Spð2Þ; m
ðrÞ
0 �. Let m be a multiplication on En

making fn and h 0 Hopf maps with respect to the product multiplication m 0P1
� m 00P1

on

S3
P1
� S7

P1
and ðm0ÞP2

on Spð2ÞP2
, where m 0 and m 00 are any multiplications on S3 and S7,

respectively. Then, by 6.1 and 6.2, ½Em;En; m
ðrÞ� is isomorphic to the pullback of

½Em;Spð2ÞP2
; ðm

ðrÞ
0 ÞP2

�
?
?
yh�

½Em;S
3
P1
� S7

P1
; ðm 0ðrÞÞP1

� ðm 00ðrÞÞP1
� ����!

ði�niÞ�
½Em;KðQ; 3Þ � KðQ; 7Þ; m0�:

ð6:3Þ

Recall that H �ðEmÞ ¼ Lðy3; y7Þ with f �mðx3Þ ¼ y3 and f �mðx7Þ ¼ my7.

By Theorem 1 (cf. [8]) and 4.8, we have

½Em;S
3
P1
; ðm 0ðrÞÞP1

� ¼ ½Em;S
3
; m 0ðrÞ�P1

¼ ZP1
fhcðmÞigl ðZ=30ÞP1

;

½Em;Spð2ÞP2
; ðm

ðrÞ
0 ÞP2

� ¼ ½Em;Spð2Þ; m
ðrÞ
0 �P2

:

Also we have ½Em;S
7
P1
; ðm 00ðrÞÞP1

� ¼ ½Em=S
3;S7

P1
; ðm 00ðrÞÞP1

� ¼ p7ðS
7ÞP1

l p10ðS
7ÞP1

. Hence

½En;S
7
P1
; ðm 00ðrÞÞP1

� ¼ ZP1
fpgl ðZ=24ÞP1

:

We have ði � niÞ�ða
0hcðmÞiþ b 0 pþ c 0Þ ¼ cðmÞa 0y3 þ nb 0 y7 for every a 0, b 0 A ZP1

and

c 0 A ðZ=30lZ=24ÞP1
. Since the P2-localization preserves central extensions of nil-

potent groups, every element of ½Em;Spð2Þ; m
ðrÞ
0 �P2

can be uniquely written as aaþ bbþ

cg with a; b A ZP2
and 0U c < A2B2, where A2 and B2 are the P2-components of 12

and 10 respectively. We have ðx3 � x7Þ�ðaaþ bb þ cgÞ ¼ by3 þ ð12aþmbÞy7. Hence

ða 0hcðmÞiþ b 0 pþ c 0Þ � ðaaþ bb þ cgÞ is in the pullback of (6.3) if and only if

cðmÞa 0 ¼ b; nb 0 ¼ 12aþmb for a; b A ZP2
and a 0; b 0 A ZP1

:

The last relations hold if and only if

12a A A2Z; b A cðm;P1ÞZ;ð6:4Þ

12aþmb A nZ;ð6:5Þ

a 0 ¼ b=cðmÞ; b 0 ¼ ð12aþmbÞ=n;
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where cðm;P1Þ stands for the P1-component of cðmÞ. Let

C ¼ A2=gcdfm;A2g and D ¼ mA1=gcdfm; 12g;

where A1 ¼ 12=A2. Then C and D are prime to each other. Hence there exist integers

C 0, D 0 with CC 0 þDD 0 ¼ 1. Let Fðm; nÞ ¼ fðx; yÞ A Z � Z; xC þ yD1 0 ðmod nÞg.

Then Fðm; nÞ ¼ fðkDþ ln C 0;ÿkC þ lnD 0Þ; k; l A Zg. If (6.4) is satisfied, then (6.5)

holds if and only if ðA1a; b=cðm;P1ÞÞ A Fðm; nÞ.

