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1. Introduction.

In this paper we investigate the generalized Stokes resolvent problem on
some domain QS R", n=2,

Au—Au+Vp = f in Q
divu=g in (1.1)
u=0 on of2
where the resolvent parameter A is contained in the sector
S. = {0#£z€C; |largz|<7m—e¢}, O<e<r;

f=(fy, =, f)ELYQ)", 1<g< o, is the prescribed force and g is the given
divergence of the problem. We are interested in L%estimates of the unknown
velocity field u=(u,, ---, u,) and the pressure p. In particular we have the
following aims:

—Up to now most research concerns the resolvent problem (1.1) when div u
=0; the case g#0 seems to be a rather new aspect although there are
many important applications (e.g. for treating more general boundary
value problems and for using cut-off procedures).

—We include new unbounded domains having noncompact boundary o2 such
as perturbed half spaces.

—We give a self-contained approach to the half space problem which rests
on the multiplier technique.

—We assume that the boundary is of class C**! only and include results for
cones in R*, n=3, with opening angle close to x.
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—Solving (1.1) yields an important special class of solutions usW?*4(Q)"
NWE42)™ of the divergence problem div u=g.

To describe our main results we formulate some assumptions on the domains
under consideration and introduce some notations. In this paper, £ is the R",
the half space

R:]: - {x:(x,y xn>ERn; xn>0}v

a bounded or exterior domain or a domain which is obtained from the half
space by a perturbation within a finite region. In Section 3 we also consider
the bended half space H, defired by x,>w(x,, -+, x,_,) where [|0,0]«, i=1, -,
n—1, are sufficiently small. The precise description for @+ R" and 2+H,
reads as follows.

ASSUMPTION 1.1. Let QS R*, n=2, be a domain with boundary 02<=C*!
and suppose one of the following cases:
(i) 8 is bounded
(ii) 8 is an exterior domain, i.e., a domain having a compact nonempty com-
plement
(ili) 2 s a perturbed half space, i.e., there exists some open ball B such
that Q~B=R"\B.

The last condition (iii) means that £ behaves like R? for sufficiently large
|x|. The assumption 02< C"*! means that for each x€0f there exists an open
ball B, centered at x and a function w=C"Y(G) on some domain GSR*"! such
that after a rotation of the Cartesian coordinates, if necessary, the following
holds: y,>w(y") for all (3', ¥.)ER2NBa, y.<w(y’) for all (y/, y,)=(R™2)NB.
and y,=w(y’) for all (3, y.)S©@ONB., where y'=(y,, -, Yn-1)-

We will use the standard notations L&) with norm |- 2., (or |||, if the
underlying domain is known from the context), L%.(R), L%.(2) and W),
WEuR), W>48), etc. for Sobolev spaces of scalar functions. In particular, ue
L%(2) where 2 is the closure of 2 means that us LY2NB) for all balls B
with 2"\B+@. For vector-valued functions in L%(Q)"*, etc. we will use the
same symbol ||-[; for the L%norm ; more generally |(f1, -, fm)lq=(2%. | f:l19)*2
for f,eL%Q) or LYL)", etc.. For 1<g<oo let ¢’ denote the dual exponent,
i.e., 1/¢+1/¢'=1, and let <., -)> denote the L?— L?-pairing of scalar, vector or
matrix functions on £. If X is a Banach space and X* its dual space, then
we write [x*, x] for the evaluation of x*=X* in x&X. However for the trace
space W' 'Y?9g) and its dual W~'?"(92) we use [-, -]Js0. Further let §,=
0/0x;, i=1, -, n, V=(0,, -, 8,), A=0}+ -+ +0% and V2=(9,0,)? ,-,. Finally let

D(Ag) = WHUDNAWEU2)
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denote the usual domain of definition of the Laplace operator A=A, in L%space
with zero Dirichlet boundary condition.

In this paper we need the homogeneous Sobolev space W'%() with norm
containing only the first order expression [[Vu|,=(||0 ul|3+ --- +][0.ul|9)?. We
put

Wh(Q) = {ue L%(2): Yues LY(Q2)"}

with norm |jully1.e0y=1|Vull;, where we have to identify two elements differing
by a constant. If Q is bounded, L%.(£2) may be replaced by L%Q). If Q is
unbounded, then

C3(Q) = {ulo: usCi(RM)},
the space of the restrictions to £ of all functions v C{(R"), is a dense sub-
space of W*4(Q), see Lemma 5.1, i.e., we have
C(2)V e = Wx,q(g)_

Observe that if (u;) is a Cauchy sequence in C%$(2) under ||V-|,, we know that
there are constants ¢;, /€N, such that (u,+c¢;) is converging in L%.(2), i.e., in
each LY(Q2NB) where B is any ball.

If Q is bounded, then we may fix a representative u<W"9(Q) by Sgudx:o.

Therefore, setting
Ly@) = {ueL2(): Sgudx:O} ,

we may identify
W) = WHi(Q)NLYQ)
in this case.
Let
Wore(@) = [ (@)]*

be the dual space of W"¢'(Q) endowed with the norm

lglw-ra@ =llgll-1,=  sup . |Lg, v11/iVollgr
)

o£vEW 1, a1 ({

If  is unbounded, each functional g& W) is determined by its restric-
tion to the dense subspace C3(2)S W9 (), thus we have
1gl-1.q= sup [Lg, v]1/IVvlg
020EC T (D)
and the further restriction to C3(£2) yields a well defined distribution in the
usual sense. Consider now any g€W?" %) for unbounded £. Then the func-
tional



610 R. Farwic and H. SoHr

(g, v:iv—>Lg, v>=§9gvdx, vEC?f(Q_),

being identified with g, yields a well defined element in W~"%Q) if and only if
it is continuous under |Vo|, ; we write g€W U(Q)NW %) in this case. Thus
we set

W DNW-4Q)

= {geW" Q) : (g, > continuous on C3(2) under |V-|y}.

Observe that the test functions ve C(2) used here may be nonzero on 42 and
easy examples show that not every geW'4®) yields a functional in W-%Q),
see the Appendix. Thus the space W 4£) should not be confused with the
usual space W H9)=[Wt2(2)]* which is too large for our purpose, we need
the restriction geW «Q)N\W-4Q2) for solving the system (1.1).

However, if @ is bounded, each geW'4Q) with Spgdx:O yields a func-

tional (g, ->:v—{g, v> which is continuous on W'?(£). Thus we have
WE(DNLYDSW4Q) in this case. See the Appendix for further properties
on W*Q).

The spaces W"4R) and W %) are natural for the problem (1.1); W"%Q)
is the space for the pressure p and W:U@)N\W-14Q) is the natural space for
the divergence g=div u in the system (1.1) if £ is unbounded.

In this paper c, ¢y, ¢, -+, C, C,, C,, --- are positive constants which may
change from line to line.

The next theorem is our main result. It yields the unique solvability of
the system (1.1) for A=S. as well as a priori estimates. These are valid away
from 2=0, i.e., for |A]=0>0 with a constant C depending on 0 which is arbi-
trarily given. Then we give conditions for the validity of the a priori esti-
mates even near 4=0, i.e. the constant C does not depend on . Just these
properties for small |A| have important consequences later on.

THEOREM 1.2. Let 1<g<oo, 0<e<m, >0 and let QS R", n=2, be a domain
satisfying the Assumption 1.1. Then for every 1€S., f€ LY 2)" and gW*(Q)

AW Q) if Q is unbounded or g&W"UQ) with Sggdx:O if £ is bounded,

there exists a unique solution (u, p)S DAY X W URQ) of the generalized resolvent

problem
Au—Au+Vp = f, divu=g.

The solution (u, p) satisfies the a priori estimates

[Aull g+ I1VPull VDl < CUfllo+ Vgl 48] 210 (1.2)
and
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lAullg+ | —Au+Vplo = C(l flo+1481-1.0), (1.3)

where C=C(L, q, &, 0)>0 is a constant and |2]|=4.
The constant C in [(1.2) is independent of 0 if one of the following conditions is
satisfied :

(1) 8 s bounded. In this case the term |N%ul, in may be replaced

by | ullwe.a, and A=0 is included.

(ii) 8 is an exterior domain or a perturbed half space and 1<q<n/2, n=3.
Further the constant C in (1.3) is independent of 0 if one of the following con-
ditions is satisfied :

(ili) Q is bounded.

(iv) £ is an exterior domain or a perturbed half space and n/(n—2)<g<oo,

n=3.

In the whole space 2=R" problem (1.1) has the form

Au—Au+Vp=f
(1.4
divu=g
and 9(A)=W?*%R"). Next we formulate our results for the whole space and
half space problem. In these cases there are no restrictions on the validity of
the estimates and (1.3) for small |2].

THEOREM 1.3 (whole space and half space). Let n=2, 1<qg<o, 0<e< and
let @=R" or Q=R". Then for every f&LYQ)*, geWY(DNWYQ) and
AES, there exists a unique solution (u, p)e.@(Aq)"XWl’q(Q) of

Au—Au+Vp = f, divu=g.

(i) (estimates) The inequalities (1.2) and (1.3) hold true for all A in S. with
some constant C=C(n, q, €)>0.

(ii) (regularity) If for some s&(1, ) additionally feL3(2)" and ge<
WS QNW (), then ucD(A,)" and pe W' (Q).

Taking the limit A—0 we obtain existence, uniqueness and regularity results
for the Stokes system (1.4) or (1.1) in 2=R" or R* when 1=0; see
2.6. By a perturbation argument similar results as in are obtained
for the bended half space

H, = {x=(, x,)€R™; x,>w0(x")}

with x’=(x, -, *,_;) where w:R" >R is a function in WiLYR"!) with
10:0), i=1, ---, n—1, sufficiently small; see [Theorem 3.1. As a special case
we consider the convex or concave cone
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Ha - {x:(x” Xn)ERn; xn>alxll},
where w(x')=al x| =a(xi+ - +x5_ )"

COROLLARY 1.4 (cones). Let n=3, 1<qg<n—1, 0<e<zm, acR. Then there
exists a constant K=K (n, q, €)>0 such that if |a| <K, then for every f& LYH,)",
gEWP HINW%H,) and A€S. there is a unique solution (u, p)EDA)"X
Wi(H,) of

Au—Au+Vp = f, divu=g.

Furthermore (u, p) satisfies the inequality (1.2) for all A&S. with some constant
C=C(a, n, q, )>0.

