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1. Introduction.

In this paper we are concerned with the energy decay and nondecay prob-
lems of solutions to the wave equation

w”—Aw—{—lw-i—‘B(x, t, wt)LUz = O, (x, t) = RNX(O, OO) (11)

with initial data
w(x, 0)=w(x) and wx, 0) = wy(x), x&RY. (1.2)

Here w,=ow/0t, w;=0*w/0ot?>, A is the N-dimensional Laplacian, =0 and
B(x, t, w,)w, represents a dissipative term. In the following it is restricted to

the power nonlinearity
B(x, t, wix, 1)) = b(x, Hlwx, )| #7* (L.3)

with b(x, £)=0 and p>1, or to the cubic convolution

B, 1, witx, ) = (Vowi0)() = || Vike—pywity, ordy - .9)

with V,(x)=|x[7 (0<y<N). In order to guarantee regularities of solutions,
we require in
|b:(x, D+ 1Vb(x, D] < Cb(x, 1) (1.5)

for some C>0, where Vf=(a,f, -+, Onxf), 0;=0/0x;.

We use the following notation: LP? (1<p=< o) is the usual space of all L?-
functions in RY¥; If X is a Banach space and ICR is an interval, then by
C{; X) and L?(I; X) we mean the space of all X-valued continuous and L?-
functions on I, respectively; H® (k=1, 2, ---) is the Sobolev space with norm

1lme={ 2, { 17 rda}" < o,

ISk

where a are the multi-indices; E is the space of pairs f={f,, f.} of functions
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such that

1 12
17l = {5 W LITAG AP+ fulxTda) T < oo

Now, assume
{wy, w} € H*X(H'NLY), (1.6)

where ¢=2p for power nonlinearity [1.3)and ¢=6N/(3N—2y) for cubic convolu-
tion (1.4). Then it is known (see e.g., Lions-Strauss [4], Strauss [15], Motai
and Mochizuki and Motai [10]) that the above initial value problem has a
global solution satisfying the following properties:

1) w®eC([0, «); E) and satisfies the energy equation

lw®lg+{§, B0x, 7 wile, Dwilx, pdrde = JwOlp @)

for any t>0.

(i) w)eC(0, T]; L?» for any T>0.

(iil) we@), Yw:@), Aw(@), B(, t, w)w)e L=([0, T]; L?) for any T>0.

We see from (1.7) that the energy [|w(?)|Z of solution w(¢) is decreasing in
t>0. Thus, a question naturally rises whether it decays or not as ¢ goes to
infinity. Our purpose of the present paper is to give a partial answer to this
question under some additional conditions on the initial data.

We shall show that the energy decay occurs for a dense class of initial
data in H*X(H'NL? provided that the following (AI) or (AIl) is satisfied.

(AI) The case of power nonlinearity [(1.3):

2(1—9)
N

Nzl 1<p<l+ and by(1+ x|+ < b(x, t) < b,

for some 0=<d<1 and b,, b,>0. If A=0, we additionally require
b(x, t) is nonincreasing in ¢t > 0. (1.8)
(AIl) The case of cubic convolution (1.4):
Nz1 and 0<y<N, r=1.

On the other hand, we shall show that the energy does not deacy for a
class of small initial data in H®*X(H'NL% provided that the following (AIIl)
or (AIV) is satisfied.

(AIll) The case of power nonlinearity [1.3): If 1=0,

2(1—9)
N-—-1

N>2, p>1+ and 0 < b(x, t) < by(141x])77,

and if 1>0,
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2(1—9)

Nzl p>14+=F

and 0 < b(x, t) < by(1+|x])°

for some 0<0<1 and b;>0.
(AIV) The case of cubic convolution (1.4): If A=0,
N
> v
N=3 and No1 <r<N,
and if 1>0,
N=z2 and 1<y<N.

