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§1. Introduction.

Let H={z=x+iy=C | Imz=y>0} be the complex upper half plane given
the Riemann structure

(1.1) ds® = y ¥ dx®-+dy?),

and let G=PSL(2, R)=SL(2, R)/{*=1}. Then the group G acts on H as linear
fractional transformation:

_ az+b (a b

cz+d’ ~—\c d)EG"

and moreover the metric gives rise to a G-invariant measure and the
Laplace operator whose explicit forms are

(1.2) dp(z) = vy 2dxdy
and
0? 0?
— 2f 7 o
1.3) D=y (axz+ayz>'

- Throughout this paper, we will suppose that /'(CG) is a congruence sub-
group, though there is no need to make this restriction. In fact, all results
given in this material can be generalized to any Fuchsian group of the first
kind with a cusp o by slight modifications. We further denote by 9,(=I"H)
the fundamental domain of /°, which is always noncompact.

Let now L*9r) be the Hilbert space consisting of all functions which are
automorphic with respect to I° and square integrable on 9, i.e.,

Lx@r)= {11 fG2)= f() for rel, | 1£2)"dua)<es).

Then, the space L*(9r) has a spectral decomposition in accordance with the
operation of D:

LXDr)= LD rDCDLADr),
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where each term on the right hand side denotes respectively the space of cusp
forms, the space of constant functions and continuous part of the spectrum.
Furthermore the space Lj(9@r) has an orthogonal basis {f;};,, consisting of
eigenforms of D, which are called Maass wave forms (see [9: Theorem 5.2.4]
and [6: Remark 9.7]). We write Df;=—A4;f; and A,=s{l—s;), s;=C for each
7=1. If we plot the points s;(f=1) on the complex plane, which are determined
correspondingly by the value of 2;, since all A; are positive, infinite number of
s; lie in the critical line and a finite number of s; in the real segment (0, 1) if
there exists. The eigenvalue A; which produces a real point s; is called the
exceptional eigenvalue. Whether or not exceptional eigenvalues are in existence
is an important problem. Non-existence of such eigenvalues for congruence
subgroups I has been conjectured by Selberg [1I5], which is equivalent to the
assertion 4;,=1/4 for all j=1.

REMARK 1. This conjecture was proved for /'=PSL(2, Z) by Maass [11]
or Roelcke [13], and recently proved by Huxley for Hecke congruence
groups I o(N) with N<17(cf. [8: P. 173]). For more examples which satisfy
A;==1/4, see also Sarnak or Hejhal [5: Notes for chapter eleven].

Let ¢ be the smallest positive integer such that (1 ‘{)E[’ . Then the
Kloosterman sum is defined by

Stm, n, ¢, ') = %gge(%(ma—!—nd)), (Z’ ;)er

IAIA

0
[
for ¢>0, where m, neZ,, and e(x)=exp(2rix). Moreover we denote Selberg’s
Kloosterman zeta function by

S(m, n, ¢, I')

CZS

c>0
Since it is clear that |S(m, n, ¢, I')| <qc, this series converges absolutely for
Re(s)>1. If we then use Weil’s estimate for Kloosterman sums (cf. [8: P.
178]), it follows that the range of absolute convergence can be taken as Re(s)>
3/4. The analytic properties of the Kloosterman zeta function after continued
to Re(s)>1/2 are closely connected with, through the estimation of sums of
Kloosterman sums, a problem for Fourier coefficients of holomorphic automorphic
forms or several kinds of ones in analytic number theory (see or [8].
Next, let us denote by T the set of exceptional eigenvalues s; which satisfy
1/2<s;<1. Then, for any positive ¢ chosen so that (1/2, (1/2)+2e)N\T=¢, we
define the domain U, in the complex s-plane to be

(1.5) {o | %<o‘<—%—+s} X A{r | |r|=1}
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for s=o+ir. Moreover put M to be any fixed positive number such as M>1.
Under this setting, the purpose in the present article is to prove the following

THEOREM. The Kloosterman zeta function Z ., (s, ') defined by (1.4) can
be continued meromorphically to Re(s)>1/2 with at most a finite number of simple
poles at s=s; lying in (1/2, 1), and satisfies the following estimate:

1/2 12

2o Imn|*7|

(1.6) Zna(s, I)=0(g o)

for s=o-+it, 1/2<o<M as |t| =1, where the implied constant depends solely on
M, and moreover

|mn|t/?

(6 —(1/2)P Ve*+(a—(1/2)) >

(1.7) Zonals, 1) =0(g*

for s€U,. with an absolute constant in O-symbol.

The first advances in this direction were made by Goldfeld-Sarnak [4:

Theorem 1]. They obtained O( Imznl B

q o—(1/2)
[5:P. 709] more refined formula, say, roughly speaking, min{|m||n|"/?, |m|'?|n|}
and (¢—(1/2)) instead of |mn| and (¢-—(1/2)). Hence our result is a slight
improvement of them with respect to the growth of m and n. In addition, it
should be noted that both Goldfeld-Sarnak and Hejhal observed such problem
in more general situations.