There are many references on (1.1) if g=divu=0 and if 2 is a bounded

or exterior domain with boundary of class C? at least, see [7], [11], [18], [19],
[22], [25], [29], ; for results on half spaces see [21], [28]. If 2 is bounded
with 92 C?*#, 0<p<l, Giga proved the estimate and
(i) in the case g=0 by the theory of pseudo differential operators; if £ is an
exterior domain with 02<=C?# and g=0 he proved the estimate only for
€S, |A1|=0>0. This restriction on |4] could be removed by Borchers-Sohr
if n=3 (and g=0). A completely different proof of the estimate if
g=0 and QS R® is a bounded or exterior domain with 622 C* has been given
by Solonnikov [25]; here 0<e<m/2 could not be prescribed arbitrarily ; see v.
Wahl for n>3. For the generalized Stokes problem with 2=0 and g0
we refer to [9], [13], [16], [17], [26], but for the crucial case 2+0, g+0 we

only know the references [12], [19]; in some cases g+0 are treated in
exterior domains while (1.1) in R*, R} and bended half spaces is investigated

in [12]. Even for the case g=0 we have no reference on 1+#0 for cones or
perturbed half spaces.

Let us consider some consequences of the theorems above.
yields a new approach to the divergence problem

divu=g in@
u=0 ondf.

For a bounded domain £ with boundary in C*! Bogovski [3], constructed
a bounded linear operator R: LYQ)—-Wi4(2)"* such that u=Rg is a solution of
(1.5) satisfying |[[Rgllwreoey=cllgll,. Additionally R maps W§4«(Q2)NLYQ) into
WzeQ)*. See also [8], [30]. However, although important it has not been
proved up to now whether or not this operator R is continuous from W*9(2)N
LYD) to W2U)y»NWE42)". Our operator R in below has this
property and the a priori estimates are not available up to now from the other
approaches to (1.5); for partial results in bounded domains see [2]. Setting

(1.5)
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/=0 and, e.g., 4=1 in (1.1), Theorems [.2 and [.3 yield the following result
on (1.5).

COROLLARY 1.5 (divergence problem). Let Q=R" or let QS R", n=2, be a
domain satisfying the Assumption 1.1. Further let 1<g<oo. Then there exists
a linear bounded operator R:W'¥(Q)NW YD) —D(A)" if R is unbounded or
R:WY (DN LY —DA)" if 2 is bounded such that u=Rg is a solution of (1.5)
for all geW I (QNW 1Y) or geWr«QNLYRY) respectively; u=Rg satisfies
the estimates

lully = Cllgll-rg and  Juilweagy < C(|Vglle+lgll-1.0) »
where C=C(Q, ¢)>0 is a constant.

Another application of our results concerns the analytic semigroup generated
by the Stokes operator—a major tool when solving the instationary Stokes or
Navier-Stokes equations. For the definition of the Stokes operator we recall the
Helmholtz projection

Py LY —> LY Q)

from L%Q2)* onto the subspace LYQ)=Cf,(2)""¢ where C3.(2)={ucCHyQ)";
div u=0} ; for the construction of P, for all classes of domains considered in

this paper see [15], [22], [24], and The Helmholtz projection
P, is a bounded linear operator with null space VW 4(Q)={Vp: pe W 4Q)}
yielding the decomposition
f=/+Vp with fo=PFf, pe W (Q),
for feLy(Q2)*. Then the Stokes operator A, with domain of definition 9(A4,)=
DA)*"NLYL) is defined by
Ayt D(A) —> LYD), Au = —PAu.

Considering problem (1.1) when g=0 and applying the operator P, we get that
(1.1) is equivalent to

A+AQu=f e LYD), uecD4,). (1.6)

COROLLARY 1.6 (Stokes operator). Let 1<q<oo, 0<e<zm and let Q=R" or
let QSR", n=2, be a domain satisfying the Assumption 1.1. Then for each
AES, the inverse operator (A+ Ay exists as a bounded operator on LIQ).

(i) Excepting the case that R is an exierior domain or a perturbed half

space in R* the operator estimate

1A+A97H = C/141 for all 2€S, (L.7)

holds true with a constant C=C(Q, q, €)>0. The same result is obtained
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for a cone H, with |a| sufficiently small, if n=3 and 1<g<n—1.
(ii) If QSR? is an exterior domain or a perturbed half space, then

1A+ A7 = Cs/ 141 for all 2€S., |2120>0, (1.8

with C;=C(8, q, ¢, 6)>0.
(iii) Aq 7s a closed operator and its dual operator A¥ equals A, , where 1/q
+1/¢'=1.

The assertion implies that — A, is the infinitesimal generator of a uni-
formly bounded analytic semigroup {e ‘4¢},., and that e~ *4eu,—0 as t—oo for all
u,=Ly2). By (1.8) again —A, generates an analytic semigroup but we do not
know whether {e~'4a},., is uniformly bounded for /=0. As mentioned earlier
the resolvent estimates and (1.8) are known by [7], for bounded and
exterior domains with a more regular boundary of class C*#, 0<pu<1.

REMARK 1.7. We note that the results for perturbed half spaces can be
improved. There is a constant C independent of §>0 such that the a priori
estimate holds true for 1<¢g<n, n=2, and (1.3) for n/(n—1)<qg<oo, n=2.
Analogously the Stokes operator satisfies for 1<g<oo, n=2, with C=
C(Q, q, €)>0. For the proof we need some technical extensions in the proof
of below by exploiting the zero boundary values of u# on the non-
compact boundary of the perturbed half space.

The organization of this paper is as follows. In Section 2 we consider the
resolvent problem (1.1) in the whole space and in the half space where the
major tool is the multiplier theorem. The problem for bended half spaces and
for cones is investigated in Section 3 by using a perturbation criterion and
referring to the half space problem. In Section 4 we use the localization method
and perturbation arguments to prove in a series of lemmata, and
finally we prove [Corollary 1.6l In the Appendix we prove some properties of
the spaces W*4(Q) and W «QN\W48) and of the Helmholtz projection.

2. The whole space and the half space.

Consider the generalized resolvent problem (1.1) for R® and R*. We start
with the proof of when Q=R"; in this case (1.1) has the form
1.4).

PROOF OF THEOREM 1.3 FOR 2=R". Using W'YR"=C3(2)""'s, by the
well known fundamental solution for A and the Calderén-Zygmund theorem we
see that the operator

—A: WHARY — WHURY,  p—[—Ap, -],
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where the functional [—Ap, -] is defined by
[—Ap, o1 =<p, Vo>, @=CHR),

is an isomorphism. In particular the equation —Ap=F<=W-'%R") has a unique
solution peWLIR") such that [|Vp[|,=c|F| ., (for the corresponding result for
the Stokes equation in R" see [13]). In the first step to solve (1.4) we find a
vector field u,= LY(R™)" of the divergence equation div u,= geW 4R in the
form u,=VP; we choose P=W"%(R") to be the weak solution of AP=g. Hence

luglly=1VPlg = cllgll-1.q.

Since geW"YR") we easily get that |V?u,|eLYR") and |Vu,l,<c|Vgll,. By
an interpolation argument, | v/[2]Vu,[=c(Aullg+1V%u,lly); this inequality also
implies that ||g|l;, may be estimated by [ g_-., and |[Vgl,. Next we solve

—Ap = —div f+(A—A)g € WHYR™)
and get a unique p=W"R") satisfying
IVpllq = c(i(f, VOllot11481-1.0) -
Finally we find a solution veW?*»%(R")" of the equation
(A—Aw = f—(A—Au,—Tp
using Fourier transform. By the multiplier theorem [27]
120+ VIATT0ll 1Vl = ¢l f —(A—A)u ,~Vpl,
< c(l(f, Vollgt+l4gl-1) -

Then u=v+v, together with p is a solution of (1.4) satisfying the resolvent
estimate [1.2). To prove uniqueness let (u, p) be a solution of the homogeneous
Stokes system (1.4). Then Ap=0 which yields Vp=0. Thus (A—A)u=0. Since
A&ER_, the only solution in L4(R™)™ of this equation is u=0.

To prove the estimate (1.3) consider the solution (u, p)ED(A)" X W' 4R™)
of (1.4). Further for given f& LY (R™)" let (ii, p)SD(A,)* X W ¥ (R") be a solu-
tion of

M—Ad+Vp=7F, divi=0 in R".
Then
Cu, fy=<u, A—AG+Vp) = Au—Au, i>—[g, p]

Using the L% -estimate for (i, p) we get that
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<u, 51 = %T(Hfliqﬂlﬁllq'wLngil_l,qHVﬁHq')
< I%—(Hf”ﬁ—H/?gH-l,q)liqu' :

Since feLY(R™)" was arbitrary, the estimate (1.3) now follows easily. Thus
(i) is proved.

For the proof of the regularity property (ii) let s<(1, «) and assume that
additionally feLS(R™)" and geW'S(R")N\W-*(R"). According to the preced-
ing part we find an additional solution (4, p)& D(A,)* X W**(R") of (1.4). By
our proof the solution (u, p) has an explicit representation in the sense of dis-
tributions which only depends on f and g and which is independent of g¢.
Therefore this construction leads to the same pair when ¢ is replaced by s.
Thus u=1i, Yp=Vp and the assertion (ii) is proved. =

REMARK 2.1. (i) Since in the previous proof the condition g L%Q2) was
not needed we have shown that W U(@)NW-1%Q) coincides with W-1(@Q)N
W-+42) for 2=R"*. By a simple reflection argument this results also follows
for Q=R"?. See for this property in other unbounded domains
satisfying the Assumption 1.1.

(i) Write f=(f', fn) with f'=(f;, =+, fn_1) and analogously u=(u’, u,).
Assume that f’ and g are even functions with respect to x, and that f, is odd
in x,. Then an easy symmetry consideration implies that »” and p are even
in x, while u, is odd. In particular u,(x’, 0)=0 for all x'=(x,, -, X,_,)E
R""1,

Proor OF THEOREM 1.3 FOR £=R?. Using a scaling argument, see e.g.
[5], it suffices to consider A€S., 0<e<m, with [A|=1. Let us introduce the
notion of an even and odd extension of a given function ¢:R}—R: the even
extension ¢, is defined by

o(x’, x43) for x,>0
ﬂoe(x) =

o(x’, —x5) for x,<0

while for the odd extension @o(x)=—@(x’, —x,)if x,<0. Now we proceed with
the first four steps of the proof assuming that |A]=1.

