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Introduction

E. Sato considered the structure of varieties which have two bundle
structures whose fibers are projective spaces. It is interesting to consider this
problem from a different point of view. In this paper we consider it from the
homotopical point of view.

Let X be a manifold which has the following two bundle structures:

iy D1 Iy Do
CP" —> X— CP™, CP' — X —Y,

where 7, s, m=1 and Y is a manifold. The purpose of this paper is to classify
the cohomology ring of X and describe the cohomology ring of Y in terms of
that of X. But when we consider this problem from the homotopical point of
view, it is difficult to distinguish fiber bundles from fibrations. Hence what we
do in this paper is to consider manifolds with two maps p,: X—CP™ and
p.: X—Y, where YV is a manifold, whose homotopy fibers are complex projec-
tive spaces.

Before we state the results of this paper we list the non-trivial examples
to see that there are many examples.

ExamMPLE. (1) By H. . we denote the Milnor manifold, that is,
Hm,m - {([JCOZ el xm]; D’o R ym])ECPmXCPm l x0y0+ +xmym:0}.

The first and second projections CP™XCP™—CP™ induce the two projective
bundle structures on H,, .

CP*=U(n+1)/U1)xU(n) U2)/U)yxU(1)=CP!
| |
v
(2) Un+2)/UL)XU1)xU(n) = Un+2)/UL)xU1)xU(n)

l i

CP™' = U(n+2)/ UL)X Un+1) Uln+2)/UZ2)X Un).
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In the case n=1 Y=CP? For n>1 H¥Y)={t,, t3+1t,f,> (see §1).

CP' = Sp(1)/S* SO@3)/S0@2) = CP!
l l
3) Sp(2)/S* % S? = S0(5)/S0O2)XS0(2)

l l

CP? = Sp(2)/S* < Sp(1) SO(5)/SO2)xS03).

In this example H*(Y )=(t,, ti+1t,ts).
(4) Let £ be an r+1-dimensional quaternion vector bundle over CP™ and
S(€) be its unit sphere bundle. Then we have the following example:

S4T+3/Sl — CP2T+1

l

CP' = S§*/S' —> S(§)/S' —> S(§)/S°

l

cpP™,
In this example H*(Y)=<(t,, t3).
(5) Consider a CPl-bundle p:CP2"*1=8*"*+/S1HP™=S""*3/S* and an
(r+1)-dimensional complex vector bundle & over HP™. Let &=p*(§’) be the
induced bundle over CP*™*'. By P(§), P(§’) we denote the associated projec-

tive bundles. Then we have
CPr

|

A\

CP' — P(§) — P(&))

l

CP27n+l .

In this example H*(Y )=<{1%, ..
The first result of this paper is

THEOREM A. If Y is homotopy equivalent to a complex projective space,
then Y is homotopy equivalent to CP"™ or CP™. If Y is not homotopy equivalent
to a complex projective space, then the fiber of X—Y is CP.

By Theorem A we see that the cohomology ring of Y, if ¥ is not homo-
topy equivalent to a complex projective space, is generated by two elements
which are in dimension 2 and 4 (see [Proposition 5.1). To describe these ele-
ments in the cohomology ring of X we need Theorem B.

We consider the map p,ei,: CP'—CP™ as an element of 7,(CP™)=H,(CP™)
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and under a certain isomorphism z,(CP™)=Z we denote it as 8. *tfisa
characteristic number of X. The second result of this paper is

THEOREM B. If Y is not homotopy equivalent to a complex projective space,
then =0, =1 or +2.

Theorem B says that there might exist examples with §==+2, but we could
not find such examples.

This paper is arranged as follows.

In §1 we prove elementary results by using the Serre spectral sequence.
In §2 we prove Theorem A except for the case s=r<m. In this case we use
mainly the Steenrod operation to prove it. In §4 we prove Theorem A in the
exceptional case. §3 is devoted to investigate the relation between the cohomo-
logy rings of X and Y for the exceptional case. In §5 we describe the co-
homology ring of V" in terms of that of X and prove Theorem B.

In this paper H*(X) stands for H¥X; Z).

The author would like to thank E. Sato and A. Kono for helpful conversa-
tion.

