J. Math. Soc. Japan
Vol. 46, No. 2, 1994

Recurrence conditions for multidimensional
processes of Ornstein-Uhlenbeck type

By Ken-iti SATO, Toshiro WATANABE
and Makoto YAMAZATO

(Received Nov. 30, 1992)

1. Introduction and results.

A stochastic process of Ornstein-Uhlenbeck type on the Euclidean space is a
Markov process obtained from a spatially homogeneous Markov process under-
going a linear drift force determined by a matrix —@Q. We give a criterion
of recurrence and transience for a process of this type under the assumption
that @ is diagonalizable and its eigenvalues are positive. No restriction is im-
posed on the part of the spatially homogeneous Markov process.

Rigorous definition of our process is as follows. Let G be an operator de-
fined by

1

(L.1) Gf(0)= Na,Dif(x)+5,

k%: B;xD;D f(x)

1

+§Rd[f <X+y>~f<x>—,2; ﬁﬁl)jfm] o(dy)

d
— 2 Qex:D;f(x),
Iy k=1

where D; stands for partial derivative in x;. Here a=(a;) is a constant vector,
B=(B;;) is a symmetric nonnegative-definite constant matrix, p is a measure

on R* with p({0)=0 and {31*1+1y|%p(dy)<oo, and @=(Q,s) is a constant

matrix. We consider the real Banach space C,(R?%) of continuous functions
vanishing at infinity with the norm of uniform convergence. The operator G
is acting in this space and its domain is the class of C* functions with compact
supports. It is proved in Sato and Yamazato that the smallest closed ex-
tension G of G is the infinitesimal generator of a strongly continuous nonnega-
tive contraction semigroup on C,(R?). So a Markov process X on R? is asso-
ciated and it is represented, as usual (see [1]), by (2, &, F., P, X,) with
P*(X,=x)=1. The Markov process X is called in the process of Ornstein-
Uhlenbeck type associated with G. The measure p is called the Lévy measure
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of X. We consider R® as the set of d-column vectors x=(x;);5;z4, and denote
the inner product and the norm by <{x, y>=>%, x,;vy,; and |x|=<x, x)V% De-
fine H by

G=H- 3 Qx.D,.
J k=1
Then H gives the most general spatially homogeneous Markov process on R?.
Fixing the starting point at the origin, let {Z,:¢t=0} be the Lévy process
(process with stationary independent increments with Z,=0 with paths being
right-continuous and having left limits) determined by H. The process X is
sometimes called the process of Ornstein-Uhlenbeck type associated with {Z,}
and ). An equivalent definition of X for any specified starting point x is given
by the unique solution of the equation

1.2 X, = x—i—Z,—S:QXsds .
The solution is expressed as
(1.3) X, = e"Qx-{—S:e”“)QdZs,

where the stochastic integral with respect to the Lévy process is defined by
convergence in probability from integrals of simple functions.
A point y in R¢ is called a recurrent point of X if

P’(lir? inf| X,—y|=0)=1 for every x.

The process X is called recurrent if it has a recurrent point. The process X
is said to be transient if

P*( %im [ X, |=0)=1 for every x.

If all eigenvalues of Q have positive real parts, then, as is shown by Shiga
[12], X is either recurrent or tranmsient. The problem that we tackle is to
give a criterion of recurrence and transience in terms of a, B, p, and @ (it will
be seen that ¢ and B do not affect transience and recurrence).

We will prove two theorems.

THEOREM A. Assume that Q=al, where a>0 and I is the identity matrix.
Fix ¢>0 arbitrarily. Then X is recurrent if and only if

(L.4) S‘ﬂexp [S”—iiglmc(e—u“m—1)p(dx)] = .

() o U

To state the second theorem, assume that all eigenvalues of Q are real and
positive and that the eigenvectors of @ span the whole space R¢. Let n be
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the number of different eigenvalues of Q and let ay, -, @, be the eigenvalues
of @. Let V, be the eigenspace of a; for @ for each ;. Thus

1.5) RE=V O PV,.

Denote the projectors associated with this direct sum decomposition by T4, -+, T,
so that

(1.6) x=Tx+ - +Tx, TixeV; for j=1, ---, n.

THEOREM B. Fix ¢>0 arbitrarily. Under the assumption stated above, X

is recurrent if and only if
1dy tdu n

an [ Fep[ 5 (ewp(=ZuTorl)-1)pdn]| = o

We emphasize that we do not impose any condition on the Lévy process
{Z,}. Theorem A is a special case of Theorem B with n=1. But it is the
most important special case, being a direct generalization of the classical
Ornstein-Uhlenbeck process. Its proof is not so much involved as that of Theo-
rem B and common idea of the proof is more visible. So we prove Theorem
A prior to Theorem B.

