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A compact orientable irreducible 3-manifold containing a two-sided incom-
pressible surface is called a Haken manifold ([2]). The Haken manifold has a
hierarchy. I. $e$ . we obtain cubes with handles by cutting along incompressible
surfaces several times. We would like to investigate the relationship between
the foliations without compact leaves and the hierarchies of the Haken mani-
folds.

In this paper, we introduce the notion of pseudo-foliations of a compact 3-
manifold $M$ and would like to give a condition for a pseudo-foliation $\mathscr{F}$ of $M$,

on which there exists an incompressible surface $S$ not parallel to $\partial M$ such that
the “foliation” obtained by cutting $\mathscr{F}$ along $S$ is again a pseudo-foliation.

The notion of pseudo-foliations is used in [3] for classifying some trans-
versely affine foliations $\mathscr{F}$ of some surface bundles $\Lambda\ell$ over $S^{1}$ with fiber $\Sigma$ ,
where the main theorem of this paper is used for cutting $\mathscr{F}$ along incompres-
sible surfaces into pseudo-foliations of cubes with handles. More precisely, $\mathscr{F}$

is first cut along some fiber into a pseudo-foliation of $\Sigma\cross[0,1]$ so that $\mathscr{F}|(\Sigma\cross\{0\})$

is equal to $\mathscr{F}|(\Sigma\cross\{1\})$ and $\mathscr{F}|(\Sigma\cross[0,1])$ has a transverse invariant measure
by the conditions of $M$ and $\mathscr{F}$ . Next we cut $\mathscr{F}|(\Sigma\cross[0,1])$ along disjoint annuli
into pseudo-foliations of cubes with handles. Since these pseudo-foliations with
invariant measures can be classified, we obtain the classification of $\mathscr{F}$ .

1. Definitions and results.

Let $M$ be a compact orientable 3-manifold. A Pseudo-foliation $\mathscr{F}$ of $M$ is a
transversely orientable $C^{2}$ foliation transverse to $\partial M$ except at finitely many
points $p_{i}\in\partial M$ $(i=1,2,3, , n)$ where $p_{i}$ is a saddle singularity of $\mathscr{F}|\partial M$ and
$\mathscr{F}|\partial M$ has no leaves connecting distinct saddle singularities. A simple closed
curve on $\partial M$ consisting of saddle singularities and leaves of $\mathscr{F}|\partial M$ is called a
cycle of $\mathscr{F}|\partial M$ (A closed leaf is a cycle).

Let $\Sigma$ be a compact connected orientable 2-manifold with boundary, and let
$\emptyset$ , an embedding of $\Sigma$ in $M$, where $\phi(\Sigma)\cap\partial 1ll=\phi(\partial\Sigma)$ . We put
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$E(\emptyset)=\{\psi:\Sigmaarrow M|\psi$ is an embedding isotopic to $\phi,$ $\psi(\Sigma)\cap\partial M=\psi(\partial\Sigma)$

and $\psi(\partial\Sigma)$ contains no saddle singularities of $\mathscr{F}|\partial M$ },
$E’(\emptyset)=t\psi\in E(\emptyset)|\psi(\partial\Sigma)$ is tangent to $\mathscr{F}|\partial M$ at the least number of

points among the elements of $E(\phi)\}$ .

LEMMA 1 (Roussarie [6], [7]). Let $\mathscr{F}$ be a pseudo-foliation of $M$ without
cycles on its boundary and let $\psi$ be an element of $E’(\varphi’)$ for an embedding
$\phi:\Sigmaarrow M$. Denote by $q_{t}$ $(i=1,2,3, \cdots , m)$ the points of $\psi(\partial\Sigma)$ where $\psi(\partial\Sigma)$ is
tangent to $\mathscr{F}|\partial M$. Then there exist continuous maps $F_{i}$ : $D^{1}\cross[0,1]arrow\partial M(i=1,2$ ,
3, $\cdots$ , $m$ ) satisfying the following conditions (Fig. 1):

1) $F_{i}(D^{1}\cross\{0\})=\{q_{i}\}$ .
2) $F_{i}|(D^{1}\cross\{t\})(t\in(O, 1])$ maps $D^{1}$ into a leaf of $\mathscr{F}|\partial M$ injectively.
3) $F_{i}(\partial D^{1}\cross(0,1])$ is contained in $\psi(\partial\Sigma)$ and transverse to $\mathscr{F}|\partial\Lambda I,$ $F_{i}|(\partial D^{1}\cross$

$(0,1])$ is $in_{J}ective$ .
4) $F_{i}(D^{1}\cross\{1\})$ conszsts of the unique saddle singularity $r_{i}$ of $\mathscr{F}|\partial M$ and two

arcs contained in leaves of $\mathscr{F}|\partial M$.
5) $F_{i}(\partial D^{1}\cross[0,1))s$ are $7nutuallydis_{j}oint$ .

Fig. 1.

We define a map $h_{\phi}$ : $\{q_{1}, q_{2}, q_{3}, , q_{m}\}arrow$ { $the$ saddle singularities of $\mathscr{F}|\partial M$ }
by $h_{\varphi^{f}}(q_{i})=r_{i}$ for each $\psi\in E’(\emptyset)$ . The four separatrices of $\mathscr{F}|\partial M$ passing through
the saddle singularity $r_{i}$ divide a small neighborhood of $r_{i}$ into four quadrants.
In these four quadrants, there are two quadrants connected by a short arc con-
tained in a leaf of $\mathscr{F}$ (Fig. 1), which are called concave. The two other quadrants
are called convex. If $F_{i}(D^{1}\cross\{t\})$ approaches $r_{i}$ from the side of a convex (resp.
concave) quadrant as $tarrow 1$ , then the tangent point $q_{i}$ is called convex (resp. con-
cave).

TO state our main result, we need one more definition. Let $N$ be a bundle
over $S^{1}$ whose fiber is a compact connected orientable surface $\Sigma$ with boundary.
For the bundle foliation $\mathcal{G}$ of $N$ whose leaves are the fibers of $N$, a foliation ob-
tained by turbulizing $\mathcal{G}$ along $\partial N$ toward the positive direction of $S^{1}$ is called a
bundle component. The compact leaves of the bundle component are connected
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components of $\partial_{\perp}V$, and all the leaves contained in int $N$ are diffeomorphic to
int $\Sigma$ .

THE MAIN THEOREM. Let $\mathscr{F}$ be a pseudo-foliation of a compact connected
orientable 3-manifold M. Let $\Sigma$ be a compact connected orientable 2-manifold
whose Euler number $k$ is smaller than 2, and $\phi$ , an embedding of $\Sigma$ in M. Sup-
pose that the pseudo-foliation 9 and the embedding $\phi$ : $\Sigma->M$ satisfy the follow-
ing conditions:

1) $\phi(\Sigma)$ is an incompressible surface.
2) $\mathscr{F}$ does not contain a bundle component such that the Euler number of the

fiber is greater than or equal to $k$ .
3) If $\Sigma$ has a boundary, then $\mathscr{F}|\partial M$ contains no cycles and there is an em-

bedding $\psi\in E’(\emptyset)$ such that the inverse image of $h_{\psi}$ for each saddle singularity
of $\mathscr{F}|\partial M$ contains at most one convex tangent point.
Then the following condition either 4) or 5) holds:

4) There exists an embedding $\phi’$ isotopic to $\phi$ such that $\mathscr{F}|(\overline{M-\prime_{\varphi}^{r’}(\Sigma}))$ is a
pseudo-foliation. Here $\overline{M-\phi’(\Sigma}$) is the completion of $M-\phi’(\Sigma)$ .