§1. Elementary results.

In this section we prove elementary results about the cohomology rings of
X and Y. The K-comomology ring of X, which will be used in §4, is also
determined.

PrROPOSITION 1.1. -H*(X)=Z[t,, t.]/(tT*, f), where
[ =t —cititi— - —Crpatl??

for some ¢;=Z, 1<i<r+1.

PrROOF. Consider the following Serre spectral sequence associated to the
fiber bundie CP"—>X—CP™:

Ey* = HXCP™QH*CP™) = Z[t,, t,1/@T", t3*") == H¥X).

By the dimensional reason this spectral sequence collapses, from which we will
obtain the proposition easily.

REMARK. If a fiber bundle CP™—X—CP™ is the projective bundle associated
to a vector bundle over CP™, {c,, ---, ¢r4+1} are the Chern classes of the vector
bundle up to sign under the suitable choice of a generator ¢,. But in general
there is no canonical way of choosing a generator ¢,. In [Proposition 1.1} #, is
only chosen so that 7%(t.) generates H?*(CP"). Therefore {c,, ---, c,+:} iS not
determined uniquely.
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In the examples in Introduction we choose t,, ¢, so that H*(}") can be des-
cribed as simply as possible. See §5.

PROPOSITION 1.2. Y issimply connected. H*(Y) is torsion free and H°4(Y)
=0.

Proor. CP°® and X are simply connected, so is Y. We have the Serre

exact sequence for any field %2 since CP?® and Y are simply connected :
S

0—HXY; k)— H*CP®; k)(=k)— H¥X; k) (=kDk)«— H (Y ; k)« 0.
If HY ; k) is isomorphic to k, p*: HXY ; k)—>H*(X; k) is isomorphic by the
above exact sequence. Since H*(X; k) is generated by elements of dimension
2, p¥: H*(Y ; k)>H*(X; k) is epimorphic. This contradicts the fact that in
dimension dim X H*(Y ; k)=0 and H*(X; k)=k, which implies that H*(Y ; k)=0.
Since % is any field, we have H*Y )=0. Then it is easy to obtain the desired
“result.

COROLLARY 1.3. H*Y) is a subring of H*X) and 0—-H*Y)—-H*X)—
HY¥CP*—0 is a short exact sequence.

COROLLARY 1.4. (s+D|(r+1) or (s+1)|(m~+1) and P(Y)=(1—¢>"*2)(1—¢2™+2)
/(1= 1—1t**%), where P(Y) is the Poincaré polynomial of Y.

PrROOF. Since the Serre spectral sequence associated to the fiber bundle
CP*—X—Y collapses, we have P(CP")P(CP™)=P(CP*)P(Y). On the other
hand P(CP*)=(1—1t**"%)/(1—¢*) and P(Y) is a polynomial. Thus we have the
desired result.

ProPOSITION 1.5. (1) If H*(Y') is generated by an element, Y is homotopy
equivalent to CP™ or CP™.

(2) There are two generators t and u in H*X) such that {t,v)CH*Y)C
H*X), where v=u*""4au’t+ --- +aut® for some a;€Z, 1<i<s and <t, v) de-
notes the subring generated by the elements t, v. (The fact that H*(Y)=<t, v)
will be proved in §5.)

Proor. (1) The generator ¢ of H*(Y) induces a map ¢t: Y —CP"*™ % which
is a homology equivalence. Since Y and CP"*™~* are simply connected, ¢ is a

homotopy equivalence. In this case by s must be equal to » or m,
which implies (1).
(2) Since the Serre spectral sequence associated to the fiber bundle CP*—
X—Y collapses, we have
H*X) = H*YV)[ul/(w* T +asu’t+ - +aut®—v), ve H# (YY),

where ue H* X) is corresponding to a generator of H*CP®), which implies (2).
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Next we consider the K-cohomology ring of X, which will be used in §4.
t; and ¢, (€ H* X)) determine complex line bundles over X and we denote them
by the same symbols. We set

fo=t,—1= K(X) for i=1,2.

