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Three contributions to the homotopy thecry
of the exceptional Lie groups G, and F/j*
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1. Statement of results.

In this paper, we prove three theorems related to the homotopy theory of
the exceptional Lie groups G, and F,. These results will be useful in work of
the first author with Bendersky and Mimura, which seeks to calculate v;-periodic
homotopy groups of all exceptional Lie groups.

QOur first result, which will be proved in Section 2, should be useful in
determining the homotopy groups of the homogeneous space F,/G,, and conse-
quently in deducing information about 7(F,)., from information about 7 4(G:)cs>.

THEOREM 1.1. There is a 2-local fibration
S — F,/G, —> S*.

Such a fibration is known to exist localized at primes =5, ([21]) and to not
exist at the prime 3. ([7])

Our second result is relevant to F, because of the equivalence F,/Spin(9)=
II, where II denotes the Cayley projective plane ([6]).

THEOREM 1.2. There is a fibration
ST— QI —> 25%.

This result, which will be proved in Section 3, might allow one to extend
the range of calculation of z«(/I) begun in [20]. In particular, it implies both
upper- and lower-bounds for p-exponents of I/, which are defined by

exp,(Il) = max{e: m«(II) has an elements of order p¢}.

If p=5, then it is known (e. g., [20]) that the fibration of our
exists as a product, and so exp,(I/)=exp,(S*)=11, by [10]. Our theorem
implies that
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<22 if p=2
=14 if p=3

where we use when p=2 and when p=3. A lower bound, conjectured
to be sharp, will be determined in the work with Bendersky and Mimura by
using the exact sequence of v,-periodic homotopy groups associated to the fibra-
tion of 1.2 to determine completely vilm4(Il), the maximal p-exponent of which
is a lower bound for the p-exponent of the space.

The third result is the complete calculation of the 2-primary wv,-periodic
homotopy groups of G,. The definition of these groups is completely analogous
to definitions given in [11] and [12]. v7'z.(X) is a direct limit of zx(X) over
values of K=k mod some specific 2-power. The periodic group vi'm.(X) is a
direct summand of mx(X) for K sufficiently large.

exp,(Il) = expp(S7)+expp<S“){

THEOREM 1.3. The 2-primary v,-periodic homotopy groups of G, are given by
Z/2min 1+v@-DD 7. i =1 mod 8

Z/2mince, 1+4(i=100) if =2 mod 8

0 if 1=3,4 mod8
—1m =

Z.92.32, if =7, 8 mod 8

where v(—) denotes the exponent of 2.

This result generalizes work of [23]. In Section 4 we will prove this result
and give a picture of it in an Adams spectral sequence-type chart. The proof
of one of the differentials in this spectral sequence requires some delicate
homotopy theory, which is the reason for splitting this result off from the work
with Bendersky and Mimura mentioned above, which will be primarily algebraic.

yields as an immediate corollary that exp.(G,)=6, and we
conjecture this to be sharp. The best upper bound easily derived is

expy(G,) < expo(S?)+exp,(Vq,.) < 14.

2. The fibration for F,/G..

In this section, we prove [Theorem 1.I. It was proved in that
H*(F,/G,; Z,) is an exterior algebra on classes of degree 15 and 23. Thus,
after localizing at 2, F,/G, has the homotopy type of a complex X=S"Ue® e,
Let a denote the attaching map in the quotient space

X/Sls — stuasas_

We will show that e is trivial, which implies that there is a pinch map p : X/S*
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—S%% and the fiber of the composite

p
F/G,= X X/S* S

must be a cohomology 15-sphere by the Serre spectral sequence. This is our
desired fibration in the 2-local homotopy category.

The attaching map a<r,,(S?®) is in the stable range, and so it is the bottom
attaching map in the S-dual of F,/G,. Now F,/G, is a manifold, and by [2, 3.3]
the S-dual of a manifold is the Thom spectrum of its stable normal bundle.
By [1, 10.1], the bottom attaching map of the Thom spectrum of any stable
vector bundle over a manifold M, classified by a map MLBO, is J(6|S*). Here
S* is the bottom cell of M, and J: n,(BO)—xni_,(S°) is the stable J-homomor-
phism. In our case, £=15, and since =,,(B0)=0, the map a must be trivial.

3. The fibration for 21/.

In this section, we prove We thank Fred Cohen for suggesting
some of the ideas in this proof. We will prove

THEOREM 3.1. There is a homotopy equivalence

ZQH ~ Ssuaezsv \/ (Szzi+s\/szzi+23)’
iz1
where the attaching map a<=mq,(S®) is an unstable element of order 24.

