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Two germs of functions f, g: (R", 0)—(R?, 0) are said to have the same
(local) v-type at 0 (v stands for variety), if the germs at 0 of f~*(0) and g~%(0)
are homeomorphic. Let f: (2", 0)—(RP, 0) be a C*-function. A very interest-
ing problem is to determine what terms from the Taylor expansion at 0, may
be omitted without changing the wv-type determined by f. For a solution of
this problem see [K;].

In this paper we shall consider the weighted analogue to this problem,
and using a new singular Riemannian metric on R"(introduced in [P]) we shall
give a characterization of v-sufficiency A and B below).
Moreover we shall give a geometric corollary for functions whose components
are the sum of at most two weighted homogeneous polynomials (generalizing
the case with nondegenerate weighted homogeneous components), and also we
give a generalization of a well-known inequality due to Bochnak and Lojasiewicz.
The use of singular Riemannian metrics seems to be quite useful, see for in-
stance [Y], [P]-

The author would like to thank T.C. Kuo, D. Trotman and A. Dimca for
some helpful and encouraging discussions. The author would like also to thank
the referee for several improvements and helpful comments.

§1. The results.

Let us denote by E(n, p) the set of all germs of functions f: (R*, 0)—
(R?, 0) which are C? in a punctured neighbourhood of the origin. From now
on we shall fix a system of positive numbers w=(w,, ---, w,), the weights of
variables x;, w(x;)=w,;, 1<i<n, and a positive number d. For any positive
number ¢ we may introduce (see [P]) the function p=p(x)=(27-, x2%)!/*, where
gi=q/w;, 1=i<n. This is a w-form of degree one with respect to w, and if
g:=1, 1<i<n, then psE(n,1). We also consider the spheres associated to
this p

Sr={x € R"|p(x)=r}, r>0.

DEFINITION 1. We define a singular Riemannian metric on R" by the fol-
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lowing bilinear form

0 0 . a 0 > . L
e e y = W —_— ) = < h * 7.
<6x1’ axz-> o <ax1’ 0x, 0. l=uj=n i+J
We shall denote by YV, || llw, the corresponding gradient and norm associated
to this Riemannian metric (for more details about these see [P]).

In order to state our results (they are similar to those in [K;]) we need to
introduce the weighted horn-neighbourhood, of degree d and width ¢>0, of a
variety f~¥0), f€ E(n, p). This is by definition

Hy(f, o) = {x € R*|| f(x)| < cp’}.

DEFINITION 2. We say that f, g E(n, p) are w-weighted d-equivalent or
simply d-equivalent, if there exist a>0 and a neighbourhood U of 0 such that

Q) 1f(x)—g,(x)] < ap?
af

@) ﬁi&rg‘%’"(m <apt*, 1<j<p lsisnand x&U

(these f, g, are the components of f and g respectively).
It is not hard to see that this is an equivalence relation.

DEFINITION 3. A given fe E(n, p) is said to be w-weighted v-sufficient at
degree d, or simply d-sufficient if for any P< E(n, p) such that f and f+P
are d-equivalent then f and f- P have the same v-type at 0.

REMARK 1. If f is d-sufficient then f is d,-sufficient for any d,>d.

These are clearly weighted generalizations of the corresponding homogeneous
notions (see for instance [K;]). For any fe E(n, p) we shall consider N(f, 7,
w, x), or simply N(f, 7, x), to be the vector V, f,(x)—p.(x), 1<i< p, where
b.(x) is the projection of V, f,(x), with respect to our metric, onto the subspace
generated by V,f;(x), 1=<7<p, sj#i. Then |N(f, i x)|l» will represent the
distance from the end of V,f;(x) to the subspace spanned by V,f,(x), 1<7<p,
j#i. We shall denote by d.(V,fi(x), -, Vufp(x)) the minimum minz,<,
INC(S, 2, 2l w.

Now we can state our results.

THEOREM A. If for any g E(n, p) d-equivalent to f, there are positive
numbers ¢, &, 8, and a neighbourhood U of 0, all depending on g, such that the
following inequality

dw(Twfi(x), =, Vfp(x)) Z ep?? (A)
holds for x=H(g, c)NU, then [ is d-sufficient.
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COROLLARY 1. A sufficient condition for f< E(n, p) to be d-sufficient is that
there exist >0, ¢>0, 6>0 for which dw(Nwfi(%), -+, Vufp(x)=ep?™ is satis fied
for all xeH,_s(f, ¢), x near 0.