{1, {,, &3, ---, {3} are elements in K*(X) such that {p}l, p¥fy, -, ptf3} form
a basis for K*(CP") over K*(pt). The Leray-Hirsch theorem says that K*(X)
is a free K*(CP™)-module with a basis {1, f,, %, ---, {;}. Thus there is a unique
relation such that

~ », ~

f= f§+1—c~1t§— o —=Cptp—Cri1 =0

with ¢,eK(CP™), 1<i<r+1, and we obtain
PROPOSITION 1.6. K*(X) = K*(pt)[1,, {-.1/(™, 7).

The relation f is given as follows. Consider the Atiyah-Hirebruch spectral
sequence :
HHX; K*(pt)) =— K*X).
By [Proposition 1.1] this spectral sequence collapses and the Chern character ch:
K(X)—»H*(X; @) is monomorphic. Let us consider an element of K(X)XQ:

~ - T+1 ~” . ” .

fr = {log(H—tz)}T“——;ci{log(l—i—tl)}l{log(l—l—tz)}’“‘*.
Since ch /”=Ff, 7”=0. Put In(x)=x"'log(1+x), then we have
(1.7) =i ii:ci(ln £ /In )iyt

From this relation [I.7) recurrently we can get the relation 7 since #3*' does
not appear in the second term of Now the first few terms of &; in f,
for r>1, is given as follows:

18) &= edit g (i Dew—ie e i

-+ 2l4 {Bi+1)i+2)Ci40—(60+4)c1i01F2¢00,+4ck¢,

—6(+1)c,ci—6(+1)2r —i+1)cs s+ (B2 +50)c i3+ -,
where ¢;==0 for ;>r-1.

§2. Proof of Theorem A (elementary case).

As for the two generators of H*(X) described in [Proposition 1.5, (2) we
put t=at,+Bt, and w=0t,+7t, and fix this notation from now on. Of course
there are ambiguities in choosing ¢, and u.
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PROPOSITION 2.1. Y is homotopy equivalent to a projective space or s=
min {r, m}.

PrROOF. If s>min{r, m}, then m<s<r or »r<s<m by Corollary 1.4
(1) We assume that m<s<r. Since Y is a 2(m+r—s) (<2») dimensional
manifold,

DTN ipr—ipigr-i
=37 Jaigr -ttt =0,
which implies that §=0. We may regard ¢t=t, and u=t¢,. If s<r, this implies
that ¢§** is expressed as another element. Of course this is impossible. If s=r7,
Y is homotopy equivalent to CP™.

(2) Next we assume that r<<s<m. Since ¥ is a 2(m+r—s) (<2m) dimen-
sional manifold, t™=0. We investigate this condition in H*(X; C)=C[t,, t.]/
(7, f). Let w=C be a root of the equation f(1, x)=0 and put t;=t¢,—wt,.
Then we have

Sty 1) = (té‘*‘wtl)TH*C1t1(t§+anl1)r_ s —CrpalT?

=ty =it tyT — o —crtity
for some c¢j=C. By using this relation we obtain

0=1t"=(at,+pt)™ = (at,+B(t;+wt,)™
= ((a+Bw)t,+BtH)™ = (a+ Pw)™t+(terms which contain ¢;),

which implies that a4 Bw=0. If =0, then a=0, which contradicts the assump-
tion. Thus 8+0 and w=—a/B. On the other hand @ is an algebraic integer
and « is prime to 8, so we see that w is an integer and f=+1. Thus we may
regard t=t,, u=t,. If s<m, this implies that ¢{*' is expressed as another ele-
ment. This is impossible. If s=m, Y is homotopy equivalent to CP".

LEMMA 2.2. We assume that H*(Y ; Z/2)N\{u'+x|xEM} =@ for s+1<i<

2s+2 and that H**(Y ; Z/3)N{u*P+x|\xet)}=@ if s>1. Then the fiber of
the fiber bundle X—Y is CP*.

PROOF. First we investigate H*(X; Z/2). Obviously
Sq¢*'v = (sj1>us+1+i+(terms which contain t) € H*Y ; Z/2)
. . s+1\ . . . .
for 0<;<s+1. By assumption, ( ; ):0mod2 for 0<i<s+1, which implies

that s+1 is a power of 2. So we put s+1=2% k=>=1.