Results related to this paper are as follows. When the eigenvalues of Q

have positive real parts, the limit distribution of X exists if and only if the
Lévy measure p satisfies

(L.8) Slxlzllog\xlp(dx)< 0.

Sato and Yamazato prove it and explicitly describe the characteristic func-
tion of the limit distribution, which is independent of the starting point. The
class of limit distributions coincides with the class of operator-selfdecomposable
distributions. These or similar results are obtained by [4, 5, 6, 9, 10, 13, 14]
almost simultaneously. In the continuity of the correspondence between
{Z.} and the limit distribution is established. There an example (with d=1)
is given which is recurrent but does not possess a limit distribution. The ex-
ample shows that, in recurrence and transience, not only p but also Q is rele-
vant, while the condition involves only p. Shiga attacks the problem
of recurrence and transience. He finds their criterion in one dimension (d=1).
Our theorems generalize Shiga’s criterion to arbitrary dimensions. In general
dimensions Shiga gives criteria in the following three cases: (i) Q@Q=al
and p is symmetric (i.e. p(—E)=p(E) for all Borel sets E); (ii) Q is diagonal
and p is symmetric and concentrated to the coordinate axes; (iii) @ symmetric
(i.e. Q=Q’ where Q’ is the transpose of Q) and p is rotation invariant. All
of them are special cases of Theorem B but none of his criteria has a form
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that directly generalizes to [1.7). In finding the criterion [1.7), we encounter
analytical subtlety of the interplay of the matrix @ and the Lévy measure p.
We do not have any intuitive or probabilistic reasoning to obtain the criterion.

In the methodological aspect of the problem, Shiga’s proof in one dimension
that finiteness of the integral implies transience is Fourier-analytic; his proof
that infiniteness of the integral implies recurrence uses probabilistic argument,
which is peculiar to one dimension. His three cases (i)-(iii) are in the situation
that reduction to one dimension is possible. In multi-dimensions we cannot find
any useful probabilistic technique. We have to adopt purely analytical method.
Thus Section 2 of this paper gives a simple new proof of Shiga’s one-dimen-
sional result if we let d=1. An important point is that we can reduce the
case of non-symmetric Lévy measures to the case of symmetric ones by an
analytical manipulation.

Some consequences of our results in special cases are discussed in another
paper of Sato and Yamazato. In the case of an Ornstein-Uhlenbeck type
process for which the eigenvalues of @ have positive real parts but ¢ does not
satisfy our assumption, it is still hard to conjecture a recurrence-transience
criterion of the integral type in terms of @ and p. We add that some related
problems in Gaussian case are studied by [2, 3, 7, 8].

Organization of this paper is as follows. In Section 2 we will prove Theo-
rem A. Two technical lemmas on boundedness of some integrals containing
trigonometric functions, exponential function, and powers will be given in Sec-
tion 3. We will establish Theorem B in Section 4, using these lemmas. An
example will be illustrated in Section 5.

The first version of this paper proved Theorem A and Theorem B for n=2
and gave the conjecture for general n. It was written by Sato and Yamazato in
August, 1991 (No. 7 of the 1991 Preprint Series from Department of Mathematics,
College of General Education, Nagoya University). After that Watanabe found
the way (given in Section 3) to handle the case of general n. Now we jointly
present our results in a complete form.

2. Proof of Theorem A.

Let X be the Markov process on R¢ given in the previous section. It is
the process of Ornstein-Uhlenbeck type associated with the Lévy process {Z;}
and the matrix Q. We assume that the eigenvalues of Q have positive real
parts. For ¢>0 the restriction of the Lévy measure p to the set {x:|x|=c}
is denoted by p°, and the compound Poisson process with Lévy measure p° is
denoted by {Z¢:t=0}. Further X° denotes the process of Ornstein-Uhlenbeck
type associated with {Z§} and Q. The transition probabilities of X and X°
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are written as p,(x, E) and pi(x, E), respectively. The characteristic functions
of px, ) and pi(x, -) are denoted by p.(x, z) and pi(x, z). The following
facts are known.

Fact 1. Let ¢(z) be the function such that

€2, 2> — Htd(z
Eot* %0 = ptd® |

that is

()= _1 ey K& Y

(2) =ia, 2> 5 {Bz, Z>+S[e v—1 l+ly|2Jp(dy)'
Then
(2.1) pu(x, z) = exp [z‘<x, e"‘Q’z>+S:¢(e"Q’z)ds] ,

where Q' is the transpose of Q.

Fact 2. The process X is either recurrent or transient.

Fact 3. The process X is recurrent if and only if there is a point y in
R? such that, for any x and any open neighborhood E of y,

2.2) S?pt(x, E)dt = oo.
It is transient if and only if, for any x and any compact set E,

2.3) S:’mx, E)dt < oo.