Comparing (Al) and (AIIl), or (AIl) and (AIV), we see that in case A>0,
the number

2(1—9)
N

is a critical value which divides the energy decay and nondecay. However, in
case 4=0, the problems remain unsolved so far for p or y in the interval
2(1—0) 2(1—9) N

N

N o 1<rs g (1.10)

1+ <psl+

There are several works on the decay and nondecay problems of energy
for the Cauchy problem (1.2). In case 2=0, a nondecay result has been
stated in Mochizuki under (AIIl) (the detail of proof is not given there).
In case 2>0, the energy decay is proved by Nakao [13] under (Al) with b(x,?)
=1, and a nondecay result is proved by Motai under (All) with b(x, H)=1.
Thus, in these cases our results are not new. However, our proof is simple
and unified. Especially, the key requirement in that the initial data w(0)
have compact support is removed in this paper. This paper gives the first
results on the energy decay problem in case A=0.

In case of linear dissipation, the decay and nondecay problems have been
solved even for 4=0 by the works of Matsumura and Mochizuki [8]. It is
proved in that the energy decays if b,(14+ x|+ 1<b(x, 1)<b, and by(x, 1)
=<0. On the other hand, it is proved in that the energy does not in general
decay if 0<b(x, )<b,(1+|x|)"% with 6>1. Thus, we have the critical value
0=1 in this case. Note that Matsumura’s result is also restricted to the com-
pactly supported initial data. Its noncompact version is given in [9]. In Rauch-
Taylor another approach is developed for a linear dissipation with b(x, )
of compact support.

Once we know the cases where the energy does not decay, it becomes an
interesting problem to know the asymptotic behavior of solutions as t—oc. A
partial answer to this problem has been given in (for a linear dissipation,
see [8], [9]). We are able to obtain similar conclusions also for the case of
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A=0 or of cubic convolution. The results will be summarized in [10].
Our argument on the decay property is based on the weighted energy in-
equality. On the other hand, to obtain the nondecay results we combine the

usual energy estimate for w(¢) and uniform decay estimates for the free wave
equation

Wort— AW+ Aw, = 0, (x, 1) € RY X(0, c0). (1.11)

Thus, we shall follow the same line of proof of our previous works.
The rest of the paper is organized as follows: In the next §2 we give a
semi-abstract sufficient condition on the dissipative term with which the energy

decay occurs. The result is applied in §§3 and 4 to the problem [1.1),

with dissipative term and to the problem [1.I) with dissipative term
(1.4), respectively. Finally, in § 4 we summarize nondecay results of the energy.

2. A weighted energy estimate and the energy decay.

Let ¢(s), s=0, be a smooth function satisfying
p(s)=1, ¢'(s)>0, ¢”(s)=0 and }121 (s) = oo (2.1)
Ap(s)P—(s)p”(s) = k%p'(s)®  for some k>1. (2.2)
With this ¢(s) we define a weighted energy of solutions at time ¢ as follows:
1@z, = 5|\l +D (Wi 1Tw 2wt~ s, (23)

where r=|x|. In order to show the energy decay property, the initial data are
required other than to satisfy

{w,, w.} € E,, i.e., l[w(O)II%¢<oo . (2.4)
Multiply by {¢(r+t)w}. on both sides of [I.I). It then follows that
X4V Y+Z =0, (2.5)

where
1 2 2 2 1 2
X = 7¢{wt+|Vw| +Aw }——2—¢”w +o'ww,
Y = —oVuww,—¢Vuww+ %gp”wz ,

Z = @f(x, t, wwi+e'B(x, t, www

N-—-1
+%¢'{lvw|2—3w%+2wrw,}+%{;{¢'_ 9Dr/}u}Z .

LEMMA 1. We choose the initial data to satisfy (1.6) and (2.4). Then the
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corresponding solution w() of (1.1) admits the inequality

k—1 t
T!iw<t)[|%¢+gosRN<pﬁ(x, 7, w)widxdr

t , k l
< ([ o 2wt Bx, o wolwawlidrder S oz, @6
for each t>0.