Let f., g. denote the even extensions of f'eLY(R})"* and geW'«(R*)N
W-t9(R?). Further let f,, be the odd extension of the nth component f, of f.
According to let (U, VP) denote the solution of the generalized
resolvent equation (1.4) with right-hand side F=(f/, fro) € LYR")" and G=g.<
Wty RDHAW-9R"). By Remark 2.1 (ii) the nth component U, of U vanishes
on ['=0R} while U’ | r=¢’W?* /29 ]")*"* may be nonzero. Let ||-],_1/q , denote
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the trace norm in W?~%/29(J"), Since |1|=1,
10" le-1/0.¢ = CIU" lw2.acrn,
< C(I(F, V&) | e g™y + | Gllww-1.ar™)) 2.1

= CU, Vollatlgl-rg) -

Subtracting (U, VP) the generalized resolvent problem (1.1) is reduced to the
problem

Au—Au+Vp =0 in R}
divu =0 in R?

W=¢ onl

(2.2)

U, =0 on ['.

Given ¢’eW? te9([")»~! and 1€S., |A]=1, we prove the existence of a unique
solution (u, Vp)sW=y(R?)" X LAR?)™ of (2.2); moreover we show that

I(u, Vu, V2u, Vp)lq = Clig"l2-1/q.q - (2.3)

Then a combination of and of (2.3) will complete the proof of
1.3 (D).

In the second step of the proof we eliminate u’ and the pressure p. Let
V', A’ and div’ denote the gradient, the Laplacian and the divergence with re-
spect to the n—1 variables x’ only. Further let 6,=0/0x,. Then apply d,div’
to the first n—1 equations of (2.2) and —A’ to the nth equation of (2.2); adding
both scalar equations and inserting d,u,=—div’ '’ on [" we are left with the
fourth order equation

—AA—ANu, =0 in R?
un = 0 in F (24)
Ont, = —div'g’ on [.

-~

We solve (2.4) by introducing the partial Fourier transform “=F’ with re-

spect to the variables x’ in the sense of distributions,

1

a4, xa) = F'ull, x,) = @m(n—_l),z

[ o, 2™, R

Then (2.4) is transformed into a fourth order ordinary differential equation for
4., x,) with respect to the variable x,; using the notation s=|{’| for the
Euclidean norm of {’R"' we get that
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(s*=0R)(A+s*—an)an({, x,) =0  in (0, o)
ia(¢, 0)=0 (2.5)
anan(gl: 0) - _Z'cl'ggl .

For fixed 0£Z’eR" ! and A€ S., |4A|=1, there is a unique bounded solution #,
of which is a linear combination of ¢=**= and ¢~“4*s*n ; to be more precise,

Z”Zn(cl, xn) = icl'mo(s) xn)é/
where

Mmo(s, X,) = (e~ F* 50— o 70y (\/AFs2—s)t. 2.7

In the fourth step we give an explicit representation of the solution (u, p)
=((u’, un), p) of (2.2). Applying div’ to the first n—1 equations of (2.2) we get

P, %) = — 5 (b s =010t 2.8)

since div u=0. Defining »’ by &', x,)=0{'/s)0,it, will yield a solution of
the homogeneous Stokes system but generally u’|r#¢’. Thus we add a term
from the kernel of A—A with vanishing divergence in R*"'. A simple calcula-
tion yields

2, %) = o o+ (1= 2SR, .
@, 2 = S5 duttat( % (s >m/ A ”
= —dum(s, 1) =3 F O+ (I==3)AC, x2)
with
h(C, xp) = o™ 3500 gy (2.10)

where I denotes the identity matrix in R* ! and {’{’ the dyadic product of
¢ with itself.

Before proving the L%(R%)-estimates of (u, Vp) and of the derivatives of u
we recall the multiplier theorem of Hérmander and Michlin and give estimates
of the multipliers involved in (2.6), ---, (2.10).

DEFINITION 2.2. (i) A function meC~(R*\{0}) is said to satisfy the
multiplier condition (M) if there are constants ¢, >0, £=0,1, ---, [(n—1)/2]+1,
such that

sV RPN £ e for all 'R\ {0},

where V'*=(0/0C;, -+~ 0/0C; )ik i =1

(i) A function m*<C=((R**\{0})XR,) satisfies the multiplier condition
(M*) if there are constants ¢, >0, #=0, 1, ---, [(n—1)/2]+1, and a positive ¢>0
such that
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SV, 1) S

for all ’eR* '\ {0} and x,>0.

THEOREM 2.3 (see e.g. [27]). Let S(R"™Y), n=2, denote the Schwartz space
of rapidly decreasing functions on R and let me C*(R"\{0}) satisfy the
multiplier condition (M). Then the operator T defined on S(R*™') by Tf=
(F"Y"YmF'f) admits an extension to a bounded operator T : LY(R" *)— LI(R"™")
for each g=(1, ). Furthermore the norm of the operator T may be estimated
by c(g, n)-max{c,; 0=k<[(n—1)/2]+1}.

LEMMA 2.4. Let meC=(R"\{0}) satisfy the multiplier condition (M) and
let m*< C((R" '\ {0})XR,).
(i) If m* is a function only of (s, x,)ER? where s=|{’'| and if m* satisfies
the condition

cke—as P
1+x, ’

for some 0>0 and with constants c,, k=0, ---, [((n—1)/2]+1, then m*
satisfies the multiplier condition (M*).

(ii) If m* satisfies (M*), then e**»m*({{’, x,) satisfies (M*) for some posi-
tive 0.

(ili) If m* satisfies (M*), then mm* satisfies (M¥*).

k

(%)km*(s, Xz)

S =

s>0, x,>0,

PROOF. (i) is an easy consequence of the chain rule. Note that the same
0>0 may be used in condition (M*). The assertion (ii) follows from Leibniz’s
formula and the trivial estimate (sx,)*<c.(¢)e***» for all s>0, x,>0 and suf-
ficiently small ¢>0. If m* satisfies (M*) with a given §,>0, then ¢%®%nm*
satisfies (M*) for all §(0, d,). Finally (iii) is a trivial consequence of Leibniz’s
formula. Obviously the same >0 may be used. [ ]

LEMMA 2.5. Let A€S., 0<e<=, with |A|=1. Then the functions ¢~ *1**an,
smo(s, X,) and 0,my(s, x,) satisfy the multiplier condition (M*) with some 0>0
which depends only on e.

PROOF. Since |argA|<m—¢, £>0, it is easily seen that Re (v/A+5%)=0,(1+5s)
for all s=0 with a constant §,=d,(e)=(0, 1). Thus |e” "4*52%n| <o %0Tng=d0sTn,
Differentiating we get

0

0s

v 3 —SXy _V )
(e A+s xn): A+82 1y

VAits?

Vitsiz

and more generally (0/0s)*e” n=g,(s, sxp)e”*7n with functions g,

where
sP1gi(s, sxu)| = ca(Q4(sxp)+ - +(sx2)F)
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with constants ¢,, £=0, -+, [(n—1)/2]+1. Now the assertion for e~ "4+sten fol
lows from the previous observations and from (i). Considering
smy(s, x,) we prove in a first step the estimate

ce—ésxn
14+x, °

slmo(s, Xn)| = (2.11)

Obviously |vA+sZ—s|=12]/|vAF+s?+s|=a/(1+s) with a constant a=a(e)>0.
* Thus
slmo(s, xn)l _S_ cs(l+s)e‘%“n(e(‘;o‘“”n—I—e“’lﬂ")

< es(l+s)e %%n

Using the inequality sx,<ce®~-9s7n we get for 6=(0, d,) if 0<s<1 or if
x,=1. Finally for 0<x,<1<s the estimate
g Cszg-sxn‘xi

slmy(s, x,)| < cs?e™*%n|1—exp

_ A%
st +/A+s?
yields [2.1T)}. To prove (M*) for k=1 note that

9 _ RS —
(s, 50) = mls, xa)( ey — ) H s @

and, by induction, that

-Yi+s2zx,

0\* .
(a_s> Mo, Xa) = a(s, XaImols, Xa)Fhyls, xp)e™"2*5% 2n
with functions g, h. such that

stlge(s, x ) Hs¥* 1 hels, 22)| < ca(l4+(sx)+ - +(sx,)%).

Then the assertion for sm(s, x,) follows from
LA k E-1 E+1 k -V T+s?
s (&) (smo(s, X3)) = (s*Grt+hs* g )sme+(s* Thy+ksthy_)e” 77 %n,

the previous inequality, [2.11), the estimates of ¢~"#***%z and from
(i). The third problem is now clear since 0,m(s, x,)=—smy(s, xp)—e VArstan,
| -}

Now we proceed with the 5th step of the proof of when Q=R".
By [Lemma 2.4 and Lemma 2.5 the function :&'m(s, x,) in the definition (2.6)
of @, is a multiplier satisfying (M*). Thus for fixed x,>0 implies
that u,(-, x,)=LIR"*) and that

SRn_llun(X’, Ta)|td = mSRn«llﬁ(x,)lqu'

Integrating with respect to x,=(0, o) we get that u,= LYR?) satisfying |[u,ll,
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<c|l¢’llLarn-1,. Analogously (2.9), [2.10), Lemma 2.4, [Lemma 2.5 and [Theorem
2.3 imply that u'=L%R})""! and that |u’|,=c|/¢'|r2rr-1,. Here we use that
{’/s and {’C’/s® are multipliers of type (M). In order to estimate derivatives
of u we introduce v(x’, x,) as the L%solution of

(—02A" —02)v(x’, x,) =0 in R?
v(x’,0)=¢" on I'.

From the theory of the Poisson semigroup (see [1], [27]) it is well known that
VYve LYRY)*V, |Vv|e LYRY) and that [[(Vo, V)|,=c[@'lls-1/0.¢- In terms of
partial Fourier transform, #(’, x,)=e%*»4’({’). Writing (2.6) in the form
0L, x2)=10my(s, x,)e®*2)(’, x,) we get that

PR S

Vunl', x5) = i'my(s, x3)e®* Vv, Xa),
S P
3nun(cl, Xp) = (anmﬂ(sy xn))easxn div’v(C’, Xn).

Thus [Theorem 2.3, Lemma 2.4 and imply that Vu,=L4R%)™ and
that [[Vu,ll(<c[@’ll2-1/q,¢- Analogously we get that [0,V un, V?un)|=cl@’ll2-1/0.q-
Concerning 02u, we use the identity

260 mo(s, %)) = [s(smote™ 47 en) 4 /A 5% e~ AP en il

and the fact that ;£’/s and +/A+s?/(1+s) are multipliers satisfying the condition
(M). Then we proceed as in the previous estimates and get that [02u,],<
clld’lla-17q.- To estimate first and second order partial derivatives of u’ we use
the representation (2.9), and proceed as before. Thus we proved that
[(Vu, V2u)llq<cl@’'lls-1/q.c- Analogously we get an estimate of V' pe LYR})"*
from [2.8). Finally [2.5)] and [2.8) yield an/B:—(HSZ—ag)an; hence [[Vp|,<
cli@’lls-1/q.¢- Thus inequality (2.3) is completely proved and combining with
we get the estimate [1.2).