Fact 4. The process X has a limit distribution if and only if holds.
Facts 1 and 4 are proved by Sato and Yamazato [10], while Facts 2 and 3

are shown by Shiga [12].
We prepare two lemmas. The first one is essentially by Shiga [12], p. 439.

LEMMA 2.1. If X°¢ is recurrent for some ¢>0, then X is recurrent.

Proor. Let {W.} be a Lévy process independent of {Z¢} such that {W,+ Z}
is equivalent with {Z,}. The process X° under the condition X{=0 can be
considered as the solution of

t
Xe= ZS—SOQngs :
Let {Y;} be the solution of
Y, = WL—S:Qsts .

Then {Y.} is the process of Ornstein-Uhlenbeck type associated with {W,} and
Q. The processes {Xi} and {Y.} are independent, and the process {X{+Y}
is equivalent with X starting at 0. Since the Lévy measure of {Y,} is sup-
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ported by the set {|x|=c}, the process {Y;} has a limit distribution g by
Fact 4. Choose a compact set E, and a compact continuity set E, for g such

that S:P(XieEl)dtzoo and u(E;)>0. Let E=FE,+E, Then E is compact and

PYX,eE)=P(X{+Y.€E)= P(X{€E, Y.,€E,)
= P(X{eE)P(Y.€E;) = P(X§EE1)#(E2)/2

for large . Hence S:P"(XLEE)dt:oo, which shows that X is recurrent by
Facts 2 and 3. O

LEMMA 2.2. If v is a measure on R?® such that v({0})=0 and v(R*)<1, then

(2.4) S|z1<1 dz exp [Slog Ie |x |>I v(dx)] < oo,

Proor. If d=1, then |x|/|<{z, x>|=1/|z| and the assertion is trivial. Let
d=2 and let S={=R?*: |&|=1}, the unit sphere. Let A=y(R?). Disintegrate
y as

WE)={ o) 1arerar)

for any Borel set E, where ¢ is a probability measure on S and 7 is a mea-
sure on (0, ) with total mass A such that 7,(F) is measurable in § for each
Borel set F in (0, ). Let ¢, be the Euclidean surface measure on S. Then

sz|<1dzexp [Slog |<{ e

= Sm<1dz exp [AS log

»(dx):l

%, s>1"(d5)]

= Ssao(dC)S:sd‘lds exp [AS log ——— ]<C Y o(df)]

Zd—iﬁgs""(d@ exp [Agsl"g <G & (a9

< d_l_ S oo<dc)5 a(dé) exp (A log Rg%ﬁ)

d_i—ASSG(dS)Ss I<¢, & | —Aa'o(dC)

by the use of Jensen’s inequality. Since SSKC, &> 40,(dl) does not depend
on &,
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[ oo 1@ &1-aan = | 1z1-4ava0),
where {; is the first coordinate of {. Using the polar coordinates in R%, we get
nl2 /2
[ 1c1audn) = 240" - [ cos 6)4(sin 6.)4-(sin )¢
(Sin 0d_2)d61d02 dﬁd_l
— const Sz/z(sin 8,)4-%(cos 6,)4d 0, < oo,
since A is less than 1. O

PROOF OF THEOREM A. Assume that Q=al, a>0. First we note that, if
holds for some ¢>0, then it holds for any ¢’>0 in place of ¢. In fact,
this is obvious for ¢’>c¢ and, for ¢’<c, it suffices to note that
tdu
o U

Sl@_gc,glxl<c(e—ualzl___1>p(dx>k é §

v U

- ulix
SC'Sl1|<c(l ¢ l>p<dx>

Izl —u du -
Sc,gwpwmgo (1—eih<

Suppose that X is transient. Let us prove that

(2.5) Slﬁ exp [Slij—u—glzlzc(e‘"“'“-—1)p(dx)} < oo

[ v U

for some ¢>0. By the process X° is transient for every ¢>0.
Hence

(2.6) [p10, Brat <0
for every ¢ and every compact set E. Let

d
2.7 h(x) = jl}l((l—lle)\/O)-
Then

h(z) = Se“"”h(x)dx = f[ 4z7%sin*(27'z;),
j=1

h(x) = (Zn')‘dge'““”ﬁ(z)dz .
It follows from that
0

o0 > detgpxo, dx)h(x) = (27:)‘¢S dtSﬁ(z)ﬁf(O, 2)dz

= <2x)-dS:°dtSﬁ<z> Re 550, 2)dz .
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Since
5100, 2) = exp [ | ds e e o —1ypt(an) |
by Fact 1, we have

Re 540, z) = (cos F.(t, 2))(exp G.(t, 2)),

where
t
Ft, z) = Sodsgsin(e'“%z, X)p(dx),
t
G, 2) = SodsS<cos(e-as<z, £)—1)p¢(dx).
Let
2.8) sup‘S;:sin . iluﬁ, — K, sup SZ(cos u—e-u)%” ~K,,

where supremums are taken over M, N=(0, ). Then K, and K, are finite,
M M

since S (sin u)u*du and S (cos u—e *)u"'du are convergent as M—oco, Now
0 0

we have

. du K,
< >
Jsinu—| = — o({lx]=c}).