5) $\mathscr{F}$ is a foliation of a $\Sigma$-bundle over $S^{1}$ without boundary such that both
$\phi(\Sigma)$ and the leaves of $\mathscr{F}$ are isotopic to the fiber of $M$.

When $\partial M=\emptyset$ or $\varphi’(\partial\Sigma)$ is either tangent or transverse to $\mathscr{F}|\partial M$, the results
similar to the main theorem have already been known (Thurston’s remark [9]
and Levitt’s comment [5] $)$ . However its detailed proof has not been seen yet.
The proof of the main theorem includes that proof (See Section 2). In Section 3,
we prove the main theorem $(\partial\Sigma\neq\emptyset)$ by making use of Tbeorem 1 and its
Corollary shown in Section 2.

The author wishes to thank Professor T. Tsuboi for his helpful suggestions
and encouragement.

2. The isotopy of incompressible surfaces.

$ln$ this section, we show the following Theorem 1 and its Corollary. This
Corollary will be used to show the main theorem in Section 3.

THEOREM 1. Let $\Sigma,$ $M,$ $\mathscr{F}$ be as in the main theorem. Suppose that $the-l\ovalbox{\tt\small REJECT}$

pseudo-foliation $\mathscr{F}$ and the embedding $\phi$ : $\Sigmaarrow M$ satisfy the conditions 1), 2) of the 1
main theorem and the following condition 3’).

3’) If $\Sigma$ has a boundary, then $\phi(\partial\Sigma)$ is transverse to $\mathscr{F}|\partial M$ except at saddle
singularities of $\mathscr{F}|\partial M$ and $\phi(\partial\Sigma)$ crosses these singularities ( $i.e$ . the saddle singu-
larity contained in $\phi(\partial\Sigma)$ has two separatrices on each side of $\phi(\partial\Sigma)$ (Fig. 2) $)$ .
Then the conclusion of the main theorem holds.
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Fig. 2.

In order to prove Theorem 1, we introduce a notion. Let $G(\emptyset)$ denote the
set of embeddings $\psi:\Sigmaarrow M$ satisfying the following conditions:. $\psi$ is isotopic to $\phi$ with boundary fixed.. $\psi|$ (int $\Sigma$ ) is in general position with respect to $\mathscr{F}$ .

(I. $e$ . $\psi(int\Sigma)$ is transverse to $\mathscr{F}$ except at finitely many points and the
points of $\psi(int\Sigma)$ tangent to $\mathscr{F}$ are of Morse tyPe with index $0$ or 1.
The tangent point whose index is equal to $0$ (resp. 1) is called a center
(resp. a saddle singularity).). Each singularity of $\mathscr{F}|\psi(int\Sigma)$ is not contained in a leaf of 9 which con-
tains the other singularities of $\mathscr{F}|\psi(int\Sigma)$ or the saddle singularities of
$\mathscr{F}|\partial M$.. Each leaf of $\mathscr{F}$ containing singularities of $\mathscr{F}|\psi(int\Sigma)$ has no holonomy
([1]).

By [1], [4], [6] and [7], $G(\phi)$ is not empty. Put $G’(\emptyset)=i\psi\in G(\emptyset)|$ the number
of singularities of $\mathscr{F}|\psi(int\Sigma)$ is minimum among the elements of $G(\phi)\}$ . Now
Theorem 1 obviously follows from the following Theorem 2.

THEOREM 2. Assume that $M,$ $\mathscr{F},$ $\phi$ satisfy the conditions 1), 2) of the main
theorem and 3’) of Theorem 1. If $\mathscr{F}|\psi(int\Sigma)$ contains a center for an element
$\psi$ of $G’(\emptyset)$ , then $\mathscr{F}$ satisfies the condition 5) of the main theorem.

For the proof of Theorem 2, we need several lemmas.
A pair $(L, E)$ satisfying the following conditions is called a patch:
1) $L$ is a compact connected orientable surface with boundary such that

$L$ is contained in a leaf of $\mathscr{F},$ $\partial L\subset\psi(\Sigma),$ $L$ has no holonomy and $\partial L$ contains
no singularities of $\mathscr{F}|\psi(\Sigma)$ .

2) $E$ is a surface contained in $\psi(\Sigma)$ which is homeomorphic to $L$ and
satisfies that $E\cap L=\partial E=\partial L$ .

3) $(\psi(\Sigma)-E)C^{1}L$ is isotopic to $\psi(\Sigma)$ with $\psi(\Sigma)-E$ fixed.
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4) $\mathscr{F}|E$ has a unique center, and a transverse orientation of $\mathscr{F}|E$ points
outwards on $\partial E$.

5) $intL\cap\psi(\Sigma)=\emptyset$ .
6) Each connected component of $\overline{\psi(\Sigma)-E}$ is not a disk.

The number of saddle singularities of $\mathscr{F}|E$ is called the rank of the patch $(L, E)$ .
If $\mathscr{F}|\psi(\Sigma)$ has a center $q$ for $\psi\in G’(\emptyset)$ , then there exists a patch of rank $0$

near $q$ because $\Sigma$ is not a 2-sphere. By Lemmas 2\sim 6, we will show the exist-
ence of patches of higher rank if $\psi(\Sigma)$ is isotopic to no interior compact leaves
$(\partial\Sigma=\emptyset)$ , where we assume in Lemmas $2\sim 6$ that $M,$ $\mathscr{F},\acute{\varphi}$ satisfy 1), 2) of the
main theorem and 3’) of Theorem 1 and $\psi\in G’(\emptyset)$ .

REMARK. The following proof of Theorem 2 is similar to Roussarie’s proof
([7]) which shows that the similar conclusion is true when $\Sigma$ is an annulus.

LEMMA 2. Let $(L, E)$ be a patch. Let $S$ be a surface homeomorphic to $L$ ,

and suppose that $F:S\cross[0,1)arrow M$ is an immersion satisfying the following con-
ditions:

1) $F|(S\cross\{t\})$ is an embedding in a leaf of $\mathscr{F}$ and $F(\partial S\cross\{t\})\subset\psi(\Sigma)$ for $t\in$

$[0,1)$ .
2) There is an embedding $f$ : $\partial S\cross[0,1]arrow\psi(\Sigma)$ which is the extenszon of

$F|(\partial S\cross[0,1))$ , and $f(\partial S\cross\{1\})$ is a leaf of $\mathscr{F}|\psi(\Sigma)$ which contains no singularities

of $\mathscr{F}|\psi(\Sigma)$ .
3) There exists a Riemannian metric of $M$ such that the trajectory $tarrow$

$F(x, t)(0\leqq t<1)$ is normal to $\mathscr{F}$ for each $x\in S$ .
4) $F(S\cross\{0\})=L$ (In particular, $F(intS\cross\{0\})\cap\psi(\Sigma)=\emptyset$ ).