In order to derive the growth condition of the Kloosterman zeta function,
the usual way is to consider the inner product with respect to the non-holomor-
phic Poincaré series. Such inner product has already been calculated by several
authors, and known up to now, to have two types of representations. The
one is by Goldfeld-Sarnak or Hejhal, and the other is by Kuznetsov [10: Lemma
in section 4] or Deshouillers-Iwaniec [1: Lemma 4.1 and 4.3]. On the other
hand, in [18], we derived new formula for Fourier coefficients of the non-
holomorphic Poincaré series. By making use of such formula, we can obtain
the new type of representation for the inner product in the case of mn>0(see
in section 2). From this, the assertion of follows naturally.
Furthermore, if we apply to the estimation for sums of Kloosterman
sums, by similar process of evaluation as in Hejhal [5: Appendix E], we can
see, for example, the following

Vol(.@p)> as |r| =1, and Hejhal

COROLLARY. Let I' be the Hecke congruence group I'«(N) with N<17.
Then, since Selberg’s eigenvalue conjecture is true, and since g=1, we have

5 Stm, n, ¢, I')

= O(|mn|*x"¥(10gx)")
[ 2 C
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with an absolute constant in O-symbol.

The above result is also a slight improvement of [4: Theorem 2] and [5:
P. 6947 when we restrict ourselves to such congruence groups.

§2. Inner product formula.

In this section, we will calculate the inner product of the non-holomorphic
Poincaré series, and at that time, we use the formula obtained in as a
representation for Fourier coefficients of such series. We now start with in-
troducing the non-holomorphic Poincaré series.

Let I'.. be the stabilizer of a cusp o in I, i.e., Foo:{<1 q?)lnEZ}, and

let m be an arbitrary nonzero integer. Then the non-holomorphic Poincaré
series is defined by

@D Paas D= 2 ea{Timxr- nlyr}aey

relo\”

for z&H and s=C, where yz=x(yz)+:y(rz). 'This series converges absolutely
for Re(s)>1 and belongs to the Hilbert space L* @) in this region. Moreover

we set an(y, s, n, I') to be the nth Fourier coefficient of P,(z, s, I'), namely

Pu(z, s, I') = ni an(y, s, n, F)e(%x),

1(e ) n
am(y) S, n, F) bl _q“SOPm(X"}‘Zy, S, F)e(—?JC)dJC.

For two elements f and g of L¥9Dr), the inner product denoted by {f, g)>
implies the following integral:

|, r@g@aue),
r

where g is the complex conjugate of g. Note that f(z)g(z) and dp(z) are in-
variant under the action of I'. Thus the above integral is well-defined.

If we consider the inner product for P, and P,, it is well known to hold
that
(2.2)  (Pu(z, s, ), Pu(z, W, I')> = qgjam(y, s, n, [)yv e 2miniviagy
where m, neZ., and s, weC with Re(s)>1, Re(w)>1, furthermore @ means
the complex conjugate of w. Then calculations of the right hand side of (2.2)
after substituting the formula described in for a, give the following

PROPOSITION. Let m and n be nonzero integers, and for two complex numbers
s and w, let us denote by Pn(z, s, I') and P.(z, i, I') two non-holomorphic Poincaré
series defined by (2.1). Then, under the conditions Re(s)>1 and Re(w)>1, we have
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<Pm(2) S, F), Pn(Z) w, F)> = 5m,nq(47f Iml )l_s_wp(3+w—1)
(2.3) +2f m. (s, w)§ Stm, n, ¢, e a* 'K, _(a)

—&m.nfm. (S, w)%S(m, n, ¢, N Oq®R ., (s, w, ¢, I)

where Om, o 1s the Kronecker symbol, e, » equals 1 or 0 according as mn>0 or
mn<0, a=4rx|mn|"*qgc)"* and

fm n(S, w) — 24—8—3wﬂ2—uvqw—l£(s+w—1) m[ (1—3)/2! nl(s—2w+1)/2

I'(s)Mw)

furthermore
R (s, w, c, I = Sle-s(duuz)u(“w”z(l—u)’“zfl(o((l#u)l/z)du
0

+g:K“"Smul/z)u(”w—z)”(l—u)”zfl(a(l— WY du

in which Ky_s and [, denote the modified Bessel function and the Bessel function
respectively.

REMARK 2. In the case of mn<0, the inner product formula for P, and
P, is very simple. This formula for mn<0 has already been obtained by
Deshouillers-Iwaniec [1: Lemma 4.3] with complete coincidence, while they
used a usual representation for a,(v, s, n, I') different from ours. But, it
should be noted that even in the case of mn<0, we can not prove the assertion
of without using the formula in the case of mn>0 as stated in
This fact is readily shown from taking in section 3 into our consideration.