IFat, 2] = |{ptan)|

{2z, x>
e— @iz, z

Choose ¢ so large that p({|x|=c})<an/(4K,). Then cos F.(t, z)=1/+/2. There-
fore

[a)z|"exp Gutt, 2t < oo
Hence, for some z with 0<|z| <1,
2.9) [TexpGutt, 21t < oo
Rewrite G.(t, z) as

Gutt, 2)= | ds|(e= 11 —Dypi(dn)+ gt 2),

H{, 2)= S:dsg(cos(e-wz, ) — et R DY o (d 1),

Then

1<z, z)1 du H
(cos u—e™%)—:
>l aui

(2.10) Ht, 2)] = |{otan)

e—ali(z,

= —p({lx|zeh.
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Hence, by [2.9),
o0 t
So dt exp [Sodsg(e‘e“”‘“">‘—1)pc(dx)] < oo,

This holds with |{z, x| replaced by |x|, since |z]<1. Change of variables

u=e¢™* and v=e"* gives [(2.5).
Conversely, suppose that holds for some (hence all) ¢>0. We will
show transience of X. For a>0 let

d
ho(x) = ]I=Il((a-—ile)V0>.
We have
ho(z) = ﬁ 427 sin*(2-1az,).

Notice that ﬁa(z) is bounded from below by a positive constant on the set
{z:|z;1=<x/a for j=1, ---, d}. Hence, in order to prove transience, it suffices
to show that

[adfpu0, dmfax) < oo
for all small a (see Facts 2 and 3). Since

[200, d0)fax) = (30, Dtz = @] 10, 210

1zi<avd

and [P0, z)| <50, z)[, it is enough to show that

2.11) [ B0, 2)]dz < oo

1z]

for some ¢>0. We have

[ 150, 21dz =] exnGu, 21dz
121<1 121<1

_ S gz e [S:dsg(e'e'”‘“~l)p°(dx)+Hc(t, D+ 14, z)],
where
L4, 2) = S:dsg(e'e“”'“’”‘——e'e’as"”)p“(dx).
Notice that, for any 0<a<p,

1 —qu@®__ _-pu@ Q___ ! -au__ ,-bu Q
(2.12) Jerenrmerteny T = ['emen—gomy

au

tdu (o b ds _1 b
=\ — —su = —g ) — < = —_
S Sae ds Sa(l ¢ )as T a log a’

U4 4
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Thus
110, 21 = |[ortan| (emseiemi—gunanL
1 Ed
<
=g
Choose ¢ so large that a~'p({|x|=c})<1l. Use and the
assumption [2.5). Then we get [2.1I), which completes the proof. O

p(dx).

3. Boundedness of some integrals.

In preparation of the proof of Theorem B we will give two lemmas of
analytic nature. Let » be a positive integer. Fix » distinct positive reals
ay, -+, a,. Let a,, -+, a, be real numbers and let p,, ---, p.» be real numbers
satisfying 0<|p;1 <1 for 1<j<n. Define

Fay= Sau®, G= 3 peu®, H@= 3 la,u”
j=1 =1

Jj=1

for u>0. Let 0<M<N. Our lemmas are as follows.

LEMMA 3.1. There are positive constants K, and K, independent of M, N, a,,
-+, @, such that

3.1) [Sz sin F(u)éuﬁI < K,,
(3.2) ”Z[cos F(u)—e-'mﬂ]%ﬁl <K,.

LEMMA 3.2. There are positive constants C; (0=j=<n) independent of M, N,
ay, -+, Qu, D1, -+, Dn such that

N du n 1
-G __ ,-H(u)) 2T < . R
3.3) SM(e e ) = Co+ j§=}l C;log Dk

In proving we may assume that a;#0 (1=<7=<n), because the
integrals in and are continuous in a;. Further we assume that

(3.4) a; >0 for 1=;<! and a; <0 for l4+1=Z7<n,

where [ is an integer with 0</<n. This does not harm generality, as we can
rearrange a,, -+, @,. Denote

(35) m=n—{ and bk:‘—01+k, ﬁk:a“k for 1§k§m.

Thus



Recurrence conditions for multidimensional processes 255

i . m
Fw)= D au“— D bufe.
j=1 k=1
If /=0, then understand >Y.1 to be zero; similarly if m=0.