This is an easy consequence of [Theoreml A, because for any g E(n, p), g
d-equivalent to f, then Hu(g, ¢)SHq_s(f, ¢) in a sufficiently small neighbourhood
of 0.

REMARK 2. When p=1, this corollary actually represents A
from [P]. This can be shown using a generalization of an inequality due to
Bochnak-Lojasiewicz [B-L].

PROPOSITION. Let f: (K", 0)—(K, 0) be an analytic function (K=C or R).
Then for a given 0<c<1 there exists a neighbourhood U of 0= K?", such that the
following inequality holds

af
0x;

izzl]xi]

@|zelfl, xeU.

Indeed if we assume this proposition (it will be proved latter) then one can
see that in order to have an inequality [V, f(x)],=cp? it is enough to ask it
only for all x&Hy(f, ¢). This is because outside this horn-neighbourhood (in a
small neighbourhood of 0) we have |V, f[l» =(1/n) 2%, p¥i|0f /0x: | 2(1/n) D71 | %4
|6f/0x:|=L|f(x)] so if |f(x)|=cp? then automatically ||V, f(x)|w»=cip®.

In the case when fe E(n, p) is analytic we have the following theorem.

THEOREM B. If feE(n, p)is an analytic function, and d =3sup{w,, -+, Wa},
the following are equivalent :

(1) f is d-sufficient.

(2) The hypothesis of Theorem A hold.

(3) For any g E(n, p), g d-equivalent to f, the variety g *(0) admits 0 as
a topologically isolated singularity (Ngi(x), 1<i<p, xg%0), are linearly in-
dependent near 0, x+0).

REMARK 3. We can also prove a component-wise variant of our
A. We shall do this considering instead of the positive number d, a positive
p-tuple d=(d,, -+, dp).

DEFINITION 2’. We say that f, g E(n, p) are w-weighted d-equivalent or
simply d-equivalent if there exists a neighbourhood U of 0 such that

(1) fix)—gix)=0(p%)

3f, . g, B
(2) a;/:Z (x)_ af: (X) = O(pd.l ), 1<k<n, 1 ] b,

Then we can introduce the corresponding horn-neighbourhood Ha(f, ¢)=

IA
A

xeU.
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{xeR"/|f{x)|<cp®, 1<j<p} and the corresponding notion of d-sufficiency.
We can state the following theorem.

THEOREM A’. Let fe E(n, p) be such that there exist positive numbers ¢, c,
such that in a small neighbourhood of 0 the following inequalities hold :
INC(f, 4, D)lw 2 ep™, 1Si<p, x€& Huf, o).
Then f is d-sufficient.
The proof is similar to the proof of A and it will be omitted.
For a given f E(n, p) such that any component f; has the form f,=

Silius;(r; can be oo if f; is analytic), where u;; are w-forms of degree d,j,
J J J 7 J
dij<dinj;, 1Zj<p, we can write

Vot = B (F e 2 (0)per

L dus n Tj —1_— au,-j l' w a
=0 2]I§1<1§1 p%i~%ii gx, (p x))p kaxk
n 9
= pdzjg‘,lLk,-pwk—-axk ,  Where
) 1 ou;; (1 . 1 ouy; (1 0u,; (1
Lyj(x)= g T ox, (“5"‘)‘7@}7‘1; 5%, (;'x)'*‘W(?'x)ﬂ-O(p).

We denote by L;,=3, L;;0/0x,=(1/p%i %15)Vu,;((1/p)- x)+Vu,;((1/p)- x)+
0(p) and one can see that

Nuwfi, Vof pw = p%*%i{L;, L;>.

The Gram determinant det(V,fj, Vuwfidw)hisjisp can be computed in terms
of D;=L;/|L,||, namely

det({Vwf;, Vufidw) = p*@art ) | L |?---| L,||* det(<{D;, D)
and therefore we have the following formula for [N(f, 7, x)|w

det({D;, Didhsj rsp ] dys
= L\ h;
det({Dj, Dad)isj esp, jrize 0 » I Lillhi(x)

- vafz(x)” whi(x) s

where hy(x)="[det({D;, Di>)hs; rsp/det({D;, D>)is; rsp, j2i=x1"/* denotes the dis-
tance from D,(x) to the subspace spanned by the other D,(x)’s.

