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Let &r43(n, 1) be the set of analytic function germs: (R", 0)—(R, 0). In
[71-[12], T.C. Kuo has introduced some notions of blow-analycity as desirable
(natural) equivalence relations for elements of &,5(n, 1), and has given import-
ant results to construct blow-analytic theory. Stimulated by his work, several
singularists started on studying blow-analycity and introduced notions similar
to but different from those of Kuo’s ([2], [3], [5], [6], [16], [18]). These
blow-analytic equivalences are slightly weaker than bianalycity, and much
stronger than homeomorphism. In this note, we introduce the notion of strong
C’-equivalence as one of blow-analytic equivalences. Roughly speaking, it is a
C’-equivalence which preserves the tangency of analytic arcs at 0€R". It
seems that this equivalence is not so strong. In fact, this is weaker than some
other blow-analytic equivalences. Our purposes in this paper are to formulate
two conditions which imply strong C°-equivalence and to show the Briancon-
Speder family ([1]) and the Oka family ([15]) are not strongly C°-trivial.

In the complex case, the Briancon-Speder family is well-known as an ex-
ample that topological triviality does not imply the Whitney regularity, in other
words, the Milnor number constancy does not imply pg*-constancy. The Oka
family also is g-constant but not g*-constant. Both families have a weak simul-
taneous resolution, but have no strong simulianeous resolution (see [13], [14],
[15], [17]). In the real case, however, the families are topologically trivial,
but not even strongly C°-trivial.

The author would like to thank Professors T. Fukui, T.C. Kuo, P. Milman,
M. Oka and M. Shiota for useful conversations and suggestions. The author
also would like to thank the University of Sydney for its support during the
time this work was in process.

§1. Results.

At first we define the notion of strong C°-equivalence.

NoTATION. (1) By an analytic arc at 0 R", we mean the germ of an
analytic map A: [0, &)=»R" with 2(0)=0, A(s)#0, s>0. The set of all such arcs

This research was partially supported by Grant-in-Aid for Scientific Research (No.
03640058), Ministry of Education, Science and Culture, and the University of Sydney
Research Grant.




314 S. KoIKE

is defined by A(R", 0).
(2) For 2, p= A(R", 0), O4, p)>1 (resp. O(4, p)=1) means that arcs 4, g
are tangent (resp. crossing without touching) at 0= R".

DEeFINITION 1. Given f, g€&,i(n, 1), we say they are strongly C -equi-
valent, if there exists a local homeomorphism ¢ : (R", 0)—(R™, 0) such that

(i) f=ge-o,

(ii) if 2 A4(R", 0) with A< f~*0) (resp. g~'(0)), then a(2) (resp. ¢7}(A)<
A(R", 0), and

(ili) for any 2, p=A(R", 0) with A, pcf-'0), O, w=1 if and only if
O(a(A), o(w)=1.

Let S™ ' denote the (n—1)-dimensional unit sphere. For a=(a,, -, a.)<
S™* let L(a): [0, & —R" (6>0) be a mapping defined by

L(a)®) = (ait, -, aqt).

1

Then L(a)eA(R", 0). For any Ac_A(R", 0), there exists unique a<S"™' such

that O, L(a))>1. Then we write L(a)=T().
REMARK 1. For 2, y=A(R", 0), O, w)>1 if and only if T()=T(g).

For feé€w(n, 1), let Co(f) denote the set of connected components of
F71(0)— {0} as germs at 0=R". We put

Co(f) =A{Cy, -, Cul (me{0}UN).
Here we consider the following problem :

PROBLEM. Let {f.,} be a family where f,E&,:(n, 1) (with an isolated
singularity). Find the condition so that {f.} is topologically trivial, but is not
strongly C°-trivial or there exist fs, f» (s#7r) such that fs is not strongly C°-
equivalent to f,.

In the case m=0 i.e. f,7'(0)={0}, C°-equivalence and strong C°-equivalence
are same notions. Therefore we consider the case m=1. Assume 2, p<
A(R"™, 0) do not satisfy the condition (iii) of Definition 1. Then we can consider
the following two situations:

(I) There exists C,=Cy(f) such that 2, p=C,.

() There exist C;, C; (¢#j) such that 2cC; and p=Cj;.