Proor OF [(3.1) IN LEMMA 3.1. Proof is by induction in n. If n=1, then
is evident by [2.8), since

N, du N du ) «
.Susm alual——l = a3! SM smu7~ with M'=|a;|M®*, N'=|a,|N".

u

Now let n=2. Assume that is true with n replaced by n—1. We divide
the proof for »n into three steps. Define

[(0)=F'uu= 3 asau®i— 3 by Baut,
j=1 k=1

Jw) = I(wu = 3 azaiusi— 5 by bt
j=1 E=1

fiu) = a;a;ui for 1</,

gk(u):bkﬁkuﬁk fOr 1§k§m.

Let C=maX;<jc, |@;|"Y%. In this proof and in the proof of we will
denote by K, K,, --- positive constants independent of M, N, a,, -+, a,.
First step. Assume that M<C. We show that

¢ du
(3.6) |SM sin =2 | < K.
Without loss of generality, we can assume that /=1 and C=a7"*t. Define

F*(u) = 12 aju"‘f—- % bkuﬁk .
j=2 k=1
The induction hypothesis says that
lSNsin F*(u>@i| <K,.

M u

Since F(u)—F(u)=a,u",
c_ . . du c
ISM[SIn F(u)—sin F»Au)]-;;] = Soalual'ldu =ai'=K;,

where we use |sin x—sin y|<|x—y|. Hence we obtain [3.6).

Second step. We prove when [=0 or m=0. We can assume m=0
since the other case can be reduced to this case. By virtue of the first step
it is enough to prove under the assumption that

(3.7 Mz=C.
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Our basic observation is that integration by parts yields

1 Ug Ug ](u) du
I—(?t_)]ul_gul(cos F(u))I(u)z _u—

for 0<u,;<u,. Let ax=maX,g;<, a;. Since I(u)=f(w) and J(u)/I(u)=ax/ f1(u),
we obtain from and that

N, du B _ _ _
ISM sin F(u)—u—l < 27 1(C)  +axlay f1(C) < 27 +axar? .

(3.8) Sj sin F(u)fi—f— = [—(cos F(w)

Third step. We prove [3.1) when /=1 and m=1. Again we may assume

(3.7). Let
1 2 - 1 2 - m
o= ( ) and 7= ( )
o) o2 - a(l) (1) (2)--- (m)

be permutations and denote the pair of ¢ and 7 by A=(g, 7). Let A be the
totality of 2. Thus A consists of ({!)(m!) elements. For each A let E; be the
set of all >0 satisfying

for(u) £ fo(u) £ - £ for(u)
and

Zran(U) £ ge(u) £ -+ £ geemr(U) .

Since each of the sets {u>0: f,;) (W)= foin(@)} and {u>0: grn (W) S gern (W)}
is an interval (bounded or unbounded), their intersection E, is empty set, one
point set, or interval. We have \U;ecs E ;=(0, ). Let

Ar={u>0: 2" foy(w)Z=mgecmy(w)},
By={u>0:1f,0,(w)=27'gecm(w)}.

Note that A; and B; are intervals. Use ay in the above. Then, for every
uEE,z/\A;,

(3.9 [J(W)| £ axnfou(u),
and
(3.10) Hw) = foar(u)=mgeimy(u) = 27 fguy(u) .

Hence we have

[ J(u)l dnoas
3.11 <
3.11) T = Foo(w)

for ueE;NA;. Let [, ¢,]1=[M, N]JNE;NA; if it is not empty. Then we
obtain from [3.7), [(3.8), [(3.10), and that
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¢y, du 4 e 47’1&* _du
— <
(3.12) ISClsm F(u) | = f,,(l)(C)—l_SCfg(l)(”) u

< Aozl +4nasazlyy = Ko,

noting that f,u,(C)=a,qy. Similarly let [¢s, ¢,]=[M, N]NE;NB; if it is not
empty. We get

4 du
(3.13) S%sm F(u)—u—k <K, .

Let 0=|Becm—asw| ™t and Kz=(4im)?. Let the superscript C denote the com-
plement of a set. We have A{N\B{=(cs5, Kscs), where

Qo) Ug(1) ¢ .
C; = (*—d—g—" if aa(l)<ﬁr(m> ’
zmbr(m)ﬁr(m)

. br(m),Br(m) 0 s
G = (21(10(1>6¥a(z)> it o> Beom -

Let F,=[M, NINE;NA§~B§. Since F,C(cs, Kscs),

(3.14) |Sm sin F(u)dT“j < log K .

It follows from [3.12), [3.13), and [(3.14) that

'S sinF(u)ﬂféKx,

[M,NInE; u

where K; is a positive constant independent of M, N, a,, -, a,. Now we get
N, du

(3.15) ‘S sin F(u)——‘ < 3K,,
M u ied

completing the proof of [3.1).