PrOOF. Let B(R)={x; |x|<R} and S(R)=0B(R). We integrate over
B(R)x(0, t). Then since

Z(x, 1) =z ppwi—o¢ {2wi+Blw.wl}

by [2.1), integration by parts gives

Xz, Hdx+\’ sdxde+ ({2 .¥ix, 0dSd
SB(R) (x, 1) X+SOSB(R)§0,BWL * T+SOSS<R>?. (x, 7) ¢

L
< SOSB(R)g; {2w£—}—‘8|wtwl}dxdr-i—SB(R)X(x, 0)dx . @2.7)
By (2.2)
7 V 1 2 1 "
lp'ww| < 5% arplwi+iw }———-—q) w?
Thus, we have
k—1
X(x, 1) z =5~ [plwi+ |Vw|*+aw’t —p"w’], (2.8)
k+1 2 2 2 a2
X(x,0) = W[¢{w2+|vwl[ +Awll —¢ wil. (2.9
Similarly, we have
|2 v(x, o] < EE fp it wt 4wt —prut (2.10)

Since ¢’(r+t) is bounded, it follows from properties (i)~(iii) of the solution
w(t) that

. ,
SOSRN¢’{2w%+ﬁ(x, 7, w)lwwlldxdr < o
for each t>0. It follows from and [(2.9) that
k41
SRNX(X, 0)dx < %*Hw(o)llﬁp < oo,

Moreover, since ¢(r)=0(r) as r—oo, (2.10) and properties (i)~(iii) imply that

lim inf SESS(R) Z v, r>1d5dr —0.
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Thus, applying and letting R—oo in we conclude the assertion of the
lemma. O

THEOREM 1. Let w(t) be as in the above lemma. Suppose the following :

There exist constants p>1, Ji(p)>0 and K,(w(0), ¢)>0 such that the a priori in-
equalities

L 20'widxdr < -no+nf 24 v d 2/(p+1) 011
RN pwiax 1':]1(90) (So RNgDIBwL X 1) , (2.11)

0

t

S:SRngo’ﬁwtwldxdr < K (w(0), SD)l/(zHl)(S SRN<P[D’w§dxdr)p/(ml), 212

0

hold for any t>0. Then we have
lw®l2, < Kw©), ¢)
= C{lw(O)],+ Jlp)+K:(w(0), )} < oo (2.13)
for some C>0. Thus, the energy of w(t) decays like
lw@®lz < K(w), )pt)™  as t—oo. (2.19)
ProOF. We apply and (2.12) to (2.6) and use the Young inequality.
Then for any £>0 there exists a C(¢)>0 such that
AL g, +a-20'] | opuidsde

< Bl 1wz, + C@@+ COKwO), 9.

Choosing €<1/2 in this inequality, we conclude [2.13).
is obvious since we have ¢()<¢(t+1). O

3. A dissipative term of power nonlinearity.

In this and next §§ we consider the concrete examples [1.3)and (1.4), under
(AD) and (AIl), respectively. We shall show that can be applied to
these two examples. As the weight function ¢(s), we choose one of the fol-
lowing two functions.

¢i(s) = {log (a-+s)}#, >0 and log a > max{l, 2u—1}, (3.1)

2_
@o(s) =(@+s), 0<y<1 and a*®> max {2”2 y, 1}. (3.2)

As is easily seen, these functions satisfy conditions and [2.2).
As the Sobolev embedding shows,



On energy decay-nondecay problems 411

2N
N-2k

As is easily seen, this condition with k=1 is satisfied by ¢ in [1.6) if we

require (Al) or (AIl). Thus, in this and next §§, the initial data is chosen to
satisfy

H¥*c, Lt if 2<¢< (N>2Fk), <oo (NZ2R). 3.3)

{w,, w,} € {H*XH'}\NE,,. (3.4)
In this § we shall show the following theorem.

THEOREM 2. (i) Assume (Al). If we choose

2

0< §24 < ?_—1‘ (3.5)
in (3.1), then there exists a constant K(w(0), ¢,)>0 such that
lw®E < K(w(0), ¢,){log (a+)}#. (3.6)
(ii) Assume 2>0 and p<1+2(1—0)/N in (Al). If we choose
0<v<2§:?—N'mm vl (3.7)

in (3.2), then we have a better decay estimate
lwdlz; = Kw), g:Xa+1)>. (3.8)

We shall verify the a priori inequalities and (2.12).
2.11) will be based on the following inequality.