REMARK 2. In the case n=3, the situation (I) has a deep relation with a
problem of position of arcs in C,.

Set
D(f) = {acS™" | A€ AR, 0), Acf~40) and T(A)=L(a)}.



Strong CC-equivalence 315

For 1<i<m, set
Dy(f) = {acsS"" | A A(R™, 0), AcC; and T(A) =L(a)}.

Then D(f)=D,(/)\J - UDn(f).

Now we introduce certain quantities e(f), D;;(f) corresponding to the above
situations (I) and (II), respectively.

(I) Let fE€&,1(3, 1). For each i, we denote by E;(f) the cardinal number
of the set consisting of a=S? which satisfies the following conditions :

(i) There exist A, = A(R®, 0) such that 2, 2,cC;, and T(A)=T )=
L(a).

(ii) There exist g, AR 0) such that g, g,=C,, T(w))# L(a), T ()
# L(a), and p;—{0} (j=1, 2) are contained in the different components of C;—
A As.

We put e(f)=#{/|E,(f)=0}. In the case m=0, put e(f)=—1 for conveni-
ence.

(I) For 1<4, j<m (i+J), define

Di;(f) = #D«(/HND(f)).
We call D;(f) the cardinal number of common directions of C; and C,.

PROPOSITION. (1) If f, g€€.1(3, 1) are strongly C'-equivalent, then e(f)

=e(g).
2) If f, g€&ui(n, 1) are strongly C-equivalent, then the cardinal number
of common directions of elements of Co(f) is equal to the corresponding one of

Co(g).

Let D={x=R||x|<l4¢} where ¢ is a sufficiently small positive number.
Applying Proposition, we have the following results.

THEOREM A. (Briangon-Speder family [1]) Let f,: (R? 0)—(R, 0), teD, be
a family of weighted homogenecous polynomials with an isolated singularity de-
fined by
fi(x, ¥, 2) = P+tzy*+y x+ x5,
Then f, is not strongly C‘-equivalent to f_,.
REMARK 3. (1) T. Fukui [4] has proved the Briancon-Speder family admits
a modified analytic trivialization via the weighted blowing-up in his sense.

(2) P. Milman pointed out to me that the Briancon-Speder family is not
almost analytically trivial in the sense of Kuo [7].

THEOREM B. (Oka family [15]) Let f,: (R 0)—(R, 0), t=D, be a family
of polynomials with an isolated singularity defined by
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filx, ¥, 2) = xP+y" 420+ txt2 1%y 20 .

Then f, is not strongly C°-equivalent to f,.

§2. Proofs of Proposition and Theorems A, B.

PROOF OF PROPOSITION. Let ¢: (R", 0)—(R", 0) be a homeomorphism which
gives a strong C°-equivalence between f and g, and let Co(f)=C,\U - UChp
and Cy(g)=C,’U --- UC,. Assume that C,/=g(C;) for 1<i<m. For any ac
D(f), there exists A= A(R", 0) such that Acf~*(0) and T(A)=L(a). Then there
exists unique a’eS™* such that T(¢(A)=L(a’), since g(A)=AR", 0) with ¢(d)
cg™0). We define o*: D(f)—D(g) by o¢*(a)=a’ for acD(f). It is easy to
see ¢* is a one-to-one correspondence. Moreover the restricted mapping
0*|p,;csr s Di(f)—Dy(g), 1<i<m, also gives a one-to-one correspondence. There-
fore the statements (1), (2) in Proposition immediately follow.

PROOF OF THEOREM A. We. start by giving a sufficient condition for
E(f)=0 for some 7.

LEMMA. Let f€Etw1 B, 1), and let Co(f)={C,, -, Cn}, m=1. If there
exists a continuous function h: (R? 0)—(R, 0) which is differentiable at 0 R* and
C; such that graph h=C,;, then E(f)=0.

PROOF. Let @ : R*—graph h be a mapping defined by

D(x, y) = (x, y, h(x, »)),

and let 7 : R°*—>R® be a projection: n(x, y, z)=(x, ). For any i€ A(R?, 0) with
1cC;, there exists unique a=D;(f) such that T(Q)=L(a). It follows from the
differentiability of 4 at 0 R? that ||z(a)||#0. Then n(A)eA(R? 0)and T(x(4)=
L(z(a)/||x(a)|). Let m;: D;(f)—S* be a mapping defined by =;(a)=n(a)/|x(a)].
By the differentiability, =; is a one-to-one correspondence.