The proof of the inequality (1.3) is the same as for R*. We only need the
solvability of the resolvent problem

A—AG+Vp=F in R?
divi=0 in R" (2.12)
=0 on I’

for fe LY (R™" and the a priori estimate for 1€ D(A)", P WY (RY).
To prove uniqueness let (z, p)&D(A)* X W-4(R?) be a solution of the gen-

eralized resolvent equationf(l.1) with right-hand side f=0, g=0. Then f=

lu|? i< LY(RY)" where # means the complex conjugate of u and (F, uy=

Su fdx=|uli<co. By the existence part of proved just before we
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get a solution (&, VH)eD(A, )" X Wt (R?) of (2.12). Then simple approximation
arguments justify the following computation :

lullg = <F, up = QAa—AG+Vp, u)
=8, Au—Au> =i, lu—Au+p>=0.

Thus u=0, and consequently also Vp=0.
The proof of the regularity assertion is completely parallel to the proof for
the whole space problem; the solution pair (x, p) only depends on the distri-

butions f and g and does not depend on ¢g. This completes the proof of Theo-
rem 1.2 for 2=R".

Considering the limit A—0 we get existence, uniqueness and regularity
results for the Stokes system

—Au+Vp=f in 2
Vdivu =Yg in £ (2.13)
u=20 on 02 if Q=R".

COROLLARY 2.6 (Stokes system for R, R?). Let n=2, 1<g<co and let
Q=R" or Q=R". Then for every f=LYQ)", geWrI(DNW UQ), there exists
a solution (u, P)EWRIAD)"X WHUQ) of (2.13) with |VPu|L¥R) and the follow-
ing properties:

(i) (u, p) satisfies
INPull o+ 1VDle = CUf o1V gle) (2.14)

with some constant C=C(n, q, ¢)>0. The pressure p is unique up to a
constant and the velocity field u is unique up to a linear polynomial a+ Ax
where a=C", A=C™™ with trace(A)=0, if Q=R", and up to a linear

’

term (%)xn where a’C*™Y, if Q=R?. If 1<q<n and 1/n+1/r=
1/q then we may single out a special solution by the condition |Nu|&
L7(D).

(i) If for some s=(1, ) additionally f< L*(2)" and gEWH(QNW5(Q),
then |Viu|eL%(Q) and peW"(Q).

Proor. First we consider the uniqueness assertion. Let (u, p)Wii(£)" X
WryQ) with |V2u|eLYQ2) be a solution of (2.13) with f=0, g=0. Then in
the case 2=R" we get Ap=0, and VpeL?(R")" implies that Vp=0. Thus
Au=0 and A(V?u)=0 yielding V?»=0. Hence u is a linear polynomial a+Ax
such that 0=div u=trace (4). If 1<g<n, then Sobolev’s imbedding theorem
yields the existence of a constant c=R™ such that Vu—ce L7(R")™ where
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1/n+1/r=1/q.

Now let 2=R?%. Using the notations in the proof of we now
obtain the equations (2.4) with 4=0, ¢'=0, i.e., A%u,=0, u,|r=0 and 0,u.|r
=(0. To prove that u,=0 we use the partial Fourier transform #, of u, and
get that

(s*—=aR)(s*—0n)itn(l’, x2) =0, @, 0)=0, 0., 0 =0

which is for 2=0. Then for s#0 we conclude that #, is a linear combi-
nation of ¢ **» and x,e *%» since |V’u,|L%R?). Then the boundary condi-
tions yield #,({, x,)=0 for {'+90, x,=0. Thus u,(x’, x,) does not depend on
x’. From |V?u,|€LYR?) we see that u,=a-+bx, with a=0, b=0 using again
the boundary conditions for #,. Hence u,=0. Then div'u’=0, and the equa-
tion (2.13) for f=0, Vg=0 yields A’p=0. Since |Vp|< L4R"*) we conclude that
Vp=0 and Vp=0. Then —Auw'=0 and u(x’, 0)=0 lead to the desired form

a’ . .. . .
u(x’, xn):( O)x" with a’eC™'; this is proved by the partial Fourier transform

as before.

The existence assertion immediately follows from by letting
A—0 for fixed f and g. This is possible since the constant C=C(n, ¢, €) in
does not depend on A. Indeed we may chooss any sequence
(A)ES. with 2,—0 as 7—co and consider the corresponding solutions (u;, p;)<
DAY X WD) of (1.1) or (1.4). Due to we get sup;l|(A;uq, V2us,
Vpi)lq<eo. Then we may assume, after possibly taking a subsequence, that
there are constants ¢; and linear polynomials a;+A;x, i€ N, such that u;—
(a;+A;x) and p;—c; converge locally in L? as i—co to some ue& Li(2)" and
pe Lis(2), respectively, and that V2u,, Vp, and 2,u; tend weakly in L? to Vu,
Vp and some u*, respectively. Since 4;—0, we see that V:u*=0 and con-
sequently u*=0 because of |u*||,<<co. This leads to —Au+Vp=f, Vdivu=Vg
in the sense of distributions and to (2.14). Since divu;=g we conclude that
trace (A;) is convergent as i—oo; thus we may assume that trace (A4;)=0 for
ieN. If Q=R" we get from u,;| =0 and the trace theorem that a;+A;x|r
converges locally in L?(R""!); therefore we may suppose that a;=0 and A,x=

’

(((l)l)x” which leads to u|r=0. If 1<g<n we may assume by Sobolev’s imbed-

ding theorem that |Vu|eL7™(2) in both cases. This proves the existence of
some solution (u, p)EW2LUD)" X W) with ().

In order to prove the regularity property (ii) let f€ L¥(2)"N\L*(Q)" and
gEWUDNAW S (@DNW - UDNW-1%(2). Then the above procedure yields a
solution (&, H)EWHL Q)" NWEL(Q)") X (W Q)N (2)) of (2.13) and #|;0=0 if
Q2=R". The uniqueness assertion yields u#=# up to a linear expression and
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p=p up to a constant. This yields the desired assertion and is
proved. u

3. The bended half space.

Let w: R*'-R be a Lipschitz continuous function with bounded gradient
Vw=(0,, -, 0,y in R*!, and let H, be the bended half space defined by

H(u = {x:(x’, xn)ERn 5 xn>w(x,)}

Considering the generalized resolvent problem (1.1) in H, we get the following
main result which is only partially contained in and which enables
us to consider also cones.

THEOREM 3.1. Let n=2, 1<g<, 0<e<n and wsC* (R H)NWHLR"™).
Then there are constants K=K(n, q, €)>0 and A,=2(w, n, ¢, €)>0 with the fol-
lowing properties:

(1) If |[Vol.£K and |V?w|.<oco, then for all fe LY(H,)", geW"(H,)N
W-r9H,) and AES. with |A| =24, there exists a unique solution (u, p)E
DAY X WH(H,) of (1.1). This solution satisfies the a priori estimates
(1.2) and (1.3) with a constant C=C(w, n, q, €)>0.

(ii) If additionally fe L*(H,)", geW S (HINW3(H,) for some s&(1, o)
and if |Vol.< min{K(n, g, ¢), K(n, s, ¢)}, |A] = max{i(w, n, g, ¢),
2w, n, s, &)}, then usD(A)" and ps W' (H.,).

(iii) If n=3, 1<g<n—1, |[Vo|-.<K and if |V 0| n-1gr-1, <K or |||- |V 0]
<K, where |-|:x"—|x"|, then for all feLYH,)", geW"Y(H,)N
W-r9H,) and all A<S, there exists a unique solution (u, p)ED(AH" X
W"Q(Hw) of (1.1). This solution satisfies the a priovi estimate (1.2) with
a constant C=C(w, q, n, €)>0.

Proor. Following the problem in H, will be reduced to the half
space by elementary transformation and perturbation arguments. Let us intro-
duce the transformation ¢ : H,—R? defined by ¥=(&’, %.)=¢(x)=(x", x,—w(x")).
Obviously ¢ is a bijection with Jacobian equal to 1. For a function or a vector
field v on H, we define the function or vector field # on R? by #(X)=u(x).
Further we use the notations §;=0/0%:, i=1, ---, n, V=, 3,), A and div for
partial differential operators acting on the variables *R?”. Then we obtain
the relations

aiu = (31‘_(62(0)57»12 ’ l:l’ ) n—_l ’
Au(x) = [B+|V'0|*5:—2T'o, 0)-(79,)— Q@3 a@(x),
Vp(x) = V=V, 0)0,]5(@(x)),
div u(x) = [dV—(Vw, 0)-5,1((x))

3.1
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and a similar formula for V2u(x). For usW?*9H,) this leads to
lullzecm,, = ”ﬁ“Lqmﬁ) ,
IVullza,, < cA+ 1V ol Vi l29rny (3.2)

1Vl 20,y = eIV @) V28 22 R2y ]| (V20)dn il | 12an, -

Finally, since for g€W"«(H,)NW"9(,) the identity SH g(pdx:S F3d% holds
for all p=C%(H,), we obtain *

lgll-1.q = cllgllw-1.acrm, .

The estimate of [[(V?w)dnillr2my, in [B:2) in terms of |fi].2kn, and
V2 L4, is more complicated. By Sobolev’s imbedding theorem there is
a constant ¢>0 such that for all 6>0

|V @)atlztcnyy < 5 1V 210043172 sacar, - (3.3)

If 1<g<n—1, n=3, we define s>q by 1/(n—1)+1/s=1/q and use for each
%.>0 the inequality

]]5nﬁ(-, EFa)llLscrn-1y < C”ﬁ'énﬁ(‘, Eu)llegn-1y,
the constant ¢ being independent of ¥,>0. If |V'%w|s L }(R*™"), then Holder’s
inequality yields

17wl o < ¢ "dxa, dx[(70) 19100057, 2010

3.4)
< eIV 0| $n-1en-1, [V 00| $ocar) -
If however |-]|V%w|e L=(R*"') we use the weighted inequality
1172080, Badll2gn-1y £ |V 8nli(-, Fa)llz2rn1,
for each %,>0 and obtain
(V" 2w)0 ]| facrny < ¢l |+ 1V @] &IV G ril|32Rn,y - (3.5)

To apply our perturbation argument we introduce the Banach spaces
X =DQ)"XWH H,),  lu, p)lx = |Qu, V2u, Ip)|,
Y = LYH)"XWHHINWYH,)),
Iy @y =1, V@)lle+ 11481 -1.¢

and the operator
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Sgi: X —Y, Se. :(u, p) = (Au—Au+Yp, —divu).