By “unstable”, we mean a map which stabilizes to 0.

The map f: QII—-2S* is obtained from the splitting of by
adjointing the collapse map YQI1—S*. The Serre spectral sequence implies
that the integral cohomology algebras satisfy

H*(.QS%) ~ Fzg, and H*(QH) =~ /1(3)7>®rzz,
where A(y,) is an exterior algebra on a 7-dimensional generator, and /5, is a
divided polynomial algebra, with basis {r;:7=0} satisfying TiTj:<Zt])Ti+j and

l7:1=22i. (See, e.g. [15].) One readily verifies that f* is bijective in degree
22, and hence the cup product structure implies that it is bijective in degree
22; for all 7. Now the Serre spectral sequence of the fibration F—QI—Q5%
implies that H*(F)=H*(S"), and hence F has the homotopy type of S".

PROOF OF THEOREM 3.1. Let X denote the 22-skeleton of 277. By [20],
X=S"U.e®, where a=nr,,(S") is an unstable element of order 24. The first 2-
cell complex in is XX. Let f: JXAX=XxX->23QII be the map
obtained by applying the Hopf construction to the restriction to X XX of the
multiplication of 2I1.
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The restriction of f to the bottom (15-) cell of XX is null homotopic. To
see this, we first note that this map can be viewed as the composite

Hip)
ss " yos .y,

where the first map is obtained by applying the Hopf construction to the map
m
2 STXST— QS8x QS — 0S8,

where m is the loop multiplication, and the second map is obtained from the
inclusion of the bottom cell of /7. Under the splitting

TS\ ST,
iz1

the first two components of H(g) are homotopic to = and 15, respectively. To
see that the first component is null homotopic, we note that this map (which
is not the map obtained by applying the Hopf construction to the Cayley multi-
plication of S7) is

1

) 2

[2t—1, y] —2—§t§1,

, [2¢, x] 0=t=
S’%S‘—)ESZ [x,t, .y]’_w—9

and the null homotopy sends

[2s, x] ngg%
([x, t, 1, S)F—>{ 1
[2t—1)s, y] Eétél

Alternatively, it is the restriction to the bottom cell of the composite in the
fibration

0S%0S8 —» YOS® —» S3

of [3], which is of course trivial as is every composite F—E—B.

That the second component is 1g!5 follows from James’ construction ([16]).
This second component becomes irrelevant, however, since the 15-cell of X253
becomes a boundary in Y@27I. This can be seen from the Serre spectral sequence
of either the fibration Q//—%—II or QI*QI—-XQI]—1I.

Thus f factors through a map f': (XX AX)/S¥—>YQII. There is a splitting

(ZXNX)/S* = S0\ S S, (3.2)

To see this, we note that the attaching map of the top cell is the 23-fold sus-
pension of the element a<w,,(S”) which was the attaching map in 271. As
already observed, the map a is unstable, and as x,,(S®°) is in the stable range,
2%a@ null. Indeed, a was described in [20, 7.1] to be ¢’¢,, at the prime 2, and
S [es, ¢s], ¢ts] at the prime 3.
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We note that, under the Pontryagin product, H.(QII; Z) is the tensor
product of an exterior algebra on a class x, and a polynomial algebra on a
class x3. We let ¢ denote the homology suspension. Standard properties of
the Hopf construction guarantee that ¢x,x,, and ox3, are in the image of fj,
and hence are spherical classes because of the splitting [3.2),

Assume by induction that we have constructed a map f;: S*®***'—- Y Q]I such
that gxi,=im(f;s). Then the composite

Cisr: S22i+s\/ G220+ 1+ o GRUHIA X 5 YOTIAQT] —» >orl

extends the induction and shows that ox,xi, is also spherical. Here the first
splitting is due again to the fact that the attaching map a is unstable, the
middle map is the product of f,; with the inclusion of X, and the last map is
the Hopf construction on the multiplication of 2//. The map of
is obtained as the wedge of all these maps ¢; together with the inclusion of
the bottom two cells.

4. 2-primary v;-periodic homotopy groups of G,.