The modified Bessel function K, is defined, for example, by

(2.4) Ky(y) = %(%)S:’ exp (—t——g—)rv-ldz

for y>0([16: P. 183, (15)]), and the Bessel function J, by

(2.5) J(y) = Tt*”ZF(y—i—%—)~1<%_)y5ileiyt(1,t2)u—(1/2)dt

for Re(v)>—1/2 and y>0([2: Vol. 2, P. 81, (7)]). Then it follows immediately
from that the Bessel function can be estimated by

(2.6) JA) = 0(]F (”+%)}—lym” m>

under the restriction Re(y)>—1/2 and y>0.

PROOF OF PROPOSITION. We will denote, from now on, P.(z, s, I'), an(y,
s, n, ') and S(m, n, ¢, I') respectively by Pu(z, s), an(y, s, n) and S(m, n, c)
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for simplicity. As stated in [18: Theorem B], the nth Fourier coefficient
an(y, s, n) of Pn(z, s) has the following representation subject to the condition
Re(s)>1:

an(y, S, n) = 0n, ny’e?"I"1¥/2

(2.7) 2 (27:

8+1 ~
(1-8)/2 (38-1)/2 8 - (148
T ) |m] ] Yt 2 Stm, n, )e” M Au(y, s, 1, )

q.
where /Nlm(y, s, n, ¢) denotes

S?eXp{ — (L2} (L1102 [l 1+12)%)dt
for mn>0, and
SjeXp{ — By(1+-26)} (1481 s u(at)dt

for mn<0, in which a=4x|mn|**(gc)™* and B=2r|n|/q.

What we must carry out is to compute the integral on the right side of
(2.2) after replacing an(y, s, n) by the right in (2.7). To do this, we first need
to verify the absolute convergence of such representation. It follows directly

from [2.6) that

i — 0loBuge By 1

An(y, 8,1, €) O{e ar(1+ \T(s—(1/2))] o—(1/2) >}
for o=Re(s)>1/2 in both cases mn>0 and mn<0. Since a=4xr|mn|**(qc)™?,
the integrand on the right side of (2.2) can be estimated, after substituting the
above into (2.7), by

¢ b2 ~281 |S(m, n, )|, ioos o (By)r?? 1

A O IF(f—(l/Z))l PGl
where o=Re(s) with at least ¢>1/2, 6¢’=Re(w) and B=2x|n|/q. Here, if we
temporarily suppose that ¢’>¢>1, the absolute convergence of the integral in
(2.2) follows. Thus, under this condition, we can change not only the order
of summation over ¢ and integration over y, but also that of integrations over
y and f. Then after integration with respect to y under the integral sign
with respect to ¢, the integral in (2.2), and hence the inner product {Pn(z, s),
P,(z, W)) can be expressed, for which Re(w)>Re(s)>1, as

|m|

O, nq<47r

+fm. (S, w)Z’”f(w)gs(m, n, c)e" 0B (s, w, n, c)

08 )1_8_w1—‘(s+w~—1)

where fn (s, w) is as in [2.3)and ﬁm(s, w, n, c¢) presents the following integral
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according to the condition of mn:

(2.9) [rmemenenre T, a1y
for mn>0 and

(2.10) [y g, Gatat

for mn<0.

In case of mn<0, one knows from [2: Vol. 2, P. 95, (51)] that
S:’t#+l<1+t2>-" Tubt)dt = 270 T (W) K,y (b)

for 2Re(y)—(1/2)>Re(p)>—1 and b>0. By using this, the integral in [2.10)
turns out to be equal to 2 ¥a® [(w) 'K,_sa) if we recall K,_.=K;_ ..
Thus considering (2.8), we obtain the desired formula still under the assumption
that Re(w)>Re(s)>1. The condition Re(w)>Re(s) is not essential. Indeed, we
can exclude it later. The formula obtained just now completely coincides with
that of [1: Lemma 4.37.

Next, let us consider the case mn>0. Thus gm(s, w, n, ¢) stands for the
integral in which itself converges absolutely for Re(w)>Re(s)>1/2. This
case requires more calculations than that of mn<0. We first recall the recur-
rence relation for the Bessel function ([16: P. 45, (1)]):

Joori(3) = 20y J(¥)— Juir(D).

Utilizing this, we then divide the integrand in into two terms and realize

Bouls, w, n, ¢) = 23a“lng‘“’l(l—i—tz)"w‘(s/” J(a(1+12)1)dt
2.11) 0

——Smt“_l(l—f—tz)—wH_<s+1)/2_/3+1(a(1+7f2)1/2)di.
0

We note here that the first term in the above converges absolutely for Re(w)>
Re(s)>0 and the second term for Re(w)—(1/2)>Re(s)>0. Both the first term
and the second term on the right hand side of (2.11) have quite similar process
of evaluation to each other. Thus, we mainly focus our attention on the first
term and will discuss this term in detail.