: ¢ . 2/Co+1)
SoSnNSD,w%dXdT < (SOSRNng]wt[P ldxdr)

x(['], ytpprmeengnemiendxde) T @)
LEMMA 2. (i) (2.11) with p=p and ¢=¢, holds if we require
2(1—9) 2
1<p=1+ N and O<;z<———p_1. (3.10)
(i) (2.11) with p=p and @=¢, holds if we require
1<p<1+mkﬁ)am 0<y< 20y, (3.11)
N o—1
ProOF. We have only to show that
Hed =] Gody1egiemendrde < . (3.12)
0JR

(i) By the condition on b(x, ¢) and
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(i)™ @ V(@)= < Cllog (a+r4-1)}#=@HDIP=D(g 4y g)=t-20-0/0=D,
Since —2(1—8)/(p—1)<—N and p—(p+1)/(p—1)<—1 by (3.10), we have
Jie) = C| flog (a+a)} o010z "(atr+oydr
< {"{log (a+pr=tomron(atr)yide < oo

Thus, with /=1 follows.
(ii) We have similarly

(gozb)—zﬂp—1)(¢é)<p+1)/<p—1> < C(d+r+t)”'1"2“'5)/(p_“ X

The right side becomes integrable in RY X (0, ) by (3.11). Thus, [3.12) with
i=2 also follows. , O

Next we shall show (2.12) based on the following inequality.

S:SRN‘S"'ﬁwtwldxdr < (S:Smoblwtlf’“dxdr)pl(pm

<[ vomevtewrrtaxar) ™ @3)

LEMMA 3. (i) In case (1.8) being satisfied, if we require

1<p§1—v1€__—22 (N=3), <o (N=1,2) and 0<p<op, (3.14)

then (2.12) with p=p and ¢=¢, holds, where
Ki(w(0), ¢1) = Jalo) {Ilw(O)[| B4 w157} -

(ii) In case 2>0, if we requive
N+-2
1<p< N—o (N=23), <o (N=1,2) and p>0 [or 0<v<p], (3.15)
then (2.12) with p=p and o=@, (i=1, 2) holds, where
K\(w(0), ¢:) = Js(@)|w)[F .
PrRoOOF. Note that
t L
[, vorentiwnendsde < | piaregienas| plu@lendx. 3.16)

(i) If we use (1.8), then as is easily seen,
bluw(@|e < C{ee| bludh] = dt +blw®)] "1}

Integrate the both sides over RY. Then the energy equation (1.7), the bounded-
ness of b(x, t) and the Sobolev embedding with k=1, ¢g=p+1 imply
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[ yblw@Ie"dx < Clator (lwO)l g+ wolgiti)
< Cla+o)? {lwOl2+ w5

Substitute this in (3.16) with i=1. Then since

Ie) = C| i@ rgiratorde

< ng{log(a+z‘)}”""1(a+r)‘1dr < oo

by and (3.13), we conclude assertion (i).
(ii) In this case, since 42>0, the boundedness of b(x, t) and the Sobolev
embedding show that under

S blw(r)|* dx < Clw(n)|4i = ClwO)|E.
RN
On the other hand, it follows from Cor (3.2)] and (3.15) that

Jlpd) = CS:OSDi(T)_pW(‘L‘)”“dT < oo,
Substituting these inequalities in (3.16), we conclude assertion (ii). 0

PROOF OF THEOREM 2. Assertion (i) is a result of Lemmas 2 (i), 3 and
Theorem 1, where K(w(0), ¢,) is given by (2.13) with

Tl w2+ lw, ey if 2=0
Tslelw ()5 if 1>0.

Assertion (ii) is a result of Lemmas 2 (ii), 3 (ii) and Theorem 1, where
K (w(0), ¢.) in (2.13) is given by [Js(¢.)|w(0)|&™.

K (w(0), ¢1) = {

4. A dissipative term of cubic convolution.
In this § we shall prove the following theorem.
THEOREM 3. (i) Assume (All). If we choose
O<p<l 4.1)
in (3.1), then there exists a constant K(w(0), ¢,)>0 such that
lw®lz = Kw(0), p){log(a+n}=*. 4.2)

(ii) Assume 2>0 and y<1 in (All). If we choose

0<y<l—y 4.3)
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in (3.2), then there exists a constant K(w(0), ¢;)>0 such that

lwlz = K(w(0), pXa@+15)7. (4.4)

We shall also verify the a priori inequalities and (2.12). For this aim
we introduce the homogeneous Sobolev space H° ® with p>1and a>—N, which
consists of all functions such that

1 Flge.o = 1FHIEI*f@} r < oo,

where f is the Fourier transform of f(x) and -! means its inverse transfor-
mation. In case p=2, we simply write H'=H""2.