PRrROOF OF IN LEMMA 3.1. Proof is again by induction in n. If n=1,
then is evident by [2.8). Note that

N du N du
15 (cos alu"l—e"“”‘“”)—\ = a7’ S (cos u—e“”)——1
M Uu M’ u

with some M’>0 and N’>0. Now let n=2 and assume that is valid with
n replaced by n—1. Proof for n is given in three steps as before. Use C

defined in the proof of again.
First step. We show that, if M<C, then

(3.16) lS;[cos F(u)—e"““”]%}l— <K,.

As in the proof of [3.6), we can assume that /(=1 and C=a7"/*t. Define Fy(u)
in the same way. We find from the induction hypothesis that
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N du
SM[cos F*(u)—e"F*““}u—l =K.
On the other hand, we get

S;[cos F(u)—cos F*(u)J%i < Ku,

c du
g [e_lp(u);__e—lf"*(u)l].—i éKlz
M u

as before, since [cos x—cos y| < |x—y] and |e '*'—e ¥ | < |x—y]|. This proves
(3.16).
Second step. We prove when [=0 or m=0. By the first step we may

assume [3.7). Further, we can assume that m=0. As in the proof of we
see that

N
3.17) 1" cos F(u)i“—§ <K,

Pt u
by using integration by parts. On the other hand, we find from that
(3.18) [ e % < K.,

M Uu

since the integral is

] du e dy
=\ exp(—aqu")— = a‘lg e v —,
- Sc P(=a@u™) w = 'h v

Third step. We prove when /=1 and m=1. We can assume [3.7).
Then we claim that [3.17) and [(3.18) hold. The proof of is completely
analogous to the third step of the proof of [3.1). For the proof of [3.18), we
change the definitions of f, and g, to fj(u)=a,;u% for 1<7<! and g,(u)=b,u*
for 1=k<m. Using these new f; and g,, we define E;, F;, A,, B, and ¢, ¢,,
¢s, ¢, in the same manner as in the proof of [3.1) We find from that

‘2 —xF(u)l_d_u<S°° _9-1 d_u
Sce —= CeXp( 27 for(u)) u

1

°° dv
= aaclz)sl e ”/Z_U = Kis

noting that f,,,(C)=1. Similarly we get

§C4e_|F.(u)ldu gKIG,
¢ u

3

Write as E;NASNBS=(cs, Ki:¢6) with some ¢, and K, as before, Then, since
F; is contained in this interval,
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S e_lp(u)l_.d_u~ g log K17 .
Fy Uu

Combining these estimates, we obtain [3.18) as in[3.15). The proof is complete.

Proor oF LEMMA 3.2. The lemma is concerning the functions G(u) and
H(u). Again we may assume that a;#0 for 1<7<n. Moreover we may
assume that 0<p,;=<1 for 1=<;7<n by changing the sign of a; if necessary. As
before we assume with [ being an integer satisfying 0</<n and use the
notations [3.5). Our argument is similar to the proof of Lemma 3.1. We have
two steps.

First step. Let us prove when /=0 or m=0. We may assume m=0.
In this case,

N du
e G __p-H W) 1
1L 1%

< S:’[exp (— ]é pja,-u“j>—exp(—- jé aj“aj)]éuﬁ‘

n (oo du n 1
< Z}S [exp(—pjau®)—exp(—au*)]— = 3 a;'log —,
j=1J0 Uu j=1 p]
which proves (3.3). Here we employed

o du 1 b
-qu® -bua —
(3.19) So(e —e ) — = -~ log "

u

for >0 and 0<a<b, shown as in [2.12).

Second step. We prove when /(=1 and m>=1. We change the defini-
tions of f; and g, to fiu)=pa;u% (1<7<1) and gp(u)=>pr.ebeuft (1< k<m).
Using these new f; and g,, we define E;, F;, A:, B, and ¢, ¢, ¢, ¢4 in the
same way as in the proof of [3.1)) Notice that, for ueE;NA;,

aju®i = p3 fiu) £ p37' for(u)

brufe = priige(u) < prtefowr(u).
Therefore,
Cg du
~I1GU) I p—Hu)1 22
Sﬁ[e e ] ”
0

= S [exp(2'1](L1<z>(1/l))_(3)(1:’(—Jé1 p}lf"(”(u)ﬂ%li

Il

n n 1
a;d, log (2 ng p}‘) < a;(‘”(log 2""']23, log p—])

by and by;> 7 p7'<n I} p37'. Similarly we get
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fe- Gu)l __ ,-H(u) du -1 P S i
803[8 16y ] ” < ‘B,(m)(logZﬂ—i—]gl log p]).
We see as in that

S [e—IG(u)l_e-HW)]du gK
F; U

with a constant K independent of M, N, a,, -+, a,, p1, -=*, Pa. Therefore, as
in [3.15), we obtain when /=1 and m=1. Proof of is complete.