Suppose that A1a ¼ kDþ ln C 0 and b=cðm;P1Þ ¼ ÿkC þ lnD 0 with k; l A Z. Then

aaþ bb ¼ kDa=A1 þ ln C 0a=A1 ÿ kcðm;P1ÞCb þ ln cðm;P1ÞD
0b

1 kDa=A1 ÿ kcðm;P1ÞCb þ ln C 0a=A1 þ ln cðm;P1ÞD
0b ðmod gÞ

1 kðDa=A1 ÿ cðm;P1ÞCbÞ þ lðnC 0a=A1 þ ncðm;P1ÞD
0bÞ ðmod gÞ:

Here we have used the following facts:

sa=A1 þ tb ¼ tb þ sa=A1 þ stA2g ðs; t A ZÞ;

ðxyÞn 1 xn yn ðmod ½G;G�Þ in any group G:

Hence the pullback of (6.3) is isomorphic to the sum of ðZ=30lZ=24ÞP1
and

the subgroup of ½Em;Spð2Þ; m
ðrÞ
0 �P2

generated by Da=A1 ÿ cðm;P1ÞCb, nC 0a=A1 þ

ncðm;P1ÞD
0b and g. As is easily seen, we have

½Da=A1 ÿ cðm;P1ÞCb; nC 0a=A1 þ ncðm;P1ÞD
0b� ¼ ðncðm;P1Þ=A1Þ½a; b�

¼ ncðm;P1ÞA2ð2rþ 1Þg:

Hence, by setting x ¼ Da=A1 ÿ cðm;P1ÞCb, y ¼ nC 0a=A1 þ ncðm;P1ÞD
0b and z ¼

ncðm;P1Þg, we have ½Em;En; m
ðrÞ�GCðx; y; z;A2B2;A2ð2rþ 1ÞÞl ðZ=30lZ=24ÞP1

.

This completes the proof of Theorem 4. r

Proof of Corollary 1. Consider the following two cases:

3 A P1; 2 A P2;ðiÞ

2 A P1; 3 A P2:ðiiÞ

By applying Theorem 4 to these cases, we obtain Corollary 1. In fact, (1) follows from

(i); (2) follows from (ii). r

Proof of Corollary 2. It follows from the following commutative diagram that if

S : ½A;X ; m� ! ½SA;SX � is a homomorphism, then so is p� : ½A;X ; m� ! ½A;S n�:

½A;X ; m� ���!
p�

½A;S n�
?
?
yS G

?
?
yS

½SA;SX � ���!
ðS pÞ�

½SA;S nþ1�:

Hence it su‰ces to prove that p� is not a homomorphism. To induce a contradiction,

we assume on the contrary that p� is a homomorphism. For simplicity, we denote by

Q the spaces Qm and Q in §4. Consider the following commutative diagram of exact
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sequences (cf. 4.11 and its SUð3Þ-version):

0 ��! pnþ3ðXÞ ��!
q �

½A;X � ��!
j �

½Q;X � ��! 0

p�

?
?
y

?
?
y

p�

?
?
y

p�

0 ��! pnþ3ðS
nÞ ��!

q �

½A;S n� ��! ½Q;S n� ��! 0:

Here the lower sequence is in the stable range so that it is short exact by (2.4). Let

x; y A ½A;X ; m�. Then ½x; y� A Kerð j �Þ ¼ Imðq�Þ, whence ½x; y� ¼ q�ðzÞ for some z A

pnþ3ðXÞ. Then 0 ¼ ½ p�x; p� y� ¼ p�½x; y� ¼ q� p�ðzÞ, whence p�ðzÞ ¼ 0. When X ¼

SUð3Þ, we have z ¼ 0, since the first p� in the diagram is injective by [17], so that ½x; y�

¼ 1 and ½A;SUð3Þ; m� is commutative. This contradicts Theorem 2. When X is Spð2Þ,