On the other hand, it is clear that there does not exist b= S! satisfying
the following conditions:

(i) There exist 4;, 2, A(R?, 0) such that T'(1,)=T(4,)=L(b).

(ii) There exist g, .= A(R? 0) such that T(u)# L(b), T(p,)# L(b), and
#;—1{0} (=1, 2) are contained in the different components of R*—2,\U2,.

Since 7|grapnnr: graph A—R? is a homeomorphism, E;(f)=0.

We show Theorem A by using this lemma. Put f=f, and g=f_,. Let
us define 4 : (R? 0)—(R, 0) by A(x, y)=—("x+x'*)"/5, Then h is continuous
and differentiable at 0 R?. Remark that & is not of class C! at 0= R% More-
over we have graph h=f"'(0). By Lemma, E(f)=0. Therefore it follows that
e(f)=L
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Let us consider the variety g='(0) around 0=R®:

(Figure 1.)

Pick a point P,=(1, v, z;) on g '}0) with y,>0, z,>0. Define analytic_arcs
;AR 0) (1=£7<4) as follows:

A(s) = (0, s, 0),
[ A5(s) = (s, 1%, z;8%),
A(8)=1(0, —s, 00 (s=0).

| ll(s) = (S) O’ _—83),

Then TQA)=L((1,0,0), T(A)=L(0, 1,0,
T(A)=L((1,0,0), and T(A)=L(0, —1, 0)).

Moreover 4,— {0} and A,—{0} are contained in the different components of
g70)—2,U4s. Therefore E(g)+0. It follows that e(g)=0.
By Proposition (1), f is not strongly C°-equivalent to g.

PROOF OF THEOREM B. Put
f(x, 3, 2= folx, ¥, 2) = x®+p*+2°+xy2" .
In each coordinate plane, f~}(0)— {0} =@. Here we put

B, = {x>0, y<0, z>0},
[ B, = {x<0, y>0, z2>0},
B, = {x<0, y<0, z<0}.

" B, = {x>0, >0, z<0},
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In B; (1£:/<4), f7(0)=@. In other octant, f~}(0)=@. Put C,=f"'0)NB;
(1£i<4). Then it is easy to see that C; is connected, in particular, C.=
C;\U{0} is homeomorphic to S®. Therefore D;;(f)<1 (7). We consider the
curve defined by

FON{y=—x} ie. xPHx4z—xiz* =0
(see Figure 2).

V4
A
1
A |
! !
By | | By
! |
! |
: :
—1 0 T
(Figure 2.)

Then there exist A, <A(R% 0) with 2,=C; (=2, 3) such that T()=T)=
L((0, 0, 1)). Therefore D,;(f)=1. It follows that D,,(f)=1. Similarly, D;;(f)

=1 (7).
Next put
g(x, 3, 2) = fu(x, y, 2) = X*+ "+ + 1722+ 102" .
In (x, y)-plane or (v, z)-plane, g *(0)— {0} =@. Here we put
x>0, y>0, z<0},

= {
j = {x>0, y<0, z>0},
] = {x<0, z>0},
LBy = {x<0, 2<0}.
In By (1=i<4), g~ (0)#@. Put C/=gO)NB; (I1<i=4). Then C/ is con-

nected and C,’ is homeomorphic to S2.. We consider the curve defined by

g N {y=0} Le. x*+z°4+x°2"=0
(see Figure 3).
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(Figure 3.) (Figure 4.)

Then there exist p,=A(R?, 0) with yicfi’ (#=3, 4) such that T(p)=T (¢s)=
L((—1, 0, 0)). Next consider the curve defined by

g ON{y=x} fe. xP4x"4z24x%2+x'2 =0

(see Figure 4). Then there exist v, A(R?®, 0) with y;,cC,’ (i=3, 4) such that
Tw)=Tw)=L(—1/4/2, —1/+/2, 0)). Therefore Ds,(g)=2.
By Proposition (2), f is not strongly C’equivalent to g.
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