From now on, we will denote the first term in (2.11) by ﬁm,l(s, w, n, C).
In the beginning, from the addition formula for the Bessel function stated in
[16: P. 366, (13)], we have

(at) . Jsra(a)

as

(2.12) Q422 J(a(1422)1?) = 2° g,g(S, ) ]”;

where g(s, )=(—1)s+20)['(s+1)/l!. Then, it is found from [16: P. 50, (3) or
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P. 369, (8)] that

I'(2s)20)! (y s(1

Joonl9) = =D pec g s () | ety em Caad

for any non-negative integer [/, Re(s)>—1/2 and y>0, where C3$/(x) is Gegen-

bauer’s polynomial defined, for example, by [2: Vol. 1, P. 176, (10) or Vol.

2, P. 175, (11)]. By using the integral representation [2: Vol. 2, P. 177, (31)],
$.(x) can be estimated by

I'(2s+210) 1
O( @n! 'Re(s)>

for Re(s)>0 and |x|<1, where the constant in O-symbol depends on s alone.
Thus, it is readily shown from this to hold that

e(s 1
(2.13) Jssa(y) = O(yR ¢ )m>

for Re(s)>0, where the implied constant depends only on s. Applying
to Jsio(at) and to J..o(a), we easily obtain

s+2l ) s+21 )
;‘g(s, l)l“tT(gt—']_a—s(EL = O(Rel(s))

for Re(s)>0, where the constant in O-symbol depends on s and a. Here, if we
impose the condition on s and w that Re(w)>Re(s)>0, it is derived from the
last estimate that the function B, (s, w, n, ¢) after substitution as in
converges absolutely. Therefore, under such condition for s and w, we can
change the order of summation over [ and integration over f. After this, we
further use the following integral representation :

1 [==]
1 t2 e S - (1+t2)v,,w-1
(1+4+2%) Tw) K v idy
for Re(w)>0. Then, again from it is easily seen that the two multiple
integral over ¢ and v in each summand with respect to [ converges absolutely
under Re(w)>Re(s)>0. Thus, we can also interchange the order of integrations
with respect to f and ». Consequently, these arguments bring

-1-3
N S
Bm,l(s) w! nr C) - 23+1

(2.14) I'(w)
Xsme“”vw"‘re‘”‘zts“l Tovulat)dtdy
0 0

3 g(s, D esni(@)

for Re(w)>Re(s)>0, where g(s, )=(—1)(s+2)I"(s+1)/I!
We now proceed further. Noting [2: Vol. 2, P. 50, (22)] or [16: P. 393,
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(2)] and using the integral representation for a confluent hypergeometric func-
tion, we see

SO e_wzts—ljsﬁl(at)df

s+2l 1 2
— O-(8+1+2L),,-(8+D) a ___i 1__ i1 __ s-1+1
2 v ) Soexp< 4v( u))u (1—u) du
for Re(s)>0. Then repeating partial integration /-times, the last formula may
be rewritten as

dl

dul [ul(l_u)s-1+l]du

_l—1+s)-s_a_il- ___a_i._
2.15)  (—1)2-asny ltgoexp( el u))

for Re(s)>0. In order to evaluate the integral in (2.15) more explicitly, we
shall introduce Jacobi’s polynomial. As stated in [2: Vol. 2, P. 169, (10)], it
is defined, after slight modification by putting x=2u—1, by the equation:

R 1
(111) (1—u) #y7 CZI.Z Cu?*{(1—u)r*].

(2.16) Py, n, 2u—1)=

Moreover, the formula described in [2: Vol. 2, P. 170, (16)] shows

~ I'(n+1+0)
_ = ( — l___—_ —_ . .
(2.17) Py, n, 2u—1)= (=1 ACTSVE F(—1, p+n+1+1; p+1; w)

where F=,F, is a hypergeometric function. Then the equality [(2.16) under the
assumption Re(p)=0, Re(%)=0 and 0<u<1 gives

(2.18) | P(p, 1, 2u—1)| 24!

T(p+1+10) H I(p+141)
I'(p+1)! I'(n+1)!

Keeping (2.14) and (2.15) in mind, and taking g=s—1, =0 in [(2.16) or

(2.17), we now consider the following series:

(2 19) §0g<5, l)ﬁl(s—l, 0, 2u_1)]s+2l(6¥)

Ms

(—Dtg(s, DF(—1, s+1; 15 u)ssala)

l

where g(s, D=(—1)s+2DI"(s+1)/I!. In view of [2.18) and [2.6), it follows
immediately that the series in (2.19) converges absolutely for Re(s)=1. Then
we further show that the function gm,l(s, w, n, ¢)defined by (2.14) after replac-
ing the integral over ¢t by the right in (2.15) also converges absolutely for
Re(w)>Re(s). After all, in such representation for Em,l(s, w, n, ¢), it is possible
to change the order of summation over / and integrations over v and u as far
as Re(w)>Re(s)=1. Here, recalling the formula stated in [16: P. 140, (3)], we
easily find that the series in (2.19) is identical with 2 %a*/(au'/?). Collecting

0
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these facts, we can obtain the following equality :

o0

B — 9-5,,8-1 S -0, w-8~1
Bun(s, w, n, ¢c)=2"%a TGy Soe )

(2.20) 1 .
Xgoexp(— Z—v(l—u))a—u)s-l Toaut")dudy

for Re(w)>Re(s)=1.