Next we investigate H*(X; Z/3). By using P! instead of S¢* in the above
argument we have
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(s+1)u*t*+4(terms which contain ?)
= 2%y2*+2 4 (terms which contain ) € H¥Y ; Z/3).

Thus we obtain that 2=1, i.e.,, s==1, which completes the proof.

PROPOSITION 2.3. If H¥X)=Z[t,, t.1/GT*, t37Y) and Y is not homotopy
equivalent to a projective space, then the fiber of X—Y is CP' and H*(Y)=<t,, 5,
r s odd, or H*Y )=, t,», m s odd.

PROOF. Since Y is a 2(m-+r—s)-dimensional manifold, we have
pIAT =S (at1+ﬁt2>m+r—s+1

+7 - —
— m 7'25"’1(771—}—7’2‘ s+1>aiﬂm+r—s+1—it11:t72n+r—s+1ﬁi

1=0

- % (m—}—r.—s—i—l
i=m-5§+1

; >aiﬁm+r-s+1—it«i‘t72n+r—s+1—i :0’

which implies that a=0 or §=0. So we may regard {=t¢, or ¢,. It is sufficient
to examine the case f=t,.

Since t=i¢,, we can assume that u=¢,. For we can choose {,&H?*X) so
that 7%(¢,) generates H*(CP™). In this case we can see easily that H*(Y )=<{t,v)
and that (s+1)|(r+41), by using the Poincaré polynomial of Y. If s=r, H¥Y)
is generated by t,, which contradicts the assumption by [Proposition 1.5, Thus
we obtain that s=7 and (s-+1)|(»+1).

Now the first half of the proposition is trivial since the assumption of
is obviously satisfied.

As proved above

H*Y) = <{t,, v, v =ti+tatit,, r+1=2(k+1).

If a0, then ti/, 0<i<m, 0<7<Fk, and v**! are linearly independent in H*Y),
since

vEr = (t2+at ) = (B+1at #3* +lower terms.
This contradicts the Poincaré polynomial of Y. Thus v=t%, which completes
the proof.

PROPOSITION 2.4. If s<r=2s, (s+1)|(m+1) and s#m, then the assumption
of Lemma 2.2 is satisfied.

ProOOF. We see that H*"**(Y)=Z by the Poincaré polynomial. This implies
that there is a relation between ¢"*! and vt"~%. In (2r+42)-dimension we have
only one relation f between ¢ and u, which should be expressed as

af = bt evt” ™ = cutTU T HcauttT TS 4 - dcaut T+t
with some a, b, ceZ, a0, (b, ¢)#(0,0). From this fact the assumption of
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is obviously satisfied.
The similar arguments establish the following propositions.

PROPOSITION 2.5. If s<m<2s, (s+1)|(r+1) and s+r, then the assumption
of Lemma 2.2 is satisfied.

PROPOSITION 2.6. If s=m<r, then Y is homotopy equivalent to CP™ or s=1.
The following two propositions will be easily proved.
PROPOSITION 2.7. If 2s<min{r, m}, the assumption of Lemma 2.2 is satisfied.

PROPOSITION 2.8. If m<s=r, then Y 1is homotopy equivalent to CP™. If
r<s=m, then Y is homotopy equivalent to CP’.

§ 3. Preparation for exceptional case.

In this section we consider the case r=s<m. We assume that Y is not
homotopy equivalent to a complex projective space. In this case the integral
cohomology group of Y is given by

H¥Y) = Z[t, ']/t —m’, @)*),

where v’ H*»*¥Y) is a generator, n# =1 and m+1=(s+1)(k+1).
By P? we denote the 7-th Steenrod operation for an odd prime and S¢** for
the prime 2.

LEMMA 3.1. Let Y be a manifold whose cohomology is given by the follow-
ing formula:
H¥Y) = Z[x, y]/(x*"'—ny, y**),

where deg x=2 and s=1. Let p be a prime number such that p divides n but p*
does not divide n. Then (s+1)](p—1) or k+1<Zp.