Further let )?, 17’, 1% I+l and §q.2 denote the corresponding expressions when
H,, u(x), V, etc. are replaced by R?, (%), V, etc.. Using (3.1) we get the de-
composition

Sa. 2(u, PX(x) = S (fl, P)E)+ Ry, P)F)
where the remainder R, is defined on X by
R(il, ) = (—|Vw|220+2(V w, 0)-V4,i
+ (A )3, 08— ', 08,5, (Vo, 0)-0,i).

Note that §q,;_ is an isomorphism from X to ¥ due to Theorem 1.3. Using
(3.3), (3.4) or we get that

IRL&l, Py = kIS, :(H, P)ly  with k<1

independent of A provided that |Vw|l.< K and additionally |4| =4, [V @] zn-1gn-1,
<K or |||+ |V?%]|..<K for positive constants K and 4,. Due to Kato’s pertur-
bation criterion §q, 2+ R, is an isomorphism from X to ¥ and consequently Sy ,
is an isomorphism from X to Y. Using again (3.3), (3.4) or we obtain the
estimate

I, Plix < e, Pz < eallSe. 28, Plr
< ol Se. 2+ RY(@, Plr = ¢4llSq, 2(u, DIy

with constants ¢y, ¢, ¢; and ¢, independent of 2. This proves the a priori esti-
mate in (i) and (iii). Finally the estimate (1.3) in (i) follows by duality
arguments as explained in Section 2.

It remains to prove (ii). For this purpose we repeat the previous proof for
both exponents ¢ and s and introduce the notations X, Y, and X;, Y, in order
to distinguish the spaces X, Y for different exponents. Then we consider the
intersection X,N\X, with norm |-lx ~x,=Illx,+[-lx, and correspondingly
Y ,"Y,. The same perturbation argument as above now yields that the operator

(u, p)—> (Au—Au+Vp, —div u)

is an isomorphism from X,NX; to Y ,N\Y,. Therefore, for given feL4H,)"N
Li(H,)", geWrY(HINWESHINWI(H,)N\W5(H,) we find a solution (4, 5)
E(DA)"NDA)™) X (WHI(HINW(H,)) of (1.1). Since the above solution (u, p)
EQ(AQ)"GW'Q(HQ,) is unique we obtain u=4#, p=p. This proves the desired
regularity property (ii). The proof of is complete. |

PROOF OF COROLLARY 1.4. For the case H,, where o(x’)=a|x’|, we use
the condition ||:|V?w|.<K in (iii). [
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4. Proof of Theorem 1.2.

In this section let QS R*, n=2, be a domain different from R™ and from

R? and satisfying the Assumption 1.1. To prove we use the
generalized Stokes operator S, ; as in the previous section and prove some pre-
liminary properties. This operator

Sq,l : (u) p) > Sq, Z(u; p) = (Zu—Au+vp) _div u)

is defined on D(Sy )=DA)*XW"UQ)S LYD)"X W*«R) with range RS, DE
LYQ)»x W-92). Furthermore we define the restriction

g,l : (uy p) i Sg, l(uy p) - Ru_Au_*_vP
with (S0 )= {(1, D)SD(S, 2): div u=0} and R(SL ;) LAQ)".

LEMMA 4.1. Let 1<g<co, 1€S,, 0<e<m, let (u, p)=D(S, ) and (f, —g)
:Sq,l(u, p)
(i) There exists a bounded subdomain GZ8 such that

1Gu, P, I)g < CUCE, T lgt12g] v, ot [ lwtacoy

4.1)
+pllzae+lAullewt e gy

holds true with a constant C=C(R, G, q, €)>0. Here [W"¥(G)]* de-
notes the dual space of W*9'(G) with 1/q+1/q¢'=1. If 8 is bounded the
term ||N?ullq on the left-hand side of (4.1) may be replaced by || u| w2 a0.
(ii) The operator S, is injective. For a bounded domain even S, , is in-
jective.
(ii) The range R(S, ;) is dense in LUD)*XWUQ) and R(SY ;) is dense
in LY.

The proof of is based on the localization method by which we
reduce the problem to the special cases R", R} and H, where @ even has com-
pact support. Next we will explain this procedure.

First suppose that £ is an exterior domain. According to the Assumption
1.1 we may choose open balls B,=B and B,, ---, B,,SR" and nonnegative cut-
off functions ¢,, ---, ¢n& C=(R") with the following properties:

O\B,=R™B,, < (@®R~B)J\JB,, (4.2)
=t

@,=0 in a neighbourhood of B,, ¢,=1 outside of some ball B with B,SBj,
supp ;S B; for 1<j<m and X7, ¢,=1 in 2. Since 92« C"* these balls can
be chosen in such a way that we find for each j&{l, ---, m} with B;NdQ+ @
(after a translation and rotation of Cartesian coordinates depending on j which
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for simplicity we will suppress in the following) a function w; C*'(R"*"?) of
compact support such that (with H,=H,))

BJngH] and B,ﬂanaH].

We want to apply (i) and (ii) on H, for a finite number of
exponents s=s;, 1<k<k(g), to be fixed later on in the proof of Lemma 4.1.
Therefore we need that

IVw;le. < min{K(n, q, ), K(n, s, €), -+, K(n, Siq, &)}- 4.3)

This may be easily achieved by choosing a sufficiently large number of balls B;
such that the support of w; is sufficiently small. Finally let us assume that
B, if B,ndR=@, 1<j<m. Summarizing we get two types of balls B; and
cut-off functions ¢;:

type R": ¢, and o, if B,cQ (1<jsm)
type Ho: ¢; if B;NdR2 + @ AZ75m).

If Q is a perturbed half space, then we get 2\B,=R»\ B, leading to a problem
of type R?. Finally for a bounded domain the ball B, has to be omitted and
we are left with a finite number of problems of type R® and H,.

Let (u, p) be a solution of the generalized resolvent problem (1.1) and let
¢;EC=(R™), 0=<j<m, be a cut-off function. Then (¢,u, ¢;p) satisfies the local
equations

Alp;u)—Alpu)+V(p;p) = f;

d.4)
div (pju) = g;

where
fi=@if —2Np)VNu—Apu+Ne;)p 4.5)
2= pig+ (g u. '

The equation (4.4) may be considered as a generalized resolvent equation for
(pju, ¢;p) on R*, R} or H, depending on the type of the function ¢;.

ProOF OF LEMMA 4.1. (i) To prove the a priori estimate (4.1) let (u, p)e
DAY X WHUQ) and (f, —g)=Sq2(u, p). Using the partition of unity {¢,;} 7,
as above we consider the local equations (4.4) if ¢; is of type R" or R?, but

(A+A)(pu)—Al@u)+V(p;p) = f+Apsu we)
div (go,u) = gj '

if ¢; is of type H,. Here 4,>0 is chosen sufficiently large such that
3.1 (i) may be applied. If  is unbounded, then let GE2 be a bounded sub-
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domain containing (supp Ve;)N\2, j=0, ---, m. However for a bounded domain
Q let G=Q. Now we apply the a priori estimate to the whole space,
half space or bended half space problems defined in (4.4), (4.6). For the estimate
of the right-hand sides f;, f;+4.¢;u and g; we only mention how to deal with
g;=div (p;u)eW-"4R?) if ¢; is of type R?; the other estimates are easy. For

e C(RY) let T=¥—h@) where h(@F):SG ¥dx/|G;| and G,=supp Vp,. Since
i
SG Tdx=0 we get by Poincaré’s inequality [V(,¥)ly,0<c,|V¥ o an and
i
”(V(Pj)ipnwl.q'(G)éczﬂvwnq',]gz. Using the identlty

{g;, T = div (ugpy), ¥>
= —<Cugj;, VI = —<u, Vo T)p+<u, Fo)¥>

we conclude that

x4 —
lgsllw-1.28m, = sup {%‘%’”—% :0+70e C‘;,"(Rz)}
a4 By

\v/ P
< sup{%g% 00 W7 (@)} ealullonro o

= cillgllw-veoyt+callullrwrar gypx

Consequently [|Ag;llw-1.an) = c([Agllw-1.9)+ [[Au]wra)3»). Summing up the
obtained inequalities for j=0, ---, m (>0 if Q is bounded) we get (4.1). If Q
is bounded the well known estimate ||u|w2 e, <c|V?u||L20, for ueD(A,)" yields
the additional remark in (i).

(i) To prove the injectivity of the operator S, let (u, p)e.@(Aq)"xW"q(Q)
and S, :(u, p)=0. If g=2 we take the scalar product in L*(2)" of Au—Au+Vp
=0 with u, use integration by parts and conclude that u=0, Vp=0 since div «
=0. For ¢#2 we will show in a finite number of steps that u=9(A;)" and
pe W4 Q) which again leads to u=0, Vp=0.

First let ¢>2. If ¢; has the type R", we consider the local equations (4.4),
(4.5) with f=0, g=0 and use the compactness of supp V¢; in order to get that
fie LAR"", g;eW " R")NW-"2(R"). Then the regularity assertion in Theorem
1.3 (i) yields (¢ju, (p,-;b)EWZ""(R”)”XVT/"Z(R"). For a cut-off function ¢; of type
R} we proceed in an analogous way, and if ¢; has the type H, we use (4.6),
the compactness of supp¢; and the regularity assertion of (ii).
Thus (¢;u, ¢jp)eW2'2(Hj)”XW'2(Hj). Summarizing we get u€9D(A,)" and pe
W2(Q).

If 1<¢<2 we define s,>¢ by 1/n+1/s:=1/q. Let ¢; be a cut-off function
of type H,. By Sobolev’s imbedding theorem, (4.3) and (i), we
obtain that f;&LS(H,)*, g, eWh i (H)NW*1(H;) and (p;u, ¢;p)E DA )" X
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Wusi(H;). A similar result holds true if ¢; is of type R” or R? applying Theo-
rem 1.3 (ii). Thus (u, p)e_@(Asl)"vaﬂ'ﬁ(Q). If s,<<2 we repeat this procedure
a finite number of times getting exponents ¢<s;< -+ <Sp With spy=2. Thus
the problem is reduced to the case ¢=2 and we get that u=0, Vp=0.