LEMMA 4. The following equality and inequalities hold.

[ (Vrrwdutds = IV v mewtlls, 45)
t t 1/2
[, yorwtazdz = (( 0@ @11, ) 107)
x({], yovswpuidzas) "™, (4.6)

[ imaimwaser] 2 (] omuputones

1/4

([ oIV oz . @

Here in (4.6), p(r)={log (a+)}#7*, {(r, H=A+r*+1)""2 if p=¢,, and 9(1)=1,
L, D=1+ 12" 4f p=¢,.

PrOOF. The Parseval equality shows
[y Vrwwids = {1V winn@0k@) 1 "de=1V avopmrwilts
(cf. e.g., [T], [2]). This is [45) We similarly have

S:SRNSD'w%dxdr < S:Y](T) SRNngdxdT

= | 1@ g or-r sl V van wstlzade

Thus, the Schwarz inequality and show [4.6) since we have ¢(7)<¢(r+1).
Finally, we have
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t
S SRNSD/(VT*w%) szdxd-p‘

0

t 1/2 /2
= (@, 0V ewridz) (L 0V ewonwrtwan)idx) " ae

t 3/4 1/4
= | 0@ ([ W ormesetzde) ([ Vo mwax) e,

where ingthe first inequality we have used the fact 0<¢’(r+1)<¢’(z). Thus,
(4.5)_andjthe Holder inequality show (4.7) since we have ¢(r)<¢(r+1). O

LEMMA 5. Let 0<y<N, B>y/2 (N22) or $>1/2 (N=1). Then

||(1+r2+t2)‘5’2||; < C(1+t)28+r,

(N-7)/2 —
PrROOF. First consider the case N=2. Let k2 be the integer satisfying
(N—7)/2<k<(N—y)/2+1. If we choose p to satisfy
1 _k_1 N—p
p N 2 2N’
then the Sobolev embedding shows that

4.8)

|47 422722 gov-pre < CIl(L+72+22) %] s, p -
As is shown in [1; Theorem 6.3.17, | flge. p=a1=2 IV*fllzr. Thus, we have
[(A+72412)7 2 2,0 < C Sia=s [V A+r>+1)7P7| 1o
< C(A+p)yPrrevie,

This and show the desired inequality.
Next let N=1. Then since (1+72+t2)-#2L? by use of the Parseval
equality and the Holder inequality, we obtain

AP g S [ )P 0D (bt ) Ere G
< C(A4)Aruma-a-niy (g )=F-1una-niz,
Thus, the desired inequality follows. O
Now we shall show the a priori inequality [2.11)
LEMMA 6. (i) (2.11) with p=3 and ¢=¢, holds if we require
0<y=1l and O0<pu<l1. 4.9)
(i) (2.11) holds with p=3 and ¢=¢, if we %equz’re

0<7<1 and 0<y<l—y (N22), <min{l—y, =} (N=1). (4.10)
r 1
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PROOF. By we have only to show that

Tied = per @ IO, oy dT < o0 (4.11)

(i) Noting the definition of 5(¢) and {(r, t), we have from [3.I}, (4.9) and
with =1,
Jilp) = CS:{log(G+T)}“’2(l+r)‘2+7dz- <.

Thus, with 7=1 follows.
(ii) In this case we have from (4.10) and with f=1—y,

Tg) = €| (40 1dr < oo
Thus, with ;=2 follows. d
Next we shall show inequality (2.12).
LEmMMA 7. (i) If we requz'fe
0<7y<N, r=4 and 0<pu<3, (4.12)
then (2.12) with p=3 and ¢=¢, holds, where
K\ (w(0), 1) = Jol@) {lwO)l| 2+l w21}
(ii) In the case 2>0, if we require
0<y<N, r=4 and p>0 [or 0<v<3], (4.13)
then (2.12) holds with p=3 and ¢=¢; (=1, 2), where
K (w(0), ) = Jolp) w0z .