In this section, we prove [Theorem 1.3 The proof is very similar to the
calculations of [12], except for one delicate calculation of a differential. In
particular, we use charts which are not, strictly speaking, Adams spectral
sequence charts, but have the same form. Dots represent nonzero elements,
vertical lines multiplication by 2, positively sloping lines multiplication by n&
7,(S%, and negatively sloping lines differentials, or, more properly, boundary
morphisms in exact Sequences. At any rate, elements connected by negatively
sloping lines do not yield homotopy classes. The group vi'zm,(—) appears in
horizontal coordinate 7, and we use the term d ,-differential for one going non-
trivially from position (7, s) to (;—1, s-+7). We hope the reader will find the
following restatement of more illuminating.

THEOREM 4.1. The 2-primary v,-periodic homotopy groups of G, are given
by the following chart, with

J dey if k is odd
d=1d, if k=2 mod4
[ 0 ¢f 2=0 mod4
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i=8k+4 6 10

We calculate v7im«(G,) by using the exact sequences in vi'my(—) of the
following three fibrations.

S —sG,— V.,
S —=V,,—> 5S¢ 4.2)
S5 — 05° — QS 4.3)

For the first, see [7]. The second could be thought of as
S0(6)/SO() — SO(7)/SO(B) — SO(7)/S06),

and the third yields the EHP sequence. In [137], the calculation of vi'my(S*"*1)
as vy /(221 P?") was discussed, and this method was applied in [12]. These
J«(—)-charts consist of a bo-part and a bsp-part, which equals the bo-part shifted
by (—1, —2) units. There is a boundary morphism from the bo-part to the
bsp-part, which is represented by a differential in the chart. We will use the
above fibrations to combine the charts for S? two S¥s, and S'!, suitably
positioned, to obtain a chart for G,. Boundary morphisms in the exact sequences
will be represented as differentials in the chart. For simplicity, our first com-
bining will include only the bo-part of the relevant charts. The differentials
within the bsp-parts are exactly the same as those within the bo-parts. We
will then study the differentials from the bo-part to the bsp-part.

In the chart below, classes from S*® are represented by s’s, those from the
S5 which maps into V., by x’s, those from the S° which maps into £2S° by
O’s, and those from S by @’s.
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s/é x m/'_
NV

X

8+ 6 10

The differentials from O to x are due to the fact that the bottom cells of
V.. are attached by -2. The differentials from x to s are due to the fact that
-in G, the 5-cell is attached to the 3-cell by . The differentials from O to s
are a consequence of the above differentials and the fact that if one formed
the chart for V; ., there would be an x-extension from the O in 8k+45 to the
x in 8246 and a -2 from the O in 82+7 to the x in 8%+7. These extensions
are derivable by easy Toda bracket relations similar to those used in [12].
The lower of the two extensions in 8%2-+10 indicated by dashed lines is implied
by the argument involving [12, 2.2]; if @« and 8 denote the classes involved,
then d(<a, 2, n>)=87, and this implies 2a=pf. The upper of the two extensions
follows from the lowest differential from 8%+9 to 82-+8 by [22, 2.1]; see [5,
§ 3] for a similar application.

After these differentials and extensions are taken into account, and the
bsp-part is inserted, the chart of is obtained. It remains to justify
the differentials in this chart. The d.’s from 8%2+6 to 82+5 are present because
they are present in the chart for S*'; in effect, it is because v(8k+6—11+1)=2.
The d, from 82410 to 8%+9 when 2 is odd involves classes in S, where the
differential was established in [12, §4] by comparison of the chart for S°® ob-
tained from [4.3) with that obtained from the fibration

St — QST — QS*®. 4.4)

It remains to determine whether there is a d, when % is even; this is where
the argument is somewhat more delicate.
We will prove

PROPOSITION 4.5. The composite

VT a(2SY) —> v7m(S) —> 177, (S?)

is zero, where P is the boundary map in the exact sequence of (4.4), and 0 is the
boundary map in the exact sequence of [(4.2).
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Because of the comparison of the two ways of computing v7'm«(S®) (from
and [4.4)), this proposition implies that the differential from 42 to 41 in
is zero. That it is zero in all 32k 410 follows from this by appli-
cation of the period-32 Adams map of the mod 64 Moore space ([1]). Equi-
valently, one may use Toda brackets to promulgate elements of order 64 with
period 32. See or [12, §2] for a similar argument. That the differential
is nonzero on 32% 426 now follows since, by [18], the generator of the height-6
tower in 32k+25 is obtained from the generator of the height-6 tower in 32k -+
10 by composing with the generator p,; of the image of the stable /-homomor-
phism in the 15-stem, and since 32p,;=0, the top element of the tower in 322+
25 must be killed by a differential.