Then $F$ can be extended to an immersion of $S\cross[0,1]$ in $M$ and $F|(S\cross\{1\})$ for this
extenston is an embedding in a leaf of $\mathscr{F}$ .

PROOF. We define $F_{t}$ : S– $M(0\leqq t<1)$ by $F_{t}(x)=F(x, t)$ for each $x\in S$ .
By Thurston’s lemma ([8]) and Roussarie’s lemma 11 ([7]), there exists
$\lim_{tarrow 1}F_{t}(x)$ for each $x\in S$ and the map $g:Sarrow\Lambda I$ defined by $g(x)= \lim_{tarrow 1}F_{t}(x)$ is
an immersion in a leaf of $\mathscr{F}$ . Hence we need only prove that $g$ is an embedding.

Assume that $g$ is not an embedding. Then there are points $x\in intS$ and
$y\in\partial S$ satisfying $g(x)=g(y)$ because $g$ is an immersion in a leaf of $\mathscr{F}$ and $g|\partial S$

is an embedding. $F_{0}(x),$ $F_{0}(y)$ and $g(x)$ are contained in the same orbit of the
normal vector field of $\mathscr{F}$ . If $F_{0}(x)$ is located between $g(x)$ and $F_{0}(y)$ in this
orbit, then $F_{0}(x)$ is contained in $\psi(\Sigma)$ . This contradicts the assumption that
$F(intS\cross\{0\})\cap\psi(\Sigma)=\emptyset$ . Hence the orbit starting from $F_{0}(x)$ passes through
$F_{0}(y)$ and reaches $g(x)$ . That is, there is $s_{0}(>0)$ such tbat $F_{s_{0}}(x)=F_{0}(y)$ .

There is a monotone increasing continuous function $\mu:[s_{0},1]arrow[0,1]$ such
that $\mu(s_{0})=0$ and $F_{t}(x)=F_{\mu(t)}(y)$ for $t\geqq s_{0}$ . Then $\mu$ has no fixed points, and
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$4\alpha(1)=1$ because $z= \lim_{tarrow 1}F_{t}(x)=\lim_{tarrow 1}F_{\mu(t)}(y)\in F(\partial S, \mu(1))$ . Let $s_{i}(i\geqq 1)$ denote
$f^{t^{-i}(s_{0})}$ . Then $\lim_{iarrow\infty}s_{i}=1$ and $F(S\cross\{s_{i}\})\cap F(S\cross\{s_{i+1}\})\neq\emptyset$ . Since $F(intS\cross\{0\})$

$\cap\psi(\Sigma)=\emptyset,$ $F(S\cross\{s_{t}\})\subset F(S\cross\{s_{i+1}\})([7])$ .
For each $s_{i}$ , there exists a minimal element of $\{t>s_{i}|F(S\cross\{t\})\supset F(S\cross\{s_{i}\})\}$ ,

denoted by $s_{i}’$ . Then $F|(S\cross[s_{i}, s_{i}’))$ is injective, $F(S\cross\{s_{i}\})\subset F(S\cross\{s_{t}’\})$ , and
$\lim_{iarrow\infty}s_{i}’=1$ .

Next we show that each connected component of $\overline{F(S\cross\{s_{i}’\})-F(S\cross\{s_{i}\})}$ is
not a disk. If so, there exists a connected component of $F(\partial S\cross\{s_{i}\})$ which is
contractible in $M$, hence a connected component $\gamma$ of $\partial E$ is contractible in $M$.
Since $\psi(\Sigma)$ is incompressible, $\gamma$ bounds a 2-disk contained in $\psi(\Sigma)$ . By 6) of the
definition of the patch, $E$ is contained in this disk, and again by 6) $E$ coincides
with the disk. Since $S$ is also a disk, $\overline{F(S\cross\{s_{i}’\})-F(}\{\})$ is an annulus.
Tbus each connected component of $\overline{F(S\cross\{s_{i}’\})-F(S\cross\{s_{i}\})}$ is not a disk.

By the Mayer-Vietoris sequence, $\chi(\overline{F(S\cross\{s_{i}’\})-F(S\cross\{s_{i}\})})=0$ . Since each con-
nected component of $\overline{F(S\cross\{s_{i}’\})-F(S\cross\{s_{i}\})}$ is not a disk, $\overline{F(S\cross\{s_{i}’\})-F(S\cross\{s_{i}\})}$

is a disjoint union of annuli. Thus $F$ ( $S\cross[s_{i}$ , s\’i) $)$ is a surface bundle over $S^{1}$

whose fiber is homeomorphic to $S$ .
By Roussarie’s proof of Lemma 11 of [7], $\overline{F(S\cross[0,1))}$ is a bundle com-

ponent whose fiber is homeomorphic to $S$ . Since $\chi(\psi(\Sigma))-\chi(E)=x(\overline{\psi(\Sigma)-E)}\leqq 0$ ,
$\chi(S)\geqq\chi(\psi(\Sigma))\geqq k$ .

This contradicts the condition 2) of the main theorem. Thus $g$ is an em-
bedding. $\blacksquare$

REMARK. The condition that $F(intS\cross\{0\})\cap\psi(\Sigma)=\emptyset$ is essential for Lemma
2. If $F(intS\cross\{0\})\cap\psi(\Sigma)\neq\emptyset$ , then $F(S\cross\{s_{i+1}\})$ does not always contain
$F(S\cross\{s_{i}\})$ .

By Lemma 2, the following Lemmas 3 and 4 are proved in a way similar
to Roussarie’s proof of his Lemmas 12 and 13 ([7]).

LEMMA 3. Let $(L, E)$ be a Patch and let $S$ be a surface homeomorphic to $L$ .
Then there exists an immersion $F:S\cross[0,1)arrow M$ satisfying the following condi-
tions:

1) $F|$ (SX $\{t\}$ ) $(t\in[0,1))$ is an embedding in a leaf of $\mathscr{F}$ .
2) $F|(\partial S\cross[0,1))$ is an embedding in $\overline{\psi(\Sigma)-E}$ .
3) $F(S\cross\{0\})=L$ .
4) For a small $\epsilon>0,$ $F(\partial S\cross(O, \epsilon))r\backslash E=\emptyset$ .
5) $F$ is a maximal element among all the immersions satisfying the above

conditions 1), 2), 3) and 4) with respect to the inclusion relation.
6) There exists $\lim_{tarrow 1}F(x, t)$ for each $x\in S$ and, by defining $F:S\cross\{1\}arrow\Lambda f$

by $F(x, 1)= \lim_{tarrow 1}F(x, t),$ $F|(intS\cross\{1\})$ is an embeddinq in a leaf of $\mathscr{F}$ .
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Furthermore, the immersion $F$ is one of the following eight types.
(1) $F(\partial S\cross\{1\})$ contains no singularities of $\mathscr{F}|\psi(\Sigma)$ .

1) $F(S\cross\{1\})$ has holonomy (Type $A$ ).