PROOF. Let ¥ be a homotopy fiber of the map x:Y—->CP™CCP=, m+1=
(s+1)k+1). Then we have

H¥Y ; Z/p) = ALy’ 1QZ/p[y]/(y**Y),

where 8y'=y (in this proof 8 denotes the Bockstein coboundary operator). If
we deny the result, we have

¥ = PR(y) = PP () —spP ™ (3) =0,

which contradicts the assumption.

As in §2 we put t=at,+pt; and u=yt,+0ot,.

LEMMA 3.2. B is prime to n. Hence, when we consider the problem in
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H*( ; R), B'eR, we can assume that t=t, and u=t,.
PROOF. Let p be a prime which divides B8 and n. p is prime to a since
a is prime to 8. Then
t8+1 = as+1t.i+1 = O mod p

which contradicts the above. Hence § is prime to n.

Put t;=t and w'=+(Bu—adt)=t,. Since B is a unit in R, 7/%(t;) generates
H*CP™; R) and 7¥(u’) generates H¥CP*®; R). Thus we can choose t;, and u’
as the generators instead of ¢, and u.

COROLLARY. If n=0, then s=1.

PROOF. By B==+1. We can assume that t=t, and u=t, in
H*(X). Thus the corollary follows [Proposition 2.3

NoOTICE. For the following arguments (in the proofs of Propositions B.3,
BH and £4) we make a convention. The statement such as x=0mod’ (74, u")
will be used as follows. That is, if we express x as a linear combination of
the basis {u't’:0<;/<m, 0<7<r}, then x=0 mod’ (¢4, u*) means that the coeffi-
cients of u't/, i<h, j<g are zero. Such a convention will be also used when
we argue in K-theory.

From now on until the end of this section we assume that p is a prime
number which divides n and that we discuss the problem in H*( ; Z,)) or in
H*( ; Z/p). By t=t, and u=t,. Then we see that

H*(X; Z(p)) = Z(p)[“: t1/(u™, 1), H*(Y ; Z ) =<t vy,
where
=1y = 5 —n(u e utt -+ - Faut®)

s+1 ) )
— tS-H__ E Ciults+l—z ,
=1

n, ;272 and c¢;=na; for 1<:/<s+1, as,=1. Of course a;, ¢; for 1</<s+1 are
different from those in Propositions [LI and [5.

PROPOSITION 3.3. If p* divides n or k+1 is prime to p, then v=u’*' in
HH*X; Zpy).

PROOF. Let k+1=p'h, (p, h)=1. We can put
Pt = é e uGHort-ip et e Loy .
=0

Now we assume that there is an integer d>1 such that p¢-! divides e;, 1<7/<s,
and that p¢ divides e;, 1<i/<g—1, but does not divide ¢, for some g, 1<g<s.
Then
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J

h ]l 8 1 i.s i 1;
vk+1 — e’H— Z ]){ 2 eiu(8+1)p ztz} el& Jys+0PI
j=1 i=1

I

3 (h>{ é eiu(r+l)pl—iti}]el&—.]u(r-kl)plj mod pd
Jj=1\] i=g

= helt e ,u™"%t¢ mod’ (p?, t&)

=0,

which shows that p? divides e,. This contradicts the assumption. Therefore
the proposition is proved when £-+1 is prime to p. So we assume that p°
divides n. When we describe

. § . S -1
J o S+1)pl-ipt (
v? = _Zoef»”w AL A e’ eZ .,
i=

we will prove e{’>=0, 1</<s, inductively. In the case j={ this is proved as
above. We argue as in above, so we take d and g.

Gt j+1 i s ; pi-igil P
L E— ey""u““)p — (Up )p — 2 eL(J)u(H dpt-igt

1=0

23 s+1)pi+l SIS sy1ypioigil?
= (e{M)PysoP +{2}eﬂ’u(+”’ ¢
i=

+ p—1<p )(eé”)p‘f{ \Z elmu<s+1>pf—iti}fu(s+1>pff
f i1

F=1
p-1 . $ . oS ;
= (p>(e(§”)p‘f{ 3 e{”u(s“)p]"t’} QOIS
2\ 7 2

S (3 4,8+ pI=i4i ? P d+l s+ pdtl
+1 2 e’u ¢ mod’ (p¢*', u

1=1

_JI_Ji} eéj)u(s-kl)pf—iti}p modl(pd+l, e+L u(s+1)pf+1>
i=g

= p(eéj))p—le(gj)u(5+1)pf+l_gltg modl(pzﬂ—l, tg+1’ u(s+1)p]'+1>,
which shows that p¢ divides ¢$’>. This contradicts the assumption. Thus the

induction step is completed and the proposition is proved.