We complete the argument by proving [Proposition 4.5, We will prove the
following result at the end of this section.

PROPOSITION 4.6. Let (S%)x denote the K-theory localization as constructed
in [19]. There is a map Q(Z°P*AJ)—(S%x which induces an isomorphism in
zi(—) for 1=10.

The composite in [Proposition 4.5 may be thought of as the morphism in
v1'my(—) induced by a certain map 2°S*—S°. By [Proposition 4.6, the composi-
tion of this map followed by S°—(S®)x lifts to a map

Q38— Q=35PIN]. 4.7)

For i=10, there is an isomorphism v7'my(S%)=~m(2=2°P*A J), and so [Proposition|
4.5 will follow from showing that the morphism in z,,(—) induced by is
0 on a Z/25-summand which localizes isomorphically to vi'm,,(£2°S*).

After adjointing [4.7), we obtain a question of stable homotopy theory.
There is a stable splitting through dimension 42 ([25])

=80 = Zm(slo\/Kz\/Ks\/K4),
where
K, = (SIM\/SIMH)U%ZQIOHZ . 4.8)

The key part of the argument—the part that distinguishes the differential in 41
from that in 25—is the following result.

PROPOSITION 4.9. If G=m,,(82°SY) passes to a generator of vi‘m.(£2°S%),
then the component of the composite below which passes through m5,(S*°) sends G
to 0.

Tu(S?) —> 73 (D°S®) = 2 (S)DDai(K) —> ma( T PN )

PrROOF. The Z/2° in 7,,(2S*) injects into Z/2" in =%(SY), and so the
image of G is a multiple of 2. Since n(2°P*AJ)=Z,PZ,, the image of G
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through the #$,(S'°)-component is 0. This calculation of w«(2°P*AJ) is done,
e. g., by the method of [17]. A chart appears at the end of this section. m

IProposition 4.5 is a consequence of 4.9 and the following result, which
implies that the components through the K;-summands are 0.

PROPOSITION 4.10. There is an element of m(£2°S™) of Adams filtration 12
which passes to a generator of vi'ma(2°S*¥). For 2<i<4, n8(K;) consists entirely
of elements of Adams filtration less than 12.

The first part of this proposition is read off from the chart for the unstable
Adams spectral sequence of S in [4]. A chart for the stable Adams spectral
sequence (ASS) of K; is formed by combining charts of the ASS’s for stable
homotopy groups of spheres, suspended by 107, 10:4-1, and 10:4-2 dimensions,
and inserting differentials to correspond to the attaching maps. In particular,
all elements of =, (K;) will be represented by those elements of the ASS for
S° in stems 39—107, 40—10z, and 41—10; which are not involved in differentials.
Since the first positive-stem element of the ASS of S° in filtration =12 occurs
in the 23-stem, the proposition is proved.

We note, for possible future generalization and application, that we have
also determined the v;-periodic homotopy groups of V. ..

THEOREM 4.11. There is an isomorphism
VT (Via,e) = 0T Go)PT s (S?),

where v1'w(Gy) is as in [Theorem 1.3 or [Theorem 4.1, and v7i*r(S?) is as described
in [13, 4.4, 4.17.

We close by proving [Proposition 4.6, We recall that it was shown in [19]
that the universal cover of the fiber G of the Snaith map ([25])

(QS*)x —> (Q2°Fy)x

serves as the localization (S%). Here Q(—)=£<2~(—), and the localizations
(QX)x are as described in [9]. Our desired map will be obtained by construct-
ing a commutative diagram of fiber sequences as below, taking the induced
map of the indicated fibers, and lifting it to the universal cover of G, which
is (S%k.
Q2PN ]) —> Q°(ZPN]) —> Q3PN ])
i ! (4.12)
G ——— (QS®)x ——> (Q2° Py«

By and [14], 7«((S®)k) agrees, for x>5, with vT'm«(Z°P*A J), which agrees
with 7 (25P*AJ) for x=10. Indeed, m«(2°P*AJ) begins as in the chart below,
and v7'n(2°P* A J)is the periodified version of this chart, without the circled dot.
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/}/( :

) 9

The diagram [4.12) is obtained by first noting that, by [9], there is a
map H from the bottom 2/3 row of into

Q”(Z”S5)K -_—> Qw(2w25P5)K (4.13)

which induces isomorphisms in =;(—) for ;>2. Here of course we mean the
underlying infinite loop space of the K-localization of the suspension spectrum,
as defined in [8]. Then we note from that there is a map F from the top
2/3 row of [(4.12) to [4.13) which induces a surjection in z4«(—) for *=10. This
is because it is shown in that the mapping telescope of vi-maps of stunted
real projective spaces is equivalent to the telescope obtained after applying A J
to all spectra, and these are K,-local. Elementary obstruction theory yields
the lifting over H of the map F to obtain the diagram

References

[1] J.F. Adams, On the groups J(X)-IV, Topology, b (1966), 21-71.