2) $F(\partial S\cross\{1\})\cap F(\partial S\cross\{0\})\neq\emptyset$ (Type $B$ ).

3) $F(\partial S\cross\{1\})\cap\psi(\partial\Sigma)\neq\emptyset$ (Type $C$ ).

(2) $F(\partial S\cross\{1\})$ contains a center of $\mathscr{F}|\psi(\Sigma)$ (Type $D$ ).

(3) $F(\partial S\cross\{1\})$ contains a saddle singularity $p$ of $\mathscr{F}|\psi(\Sigma)$ .
1) $F(\partial S\cross\{t\})$ approaches $p$ from a unique quadrant as $tarrow 1$ .

i) $F(S\cross\{t\})$ contains no bridges of $p$ for $suJficiently$ large $t\in[0,1)$

(Type $E$ ), where the bridge of $p$ is a short arc joining two opposite
quadrants of $p$ and contained in a leaf of $\mathscr{F}([8])$ (Fig. 3).
ii) $F(S\cross\{t\})$ contains a bridge of $p$ for sufficiently large $t\in[0,1)$

(Type $F$ ).

2) $F(\partial S\cross\{t\})$ approaches $p$ from two opposite quadrants as $tarrow 1$ ,
i) $F(S\cross\{t\})$ contains no bridges of $p$ for sufficiently large $t\in[0,1)$

(Type $G$ ).

ii) $F(S\cross\{t\})$ contains a bridge of $p$ for sufficiently large $t\in[0,1)$

(Type $H$ ).

Fig. 3.

The immersion $F:S\cross[0,1]-M$ constructed in Lemma 3 is called a maximal
coordinate of $(L, E)$ .
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LEMMA 4. Let $(L, E)$ be a patch of rank $k(k\geqq 0)$ and let $F$ be a maximal
coordinate of $(L, E)$ . Then there exists an embedding $\psi’\in G’(\emptyset)$ , a patch $(L’, E’)$

of rank $k$ with respect to $\psi’$ and a maximal coordinate $F’$ of $(L’, E’)$ satisfying
$F’(S\cross\{t\})qF’(S\cross\{t’\})=\emptyset$ for $t,$ $t’\in[0,1](t\neq t’)$ . (In particular, $F’(S\cross[0,1)$ )

is an embedding.)

LEMMA 5. Let $(L, E)$ be a patch of rank $k$ and let $F$ be a maximal coordi-
nate of $(L, E)$ such that $F(S\cross\{t\})\cap F(S\cross\{t’\})=\emptyset$ for $t,$ $t’\in[0,1](t\neq t’)$ . Then
the maximal coordinate $F$ is not of types $A,$ $B,$ $C,$ $D,$ $E$, $F$ and H. If the maximal
coordinate $F$ is of type $G$ and $\psi(\Sigma)$ is isotopic to no interior compact leaves of $\mathscr{F}$ ,

then there exists an embedding $\psi’\in G’(\phi)$ which has a patch of rank $k+1$ .

PROOF. We will consider the maximal coordinates $F$ of type $A\sim H$ , respec-
tively. By the definition of the patch and the situation of $\mathscr{F}$ in the neighbor-
hood of $\psi(\partial\Sigma)$ (Fig. 2), the maximal coordinate $F$ is not of type $B,$ $C$ and D.
(Type E) Let $F$ be a maximal coordinate of type E. There exists a small disk
$D$ satisfying the following conditions (Fig. 3):. $\partial D$ consists of two arcs $\gamma_{1},$ $\gamma_{2}$ such that $p\in\gamma_{1},$ $D\cap\psi(\Sigma)=\gamma_{1}$ and $\gamma_{2}$ is con-

tained in a leaf of 9.. $D$ is transverse to $\mathscr{F}$ , and $\mathscr{F}|D$ has a unique singularity $p$ , which is a
half of the center.

Since we assumed that each leaf of $\mathscr{F}$ containing singularities of $\mathscr{F}|\psi(int\Sigma)$ has
no holonomy, $F(S\cross\{1\})$ has no holonomy. Hence there is a sufficiently small
number $\epsilon(>0)$ such that the embedding $F:S\cross[0,1]arrow M$ is extended to $S\cross$

$[0,1+\epsilon]$ as follows:. $F(\partial S\cross\{t\})\subset D\cup\psi(\Sigma)(0\leqq t\leqq 1+\epsilon)$ .. Each $F(S\cross\{t\})(0\leqq t\leqq 1+\epsilon)$ is contained in a leaf of $\mathscr{F}$ .. $F|(S\cross[0,1+\epsilon])$ is injective.
We choose a closed collar neighborhood $U$ of $\partial S$ in $S$ and a sufficiently

small number $\delta(>0)$ so that $V\cap(\psi(\Sigma)\cup D)=F(\partial S\cross[0,1+\epsilon])$ where $V=$

$F((U\cross(\delta, 1+\epsilon])\cup(S\cross[0, \delta]))$ . Then tbere exists an ambient isotopy which takes
each $F(S\cross\{t\})-V(t\in[\delta, 1+\epsilon])$ to $F(S\cross\{s\})-V$ for some $s\in[1+\epsilon/2,1+\epsilon]$

and whose support is contained in $F(intS\cross(O, 1+\epsilon))$ . We change $\psi$ by this
isotopy. Then $\psi(\Sigma)$ does not intersect $F(intS\cross[0,1+\epsilon/2])$ and $\mathscr{F}|\psi(\Sigma)$ does
not change.

Let $\psi’$ : $\Sigmaarrow M$ be an embedding satisfying the following conditions:. $\psi’\in G(\emptyset)$ and $\psi’$ is isotopic to $\psi$ with $\Sigma-\psi^{-1}(E\cup F(\partial S\cross[0,1+\epsilon/2]))$ fixed.. $E’$ is contained in $F(S\cross[1,1+\epsilon/2])$ and $p\in E’$ , where
$\psi’(\Sigma)\cap F(intS\cross[0,1+\epsilon/2])$ is denoted by $E$ ‘. The connected component
of $\partial E’$ containing $p$ is tangent to $\mathscr{F}$ at $p$ and another point $q$

$(\in F(S\cross\{1+\epsilon/2\}))$ , and all the singularities of $\mathscr{F}|(intE’)$ are saddle
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singularities.. $\mathscr{F}|E’$ is illustrated below. (Since $E’$ is normalized as in Fig. 4, this
figure can be regarded as a contour map and $\psi’$ is constructed according
to this map.)

Since $p$ and $q$ are not singularities of $\mathscr{F}|\psi’(\Sigma)$ , the number of singularities of
$\mathscr{F}|\psi’(\Sigma)$ is less than that of $\mathscr{F}|\psi(\Sigma)$ . This contradicts the minimality of the
number of singularities of $\mathscr{F}|\psi(int\Sigma)$ . Thus the maximal coordinate of type $E$

does not exist.

Fig. 4.