To deduce the desired formula, more computation is necessary. Regarding
s(l1—u)~' as —(d/du){(l1—u)*}, we first integrate by parts over u under the
integral sign with respect to v and at that time note that

1/2

@ va) = — L ] (Vaw),

which is readily seen from [2: Vol. 2, P. 11, (51)]. Thus, by using J,(0)=1,
we can reformulate the integral over u completely. Secondly, we replace the
inner integral over u on the right in (2.20) by such formula obtained just now
and make a change of variable u to 1—u, then moreover interchange the order
of integrations with respect to v and u. After these processes, we now obtain
the final formula for va,l(s, w, n, C):

-8

B’m,l(s, w, n, ¢)= T(w

2

as‘lgjexp (—v— —gv—)v’“"’ldv

)

(2.21) + %as{aglgjexp (——v——%j—u),v“’“s‘zdvus]o(a(l—u)”z)du

1(eo al
‘Zg S exp(—v—4—u)vw‘s“dvus(l—u)“”];(a(l——u)“z)du}.
0Jo v

The second term on the right in the above converges absolutely at least for
Re(w)—1>Re(s)>—1, the first term for Re(w)>Re(s) and the third term for
Re(w)>Re(s)>—1. Thus considering the condition in (2.20), we temporarily
realize that the equation in ((2.21) is valid for Re{(w)—1>Re(s)=1, while this
restriction is not essential. Anyway we avoid here the arguments of analytic
continuation.

As for the second term on the right side of (2.11), completely analogous
process of evaluation is possible. We will denote such term by gm_g(s, w, n, €)
and describe the results of calculation without detailed proof. Hence we start
with the fact that the function Em,g(s, w, n, ¢) converges absolutely for Re(w)
—1>Re(s)>0. At first, we have the following representation which corresponds
to (2.14):
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-1-s

R s+1_ & &
Bm.2(37 w, n, C) — —2 ]‘\(w_l) E}g“‘*‘l, l)]8+1+2l(a)

X Sweww-zgwe-vﬂﬁ-z Tosrealat)dtdy
0 0
for Re(w)—1>Re(s)>0, where g(s+1, )=(—1D s+1+2)I"(s+1+1)/l). Then,

SO e_mzts—z.]s+1+2l(at>dt

§+1

___l—(2+s-sa iz___
= (=12 ]“(2+1>SeXp< 54

l
u)) dcil [u1+l(1_u)s-1+ljdu
for Re(s)>0. If we consider the following series:

g(s+1, DPi(s—1, 1, 2u—1)] sorsm(@)

/!
F(Z) @2+

F(Z)E( Dig(s+1, DF(—1, s+1+41; 25 u)]ssrra(a),
it follows from [2.I8) and [2.6) that this converges absolutely for Re(s)=1.
Moreover from [16: P. 140, (3)] again, it turns out to be equal to 27%u~'%a’X
Ji(au’?). Therefore we find

=V, w=8§-2

~ 1
= _9"1-5,48
Bn.os, w, n, )= —2 T(w _1>S e”

X g:exp(—— -4% (1— u))(l— u) " ut? ] (aut ) dudy

for Re(w)—1>Re(s)=1 which corresponds to (2.20). The condition for s and
w is not essential, in fact the above formula itself converges absolutely for
Re(w)—1>Re(s)>0. But we adopt the former in order to avoid the arguments
of analytic continuation.

Before proceeding further, we first make a change of variable v to v=
a*(1—u)’ after interchanging the order of integrations over u and v. Again
changing the order of integrations with respect to u and v, the last formula
may be rewritten as

1 [
—QTlsg2w-D-s__ T 3 o~V (4 w=s=2

l(w—1)
\‘ exp(—a’v(l—u))(1—u)*2u'? [ \(au'*)dudv

“

for Re(w)—1>Re(s)=z1. Then, regarding (1—u)*"* as —(1/(w—1)Xd/du){(1—
u)*~'}, and noting /,(0)=0 and

1/2

d . \ a o
— (] 0)) = ey TII] —
du ( JAVaw) 2 u Jv(Vau)
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which follows immediately from [2: Vol. 2, P. 11, (50)], we apply partial in-
tegration to the inner integral over u. After this, by making a change of
variable v to {@*(1—u)} %’ and u to 1—u, we obtain the following equality :

Bo.os, w, n, ¢)
_— -2-s s) 1(to0 B -a_z msea s B »
= —T(—w)-a {ag So exp( v I u>v dvu’ Jola(l—u)"®)du

0

(2.22)

2

+252gjexp (“v‘ Z—vu>v1”‘s'1dzrus‘1(l~u)”zjl(a(l— “Wz)d“}

for Re(w)—1>Re(s)=1.