[2] M.F. Ativah, Thom complexes, Proc. London Math. Soc., 11 (1961), 291-310.

[37] W.D. Barcus and J.-P. Meyer, The suspension of a loop space, Amer. Jour. Math.,
80 (1958), 895-920.

[47] D. Barnes, D. Poduska and P. Shick, Unstable Adams spectral sequence charts, to
appear in Amer. Jour. Math..

[57 M. Bendersky and D.M. Davis, 2-primary v;-periodic homotopy groups of SU(n),
to appear.

[67] A.Borel, Sur I’homologie et la cohomology des groupes de Lie compacts connexes,
Amer. Jour. Math., 76 (1954), 273-342.

[7] ————, Le plan projectif des octaves et les sphéres comme espaces homogeénes,
Comptes rendus de I’Académie des Sciences, 230 (1950), 1378-1380.

8] A.K.Bousfield, The localization of spectra with respect to homology, Topology, 18
(1979), 257-281.

[9] ———, K-localizations and K-equivalences of infinite loop spaces, Proc. London
Math. Soc., 44 (1982), 291-311.

[107 F.R. Cohen, J.C. Moore and J. A. Neisendorfer, The double suspension and exponents
of the homotopy groups of spheres, Ann. of Math., 110 (1979), 549-565.

[11] D.M. Davis, wv;-periodic homotopy groups of SU(n) at an odd prime, to appear in
Jour. London Math. Soc..

[12] D.M. Davis and M. Mahowald, v,-periodic homotopy groups of Sp(2), Sp(3), and



The exceptional Lie groups G, and F, 671

52" Proc. of 1988 Conference in Kinosaki, Springer-Verlag, Lecture Notes in Math.,

1418 (1990), 219-237.

- , v;-periodicity in the unstable Adams spectral sequence, Math. Z., 204

(1990), 319-339.

[147 - , Homotopy groups of some mapping telescopes, Annals of Math. Stud.,
113 (1987), 126-151.

[15] E. Halpern, The cohomology algebra of certain loop spaces, Proc. Amer. Math.
Soc., 9 (1958), 808-817.

[16]7 I M. James, Reduced product spaces, Annals of Math., 62 (1955), 170-197.

[17] M. Mahowald, The image of J in the EHP sequence, Ann. of Math., 116 (1982),

65-112.

[18] M. Mahowald and R.D. Thompson, Unstable compositions related to the image of
J, Proc. Amer. Math. Soc., 102 (1988), 431-436.

197 - , The K-theory localization of an unstable sphere, to appear in Topology.

[20] M. Mimura, The homotopy groups of Lie groups of low rank, Jour. Math. Kyoto
Univ., 6 (1967), 131-176.

[217 M. Mimura and H. Toda, Cohomology operations and the homotopy of compact Lie
groups, Topology, 9 (1970), 317-336.

[22] ————, Homotopy groups of SU(3), SU(4), and Sp(2), Jour. Math. Kyoto Univ.,
3 (1964), 217-250.

[23] N. Oda, Periodic families in the homotopy groups of SU(3), SU(4), Sp(2), and G,
Mem. Fac. Sci. Kyushu Univ., 32 (1978), 277-290.

[24] P. Selick, 2-primary exponents for the homotopy groups of spheres, Topology, 23
(1984), 97-99.

[25] V.P. Snaith, A stable decomposition for 2°S"X, Jour. London. Math. Soc., 7 (1974),
577-583.

[13]

Donald M. DaAvIs Mark MAHOWALD

Lehigh University Northwestern University
Bethlehem, PA 18015 Evanston, IL 60201



	1. Statement of results.
	THEOREM 1.1. ...
	THEOREM 1.2. ...
	THEOREM 1.3. ...

	2. The fibration for $F_{4}/G_{2}$ ...
	3. The fibration for $\Omega\Pi$ ...
	THEOREM 3.1. ...

	4. 2-primary $v_{1}$ -periodic ...
	THEOREM 4.1. ...
	THEOREM 4.11. ...

	References