(Type G) Let $F$ be a maximal coordinate of type G. There are surfaces $L’$

and $E’$ satisfying the following conditions:. $(L’, E’)$ satisfies the conditions 1), 2), 3), 4) of the patch.. $L’$ is sufficiently close to $F(S\cross\{1\})$ , and $E’$ contains $EVF(\partial S\cross[0,1])$ in
its interior.. The number of saddle singularities of $\mathscr{F}|E’$ is one more than that of $\mathscr{F}|E$ .

Changing $\psi$ by an isotopy as in tbe above proof of the case of type $E$ , we can
assume that int $L’\cap\psi(\Sigma)=\emptyset$ .

If each connected component of $\overline{\psi(\Sigma)-E}’$ is not a disk, then $(L’, E’)$ is a
patch of rank $k+1$ . Hence we have only to show that $\psi(\Sigma)$ is isotopic to an
interior compact leaf of $\mathscr{F}$ if some connected component of $\overline{\psi(\Sigma)-E’}$ is a disk.

Suppose that some connected component $D’$ of $\overline{\psi(\Sigma)-E}’$ is a disk. If $\mathscr{F}|D’$

has a saddle singularity, then there exists a good couple of tangent points de-
fined in [6], where it is shown that some singularities of $\mathscr{F}|D’$ can be canceled.
Since this contradicts the minimality of the number of singularities of $\mathscr{F}|\psi(int\Sigma)$ ,
$\mathscr{F}|D’$ consists of one center $q$ and leaves homeomorphic to $S^{1}$ . By Novikov’s
theorem ([4]), we construct a continuous map $F’$ : $D^{2}\cross[0,1]arrow M$ satisfying the
following conditions:. $F’|(D^{2}\cross\{t\})(t\in(O, 1])$ is an embedding in a leaf of $\mathscr{F},$ $F’|(D^{2}\cross(0,1])$ is



492 H. NAKAYAMA

an immersion and $F’(\partial D^{2}\cross\{t\})\subset D’$ .. $F’(D^{2}\cross\{0\})=\{q\}$ and $F’(\partial D^{2}\cross\{1\})=\partial D’$ .
Since $L’$ is not contained in $F’(D^{2}\cross\{1\}),$ $L’\cap F’(intD^{2}\cross\{1\})=\emptyset$ .

If $\partial L’$ is not connected, then $\psi$ is isotopic to an embedding $\psi’\in G(\emptyset)$ with
$\Sigma-\psi^{-1}(D’\cup E’)$ fixed such that $\mathscr{F}|\psi’(\psi^{-1}(D’\cup E’))$ has a unique center (Fig. 5).

The number of singularities of $\mathscr{F}|\psi’(\Sigma)$ is less than that of $\mathscr{F}|\psi(\Sigma)$ because
$\mathscr{F}|\psi(\Sigma)$ has two centers in $E’\cup D’$ . This contradicts the minimality of the
number of singularities of $\mathscr{F}|\psi(int\Sigma)$ . Therefore $\partial L’$ is connected.

Thus $\psi(\Sigma)(=D’\cup E’)$ is isotopic to an interior compact leaf $L‘\cup F’(D^{2}\cross\{1\})$ .

Fig. 5.

(Type H) Next we consider the case where the maximal coordinate $F$ is of
type H. Let $D,$ $\gamma_{1},$ $\gamma_{2}$ be defined in the case of type $E$ where $D$ is contained in
$F(S\cross[0,1])$ (Fig. 3). $F(S\cross\{t\})$ containing $\gamma_{2}$ is denoted by $F(S\cross\{\tau\})$ and
$(F|S\cross\{\tau\})^{-1}(\gamma_{2})$ is denoted by $l$ . Since $F(l\cross\{0\})$ is an arc of $F(S\cross\{0\})$ , there
exists an arc $\gamma$ on $E$ isotopic to $F(l\cross\{0\})$ with boundary fixed. Let $c=$

$\gamma_{1}\cup F(\partial l\cross[0, \tau])V\gamma$ . Since $c$ is a simple closed curve on $\psi(\Sigma)$ null-homotopic
in $M,$ $c$ bounds a disk $B$ in $\psi(\Sigma)$ . Two separatrices of $\mathscr{F}|\psi(\Sigma)$ passing through
$P$ and contained in $B$ make a null-homotopic simple closed curve, which is con-
tained in $F(\partial S\chi\{1\})$ . Hence there exists a good couple of tangent points.
Thus the maximal coordinate of type $H$ cannot exist.

$\langle$ Type F) Next we consider the case of type F. Let $q$ denote $F^{-1}(p)$ and the
foliation of $S\cross[0,1]$ whose leaves are $S\cross\{t\}(t\in[0,1])$ is denoted by $\mathcal{G}$ . We
denote by $R$ the connected component of $F^{-1}(\psi(\Sigma))$ containing $q$ and let $W=$

$\overline{R-\partial S\cross[0,1]}$ (Fig. 6). Since $\mathcal{G}|W$ has a center, there exists a patch of rank
$0$ with respect to $\mathcal{G}$ and $W$ , denoted by $(L_{0}, E_{0})$ . Let $F’$ be a maximal coordi-
nate of $(L_{0}, E_{0})$ with respect to $\mathcal{G}$ and $W$ . By the above consideration, the
maximal coordinate $F’$ is not of types $B,$ $D,$ $E$ and H. Since $\mathcal{G}$ has no holonomy,
$F’$ is not of type A. If $F’$ is of type $C(i.e. F’(D^{2}\cross\{1\})\subset S\cross\{1\})$ , then $F’$ is
also a maximal coordinate of type E. Thus the maximal coordinate $F’$ is of
type $F$ or G.

Suppose that $F’$ is of type G. We change $\psi$ by an isotopy so that
$F^{f}(intD^{2}\cross(0,1])\cap F^{-1}(\psi(\Sigma))=\emptyset$ . There is a patch of rank 1 with respect to
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Fig. 6.

$\mathcal{G}$ and $W$ . By the above argument, its maximal coordinate is also of type $F$ or
G. Since the number of singularities of $\mathcal{G}|W$ is finite, there exists a maximal
coordinate of type $F$ contained in int SX $(0,1)$ .

For the maximal coordinate of type $F$ contained in int $S\cross(O, 1)$ , there exists
another maximal coordinate of type $F$ in its interior by the above consideration.
Therefore $\mathcal{G}|F^{-1}(\psi(\Sigma))$ contains infinitely many singularities. Since this con-
tradicts the assumption, the maximal coordinate $F$ of type $F$ does not exist.
(Type A) Finally, we show that the maximal coordinate $F$ is not of type A.
Since $F(S\cross\{1\})$ has holonomy in this case, we cannot remove the intersection
of $F(intS\cross(O, 1])$ and $\psi(\Sigma)$ in the same way as in the case of type E. For
this reason, we consider the case of type A at the end of the proof of Lemma 5.