(iii) To show that R(S} ;) is dense in L) we start with the case ¢=2.
Using the scalar product and Riesz’s representation theorem we easily get that
each feL*Q2)" has the unique decomposition (A—A)u+Vp=/f in the sense of
distributions with pW*%Q) and ueWr2(2)" such that Aucs L*Q2)" and div u
=0. To show that us9(A,)" we consider the local equations (4.4) or (4.6)
where g=0 in (4.5). Obviously f;=L*(Hj", g EWrHH)NW L %H,) and con-
sequently (p;u, @;p)EW>*H,)"X W %H;) due to if ¢; is of type
H,. Analogous results hold true if ¢; is of type R™ or R}. Summarizing we
conclude that (u, p)eD(S3. ;). Thuseven R(S )=Lx)". If ¢g+2 let f be an
element of the dense subspace L*Q)"N\LY(2)" of LY2)*. By the previous step
there is a unique solution (u, p)=9(S3, ;) of the equation S} ;(u, p)=f. Re-
peating the regularity arguments of part (i) (with ¢ replaced by 2) we get that
(u, P)ED(SY, 2). Thus R(SY,,) is dense in LUQ)".

Finally we show the density of R(S, ) in LYQ)*XW94Q). Let (f’, g’)
e LT(@)" X W7 (Q), the dual space of LI(Q)*X W 4f), and suppose that

[Se.a(u, p), (f', g)] = Au—Au+Np, f>—[divu, g'1=0

for all (u, p)=9D(S,. 2). In particular {f, f’>=0 for feR(S) ;) yielding f'=0
due to the density of R(S) ;) in LYL)". Thus 0=-—[divu, g’]=<u, Vg’> for
all ueCID)"SDA)™. Hence also g’=0in W2 (2). Now the proof of
4.1 is complete. |

Next we show that we may omit the last three terms on the right-hand
side of the estimate (4.1) thus preparing the proof of inequality [1.2) and of
(), (ii).

LEMMA 4.2. Let 1<g<oo, 0<e<m, A€S,, lel (u, p)eD(S,. ) and (f, —g)
:Sq,l(u; p)
(i) If |A1=0>0, then (u, p) satisfies (1.2) with C=C(LQ, q, ¢, 6)>0.
(ii) If Q is bounded, then (u, p) satisfies (1.2) with C=C(Q, q, €)>0; here
A=0 7s admitted.
(iii) If 8 is an exterior domain or a perturbed half space and 1<q<n/2,
n=3, then (u, p) satisfies (1.2) with C=C(8, q, €)>0.

PRrROOF. Assume that under the assumptions (i), (ii) or (iii) the inequality
is not true. Then we find sequences (u;, p;,)E DA X W 4Q2) and A,=S.
or (4,&€5.,U{0} if 2 is bounded), €N, such that
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45510+ 1V" 0,1 F VD4, =1 for all jEN, 4.7)
1 £ile+IIVgsllg+l4gsl-1.o —>0  as j—oo (4.8)

where (f;, —g)=Sq1,(u;, ps). We may suppose that Scpja’x:O for all jeN

with G as in the proof of Lemma 4.I. Without loss of generality we may
also assume that (4,) converges to some A=S,U{c} as j—oco. Since (i;u,),
(V?u;) and (Vp,) are bounded sequences in L), LY and LY2)", respec-
tively, we finally suppose the weak convergence

Ajuj—v, u; —N?a, Np;,—Vp as j— oo 4.9

with some ve LYQ)", some acWiLH2)"* such that Vi< LYQ)"°, being uniquely
determined only up to a linear polynomial, and some p=W"4). Furthermore
due to (4.8), we obtain

v—Aa+Vp =0, Vdiva =0, divy=0 in Q

(4.10)
and v»-N=0 on 02,

where the latter property is understood in the sense of the trace theorem and
N denotes the outward normal vector on 0f2. Finally in the bounded domain
G we may use the obvious compact imbeddings W2%G)SW'4G), W*%G)S
LYG) and LYG)S[W'%(G)]*. In particular we conclude that the restrictions
to G of the sequences (4;u;) and (p;) converge strongly in the spaces [W'?'(G)]*
and L¥G), respectively. Now we distinguish the three cases 4#0, A=< and
A=0.

Let 2;,—4+0. Then (4.7) implies that (u;) is a bounded sequence in W*4(Q)".
Now we get the existence of some us9(A)™ such that u; — u, Vu; —Vu in
LUD), Au=v and V*u=V%i. Hence Sq i(u, p)=0 by (4.10) and u=0, Vp=0 due

to Lemma 4.1. It follows p=0 since SG;bdxzo. Finally the compact imbedding

W24 G)SWrUG) implies that u;—u in W"%G). Then (4.1) applied to A;u; and
p; together with (4.7) and (4.8) yields the contradiction

1 < clullwiaentIplese+1vlorse ew

since u=v=0 and p=0.

Let 2;—c. Here (4.7) yields u;—0 in L%2)" and consequently Az=0.
Thus (4.10) defines the uniquely determined Helmholtz decomposition of the zero
vector field — for details see in the Appendix. Hence v=0, V»=0
leading together with u;—u in W"4G)" to the same contradiction as in the
previous case. Now (i) is proved.

To prove our Lemma in the cases (ii) or (iii) it remains to consider 4=0.
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If Q is a bounded domain, note that in (i) the term ||V?ull, on the
left-hand side of (4.1) may be replaced by |u|wzq¢w@. Then the proof is com-
pletely parallel to above since here S, ,(u, p)=0 and S,;, is injective for a
bounded domain.

Next let 1<g<n/2, n=3, and 2SR" be an exterior domain or a perturbed
half space. Further let », s be defined by 1/n+1/r=1/¢g and 1/n+1/s=1/r.
Using Sobolev’s imbedding theorem and (4.7) we obtain

lusls < el Vuslle < ol VPusllg = s < oo

Thus we may assume in addition to that
u;— u in L3(2)", Yu; —Yu in L7(Q)"%, Veu; — V2u in LY(Q)™°

for some ueWhi(2)* with u=0 on 02. Since 2,—0 as j—oo we also get that
v=Au=0. Hence (u, p) solves the Stokes equation

—Au+Vp =0, divu=0 in @

with the boundary condition =0 on 02. Now we argue as in the proof of
(ii) but using the regularity assertion of (i) rather
than (ii). After a finite number of steps we arrive at the regularity
results

[(VPu, Vp)lla < oo for as(l, ),
(4.11)
Vullg < oo for Be(n/(n—1), o),
and

Iy <o for y&(n/(n—2), o).

Here the restrictions on 8, 7 are caused by the above restrictions on g, 7, s.
Since n=3 we may define @ by 1/n+1/2=1/a which leads to p—C<& L¥Q)
with some constant C. Further we may choose f=2 and y=(1/2—1/n)"%.
Then it is easy to see that there is a sequence u,=C(2)", k=N, with
INu—Yu,ll,—0 as k—co. Thus

0=<—Au+Vp, @,y = Nu, Vit )—<p—C, div @,

converges to ||[Vul}—<p—C, 0>=|Vu| as k—oo, i, being the conjugate complex
value of u,. Consequently Yu=0 yielding ©=0 since »=0 on 0¢f2. Further-
more Vp=0. This will lead to a contradiction in the same way as in the pre-
ceding steps and is proved. ]

LEMMA 4.3. Let 1<g<co, 0<e<m, A€S,, let (u, p)€D(S, ) and (f, —g)
=S, 1(u, p).

(i) If |21=0>0 then (u, p) satisfies (1.3) with C=C(R, g, ¢, 6)>0.

(ii) If £ is bounded, then (u, p) satisfies (1.3) with C=C(8, q, €)>0; here
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A=0 is admitted.
(iii)y If Q is an exterior domain or a perturbed half space and qg>n/(n—2),
n=3, then (u, p) satisfies (1.3) with C=C(Q, q, £)>0.

PROOF. The proof is based on a duality argument which we already used
in the proof of for 2=R"; for this argument we only need the
density of R(SY ;) in LT(Q)", see (iii), and the a priori estimate
for the dual exponent ¢’=¢q/(¢—1). Thus the assertions (i), (ii) and (iii)
are a consequence of (i), (ii) and (iii) in Lemma 4.2l ]

The next lemma yields a further information on R(S,, ;).

LEMMA 4.4. Let 1<q<o and A€S,, 0<e<zw. Then R(SS)=LY2)" and
R(S, )=LYD)" xdiv D(A)™ where div D(A)"={div u : us D(A)"}.

PrROOF. Due to the a priori estimate [1.2), see (i), the operator
S92 has a closed range which is dense in L¥(2)" by (iii). Thus
R(SY H)=LYD". To prove the second assertion let (f, g)e LU2)"Xdiv D(A)".
Thus there is some u,=9D(A)" with g=div u,, and in particular we get g
W-4f). By the first assertion there exists some (u;, P)SD(A)" X W)
with

Auy,—Au+Vp = f—(Au,—Au,), divu, =0 in Q.

Then (uo+u,, P)ED(S, ;) and S, ,(ue+u,, p)=(f, —g). This proves the second
assertion.

Summarizing the results of Lemma 4.1, 4.2, 4.3, 4.4 and using
in Appendix we see that the proof of is complete. For appli-
cations to the Stokes operator we need further properties of the operator S,
and its adjoint S¥,. Let 2—A, denote the operator A—A with domain of defini-
tion DA)=W>U(D)N"\WLY(2)S LY(Q2) and range in LYQ).

COROLLARY 4.5. Let 1<g<oo, 0<e<m, A=S, and let QSR", n=2, be a
domain satisfying Assumption 1.1.
(i) The operator A—A, is closed and (A—A)*=2—Ay. Further 2—Aq;: D(Ay)
— L) is bijective and its inverse satisfies the inequality

[(A—=A)7H < C/|4] for all 2&S.,

where C=C(R, q, €)>0 is independent of A except for the case that 8 is
an exterior domain or a perturbed half space in R?; in this case C=
C(2, q, ¢, 0)>0 for A€S,, |A|=0>0.

(i) The operator S, ; is closed and S¥ =Sy ;.

Proor. Assertion (i) is well known for bounded and exterior domains.
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However, for all domains satisfying Assumption 1.1 we can give the fol-
lowing proof of (i). First we show the estimate

1Zullo+lAull, < C(R, g, &, HIA—A)ul,

for ue9(A,), 2€S., 141=6>0, in the same way as in (i) for S, ;.
It follows that A—A, is an injective and closed operator with closed range. As
in (iii) we see that the range R(A—A,) is dense in L%Q). Con-
sequently A—A, is a bijection and (A—A,)*=21—A, due to the closed range theo-
rem. Further we obtain the corresponding results as in (i) and
(iii). Finally an interpolation argument as in the proof of below
implies that C=C(£, g, ¢, 0) above does not depend on § if 2 is not an exterior
domain or a perturbed half space in R?; this is caused by the restriction n=3
in (iii). _

(ii) To show that S, ; is closed let (u;, p,)=D(S, 1), =N, be convergent
in LY(Q)"X W4Q) to some (1, p)e LU)"X W 4Q) and let (f;, —g;)=Sq 1(u;, p;)
converge to (f, —g)€LUQ)"XW4Q) as j—oco. Then —Au,=f;—Au;—Vp;
converges to f—Au—Vp in L¥2)* as j—oo. Since u;€DA)" and 1—A4, is
closed due to part (i) we conclude that u€DA)", (u, p)ED(S, 1) and that
Sy a(u, p)=(f, —g). Hence S, ; is closed. Let (u, p)€9(S, ) and (&, p)e
D(S, 2). Then a simple approximation argument and integration by parts yield

[Sq. 2(u, p), (i, §)] = LAu—Au+Vp, @>—[div u, p]
= {u, A—AG+Np>—[p, div @]
- [(u’ p)) Sq’,2<ﬁ, ﬁ)] .