Now let a be an analytic arc, a«(0)=0 and a®)=H:(f, ¢), t€[0, ¢). Let us
consider the arc B(#)=(1/p(a(®)))-a(t), t=0. This arc is analytic because |x;|=<
p¥i(x), 1<i<n, so it determines a well defined point B(0)S, (here - means the
weighted action).

INCE, 4, 2l = p"“HLill[
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We have L;(a(t)=1/p%~%15)Vu,,(B(t))+Vu.,(8()+0(p) and we can observe
that the possible limits of Dja(t)) as t tends to 0 are given by Vu,,(8(0))/
[Vur ,(BONI if VY, ;(8(0))#0 and by (a L ;+Vu,(8(0)))/ [l a L ;4N us,(8(0))] if Tu,,;(B(0))
=0 and L; is a limit direction of Vu,; at B(0), a € R, provided that al;+
Vu,;(B(0))#0. (We shall consider only these cases.)

We shall denote this directions, obtained along a, by D(J, a), 1</ p.

If we ask that any f,; 1<j<p, is such that ||V,f;|n,=cp% in a small
horn-neighbourhood Hi(f, ¢), and D(j, a), 1<j<p, are linearly independent for
any a as above, then we can apply A’ to conclude that f is d-sufficient
(d=(d,, -+, dp)). In particular we have the following corollary.

COROLLARY 2. If f & E(n, p) is such that f; = u;+us;, and D(j, a) are
linearly independent on N\5..{u.;=0}\{0}, for any a in a horn-neighbourhood
Hy(f, ¢), d=(da1, dss, -+, dap), ds; the wez'ghted degree of u,;, 1<j<p, then f is
d-sufficient. ‘

Note. If u,;=0, for some j, then we replace {u;;=0} by {u,;=0}.

COROLLARY 3. If feE(n, p) is such that ;=L u:; and Vu,; are linearly
independent on N%-, {u;=0}\{0}, then f is d-sufficient, where d=(dy,, d1s, -+, d1p),
d,; the degree of u,;, l1<j<p.

This result can be found in a nice paper of Buchner and Kucharz [Bu-Kuc].
Actually their result is given for slightly different conditions and for t=R¥, but
this does not change the proof.

Examples (see [W)).

1) flx, y, 2)=(xy+2* xz+y*), FWy,).

If wx)=2, w(y)=w(z)=1, then u,=f,=xy+2z* has the quasihomogeneous
degree 3, and f,=xz+y* can be written as f,=u,+v, where u,=xz and v,=7y*,
u, is nondegenerate and {u;=0} "\ {u,=0}={x=2z=0}U{y=2=0}.

On the set {x=2z=0} we have Vu,=(y, 0, 0) and Vv,=(0, 453, 0).

Moreover Vu,(x, vy, z)=(z, 0, x) and therefore for any limit direction [ for
Vu, at (0, y, 0) we cannot have a/4+Vv,=0, and we can see that al+Vv,, Vu,
are linearly independent. The same argument works on the set {y=z=0} and
therefore we may conclude that f is (3, 4)-sufficient with respect to this system
of weights (see [Corollary 2).

However if we use w(x)=11/5, w(y)=4/5, w(z)=1, then both f, and f, are
nondegenerate quasihomogeneous polynomials of degree 3 and 16/5 respectively,
and therefore f is (3, 16/5)-sufficient with respect to this system of weights.

2) f(x, 3, 2)=(xy+2° x*+2°+y°), (HCy). If w(x)=w(y)=1 and w(z)=2/3
one can see, using fi=u,=xy+2° f,=u,+v,, where u,=x*+2z* and v,=y5 that
f is (2, 5)-sufficient with respect to this system of weights.
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3) flx, v, 2)=(xy+2% xz+zy*), FWy). If wix)=12, w(y)=3, w(z)=5, one
can see that f, and f, are quasihomogeneous of degree 15, 17 respectively and
that the limit directions D(1, a), D(2, a) are independent and therefore it comes
out that f is (15, 17)-sufficient with respect to this system of weights.

We can also state the following corollary.

COROLLARY 4. Let f€ E(n, p) be an analytic map. If f~%0) has 0 as a
topologically isolated singularity then for all large d, f is d-sufficient.

§2. Proofs.

PROOF OF THEOREM A.