First we show that there exists a patch $(L’, E’)$ such that $L’$ has holonomy
(that is, int $L’\cap\psi(\Sigma)=\emptyset$ ). We use the induction on the number $7n$ of the con-
nected components of $F$ (int $S\cross(O, 1])\cap\psi(\Sigma)$ . Suppose that $m\neq 0$ . Let $R$ denote
one of the connected components of (int $S\cross(O, 1])qF^{-1}(\psi(\Sigma))$ and let $\mathcal{G}=$

$\{S\cross\{t\} ; t\in[0,1]\}$ . Since $\mathcal{G}|R$ has at least one center, there exists a patch of
rank $0$ . The maximal coordinate of this patch with respect to $\mathcal{G}$ and $R$ is of
type $C$ or G. If this is of type $G$ , then there exists a patch of rank 1 whose
maximal coordinate is of type $C$ or $G$ again by changing $\psi$ by an isotopy.
Thus there is a maximal coordinate $F’$ : $S’\cross[0,1]arrow S\cross[0,1]$ of type $C$ with
respect to $\mathcal{G}$ and $R$ , where $F’(S’\cross\{1\})$ is contained in $S\cross\{1\}$ . If $F(F’(S’\cross\{1\}))$

has holonomy, then there exists a patch with holonom’y by the induction be-
cause the number of the connected components of $F(F’(intS^{1}\cross(0,1]))\cap\psi(\Sigma)$ is
less than $m$ . If $F(F’(S^{f}\cross\{1\}))$ has no holonomy, then we remove $F(R)$ by
changing $\psi$ by an isotopy as in the proof of the case of type E. Since tbe
number of the connected components of $F$ (int $S\cross(O, 1])\cap\psi(\Sigma)$ decreases, there
exists a patch with holonomy by the induction. Tbus there is a patch $(L’, E’)$

such that $L’$ has holonomy.
Let $n$ denote the number of boundaries of $L’$ and let $g$ denote the genus

of $L^{f}$ . Then there are arcs $l_{1},1_{2},$ $l_{3},$ $\cdots$ , $l_{n+g-2}$ such that the manifolds obtained
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by cutting $L’$ along these arcs are annuli $E_{1},$ $E_{2},$ $E_{3},$ $\cdots$ , $E_{n-1}$ and one-punctured
tori $H_{1},$ $H_{2},$ $H_{3}$ , , $H_{g}$ . Let $\gamma_{i}$ be a simple closed curve on $E_{t}$ which generates
$\pi_{1}(E_{i})(1\leqq i\leqq n-1)$ and let $\alpha_{j}$ and $\beta_{f}$ be simple closed curves on $H_{j}$ which
generate $\pi_{1}(H_{j})$ and intersect at one point $(1\leqq j\leqq g)$ (Fig. 7). Since $L’$ has
holonomy, one of the simple closed curves $\gamma_{i},$ $\alpha_{j},$

$\beta_{j}$ has holonomy.
First assume that $\gamma_{1}$ has holonomy. There exists a sufficiently small block

$B_{i}$ containing $l_{i}$ (Fig. 7). Here a block B means a 3-cell satisfying tbe follow-
ing conditions:. $B_{i}\cap L’$ is a rectangle containing $l_{i}$ , denoted by $A_{i}$ , and $\psi(\Sigma)\cap B_{i}$ consists

of two disjoint disks contained in $\partial B_{i}$ .. $\mathscr{F}|(\partial B_{i}-\psi(\Sigma)-L’)$ is a singular foliation with the unique saddle singu-
larity $q_{i}$ .. $B_{t}$ is on the opposite side of $E’$ with respect to $L’$ .

Denote by $N_{i}(1\leqq i\leqq n+g-1)$ the closure of the connected component of
$L’- \bigcup_{i=1}^{n+g-2}A_{t}$ lying between $A_{i-1}$ and $A_{i}$ . Since we may change the height of
$B_{i}$ , we can assume that there is a saturated product neighborhood $N_{i}\cross[0,1]$

$(2\leqq i\leqq n+g-1)$ of $\mathscr{F}$ satisfying the following conditions if $N_{i}$ has no holonomy.. $N_{i}\cross\{0\}=N_{t}$ and $q_{i-1}\in N_{i}\cross\{1\}$ .. $\partial N_{i}\cross[0,1]\subset\psi(\Sigma)\cup\partial B_{i-1}\cup\partial B_{i}$ .. $\mathscr{F}|(N_{i}\cross[0,1])=\{N_{i}\cross\{t\} ; t\in[0,1]\}$ .

Fig. 7.

Let $\psi’$ : $\Sigmaarrow M$ be an embedding isotopic to $\psi$ such that

$\psi’(\Sigma)=(\psi(\Sigma)-E^{f}-\bigcup_{t=1}^{n+g-2}\partial B_{i})\cup(^{n+g}\bigcup_{i=1}^{1}Nt)\cup(\bigcup_{=}^{n+g-2}\overline{\partial B_{i}-\psi(\Sigma)-L’})$ .

If the annulus $N_{i}(1\leqq i\leqq n-1)$ has holonomy, then we can modify a neigh-
borhood of $N_{i}$ in $\psi’(\Sigma)$ so that $\psi’(\Sigma)$ is transverse to $\mathscr{F}$ there.

If $N_{n+j- 1}(1\leqq j\leqq g)$ has holonomy, then $\alpha_{j}$ or $\beta_{j}$ has holonomy. Now we
assume that $\alpha_{j}$ has holonomy. Let $m_{j}$ be a properly embedded arc of $N_{n+j-1}$

which intersects $\beta_{j}$ at one point (Fig. 7). We make a small block containing
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$m_{j}$ like $B_{i}$ . Since $N_{n+j-1}-m_{j}$ is an annulus with holonomy, we can modify a
neighborhood of $N_{n+j-1}$ in $\psi’(\Sigma)$ so that $\psi’(\Sigma)$ is transverse to $\mathscr{F}$ there.

Next suppose that $N_{l}(2\leqq i\leqq n+g-1)$ has no holonomy. By the definition
of $B_{i}$ , the saturated product neighborhood $N_{i}\cross[0,1]$ is a maximal coordinate
of type E. Hence we can modify a neighborhood of $(\partial N_{i}\cross[0,1])\cup N_{i}$ in $\psi’(\Sigma)$ so
that $\psi’(\Sigma)$ is transverse to $\mathscr{F}$ except at the saddle singularity there.

Since $\gamma_{1}$ has holonomy, the number of singularities of $\mathscr{F}|\psi’(\Sigma)$ is less than
that of $\mathscr{F}|\psi(\Sigma)$ . However this contradicts the minimality of the number of
singularities of $\mathscr{F}|\psi(int\Sigma)$ . Thus it does not happen that $\gamma_{1}$ has holonomy.

In the case where $N_{i}(2\leqq i\leqq n+g-1)$ has holonomy, we take $l_{1},$ $l_{2},$ $l_{3},$
$\cdots,$ $l_{n+g- 2}$

so that $N_{1}$ has holonomy, where $N_{1}$ may be a one-punctured torus. By the
same argument as above, the number of singularities of $\mathscr{F}|\psi(\Sigma)$ decreases.

Thus the maximal coordinate $F$ is not of type A. $\blacksquare$

LEMMA 6. If $\psi(\Sigma)$ is isotopic to an interior compact leaf $L$ of $\mathscr{F}$ with
holonomy, then there exists an embedding $\psi’$ : $\Sigmaarrow M\in G(\phi)$ such that all the sin-
gularities of $\mathscr{F}|\psi’(\Sigma)$ are saddle singularities.