We will return to the equation in (2.11). The function ﬁm(s, w, n, ¢) has
been defined by the integral in and it converges absolutely for Re(w)>
Re(s)>1/2. On the other hand, we have just now calculated each term on the
right side of (2.11) explicitly which is expressed as [2.21) or (2.22). Substituting
(2.21) and (2.22) into the first term and the second term in (2.11) respectively,
we can obtain the following formula:

ﬁm(s, w, n, )= Em,l(s, w, n, c)+§m,z(s, w, n, ¢)
— 2_8 $=1 ” . __LZ w-8§—-1
= e a So exp( i )v dv
(2.23) 9-1-s {Sl

PI—T a — “_ﬁ w=-s-1 $(1__4,\"1/2 __a\1/2
F(w)a Soexp( v Z)u)v dvu(1—u) 2 J(a(1—u)®)du

4

0

-{—Slrexp(—v—ﬁz—u)vw‘s‘ldvus'l(l—u)”zjl(a(l—u)”z)du}
0Jo 4y

for Re(w)—1>Re(s)=1. Here if we replace the integration over v by K,_ ;=
K;_, in view of and recalling the equality (2.8) which is valid for Re(w)
>Re(s)>1, the desired formula stated in follows, but still under the condi-
tion Re(w)—1>Re{s)>1 in the case of mn>0.

The inner product <{P,(z, s), P.(z, W) clearly determines a regular function
of the other variable in the half plane Re(s)>1 and Re(w)>1 for a fixed value
s and w. Hence it remains to verify that, under the conditions Re(s)>1 and
Re(w)>1, the series in (2.8) converges absolutely after substitution (2.23) or
only the first term in (2.23) for B.(s, w, n, ¢), according as mn>0 or mn<0.
Then by the principle of analytic continuation, we can discard our earlier as-
sumption during the computations that Re(w)—1>Re(s)>1 for mn>0 and Re(w)
>Re(s)>1 for mn<0. As is easily seen, we have only to consider the case
mn>0, namely the right hand side of (2.23), because this case includes that of
mn<0. In general, for ¢ >0, we have the following estimate:
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ol

o(1) for Re(v)>0,
&ﬁxﬂh%ymmz O(1+|loga|) for Re»)=0,
O(aRe) for Re(v)<0.

Utilizing this estimate, and recalling a=4x|{mn|**qc)™}, we see that
¢ B (s, w, n, ¢) can be estimated by

O{c—2min(a.a')<1+c-1 1 )}

min(e, ¢’)
for o¢#0¢’ and

Olc™7loge+c™*7(lim|logu- u”~"| +logc)}

for 6=0¢’ where ¢=Re(s) and ¢’=Re(w). This implies that the series in (2.8)
is absolutely convergent under the conditions Re(s)>1 and Re(w)>1, and deter-
mines a holomorphic function of s and w in these regions. Consequently, we
can remove the earlier restriction, and hence the assertion of is
completely proved.

§3. Proof of Theorem.

In this section, we also denote P,(z, s, '), S(m, n, ¢, I'), etc by Pn(z, s),
S(m, n, ¢) etc, for the sake of simplicity. In the equation the most im-
portant term is

3.1 2f m. a(s, w)%S(m, n, c)c”MOa K, (a).

Then, one knows from [9: P. 15] the following integral representation:
1\(= e iyt

(3.2) K(y) = 2’_’”"”2y'”‘h(”+§)g-wWfi’

for Re(v)>0 and y>0. Regarding e *?‘=1+4(e"*¥*—1) and noting

r B S -
me (122 o T+(1/2))°

we can decompose the function K,(y) into two terms, that is

(3.9 K.() = 27y T 27wy =T (w4 5)Q0, )
where

_ © (e—iyt_l)
(34) Q(’J; 3’) - g_m (1+t2)»+(1/2) dt
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Then, it follows from yt< R that |e”'¥'—1|<|y¢|. Thus the function Q(v, y)
converges absolutely for Re(v)>1/2 and satisfies

(3.5) Qv M| = y(2+ m)-

Hence, the decomposition is valid only for Re(y)>1/2. If we apply the
decomposition [3.3)] to the function K, _;(«) in (3.1), and moreover if we take
w=s+1, then the equality can be rewritten as

s I'(2s) .
2 q—F(S>F(S+1) | n| ' Z o, alS)
_ _ 'm| -28
(3.6) = Pulz, ), Palz, 5+1)>‘5m.n(](47r q ) I'(2s)

—fma(s, s+1) Z Stm, m, €)™ 0a'Q(L, @)

+em afm, s, s—i—l)CZO Stm, n, c)c~ M Pa’'R,, (s, s+1, ¢)
>

for Re(s)>1, where a=4x|mn|'*qc)"* and

I'(2s)

fm als, s+1)=21"%g17%° T+

[n 1(1—8)/2;7,1 I —(1+8)/’2 .

In order to derive the assertion of [Theoreml, it is necessary to verify that
each term on the right hand side of can be continued to Re(s)>1/2 and
majorized by |m|'*|n|"¥? at least for m and »n. In the following, we will
denote s=o+17.