E3 or E5, we have 15z ¼ 0, since Kerfp� : p10ðEmÞ ! p10ðS
7Þg ¼ Z=15 by 4.4, hence in

particular ½x; y�15 ¼ 1, which contradicts Theorem 2, Theorem 3 and Corollary 1, since

the order of ½x; y� is 2 or 10 for some x and y. In either case we have a contra-

diction. Therefore p� is not a homomorphism. r

7. Composition.

In this section, ðG; l; nÞ stands for ðSUð3Þ; 2; 5Þ or ðSpð2Þ; 12; 7Þ. We use the

notation in Theorem 5.1 and study only the standard multiplication m0. We denote by

‘þ’ the group operation in ½G;G; m0�. By Theorem 5.1, every element of ½G;G � can be

written as aaþ bb þ cg where a; b; c are integers.

We fix generators sr A H rðS rÞ for r ¼ n; 3. Define xr A H rðGÞ by p�sn ¼ xn and

i�ðx3Þ ¼ s3. Then H �ðGÞ ¼ Lðx3; xnÞ. Orient S nþ3 by q�snþ3 ¼ xnx3. We need the

following.

Lemma 7.1. (1) Given f ; g; h A ½G;G �, we have

ð f þ gÞ � h ¼ f � hþ g � h and ð f þ gÞ�ðxrÞ ¼ f �ðxrÞ þ g�ðxrÞ:

(2) a�ðx3Þ ¼ 0, a�ðxnÞ ¼ lxn, b �ðxrÞ ¼ xr, and g�ðxrÞ ¼ 0.

Proof. Since xr is primitive, we have the second assertion of (1). The rest is

obvious by definitions. r

Thus it su‰ces for determining the composition operation to compute a � ðaaþ bb

þ cgÞ and g � ðaaþ bb þ cgÞ. We are able to determine only the following.

Proposition 7.2. (1) ða 0aþ b 0b þ c 0gÞ � ðaaþ bb þ cgÞ1 ðlaa 0 þ ab 0 þ a 0bÞaþ bb 0b

ðmod gÞ.

(2) g � ðaaþ bb þ cgÞ ¼ ðlaþ bÞbg.

(3) a � aa ¼ aða � aÞ ¼ laa.

(4) a � ðb þ cgÞ ¼ a � b þ a � cg ¼ aþ 2cg if G ¼ SUð3Þ.

(5) a � cg ¼ cða � gÞ ¼ lcug, where u is 1 or an odd integer according as G is SUð3Þ

or Spð2Þ.

Proof. (1) We obtain (1), by looking at the induced homomorphism of the integral

cohomology.
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(2) Let f ¼ aaþ bb and g ¼ cg. We have

fq � m0 � ð f � gÞ � dg�
snþ3 ¼ ðlaþ bÞbxnx3 ¼ fðlaþ bÞbinþ3 � qg

�
snþ3:

Hence q � m0 � ð f � gÞ � d ¼ ðlaþ bÞbinþ3 � q and then g � ð f þ gÞ ¼ g 0 � q � m0 � ð f � gÞ �

d ¼ g 0 � ðlaþ bÞbinþ3 � q ¼ ðlaþ bÞbðg 0 � qÞ ¼ ðlaþ bÞbg.

(3) Let aV 1. Denote by d a
: X ! X a ¼ X � � � � � X the a-fold diagonal

map, ma
0 : G a ! G the a-fold multiplication, and a�a ¼ a� � � � � a : G a ! G a for a

map a : G ! G. Then aa ¼ ma
0 � a

�a � d a ¼ ma
0 � ½l �

�a � p�a � d a ¼ ma
0 � ½l �

�a � d a � p ¼

a½l � � p and hence a � aa ¼ ½l � � p � a½l � � p ¼ ½l � � lain � p ¼ lað½l � � pÞ ¼ laa. Thus a � aa

¼ laa, which holds also for a ¼ 0. Let I : G ! G be the inversion. Then

ðÿaÞa ¼ I � aa ¼ I � a½l � � p ¼ ðÿaÞ½l � � p and hence a � ðÿaÞa ¼ a � ðÿaÞ½l � � p ¼ ½l � �

p � ðÿaÞ½l � � p ¼ lðÿaÞa.