PROOF. Since $L$ bas holonomy, there is a simple closed curve $l$ on $L$ which
has holonomy. Let $U$ be a small closed tubular neighborhood of 1 in $L$ . Since
1 has holonomy there is a product neighborhood $U\cross[0,1]$ satisfying the follow-
ing conditions:. $U\cross\{O\}=U$ and $\mathscr{F}|(U\cross\{1\})$ is a product foliation whose leaves are prop-

erly embedded arcs.. $\mathscr{F}|(U\cross[0,1])$ is constructed by turbulizing $\mathscr{F}|(U\cross\{1\})$ along $U\cross\{0\}$ .
Since $\overline{L-U}$ is a surface with boundary and $\overline{L-U}$ has holonomy, there exists
a compact surface $S$ with boundary near $\overline{L-U}$ such that $\partial S\subset\partial U\cross[0,1]$ and
$\mathscr{F}|S$ is a singular foliation transverse to $\partial S$ with only saddle singularities (by

the proof of the case of type A in Lemma 5). Thus there exists an embedding
$\psi’$ : $\Sigmaarrow M\in G(\phi)$ such that each singularity of $\mathscr{F}|\psi’(\Sigma)$ is a saddle singularity. $\blacksquare$

PROOF OF THEOREM 2. Suppose tbat $\mathscr{F}|\psi(int\Sigma)$ contains a center for an
element $\psi\in G’(\emptyset)$ . Tben there exists a patch of rank $0$ . If $\psi(\Sigma)$ is not isotopic
to an interior compact leaf of $\mathscr{F}$ , then there are an embedding $\psi’\in G’(\emptyset)$ and
its patch of any rank by Lemmas 4 and 5. However the number of singularities
of $\mathscr{F}|\psi^{f}(int\Sigma)$ is less than that of $\mathscr{F}|\psi(int\Sigma)$ by the minimality of the nuinber
of singularities of $\mathscr{F}|\psi(int\Sigma)$ . Thus $\psi(\Sigma)$ is isotopic to an interior compact
leaf of 9, denoted by $L(\partial\Sigma=\emptyset)$ .

If $L$ has holonomy, then there is an embedding $\psi$ : $\Sigmaarrow M\in G(\phi)$ such that
all the singularities of $\mathscr{F}|\psi’(\Sigma)$ are saddle singularities. Hence the number of
singularities of $\mathscr{F}|\psi’(\Sigma)$ is less than that of $\mathscr{F}|\psi(\Sigma)$ . Since this contradicts the
minimality of the number of singularities of $\mathscr{F}|\psi(\Sigma),$ $L$ has no holonomy.
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By Reeb’s global stability theorem, $\mathscr{F}$ is a foliation of a $\Sigma$-bundle over $S^{1}$

without boundary such that $\phi(\Sigma)$ and the leaves of $\mathscr{F}$ are isotopic to the fiber. $\blacksquare$

If $\partial\Sigma\neq\emptyset$ , then the element $\psi$ of $G’(\dot{\varphi})$ is isotopic to $\phi$ with boundary fixed.
Therefore, by the same argument as in the proof of Theorem 2, the next
Corollary holds:

COROLLARY. Let $\Sigma,$ $M,$ $\mathscr{F}$ be as in the main theorem. Suppose that the
pseudo-foliation $\mathscr{F}$ and the immerston $\phi:\Sigmaarrow M$ satisfy the condition 2) of the
main theorem and the following conditions:. $\partial\Sigma\neq\emptyset$ and $\phi(\Sigma)\cap\partial M=\phi(\partial\Sigma)$ .. There are finitely many points $r_{i}\in\partial\Sigma$ $(t=1,2,3, \cdots , n)$ such that

$\phi|(\Sigma-\bigcup_{i=1}^{n}\{r_{i}\})$ is an embedding.

. $\phi(\partial\Sigma-\bigcup_{i=1}^{n}\{r_{i}\})$ is transverse to $\mathscr{F}|\partial M$.

. $\phi(r_{i})$ is a saddle srngularity of $\mathscr{F}|\partial M$ and $\phi(\partial\Sigma)$ crosses $\phi(r_{i})$ (Fig. 8).. $(\emptyset|$ (int $\Sigma$ ) $)_{*}:$ $\pi_{1}(int\Sigma)arrow\pi_{1}(M)$ is injective.
Then there exists an immersion $\phi’$ isotopic to $\phi$ with boundary fixed such that all

the srngularities of $\mathscr{F}|\phi$ (int $\Sigma$ ) are saddle srngularities and $\phi’|(\Sigma-\bigcup_{i=1}^{n}\{r_{i}\})$ is an

embedding $(\phi’(\Sigma)\cap\partial M=\phi’(\partial\Sigma))$ .

Fig. 8.

3. The existence of Putting surfaces.

In this section, we prove the main theorem. If $\partial\Sigma=\emptyset$ , then the main
theorem is proved by Theorem 1. In the following, we assume that $\partial\Sigma\neq\emptyset$ .

LEMMA 7. Let $\Sigma,$ $M,$ $\mathscr{F},$ $\phi$ and $\psi$ be as in the main theorem. Denote by $q_{t}$

$(1\leqq i\leqq m)$ the points of $\psi(\partial\Sigma)$ where $\psi(\partial\Sigma)$ is tangent to $\mathscr{F}|\partial M$. By changing $\psi$

by an isotopy in a neighborhood of $\partial\Sigma$ , the continuous maps $F_{i}$ : $D^{1}\cross[0,1]arrow\partial M$
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$(1\leqq i\leqq m)$ defined in Lemma 1 can be taken so that the following properties hold:
1) $F_{i}|(D^{1}\cross(0,1])$ is injective and $q_{i}\not\in F_{i}(D^{1}\cross\{1\})$ .
2) $F_{i}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ is parallel to $F_{t}(\partial D^{1}x[0,1])$ for each $i$ (That is,

each connected component of $F_{t}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ except for $F_{i}(\partial D^{1}\cross[0,1])$

separates $h_{\psi}(q_{i})$ from $F_{i}(\partial D^{1}\cross[0,1]))$ .
3) If int $(F_{i}(D^{1}\cross[0,1]))\cap int(F_{j}(D^{1}\cross[0,1]))\neq\emptyset$ , then $h_{\psi}(q_{i})=h_{\psi}(q_{j})$ , and

$F_{i}(D^{1}\cross[0,1])\subset F_{j}(D^{1}\cross[0,1])$ or $F_{j}(D^{1}\cross[0,1])\subset F_{i}(D^{1}\cross[0,1])$ .

PROOF. In the proof of Lemma 1 ([6]), Roussarie showed that the embedd-
ing $\psi$ could be taken by an isotopy so that $F_{i}|(D^{1}\cross(0,1])$ was injective and
$q_{i}\not\in F_{i}(D‘ \cross\{1\})$ for each $i$ .