PrOOF. (i) The Hardy-Littlewood inequality (cf., or [2]) and the
Sobolev embedding [3.3) with £=1, ¢=4N/(2N—y) assert that

IV winnxw?| e £ Clw?| aviev-n < Clw|&: . (4.14)

Here we have used the condition 0=<y<4 to verify

1 _2N—y N-2
2= 4N = 2N

As is easily seen,
[V wvanpxw(t)]? < C{Tago[vwm/2*wz(t)2]2dt+[V<zvm/z*wﬂz} .

Integrate the both sides over RY. Then (1.7) and imply
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IVarenmrw@?lte < C{e || (Vpwtidrdi+ coputin}
= Cla+o {lwO)E+ w4}

Substitute this in (4.7). Then since

Jg) = C piergi(eiateyde

< cS {log (a417)} #~4a41)"1dr < o

by and [(4.12), we conclude assertion (i).

(i) In this case, since A>0, we have from (4.14),
IV wanpxw(@lle < Cllw@®lie = Clw®)|i = ClwO)lIE .

On the other hand, by [(4.12) we easily see
Ipd = [ oy perde < oo
Substituting these inequalities in (4.7), we conclude assertion (ii). O

PrROOF OF THEOREM 3. As in the case of Lemmas 6, 7 and
Theorem 1 show the both assertions of the theorem. O

5. The cases where the energy decay does not occur.

In this § we shall show that under (AIIl) or (AIV) the energy decay does
not in general occur. Our results will be based on the uniform decay estimates

for the free wave equation (1.11).
Let Ut), t€R, be the unitary operator in the energy space E which repre-
sents the solution of the free wave equation (1.11):

{wo(®), wot)} = UolD)f (5.1)
with initial data f={f,, f.}€E. Then as is well known we have |
LEMMA 8. Let feH*XH** (k=1, 2, ---). Then
UOf € N CIR; HPIx HF-1), (5.2)
=0 ; .

The uniform decay estimates for Uy (¢)f which will be used in this § are
summarized in the following lemma.

LEMMA 9. (i) In case =0, let f be in the class | f|r, msz, <00, where
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Iflrmee= 2 N2V Sfilet B [x*V ]l (6.3)

lal, 1f1sm+2 lal, 1B 1sm+1

with m=[N/2] the least integer not less than N/2. Then we have
LU fl(x)] < CA+|r|+) N 020+ [r—t )2 flir, mezse (5.4)

(ii) In case 1>0, let feH™ " ' X H™!, where m is as above and H*' is the
Sobolev space with norm |u|ge 1= 1015 |V%u|lz1. Then we have

UL = CAHID™ 1S gmss, 1ngmses - (5.5)

PROOF. Assertion (i) easily follows from the results of Klainerman [3].
For (ii) see e.g., Marshall-Strauss-Wainger [5; Lemma 1]. O

Now multiply by we=[U#)f]. on both sides of and integrate by
parts over R¥ X (o, t), where 0<o¢<t. Then we have

t .
20w(t), wo®)s—2Aw(a), wios = —| |  8(x, 2, woww,drde. 56
Here (-, )z is the inner-product in the energy space E:
(w, wy)g = %S N{w,wot-{—Vw-Vwﬁ—lwwo}dx .
R .

LEMMA 10. Corresponding to the nonlinearities (1.3) and (1.4), we choose
p=p and =3. Then

S:SRN‘/S(X, T, ,le)w:WOtldXdT < <S:S3Nﬁ(x’ T, w;)w%dx(h-)p/(p”)
X(SZSRNﬁOc, z, woc)w%zdxdr)ll(p”). 5.7

PrROOF. In case of the power nonlinearity [1.3), the assertion easily follows
from the Holder inequality. In case of the cubic convolution (1.4), we can
follow the line of proof of inequality (4.7). O

Let V be the space of all functions u=u(x, t) such that

S?SBNﬁ(x, t, wuldxdt < oo, (5.8)

The energy equation (1.7) shows that w,(t)sV under [1.6). Moreover, by use
of we can prove the following

LEMMA 11. Assume (Alll) or (AIV), and let f be asin Lemma 9. Then we
have wo(t)=[U,t)f1.EV.