3.1. Estimation of the third and fourth terms in
Since |S(m, n, ¢)| <gc, it follows from that

[>S0m, n, ) Va QL a)l 27 \mn| P3¢,

This means that the third term on the right in converges absolutely and
uniformly for ¢>1/2. Thus it becomes a regular function in ¢>1/2 and can
be estimated by

et

3.7 O{l I'(s)['(s+1)

1/2 _—_ﬁ)_)}

with an absolute constant in the O-symbol.
We next consider the fourth term on the right side of [3.6), in which the
function R, (s, s+1, ¢) stands for
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S:Kl(aum)“(zm)/z(l“ u) V2] (a(l—u)"?)du
+ Kawtu 21— w2 [ (a1~ ) )du

As shown in [9: P. 29], if we perform partial integration on the right in[3.2),
it is found that

e 3y tenit
Ky)= 2z iyl (”*?)S-mWydf-

This representation gives

(3.8) K) = O[T+ 5)| e (1 T{”e(T)lJ?(T/’z—))}

for Re(v)>—1/2. Therefore we have K,(au'?)=O0(a"?*u"'). By using this
estimate and recalling the function R, (s, s+1, ¢) is now majorized by

L1
O(“ a—(1/2>)'

Consequently, we see that the fourth term on the right hand side of can
be estimated by

F .
(3.9) o{| rerea |2

1/2 1 1
“o( =) =)

for ¢>1/2, in which the O-symbol is an absolute constant. This estimate also
implies that the series in question converges absolutely and uniformly for ¢ >1/2
and determines a holomorphic function in this region.

3.2. Estimation of the inner product {Pn(z, s), Pu(z, 5+1)).
Suppose that Re(s)>1. Then the non-holomorphic Poincaré series Pn(z, s)

belongs to the Hilbert space L*9r), and satisfies the following recursion
relation :

{s(1=$)+D} Pu(z, s) = —dz T

sPn(z, s+1).

In other words,

|m|

(3.10) Pz, s) = —4=x SR Pn(z, s+1)

for Re(s)>1, where R;=(A+D)™*, i=s(1—s) is the resolvent of the Laplace
operator D. As is well known, the resolvent ®; is meromorphic in Re(s)>1/2
with at most a finite number of simple poles at the points s=s; for 1/2<s;<1
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which correspond to exceptional eigenvalues. It then follows from that
the function P,(z, s) may be continued holomorphically to Re(s)>1/2 except
possibly at the points s; and becomes an element of L%@,) in this region.
And moreover, as stated in [5: P. 688], we see that the inner product {P.(z, s),
P,(z, 5+1)> also determines a meromorphic function of s in Re(s)>1/2.

In order to evaluate the order of growth for such inner product, we first
use the Cauchy-Schwarz inequality :

tm|

(3.11) [{Pu(z, 8), Pu(z, $+1)| = 4= IsTIRall- [ Pulz, s+DIl- [ Pa(z, S+1,

where ||| is the norm of L*Dr). As for the norm of P,(z, s+1), we have
the following
LEMMA. Let M be an arbitrary fixed positive number such that M >1. For

any complex variable s with 1/2<Re(s)<M, we see

0w 1+0 -1 2___1_.
(3.12) | Pm(z, s+ 1) —O{Q lm{~" 0_,(1/2)}’

where o=Re(s) and the implied constant depends on M alone.

PROOF. Since ||Pn(z, s+1)|*=<Pn(z, s+1), Pu(z, s-+1)>, the formula of
in section 2 is again applicable. Indeed, after taking w=35+1, n=m
and replacing s by s+1, we have

lm| )—(s+§+1)r(s+§+1)

|Pate, s+D)* = g(4z

['(s+35+1)
INCSACESY

X2a*K;_s(a)—a* 'Ry n(s+1, 5+1, ¢))

+2—(s+3§)z1—§q§ lm| -3 2 S(m, m, C)C—(2+s)
>0
for Re(s+1)>1, where a=4r|m|(gc)™! and
Ry n(s+1, 5+1, ¢)
— S;Kg_s(au”z)u(”3*2)’2(1—u)"/zjl(a(1~u)”z)du
+S:Ké—s(au”)u“””?(l—u)”zjl(aﬂ——u)”)du.