First we claim that $\psi(\partial\Sigma)$ can be taken by an isotopy so that $F_{i}(D^{1}\cross[0,1])$

$\cap\psi(\partial\Sigma)$ is parallel to $F_{i}(\partial D^{1}\cross[0,1])$ for each $i$ . Let $\gamma$ be a connected com-
ponent of $F_{i}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ except for $F_{i}(\partial D^{1}\cross[0,1])$ . By the minimality
of the number of the points of $\psi(\partial\Sigma)$ tangent to $\mathscr{F}|\partial M,$

$\gamma$ has the unique point
tangent to $\mathscr{F}|\partial M$. If 7 is not parallel to $F_{i}(\partial D^{1}\cross[0,1])$ , then $\gamma$ bounds a disk
with $F_{i}(D^{1}\cross\{1\})$ which does not contain $h_{\psi}(q_{t})$ . As in the proof of the case of
type $E$ of Lemma 5, we push $\gamma$ out of $F_{i}(D^{1}\cross[0,1])$ by changing $\psi$ by an iso-
topy, where the points of $\psi(\partial\Sigma)$ tangent to $\mathscr{F}|\partial M$ move but $h_{\psi}$ for these tan-
gent points do not change. By the induction on the number of the connected
components of $F_{i}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ not parallel to $F_{i}(\partial D^{1}\cross[0,1]),$ $\psi(\partial\Sigma)$ can
be taken so that $F_{i}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ is parallel to $F_{i}(\partial D^{1}\cross[0,1])$ for eacb $i$ .

Suppose that int $(F_{i}(D^{1}\cross[0,1]))\cap int(F_{j}(D^{1}\cross[0,1]))\neq\emptyset$ for some $i,$ $j(i\neq j)$ .
Then $F_{i}(D^{1}\cross[0,1])\subset F_{j}(D^{1}\cross[0,1])$ or $F_{j}(D^{1}\cross[0,1])\subset F_{i}(D^{1}\cross[0,1])$ , because
$F_{i}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ is parallel to $F_{i}(\partial D^{1}\cross[0,1])$ . $\blacksquare$

In the following, $\psi$ and $F$ satisfy the conditions 1), 2) and 3) of Lemma 7.

LEMMA 8. For any saddle singularity $p$ of $\mathscr{F}|\partial\Lambda I$, the elements of $h_{\psi}^{-1}(p)$ are
either all convex or all concave if $h_{\psi}^{-1}(p)\neq\emptyset$ .

PROOF. Suppose tbat a convex tangent point $q_{i}$ and a concave tangent
point $q_{j}$ satisfy $h_{\psi}(q_{i})=h_{\psi}(q_{j})$ . Let $\gamma_{j}$ denote the connected component of
$F_{j}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ nearest to $h_{\psi}(q_{j})$ . The connected component of
$F_{t}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)$ intersecting $\gamma_{j}$ on the boundary is denoted by $\gamma_{i}$ . By
transferring a small neighborhood of $\gamma_{i}\cup\gamma_{j}$ in $\psi(\partial\Sigma)$ outside $F_{i}(D^{1}\cross[0,1])\cup$

$F_{j}(D^{1}\cross[0,1])$ so that $\psi(\partial\Sigma)$ is transverse to $\mathscr{F}|\partial M$ there, we can remove two
points of $\psi(\partial\Sigma)$ tangent to $\mathscr{F}|\partial M$. However this contradicts the minimality of
tangent points of $\psi(\partial\Sigma)$ . Thus Lemma 8 is proved. $\blacksquare$

PROOF OF THE MAIN THEOREM $( \partial\sum\neq\emptyset)$ . Let $\psi$ be an embedding Of $E’(\phi)$

modified by Lemma 7. Denote by 8 $v\psi$ the image of convex tangent points by
$h_{\psi}$ and denote by $S_{\psi}^{c}$ that of concave tangent points. By Lemma 8, $S_{\varphi^{f}}^{v}\cap S_{\varphi^{f}}^{c}=\emptyset$ .
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First we will change $\psi$ so that $\psi$ satisfies the hypothesis of Corollary in
Section 2.

If $r$ is a point of $S_{\varphi^{f}}^{v}$ , then there exists the unique convex tangent point $q_{i}$

such that $h_{\psi}(q_{i})=r$ . Since $F_{i}(D^{1}\cross[0,1])\cap\psi(\partial\Sigma)=F_{i}(\partial D^{1}\cross[0,1])$ , we transfer
a neighborhood of $F_{i}(\partial D^{1}\cross[0,1])$ in $\psi(\partial\Sigma)$ to a neighborhood of $F_{i}(D^{1}\cross\{1\})$ in
$\partial M$ so that $\psi(\partial\Sigma)$ passes tbrough $r$ and $\psi(\partial\Sigma)-\{r\}$ is transverse to $\mathscr{F}|\partial M$ there.

If $r$ is an element of $S_{\psi}^{c}$ , then there exist one or two concave tangent points
$q_{i},$ $q_{j}$ such that $F_{k}(D^{1}\cross[0,1])\subset F_{i}(D^{1}\cross[0,1])$ or $F_{k}(D^{1}\cross[0,1])\subset F_{j}(D^{1}\cross[0,1])$

for any $q_{k}\in h-1(r)$ , where $F_{i}(D^{1}\cross[0,1])\cap F_{j}(D^{1}\cross[0,1])=\{r\}$ if there exist two
concave tangent points. Let $W$ denote $(F_{i}(D^{1}\cross[0,1])\cup F_{J}(D^{1}\cross[0,1]))\cap\psi(\partial\Sigma)$

and let $m$ denote the number of connected components of $W$ . We transfer a
neighborhood of $W$ in $\psi(\partial\Sigma)$ to a neighborhood of $F_{i}(D^{1}\cross\{1\})\cup F_{j}(D^{1}\cross\{1\})$ in
$\partial M$ so that $\psi(\partial\Sigma)$ passes through the saddle singularity $m$ -times, $\psi|\partial\Sigma$ is an
embedding except at $r$ and $\psi(\partial\Sigma)-\{r\}$ is transverse to $\mathscr{F}|\partial M$ there (Fig. 9).

Fig. 9.

Denote by $\psi’$ : $\Sigmaarrow M$ the immersion obtained by transferring $\psi(\partial\Sigma)$ as above
for all the tangent points. Since $\psi’$ satisfies the hypothesis of Corollary, $\psi^{f}$

can be taken with boundary fixed so that all the singularities of $\mathscr{F}|\psi’(int\Sigma)$

are saddle singularities.
Next we change the immersion $\psi’$ in small neighborhoods of all the saddle

singularities of $S_{\psi}^{c}$ whose inverse image of $h_{\psi}$ contains at least two points so
that $\psi’(\Sigma)$ is an embedding isotopic to $\phi(\Sigma)$ and $\mathscr{F}|\phi’(\Sigma)$ has two separatrices
at the above singularities on $\psi’(\partial\Sigma)$ (Fig. 9). Then all the singularities of
$\mathscr{F}|(\overline{11l-\psi’(\Sigma)})$ are saddle singularities. By changing $\psi’$ slightly, $\psi’$ can be taken
so that $\mathscr{F}|(\overline{M-\psi’(\Sigma)})$ has no leaves connecting distinct saddle singularities.
Thus the main theorem is proved. $\blacksquare$
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