(4) Let s : SUð3Þ ! SUð3Þ be the complex conjugation. Since s�ðx3Þ ¼ x3 and

s�ðx5Þ ¼ ÿx5, it follows that s ¼ ÿaþ b þ xg for some x and the following diagram is

commutative:

S3
��!

i
SUð3Þ ��!

p
S5





?
?
ys

?
?
yÿi5

S3
��!

i
SUð3Þ ��!

p
S5:

Hence s � h½2�; ii ¼ hs�½2�; s�ii ¼ hÿ½2�; ii ¼ ÿh½2�; ii. Since q�½S8� ¼ x5x3, we easily

have q � s ¼ ðÿi8Þ � q. Hence s � g ¼ s � h½2�; ii � q ¼ h½2�; ii � ðÿi8Þ � q ¼ g � s. We

have s � ðb þ gÞ ¼ ðb þ gÞ � s by the following commutative diagram:

SUð3Þ ���!
d

SUð3Þ � SUð3Þ ���!
b�g

SUð3Þ � SUð3Þ ���!
m0

SUð3Þ

s

?
?
y

?
?
ys�s

?
?
ys�s

?
?
y
s

SUð3Þ ���!
d

SUð3Þ � SUð3Þ ���!
b�g

SUð3Þ � SUð3Þ ���!
m0

SUð3Þ:

Write a � ðb þ cgÞ ¼ aþ f ðcÞg. Since ðb þ gÞc ¼ b þ cg for cV 1, we then have

s � ðb þ cgÞ ¼ ðb þ cgÞ � s. We have ÿaþ b þ ðxÿ cÞg ¼ ðb þ cgÞ � s ¼ s � ðb þ cgÞ ¼

ÿaþ b þ fcþ xÿ f ðcÞgg by (2), whence f ðcÞ ¼ 2c as desired.

(5) Let cV 1. Then a � cg ¼ a � mc
0 � g

�c � d c ¼ a � mc
0 � g

0�c � d c � q ¼ ½l � � p � cg 0

�q. On the other hand, let l 0 be 2 or 3 according as G is SUð3Þ or Spð2Þ. Then

p � g 0 ¼ l 0n, where pnþ3ðS
nÞ ¼ Z=24fng. It follows that a � cg ¼ cl 0f½l � � n � qg ¼

cða � gÞ. If G ¼ SUð3Þ, then g 0 ¼ ½2� � n, since p�ðg
0Þ ¼ 2n ¼ p�ð½2� � nÞ, whence a � g ¼

2f½2� � n � qg ¼ 2fg 0 � qg ¼ 2g and a � cg ¼ 2cg. Let G ¼ Spð2Þ. By [17] and [23], we

have the following exact sequence:

0ÿ! p10ðS
3Þ ¼ Z=15 ÿ!

i�
p10ðSpð2ÞÞ ÿ!

p�
Z=8f3ngÿ! 0:

We have p�ð½12� � nÞ ¼ 12n ¼ p�ð4g
0Þ so that [12] �n ¼ 4g 0 þ 8ug 0 ¼ 4ð2uþ 1Þg 0 for some

integer u. Hence a � g ¼ 3ð½12� � n � qÞ ¼ 3f4ð2uþ 1Þg 0 � qg ¼ 12ð2uþ 1Þg. Thus a � cg

¼ 12ð2uþ 1Þcg. r
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Proposition 7.3. a� : ½SUð3Þ;SUð3Þ� ! ½SUð3Þ;SUð3Þ� is not a homomorphism and

hence a is not a Hopf map.