Regarding (1—u)™"*J(a(1—u)"*)=d/du{(2/a)] (a(1—u)"?)}, and noting
and J,0)=1, if we integrate by parts each term in R, ., we have
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R w(s+1, 5+1, ¢) = 2a7*K;_s(a)

_ZOZ_IS:”déu‘{Kg_s(aul/z)u(s+§+2)/2}jo(a(l_u)uz)a’u
14 -
207 K (L)) Tl ) .

oau

Then, it is found from [16: P. 79, (2)] or [2: Vol. 2, P. 79, (23)] and K_,=K,
that

LKty = — LK (@it K (@),
du 4
Thus, further calculation yields

20 K;_(a)—a* 'R m(s+1, §+1, ¢)

= (s-i—§)a§S:K§_s(au“2)u“”'2”2]0(68(1—u)”z)du
— @ [ @ 4 K@ (a1 .
From and J(y)=0(1), the last formula is estimated by

0{as(20 \F(%—Ziz’)l+2!F(%+2ir)‘)—at(l—l75}

for ¢>1/2, where s=o¢+ir and the O-symbol is an absolute constant. Hence,

as a conclusion, by using Stirling’s formula, we have

| Pu(z, s+D)I* = o<q2<*+v>1m1'<**“>>+0(421ml"26‘“(7,"_—31/—@))

for 1/2<eo <M, where the constant in the O-symbol depends only on M. This
completes the proof.

In the same way as in the preceding case, we also show

1
< | = l+o -1/2
(3.13) I1Pa(z, S+1)1 = 0{g"*7 1] ™t —ir}
for 1/2<e <M, where the implied constant depends on M alone.
As for the norm of the resolvent, it is known from the general theory of
the Hilbert space that

“RXH = SU_D Rjzsj(l*sj).

o
4 Is(l=s)—4;1"

As stated in [5: P. 672] for example, it is majorized more explicitly by
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S
7](20—1)

1
- Vet orssle

for ¢>1/2 and 7] =1,
B1) [l =

where U, is a set defined by
Hence, collecting (3.11) through (3.14), we can obtain that the inner product
{Pn(z, s), Pu(z, §+1)) is estimated by

(3_15) O<ql+20' %11/2[111/2_(;——(11/—2—)—)3_)

for 1/2<o<M and |r| =1, where the implied constant depends solely on M,
and furthermore

(3.16) 0 (q1+20' m |1/ 1 )

ni (e—(1/2)PvV+(a—(1/2)}

for s=U,. with an absolute constant in O-symbol.

3.3. PROOF OF THEOREM.
Substituting [3.7) and [(3.9) into [3.6), we finally obtain

Z . a(8) = 0n, 20(g* m| 27| ['()[(s+1)])

12 1 y .
+0(|mn| / m)+sm,n0(11nn] / m)
DOLGHD | oy :
+1—ﬁ§}T|q (1]~ O(Pu(z, ), Pu(z, 54+1))

for 1/2<e <M. In view of Stirling’s formula and combining this formula with
(3.15) or [3.16), we arrive at the assertion of [Theoreml

3.4. PrOOF OF COROLLARY.

The process to derive the assertion of is almost analogous to that
in Hejhal [5: Appendix E]. Thus we only give an outline here.

Let R be the positive number defined by

R = libm sup IOgISI(On;,Cn, 2

2

and A=A(d) be a positive constant which satisfies

|S(m, n, ¢)] < AcR*®
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for all ¢, where § is an arbitrary positive number. From |[S(m, n, ¢)|<qgc we
see that R<1. To prove the assertion of it is enough to consider
the case x=p+(1/2), where p<=.NN and sufficiently large. Under these, let T
be any fixed positive number which satisfies 1<T <x%, while this restriction
is not essential. Moreover we put e=(logx)!. Notice here that the notation
¢ corresponds to the one in or

Under the assumption of [Corollary], namely /" being the Hecke congruence
group I'((N) with N<17, the Kloosterman zeta function turns out to be a
regular function in Re(s)>1/2. Thus, it follows that

7B,

where E=[e, R+eIX[—T, T].
The Phragmén-Lindelof principle and [1.6) show that

Zm,n( 1;s> = O(—A——}_-l—:glﬂiz—]z-i(ﬁﬁ-mmz&))

for |7/ =2 and ¢e<0=<R+s, where the O-symbol is an absolute constant because
R<L1. Therefore

Shorizzm' " (izs)z?ds

A+ |mn|YE  x¢
=0 ) ’ Tz

R
S (xT Y e@RYu gy,
4]

A+ |mn|V?

= 0(1) T2

(log(xT~H/@R) I T3 22,

Since 1=T < x¥% the last formula is reduced to

] 1/2
O{A-{-unnl

T xR(logx)z}

with an absolute constant in O-symbol.

Next, it follows from and that

(e ()

e-iT

S dt

T |mn| %Y x® 2 |mn| Mt X
= ——— — 1 S T ¢
O(I)Sz gl tdt+0< ) 08V e? 412 g4t

= O{|mn|"*T"*+(logx)’)logx},
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where the O-symbols are absolute constants.

Moreover, one knows from analytic number theory the following equality :

e (L5 5 S0 A

with an absolute constant in O-symbol.

Gathering together and taking T=x“®/% we obtain

Z M = O{(A+|mn|V%)x"/*(logx)*}

+O0{|mn|"*(x®*+(logx)’)logx}
+O(AxF%logx)

where the O-symbols are absolute constants. Here, if we use Weil’s estimate
for the Kloosterman sum (cf. or [1: Lemma 2.6]), we see R<1/2 and at
least A=min{|m|*? |n|"?}. This completes the proof.
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