Proor. First consider [(1.3). If A=0, by means of (5.4),
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S:SRNﬁ(x, t, wowidxdt

< [T bsten oot wgl e drar
0J0

< Cg:(l.{._t)‘(l\/—l)(P—l)/2<5dt8:<1+lr_t])—(p+1)/2dr .

Since p>1+42(1—0)/(N—1), the right side becomes finite, and the assertion
holds. If 2>0, by means of

S:szﬁ(x’ ¢, wewi.dxdt
= S:Sgp\woa(x, t)lP+1'vdtSRNb<X, t)lwm(x’ t){ﬂdx

< CS?(I—}—),‘)‘N“’““’””dt

n/2

X (SRN[b3(1+7')]_26/(2~n)dx>(2-ﬂ)lz(SRNwot(X, 1) x)

Since p>14-2(1—0)/N in this case, we can choose 5 to satisfy

N 20
—2—(p+l——77) >1 and 2>79> Z—N'

Thus, the assertion also holds.
Next consider (1.4). It follows from and (4.14) with w(t)=w,(t) that

) )(ZN—T)/N
0

S:ngﬁ(x’ t, wowidxdt = § (SRN|wot(x, HIANI@N-D g x

Apply the results of in this inequality and use the conditions (AIV).
Then we similarly conclude the finiteness of the right side, and the assertion
of the lemma is verified to hold. !

REMARK 1. Inequality holds for A=0 if we replace N of the right
side by N—1. We can use this inequality to obtain similar results if our con-
cern is restricted to with b(x, H)=1 or (1.4).

We are now ready to prove the following theorem.

THEOREM 4. Assume (Alll) or (AIV) and let fe H*X(H'NLY, f+0, satisfy
the conditions of Lemma 9. We choose ¢=0 so that

Sjﬂﬁ@, t, (U f1)U)fL3dxdt < 27% f%, (5.8)
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and suppose
Uo)f € H*X(H*'NLY), (5.9)

where p is as given in Lemma 10 and q is as in (1.6). If w?(t) is the solution
of the initial value problem

{ wi—Aw’+2w’+ B(x, t, whws = 0, (x, ) € R X(a, ) (5.10
{w?, wit(e) =Uyo)f,
then its energy |w’(t)||g never decays as t— .
REMARK 2. Let feH*xXH*, where
k= JX—ZEZ__J_:]I_ (5.11)

Then by Lemma 8 and the Sobolev embedding, we see that wo()=[U®)f].
e L? for any t=0.

PROOF. Lemma 8 and (5.9) guarantee that the initial data Uy(g)f satisfies
(1.6). Thus, (5.10) has a unique solution satisfying (i)~(iii) given in Intro-
duction.

Contrary to the conclusion, assume that ||w’(t)|z—0 as t—c. Then it fol-
lows from (5.6), (5.7) and the unitarity of U,(f) in E that

2w7(0), wiNe =21 F15 =" BCx, 1, wwtwadxds

1/(p+1)

= (71, vocx, &, wopws raxdt) o ({ [ vBCx, & wowtdxdr)

Using the unitarity of U,(t) in E and (1.7), we have from this the inequality

22f1g = {7, 8x, ) U FIIUWO Tdxdt,
which contradicts to (5.8). The theorem is thus proved. O
As a corollary of this theorem we have

THEOREM 5. Assume (Alll) or (ALV) and let feH*X(H'NLY), f+0, satisfy
the conditions of Lemma 9. We choose ¢>0 as small that

er” 1§ S Bx, t, U@ f1)[U)f13d xdt < 27| f|2. (5.12)

If w(@) is the solution of (1.1) with initial data {w,, w,}=c¢f, then its energy
lw()llp never decays as t—oo.

Proor. If we assume the energy decay, then as in the above proof, we
have
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2eleflp= || 8x, 1, waoutiddt,

where wy(t) is the solution of the free wave equation with initial data

ef. Thus, wy,=e[Uy?)f].. It then follows from this inequality that
2eiflg= e BCx, b, LU DU fBdxdt.
This contradicts to and the theorem is proved. O
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