4. Proof of Theorem B.

We will use the following fact. Let p and ay, ---, @, be those in Theo-
rem B.

LEMMA 4.1. Let Sy, ---, S, be matrices, and U, U,, R be invertible matrices.
Let ¢y, ¢, be positive reals. Then

@.1) Sl% exp [Slﬁﬁglle]%(exp(—é e[S, |)——l>p(dx)} = o0

v U
if and only if

4.2) S:—dv—” exp Ulgigmzlz%(exp(— J; 1| RS,x ])—l)p(dx)} = o,

v U

PRrROOF. It is enough to show that[4.I) implies [4.2). Assume [4.I). There
exist positive reals a, b, a;, b; (=1, 2) such that a|x|<|Rx|<b|x]| and a;|x]|
S|U;x|<b;|x|. Without loss of generality, we can assume that a;<<a,< -
<a,. The equality remains true with ¢, replaced by any ¢>0, because,
for c<e,,

1du n
il i . o . .
S ScslleKcl[l eXP( ]Elu ]]SJX]>:|‘O\dx)

ou
0 U JepysiziLey/ay

IA

[1—exp(—u®t|x|s)]p(dx)

lxls
0

odn)| " 1—e)

du
< oo,
a i

S'J/b1§l&vl<c1/a1
where s=23>7-, |S,ll. Define
k- n
Folu, 1) = S u|S;x |+ S bui|S;x| for 1<k<n-+tl.
i= i=k

By using we obtain that
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Slé_u.

o Uu

Sllelzc[eXp(——fk(u’ x>)_exp(_fk+1(u; x)):]p(dx>

= SIQSW;Clexp<~u“kblskx D—exp(—u"*|Syx )| p(dx)

o U

< aitlog BV pldx) < e

Uiz

for every £ (1<k<n). Choose c=c,a,/b,. Then the left-hand side of is

e [94], (sol-Guenisa) ]

[\ v U

> const Sl%zi exp Ulﬂslulxlzc(e){p(~ ,é u?s|S;x l)—l)p(dx)] = 0.

] v U

Thus holds. D

Proor OorF THEOREM B. The eigenspaces V,, ---, V, of the eigenvalues
@, -, a, are not orthogonal in general. But they are orthogonal if @ is dia-
gonal. The first step of our proof is under the assumption that @ is diagonal.
The second step is reduction to the case of diagonal Q.

First step (Q diagonal). We assume that a,< :-- <a, without loss of gen-
erality. The line of proof is the same as that of [Theorem Al Suppose that
X is transient. We claim that

4.3) S:% exp [S:-duiglzlzc(exp (—jé u%i|T;x })—l)p(dx)] < oo

for some ¢>0. We have

550, 2) = exp U:dsg(exp(z’@'s@z, x>)—1)pc(dx):| ,

n
(e™39z, x> = jE e 3%{Tz, Tx>.
=1
Without the orthogonality of V,, ---, V,, this expression is not obtained. Let

F.(, z)= S:dsgsin (e™*9%, x)p(dx),
t
G, z)= Sodsg(cos {e™%9z, x)—1)p(dx),

H(t, z)= S:dSS[COS {e™%, xy—exp(—|<e %z, x)>|)]p°(dx).

Use and use the function A(x) of [2.7). Then, for any ¢>0, we
have
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detSﬁ(z)(ccs Fult, 2)expGelt, 2))dz < oo
Denote by K;, K, constants which depend only on ay, ---, @,. We have
t 1 n du
-5Q — 1 a; . X hethadl
(4.4) jSo sin (e~*%z, x>d31 = ‘Se_tsm(glu KToz, Tid) } <K,

by virtue of Lemma 3.1. Choosing ¢ large enough, we get cos F.(¢, 2)<1/4/2
for all ¢ and z. Now, for some z with 0<|z| <1, we get

4.5) [Texp Gt 21t < oo
By the same change of variables as in we get
|| Feos cev@z, xy—exp(— [<e™z, x)1ds| < K,

from Lemma 3.1. Hence H.(, z) is bounded in ¢ (and z, too). Now it follows
from that

S:dt exp [S:dsg(exp(—Ke“st, x>[)—1)pc(dx)] < oo,
This implies since |<e %%, x)| <3, e %*|Tx|.
Conversely, suppose that holds for some (hence all) ¢>0. We claim

that X is transient. To show this, it is enough to exhibit for some ¢>0.
Let us use H(t, z) introduced above and

L, 2) = S:dsg[exp(—l@-wz, x> )—exp(— 3 e“’f‘]zj|>:|p“(dx).
We have

(4.6) A Sm<1|f>f(0,z)ldz

d d > o3| Ty )—1)of(dx)+H I
= dzexn[{ as|(exp(— B o1 Tox))—1)ottdn)+ Hat, D+ 1tt, 2) |
Now H.(t, z) is bounded in ¢, z as explained above. By

1, 2) = [ptan)| _[exp(—

1 n " n . , Q

. E;u KTz, T,-x>l)—exp(—§lu JlT,xl)} ”

| T x|

— ) p%(dx).