Hence S, ;SS%, ;. To prove the other inclusion let (u, p)ED(Sk )S[LY ()" X
Wt (@) ]*=LY2)*x W*42). Then by definition the mapping

(i, B)—> [Sqr.2(#, ), (u, p)] = A~ AR+Vp, up—[div 4, p]
= QiU —Ad+p, ud+<i, Vp)

defined for (i, $)€9D(S,. 1) has a continuous extension to all of L' (2)* X W"'(Q).
Since u, VpeLy(Q)" and @, VH=L¥(2)" we get that also the mapping #—
(A—=A)i, uy on D(A,)™ has a continuous extension to L% (). Thus ue
D((A—Ag )" =DA—A)"=D(A)™ and (u, p)=D(S,,2). Consequently S, =S¥ ;.
||

It is not difficult to see that S, ; is not a surjective operator. Let us dis-
cuss some consequences of our results for the Stokes operator where we restrict
ourselves to solenoidal vector fields. First we consider the Stokes resolvent
problem
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Au—Au+Vp = f in 2
divu =0 in 2 (4.12)
u=20 on 0% .

COROLLARY 4.6. Let 1<g<oo, 0<e<m, A€S, and let QSR n=2, be a
domain satisfying the Assumption 1.1. Then for all f< LYQ™) there is a unique
solution (u, p)E D(A)*X WUQ) of (4.12) and

2ulle+1—Au+Vpl, = Clflq (4.13)

with some constant C=C(£2, q, €)>0 excepting Q is an exterior domain or a per-
turbed half space in R® where (4.13) holds for all A€S., |21 =0>0 with C=
C(Q, q, &, 6)>0.

PrOOF. By (i) we get the unique solvability of (4.12) thus
defining a linear operator T ;: LYQ)"—LY«(2)* with u=T, ;f. Due to
4.2 and 4.3 the operator T, ; is bounded with norm ||T, ;|<C/|A| where C=
C(%2, q, ¢, 0). However we get C=C(£, g, ¢) for a bounded domain, for an ex-
terior domain and for a perturbed half space if 1<¢g<n/2 or n/(n—2)<g<oo
(n=3). Then the Riesz-Thorin interpolation theorem, see [23], [27], proves
the assertion. ]

Finally we prove Corollary 1.6 concerning the Stokes operator A,=—P,A;
for the definition of the Helmholtz projection P, and the space LI(2) see
Introduction and Appendix.

PROOF OF COROLLARY 1.6. Solving the resolvent equation (A+Aju=f, f&
L¥8), may be reduced to (4.12). Then the estimate [[(A+A) | <C/|2| follows
from (4.13). In particular (A+A4,) 7" is closed. To show that A¥=A, let fc

L) and f=L?(Q). Due to define (u, p)=9(S}, 1) and (#, p)e

D(SY. ;) by f=(A—Au+Vp and f=(A—A)5i+VpH. Then we see that
(A+A) S, Ty =S, A+ AN

proving [(A+A) " J*=(A+A,)"" and AF=A4,. |

5. Appendix.

First we discuss the space W'Q)={u& L (2): Vucs LU}, 1<g<oo,
with norm ||ul||41,¢0,=||Vu|l, where we have to identify two elements which
differ by a constant. If Q is bounded, Li,.(2) may be replaced by L%Q). Con-
sidering any Cauchy sequence (u;) in this space it is easy to see that we can
choose constants ¢;, &N, such that (u;+c¢;) converges in L%(2) to some ue
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Li0(2) and Vu, converges to Vue LY)" as i—co. Thus W) is a Banach
space which is even reflexive since it is isometric to the closed subspace
{(Vue LYQ)": ue Li(2)} of LYQ).

Consider the dual space W 4(@Q)=[W"?(2)]* of W*¥(2) where 1/¢+1/¢
=1. Let g:v—[g, v] be any element of W-9®), ie., any functional on
Whe'(Q) being continuous under ||[V-||,,. Using the isometric imbedding above
and the Hahn-Banach theorem we see that there exists some us LY(2)" such
that [g, v]=(~—u, W) for all ve W*¢(Q) and |ull,=|lgl_..,. The reflexivity of
W) yields

[P a(@)] = [ (@)]* = W4(@).

Next we prove that C3(2)={u|o: usCZ(R™)} is a dense subspace of W Q).

LEMMA 5.1. Let 1<g<oco and let Q=R" or let QSR", n=2, be an un-
bounded domain satisfving the Assumption 1.1. Then for each ues W“4(R") there
exists a sequence u;=C(2), j=1, 2, -, with im .., |Vu—Vu,||,90,=0. Therefore
C2(0) T le=T Q).

ProOF. First we consider the case @=R". Here we use the well known
Helmholtz projection P,: L4(R™)— LYR™), see for details. It is suf-
ficient to show that C3(R™) is dense in W%%R") under the norm |V-|,. Due
to the Hahn-Banach theorem, each linear continuous functional F: u—[F, u]
defined on W*%R") has the form [F, u]=<F Vu) with some FeL?(R")". Sup-
posing [F, u]=0 for all ueC3(R") yields

0= <(F Yuy = CFy+9p, Vud = {Ip, Vu) = —[Ap, u]

for all ueC5(R™) with Fy,=P,FeLY(R"), Vp=L?(R")". From Weyl’s lemma
we get that p and therefore Vp are harmonic on R". Since Vpe LY (R™" we
conclude that Vp=0. Using F,=Li(R"=C? (R")"'¢ we see that [F, u]l=
E Vuy=<(F, Yuy=0 even for all uW*=4(R"). This proves the assertion for
Q=R".

Consider now the case 2+ R" and let uW"42). Then we can construct
an extension #W*"YR"™ of u such that #|o=u. If 2=R" we define # to be
the even extension of u. For the bended half space H, we use the transfor-
mation to the half space as in Section 3 to get this extension. In the general
case we use the cut-off functions ¢, -, ¢ as in Section 4 with 1=37%, ¢; on
2, write u=>", u; with u;=¢,u, choose extensions i#; as above and put #=
S, #i;. Given the extension #ieW"i(R"™ of ueW"4(Q) we find u,=C5(R")
with Vi —Vu,l, zn—0 as j—co. Then u;|o=C3Q2), jEN, defines an approxi-
mating sequence of u. =

We consider a special subset of W™4Q) by identifying g&Lk(2) with
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the functional
g, viv—{g, v= Sggvdx ,  vels().

In the next lemma we give some sufficient conditions under which <{g, > is
continuous with respect to ||[V-|, ; then it extends to a well defined element of
W-t9Q). The following example shows that even for g& C5(Q) this is not
always true. Consider an unbounded domain £, let Sdixqu and ¢'=n, i.e.,
g=n/(n—1). Then we know using a cut-off procedure that there exist v;&
C3(R™), ieN, with lim,.. |Vvilly rn=0 and lim;..<g, v :Sggdx;to. Thus

{g, -> is not continuous under |V-|,. In particular we see that W) is not
contained in W-t4Q) if 2 is unbounded and that the condition

g E W (DNWYR) = {geW Q) : {g, -> continuous under |V-|}
is a strong restriction on the divergence g in [Theorem 1.2l

LEMMA 5.2. Let Q=R" or let QSR n=2, be an unbounded domain satis-
fying Assumption 1.1 and let g=L&(R2). Then each of the following condi-
tions (i), (ii) or (iil) ¢mplies that the functional

g Div—Lg, v = Sggvdx . veCi@),
s continuous under the norm |Vv|q.
(1) 1<q<oo, g€ LX) with compact support in & and | gdx=0;

(ii) ¢>n/(n—1), g€ L*(Q) where s is defined by 1/n+1/q=1/s;
(ili) ¢g>n/(n—1), |-—x,|g(-)&LYQ) for some x,=R".

ProoF. To prove the assertion if (i) is satisfied we choose some ball B’SR"
with supp gCB=B'~J. Then Poincaré’s inequality yields SBw—va'dxg
cSB]Vv[q'dx where v=C3(J) and vB:SBvdx/lBi. This leads to Hggvdxlz
|S3g(u—v3>dx\gcu gl Vol which proves the assertion. If (i) is satisfied we
have 1< ¢ <mn, and by Sobolev’s inequality it follows that Slggvdx1§
lglslvlls ZcllgllliVvlly where 1/n+1/s'=1/¢’, 1/s+1/s’=1. In case (iii) we use
the weighted inequality gg(lv(x)lq'/|x—xolq')dxchQIVvlq'dx and get that

lgggvdxlzlggg(xﬂx—x"{

This proves Lemma 5.2 =

% — 7] ax ) Zclgl-—xo o V0llg .
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In this paper we need some facts on the Helmholtz decomposition which
are well known at least for the whole space, the half space and bounded or
exterior domains with sufficiently smooth boundary [14], [21], [22], [24], [25]-
Here we sketch a rather elementary proof based on the localization method of

Section 4, see for details. Recall that L¥(2)=C5,(Q2)"'s where C7,(2)=
{lue CH)™ : div u=0}.

LEMMA 5.3. Let 1<g<co and let Q=R" or let QS R", n=2, be a domain
satisfying Assumption 1.1. Then there exists a linear bounded projection
operator P, from LY2)* onto L¥R) with null space N(P)={NpeLi(Q)": pe
L. In particular, each feL¥(2)® has a unique decomposition f=f,+Vp
with fo=P,f €LYR), VpEN(P) and | foll HIVple=clfll, where c=c(Q, ¢)>0.
Furthermore LY 2)* may be identified with L% (Q) and we get Pf=P, where
1/g+1/¢’=1.