The proof follows the proof given by Kuo [K,;]. Let us consider any Pe
E(n, p) with the property that f and f+P are d-equivalent. We want to
prove that f and f+ P have the same v-type at 0. In order to prove this we
shall consider a new function F(x, t)=f(x)+tP(x), Fe E(n+1, p), and in addi-
tion to the bilinear form from [Definition 1, we define a new metric by

<aixi,§;>=o, 1<i<n, <%, -a%>=1.

With respect to this singular Riemannian metric we have

VoFi(x, t) = él w](afz

) a o PRO at

(here f;, P; are the corresponding components of f, P respectively).

We shall show that any ¢, R has a neighbourhood T such that for any
t, t,T the germs F(x, t;)=0 and F(x, t,)=0 are homeomorphic and due to the
fact that I=[0, 1] is compact it will follow that the germs f(x)=F(x, 0)=0
and f(x)+P(x)=F(x, 1)=0 are homeomorphic, hence f is d-sufficient.

If we denote by g(x)= f(x)+t,P(x), to e R", then |F;(x, t)—g;(x)|=|t—t,]
| Pi(x)|, 1=j<p. Because f and f-+ P are d-equivalent we can choose a neigh-
bourhood T of #, and a neighbourhood U of 0=R", such that |F,(x, H)—g{x)|
<cp?, ¢ as small as we want, (x, )eUXT, 1< p.

This shows that the variety F(x, t)=0 for (x, )eUXT 1is contained in
Hi(g, ¢)XT. (This is one reason for we are restricting our attention to this
kind of sets.) We have the following lemma.

LEMMA 1. |N(F, ¢, (x, )]w=(e/2)0p%°, (x, DEHi(g, ¢)XT, x near 0, 1 <4
b.

PROOF.

A
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IVwFi(x, t)—-wa-(X)llw = ”Vw(tPi(x))”w

“rg e+ P05 |, = (¢ B ot (SR )+ Pi)

n w;| 0P . a
<t 3 :‘axj <x>|+|P1| < apt,

for some constant ¢;>0 and x in a small neighbourhood of 0, te1.
Now let us consider the following inequality

SAVLE| =
i1=1 w

P
2 AVwfi| —
i=1 w

gpl AT wFi—Tuf2)

If for example 4,#0 then

12e(NVowFe =Y fllw _ IV Fe =V frllw
1281 A(Vwfllw IV f et 28=1, 12241/ 2)Vw [ ill
Clp ClP €1 5

=N, b, e = ot~ & P

where t<1 and xeH,(g, ¢) near 0.
Let 2,=1 and 4;(j# %) be numbers which satisfy

N(F, &, (x, ) = S AT,F,.
i=1

Then we have

2. HN(f k x)” .2_ w(vwfl(x) ’ wap(-x))

and this implies the required inequality.
Now we can introduce the Kuo vector field (see [Y], [K.], [P]) determined
by N(F, i, (x, 1), 1<i< p, (we shall use a shorter notation N; for N(F, 7, (x, 1)) :

p Pi(x) 0

K(x, t)= 0 N; if x+0 and K(0, t):W.

ot 1Nz

By construction K(x, t) satisfies the following

1) K is C?! outside x=0 and continuous everywhere in H;(g, ¢c)XT

2) At any (x, 1), x+0, K(x, t) is tangent to the level F=0 (F is singular
only along the t-axis in H,(g, ¢)XT).

One can write N;=3X7., p¥iC;i(x, t)p¥i(0/0x;)+ L(x, t)(0/dt), where C;;, L,
are C! functions in a punctured horn-neighbourhood of 0 and then K can be
written as
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Kia.0=(- B S BB LGS

=1 |NJlg/ ot =N [NG) 3 x;
o =z 0
=X AN,

Moreover because |L;|<||N:l|l.» and P;/|N;|. tends to zero (uniformly for
teT, see Lemma 1)) it follows that X tends to 1 as x tends to 0 and X; tends
to 0 as x tends to 0. Actually we have the following inequalities

| P; | ap® 7’ [Pl |Cup™i) w;
NS serom ™ XS Sy, e e
in a small horn-neighbourhood of 0, ¢;>0, lgjgn, 1<i<p.

In order to show that the integration of this vector field gives us the
homeomorphism we need we are going to use two Liapunov functions

Ulx, t)= gZLtPZ and V(x, t) = e—thpz.