I<T sz, zj>|)p( )

Choose ¢ so large that the total mass A of p° satisfies AC;<1 for j=1, -, n.
Denote the Lebesgue measure on V; by dz?. Then

< S Co+ 31 C; log
j=1
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7 Tjx|
< pAC |7, ¢ ()]
S”Klexp(Sgp It z))dz< e °,I=IIS,,<nI<1eXp<C’S1°g1<z<f>, zj>lp(dx))dz ,

which is finite by virtue of Now yields

S:dtSm«!ﬁ%(O, 2)|dz

< const S:dt exp [S:dsg(exp — ;Z_]le“'f*]zjO—l)p%dx)] ,

which is finite by the assumption [(4.3).

Second step. We reduce the general case to the case of the first step.
Since we have assumed that R¢=V,P --- @V ,, there exists an invertible matrix
R such that RQR™'=D is diagonal. The diagonal entries of D consist of
ai, -+, a, each with multiplicity =1. The equation (1.2) is equivalent to

RX, = Rx-l—RZt-S:DRX,ds .

It follows that the process RX defined by {RX.} is the process of Ornstein-
Uhlenbeck type associated with the Lévy process {RZ,} and the matrix D.
The Lévy measure of the process {RZ,} is pR™!, where (oR')E)=p(R™'E).
The process RX is recurrent if and only if X is recurrent. For j=1, --- ) n
denote by V, the eigenspace of a; for D, and by T, the projector onto V; in
the orthogonal decomposition R¢=V,@ .- @V,. We have V¥;=RV; and T;=
RT,;R™*. We know that RX is recurrent if and only if

S:%exp [S:dTuSlznzc(eXp(_guajlzjl)—l)PR—1<dx):| = 0,
that is,

S:—dvﬁ exp [S:%&&R“ac(exp (—Enl u®|RT ;x| )—l)p(dx)] = oo,

By this condition is equivalent to [I.6). Proof of Theorem B is
complete. O

5. Example.

Let us give an example of [Theorem Al Let X be a process of Ornstein-
Uhlenbeck type on R? generated by (1.1) with @Q=al, >0, and Lévy measure
p. Suppose that there exist y>0, ¢>0, and b>1 such that, for every Borel set
E in [b, ),

dr
e r(logr)y*t’

a2 D0tan) = f
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Then,

(i) X has a limit distribution if and only if y>1.

(i) If r<1, then X is transient.

(i) If r=1 and c<a, then X is recurrent.

(iv) If y=1 and c¢>a, then X is transient.
Symmetric one-dimensional case of this example was first treated in Sato and
Yamazato [10]. Shiga handled this example in multidimensional case
under the condition that p is symmetric and concentrated to the coordinate axes.
At the end of his paper he made an interesting observation concerning
recurrence of the projected processes in case y=1.

Proof of (i)-(iv) is as follows. Assertion (i) is evident from Fact 4. To

see (ii)-(iv), note that

Iﬂ ld_u_ —u®yxy ___ ]
(5'1) So v exp [Sv u Slmzb(e l)p(dx)
1 dy tdy l—e 2"
- So—a_veXp [— ZSD u Sb r(log r)“ldr]
We have
tdufe 1—e™®" 1 (e dr T o us
Sv " Sb rog Y = Sud“Sb r(logr)T“Soe ds
1 (= e™ds 1 e “*ds
o Svdugo r(log (s\VbH)) 7S du S (log sy +o)
as v |0 and, for each A>0,

1 (e %ds w g7V Ay oS
Svdugb Tog sy — Sb s(logs)7+con8t = Sb oz s ds+0().

If r<1, then, letting A=1, we have

1. (e “ds / 1-7
>
Sd S (log s)" _1 7’\ ) +0M)
and see that the right-hand side of [5.1) is finite, using (log (1/v))*"7/log log (1/v)

—oo, This establishes Assertion (ii). For =1 we get

e 4 log log %—}—0(1) = S:duS:el_ is = log log %—I—O(l)

and hence

—gmur
» r(log r)*
Now it follows from (5.2) that, if y=1, then the right-hand side of is
infinite for ¢/a=<1 and finite for ¢/a>1. Thus Assertions (iii) and (iv) are true.

1
G.2) (4o log log— ssvdus dr < log 10g—71)—+0(1) as v10.
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