Proor. The existence of the Helmholtz projection P, follows from the
unique solvability of the Neumann problem

Ap=divf, N-(f=Vp)lag=0 (5.1)

with VpeN(P,) for given feL%£2)". Here N denotes the exterior normal
vector on 90f2 and the last condition is understood in the sense of the trace
lemma which is based on Gauss’s integral theorem, see [15], [24]. The solu-
tion theory for rests on the variational inequality

INplg=c sup [<Vp, Vu3|/[[Vvlly (5.2)

0=veW 1,2 (2)

for all peW*4(). For 2=R" the inequality follows from the Calderdn-
Zygmund estimate ; see the proof of [Theorem 1.3 The case 2=R? can easily
be reduced to R™ by the reflection principle. For the bended half space H,
follows by using the same transformation and perturbation argument as in
Section 3; here we only need that |Vl is sufficiently small, see [24]. In the
general case we use the same localization method as in Section 4 with the cut-
off functions ¢;; here the local equations are of the form

Alp;p) = @;div f+2(Ve)(Vp)+(Ap D (5.3)
for j=0, 1, ---, m. Just as in we first get the weaker estimate
[Vpllg < (. sup  [<Vp, Vur|/[[Vvllg) (5.4)

o+veWwl. ¢ (2)

+c:(1 Dl 2%y F IV Dl ewr.or @1)

with two additional terms on the right ; here G is a bounded domain as in (4.1).
Then the compactness argument in the proof of shows that the last
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two terms in [5.4)] may be omitted; this leads to[5.2). Note that the regularity
assumption ¢2<C! is sufficient for proving [5.4).

By a standard argument we conclude from that p—<¥p, V-> defines
an isomorphism from W* %) onto [W"¢'(2)]*. Thus for given fe L%2)" there
exists a unique peW™4Q) with <Vp, Tod=<f, W) for all veW*7(2). Then
f=VpeX,={us LYQ)": {u, V=0 for all ve W**'(2)} and we get the direct
decomposition f=f,+Vp with f,eX,. Observing the symmetry property
p, Vor={Vy, Vp> we see that the dual space X} of X, coincides with X,.
Next we show that Ci,(2) is dense in X,. Indeed, consider any heX, with
{w, hy=0 for all weC7,(2). Then we conclude that A= with some ¥

2<(2) by de Rham’s well known argument [10]. Therefore <w, V¢>=0 even
for all weX,. In this case we can replace de Rham’s argument by the following
elementary consideration given in [24]. Let <w, h>=0 for all weCF(2) as
above. Then a mollification procedure yields a sequence h;, i€ N, of smooth

functions such that the line integral Sphids:() for each piecewise smooth closed

curve [7 in Q. By a classical argument h,=V¥,, and letting i—co we get
h=YT as above. So we conclude that X,=L¥Q), LLD*=L%(Q) and P}=P,.
This proves [Lemma 5.3, |

The next lemma yields a regularity property of the Helmholtz decomposi-
tion which is needed to characterize the space Wh4(Q)N\W-9Q).

LEMMA 5.4. Let 1<qg<oo and let Q=R" or let QSR", n=2, be a domain
satisfying Assumption 1.1. Suppose f<Ly()", Vdiv f€ LU D)™ and N-f]:0=0
if 02+ @ and consider the Helmholtz decomposition f=f,+Vp with fos LYQ)
and Vpe LYQ)*, peLL (D). Then T2pe LA™ and div f& LUQ).

PrOOF. First note that N-f|;o well defined by the trace theorem since
feLy(2)" and div feli(9) which follows from Vdiv f€Li(2)"; see (157,
[24]. For the proof of the lemma we use the local equations [5.3) and the
same notations as in Section 4. Let ¢ be any of the cut-off functions ¢;, j=
0, ---, m, with compact support and suppose that the local equation 5.3) is an
equation on some bended half space H,. Then we get f:go div f+2(Ve)(Np)+

(Ap)pe LYH,) for the right hand side in [5.3), and p,=¢p is a weak solution
of the Neumann problem

Ap,=f in H,, N-Vp,lon, = N-T@)plon, -

Using 0QeC"?Y, fe L%H,) and the compactness of supp ¢ we will show by a
well known procedure of elliptic regularity theory that even [[V?p,[l,<<co; the
details are explained as follows.

A calculation shows that this Neumann problem on H, has the variational
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formulation

pe, V> =[F,v], veWH,),
where

LF, v]1 =<(Ne)p, Yo —<Vp, Nowr+<of, Voo+L{(Np)f, v) .

Carrying out the transformation p.(¥)=p.(x) with ¥=(&, ¥,)=(x’, x,—w(x"))
as in Section 3 we get on R? the variational problem

Vp,, Vi>+BVw, Vp,, V) =GV o, 7), €W Ry,

where B(V'w, Vp,, V0) and G(Vw, #) are determined by the equations above.
Since in particular 02 C' we may assume that |V'w|. is sufficiently small and
by for R? and Kato’s perturbation argument as in Section 3 we obtain the
unique solvability of the last variational problem. Next we replace ¥ by a
tangential derivative 9,9, i=1, ---, n—1, and, suppressing a mollification with
respect to %', we obtain an equation of the form

N@:b,), V4BV w, V@:5,), V) = G0, V(@w), #), W' (RY),

with some expression G(Vw, V(9,w), 7). Since d2=C*' we may suppose that
[V2w|..<co. Then the assumption Vdiv f< L4(L2)" yields the unique solvability
of the latter problem. Hence ||V3,f,],<co and [V?f,[,<co.

The same result is obtained if is an equation on R™ with compact
supp ¢. Consequently V2pe L%.(2)"*. To prove V2pe LU(2)"* we must consider
the equation on R” or R} with some cut-off function ¢=¢, as in Section
4 where supp¢ is not bounded. If is an equation on R" let p,=V(¢pp)
such that Ai)QQ:Vf. Since supp (V¢) is bounded and Vpe L (2)"* we obtain
Ve LY(R™)" and p,eLYR™". Then by the Calderdén-Zygmund theorem we get
that even V2ﬁ¢ELq(Rn)n3 and by interpolation we see that Vp@ELq(R”)”Z. The
same conclusion holds if is an equation on R7?; this case can be reduced
to R" by the reflection principle. For this purpose we write V(pp)=(V'(pp),
0.(¢p)), denote by p, the even extension of V'(pp) or the odd extension of
0.(¢pp) from R} to R™ and argue as above. Thus we obtain the assertion V?p
e LYN™ and Ap=div fe LY(2). Now is proved. ]

In the next lemma we give a characterization of the space WX «(@)N\ W)
for unbounded domains.

LEMMA 5.5. Let 1<g<co and let Q=R" or let QSR", n=2, be an un-
bounded domain satisfying Assumption 1.1. Then
(1) Wra@NAWUQ) = {div ucsW'4Q): us LY2)", N-u|;=0},

Idiv ullp-1.qc0) = Inf Ju+vll,,
veLID)
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(ii) WrIDNWYQ2) = W QW YQ),
(i) WrUQDNW Q) = div D(A)"
where div DA™ = {div u : usW>UQ)"N\WLU)"}.

PROOF. (i) Let geW “(@)NW4Q). As we already mentioned in the
beginning of Appendix we find some ueL¥(Q)* such that (g, v>=—<u, Vo)
holds for all veC$(2) and || gll_1=]lull,. Setting in particular v= C3(Q) we get
g=div u and choosing v|;0#0 we see from Gauss’s integral theorem that (g, v}

:Sag(N-u)va’o—<u, o> and SaQ(N-u)de::O which leads to N-u|0=0; observe

that this trace is well-defined since ue LY(Q)*, div us L4(2). This proves (i).

(i) Let geWy(QNW-14Q). Now we only know that g& L%(2), Vge
L Q™) and that v—<g, v) is continuous under ||Vv|,. As above we find some
ue L) with g=divu and N-u|;=0. Using VdivueLy(2)" we get from
that div ue LY(Q) and therefore geW (@)W 19Q).

(iii) Consider the space Y,={(Vdivu, u) € LYQ)"X LYQ)": N-u|;0=0}
equipped with the norm ||Vdiv u|,+lul,. From (i), (ii) we conclude that
WrDNW-19Q) with the norm |Vg|,+lgll-1, is isometric to the quotient
space Y /N, of Y, modulo the subspace Ny={(0, u): ucLi2)}. The estimate
shows that div 9(A,)" is a closed subspace of Wh¥(@)NW-4Q). There-
fore it remains to prove that div D(A)" is dense in W UQ)N\W14Q) under
IVgl,+llgll-i.,- For this purpose it is sufficient to show that the space ?qz
{(Vdiv u, u): usW>9Q)""\WiU(2)"} is dense in Y,. To prove the last asser-
tion we consider any continuous linear functional on Y, vanishing on )7'(1. Due
to the Hahn-Banach theorem we find F, He L9 ()" such that <Vdivu, F>+
(u, H>=0 for all ueW>»y(Q)""\Wii(2)". Setting in particular uC5(2)" we
conclude that Vdiv F=—H in the sense of distributions. Considering the local
equations (4.4) and admissible functions g in the main theorems on R®, R? and
H, we see that div u|s;o takes on all values vz, veC3(Q), if u varies in
W29)"NWy42)". Therefore we conclude in the same way as above in (i)
that N-F|;0=0. Now we use a cut-off function ¥ C5(R™) with 0¥ <1, ¥(x)
=1 for |x|<1 and ¥ (x)=0 for |x|=2 and put ¥,(x)=¥(x/k), keN. From
we get that div FeL?(2). Since |V ,.[.<c/k we see that
(V&) div ul|;—0 and |(V&,)div F||;,—0 as k—co. This yields

KNdivu, F)+<u, H) = lim.. KU,V divu, F>+<u, H))
= liM e KN div w), F)+<u, H))
= lim e (—div u, T, div F>+<u, H))
= lim e u, N div F>+<u, H))
=<u,VdivF+H)=0
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for all us LYQ)* with Vdivue LY(2)", N-u|;0=0. This proves the density of
¥, in Y, and is proved. =

We conclude this appendix with a regularity result concerning two different
exponents ¢ and s as used in Sections 2 and 3. By considering first the
cases R*, R* and H, and then the local equations (4.4) or [5.3)] we get the
following

LEMMA 5.6. Let 1<q, s<oo and let Q=R" or QS R", n=2, be an unbounded
domain satisfying Assumption 1.1.
(i) Let 0<e<m, 2€S., f€ LYQ)"NLD)" and geW 1(QNW ()N
W s DNWL5(Q). Then there exists a unique solution (u, p)=(D(A)"
NDA))X (W UDDNWE(R) of u—Au+Vp=f, divu=g.
(ii) Let feLyQ)"NL(Q)". Then there exists a unique decomposition f=
Fo+Vp with fo& LINLYLY) and Vps LU)"N L),
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