Proof. By 7.2(1), there is a function y : Z=12 ! Z=12 such that a � ðaÿ b þ cgÞ ¼

aþ yðcÞg. Then ðaÿ b þ c 0gÞ � ðaÿ b þ cgÞ ¼ b þ fyðcÞ þ 1ÿ cÿ c 0gg by 7.1(1) and

7.2(2). So aÿ b þ fyðcÞ þ 1ÿ cgg is a left homotopy inverse, and hence a homotopy

inverse, of aÿ b þ cg. Thus b ¼ ðaÿ b þ cgÞ � ðaÿ b þ fyðcÞ þ 1ÿ cggÞ ¼ b þ fyðyðcÞ

þ 1ÿ cÞ ÿ yðcÞgg by 7.1(1) and 7.2(2). Therefore we have

yðyðcÞ þ 1ÿ cÞ ¼ yðcÞ:ð7:4Þ

On the other hand, if a� is a homomorphism, then a � ðaÿ b þ cgÞ ¼ a � aÿ aþ cfa � gg

¼ aþ 2cg by (3) and (5) of 7.2, whence yðcÞ ¼ 2c. But this does not satisfy (7.4).

Therefore a� is not a homomorphism. r

Proof of Corollary 3. Set f ¼ aaþ bb þ cg. Then f �ðx3Þ ¼ bx3 and f �ðxnÞ ¼

ðlaþ bÞxn by 7.1. Hence f � is an isomorphism if and only if jlaþ bj ¼ jbj ¼ 1. Thus

by J. H. C. Whitehead’s theorem, we have EðSUð3ÞÞ ¼ fGaH b þ cg; Gb þ cg; 1U c

U 12g and EðSpð2ÞÞ ¼ fGb þ cg; 1U cU 120g. Let jsj ¼ js 0j ¼ 1. Then ðsb þ cgÞ �

ðs 0b þ c 0gÞ ¼ ss 0b þ ðcþ sc 0Þg by 7.1(1) and 7.2(2). Hence zc ¼ b þ cg and zc � y ¼

ÿb þ cg. The assertion for Spð2Þ then follows easily.

In the rest of the proof, let G ¼ SUð3Þ. We identify ½Q;Q� with ½Q;SUð3Þ� by

j�. Set a0 ¼ ½2� � p � j and b0 ¼ j. Then EðQÞ ¼ fGa0 H b0; Gb0g ¼ Z=2fÿa0 þ b0g

lZ=2fÿb0g. Hence we have an exact sequence of groups:

0ÿ! p8ðSUð3ÞÞ ÿ!
l

EðSUð3ÞÞ ÿ!
j �

EðQÞÿ! 0;

where lð f Þ ¼ b þ f � q. A splitting t : EðQÞ ! EðSUð3ÞÞ is defined by tðÿa0 þ b0Þ ¼ x

¼ s, the complex conjugation, and tðÿb0Þ ¼ y ¼ ÿb. Since, as is easily seen, x; y

and z ¼ b þ g generate EðSUð3ÞÞ, and xlð f Þ ¼ lð f Þx and ylð f Þ ¼ lðÿ f Þy, the as-

sertion follows. r

8. A concluding remark.

For a Hopf space ðX ; mÞ, we define fcatcatðX ; mÞ to be the maximum of integers n such

that ½Y ;X ; m� is a group for every space Y with catYU n. We have

(1) fcatcatðX ; mÞV 2 by 2.1;

(2) fcatcatðX ; mÞ ¼ y if and only if m is homotopy associative;

(3) fcatcatðX ; mÞ < catðX � X � X Þ if m is not homotopy associative;

(4) fcatcatðS3; mrÞ ¼
y r1 0; 1 ðmod 3Þ

2 r1 2 ðmod 3)

�
by [13];

(5) fcatcatðS7; mÞ ¼ 2, since any m on S7 is not homotopy associative by [13].

It seems that fcatcatðX ; mÞ measures the homotopy associativity of m. Let us propose

Problem 3. Compute fcatcatðX ; mÞ.
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