The computation shows that

(x, )-K(x, t) = Ze“p(LpX—Jr > £ a" X)

= 2e“p( | X l) = 29“p( p’”i>.

Because cipwilap/axilgMp/n, some M >0, we can find L big enough such
that YU (x, t)-K(x, {)>0, x+0. In a similar way we can show that there exists
L>0 such that YV (x, t)-K(x, t)<0. The rest of the proof is as for the homo-
geneous case (see [K,]).

T==1

PROOF OF THEOREM B.

2)— 1) is just [Theorem Al We shall prove that 2)«<3) and 1)—2). In
order to prove 2)—3) we observe that if f and g are d-equivalent then
|0g;/0x;—0f;/0x;|<ap® i 1<i<n, 1<j<p, in a small neighbourhood of 0
and this implies that []ngj(x)~waj(x)Hw§a ¢ 1<j<p, and therefore

Y4

P
24w f
i=1

wg;(X))” = 0%

any (4, -+, 4,)=@, ---, 0), for erd(g, ¢), x near 0, and this implies that
Vwg;(x) are.linearly independent (same for Vg;(x), 1<:<p), on g (0)EH.(g, ¢),
x#0, (for this implication we do not need the fact f is analytic). In order to
prove 3)— 2) we are going to assume 2) false and then to construct a function
FeE(n, p) such that f and f are d-equivalent but V7, 1<7<p, are linearly
dependent along an analytic arc in f ~10).

We can replace “any g E(n, p) d-equivalent to f” by “any analytic g&
E(n, p) d-equivalent to f” in A.
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Therefore let g E(n, p) be an analytic map d-equivalent with f and such
that for any positive numbers ¢, ¢, d and any neighbourhood U of 0, the ine-
quality (A) fails. Let E be the following sub-analytic set

= {xEHu(g, DIduwVwfi(x), -, Vufp(x)) = min )dw(wal(y), o, Vo f (WD}
JEH gt
We can select an analytic arc f: [0, p]J—E (see [H]) such that B(0)=
B(t)#0 for >0.

Moreover modulo a permutation, we can choose this arc such that along j,
duw(Nwf1(B®), -+, Vulpo(B®)) = N(f, 1, Bl
= IV FABE)— B O BN

where A, are analytic and [1,()| <1, 25k <p.

By the notation A({)~B() we shall understand that A/B lies between two
positive constants for t>0 and ¢ small.

If o(B(t))~t" then r=min,g;<, S:/w; Where B:(t)~t%, 1<i<n, and modulo a
permutation we may assume that r=s,/w,;<s;/w;, 1<i<n, and B,({t)=t!.

Moreover if |N(f, 1, B@)ll.~t* then due to the fact that (A) fails we have
that p/r=d.

Since [N(f, 1, B w=2%=1 p¥#|0f1/0%:— k=2 Ax0f /A% then necessarily
the order of any p“t|0f,/0x;— k-2 A:0f+/0x;| (along B) is at least p.

If we consider also f;(B(t))~t', 1<i<p, we can say using the fact that
| fi—gi|<ap?, 1<i< p, that [;=rd for any 7, 1<i<p (this is because along
B, 1g:.(B@®)<cp? so gi(Bt)~t"t with r;=rd).

We can introduce the following function

af

P(x) = f(B( )+ 5 (G Bz )

R REATDE ECENTED) o XERTED
and then we define f: (R, 0)—(R?, 0) by

Ji(x) = f1(x)—P(x)

Fulx) = fax)—=f4(B(|2:]75),  2Z k< p.

One can check that f E(n, p) and the weighted order of f—f is greater
than d which shows, due to the particular form of f and the fact that f is
analytic, that f and f are d-equivalent.

Moreover on (1), f(ﬁ(t))zo, and a simple computation shows that Vfl(,@(t))
—2,f=22k(t)ka(ﬁ(t))——-0. The rest of the proof is just as in [K,;]. Using this
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f one can prove (just as in [K,]) that non 2)— non 1), and therefore the proof
of B is complete.

PROOF OF PROPOSITION.

A similar inequality has been obtained by S. Koike and the proof,
using the curve selection lemma [M], is similar to Koike’s one and therefore
we shall omit it.

REMARK 5. Actually the proof shows that actually one can take c¢=1 if
there exists at least one 7 such that df(0)/dx;=0.
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