REMARK. In the above argument when we happen to know that e{’=0

mod p for p(z+1)<2(s+1) and 1=;=</, the result is true even if p? does not
divide .

PROPOSITION 3.4. If s+1=bp®, (b, p)=1, then b|(p—1) or kb<p—1.

ProoF. In H¥X; Z/p)=Z/plt, ul/(t*, u™ ') we consider the condition
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Pi(w) & (Sjl)usww-”ﬂt) CHYY ; Z/p) = <t, v>.

First we consider the case when there appear two non-zero terms in the
. . . 1
p-adic expansion of s+1. In this case, since (3;—1 )iO and s+1<s+14p%(p—1)

<2(s+1), the above inclusion leads to the contradiction. So we have 0<b<p.
Then
s+1y
p° )
for some ¢ or s+14+p*(p—1)=m+1, which induces the result.

P"“(v)z(

PROPOSITION 3.5. In H¥X; Z/p) we have

)] v= up“—i-apa_lu”“'ltp“'l(p‘” if b=1,
(2) v=u*t! if 1<b<p—1,
3) v = (u+At)"*! for some A= Z/p if b=p—1.

Proor. If p* divides n or (k+1, p)=1, we have already proved that v=yu**
in H¥X). We assume that p* does not divide n and that p divides £-+1, which
implies that b divides p—1. Especially, in this case, u’==0 for j<p(s+1).

(1) We assume that there is an integer d, p*~'<<d<p®, such that g,= -+ =
a4:.,=0, az+#0. Since

Pd(l)) — Pd(us+l+adudts+1—d_*_ )
— adudpts+l—d+ — advits-HAd
for some i, we have dp=i(s+1)=ip?, i.e.,, d=ip®~!, 1<i<p. Then
Ppa-l(v) — Plla"l(us+l_{_adudts+1—d+ )
= jqultPOTI@-DpsI=d L L — g pipstid
for some ;. We have ip® '+p? (p—1)=7j(s+1)=sp%, i.e., i=j=1, which con-
tradicts the assumption. Similarily we see that a;=0 for j<p®~'.
(2) and (3) It is easy to prove that a;=0 unless p%~! divides 7. So we can
assume that a=1 without loss of generality. We deal with the case a=0 by
considering a;=0 unless p divides 1.

We assume that there is an integer d, (b—1)p<d<bp, such that a;= - =
aq+1=0, as+0. Since

Piw) = P u'?+aut*? 44 --)
= qulPP-24 ... = giPP-¢

for some 7, we have dp=i(s+1)=ibp, i.e., d=ib, 1<i<p. Then
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P'(v) = P (u’?4-aquét’?-%4- ..)
= 1baqu*tP-1P-d . ... = jbg0itPP ¢

for some 5. We have ib+(p—1)=7(s4+1)=jbp, i.e., p—1=b(p;—z7). This implies
that j=1, ib=bp—p+1. Thus d=(bp—p+1)p=(b—1)p+1. Then by the remark
to [Proposition 3.3 we see that v=u’? if b<{(p—1), which completes the case (2).
Now we consider the case (3) and show that the assumption a-pp+17#0
leads the contradiction.
First we will prove that

(3.6) v = P43} O DP i

i=1
if we assume that a¢-1p+:70. We look at the condition that P'(v) is in
H*Y ; Z/p) more carefully. We express v as

Bb-Dp+1

v=u?4+ 3 q,ultbr-?
i=1

with (l(b_l)p+1:;’—l“0. Then

- p+1

Pl(v) - 2 ai{Z'ui+p—1tbp_i—-iuitbp—i+p—l}
i=1
- p+1 ‘ ‘ bp | |
- 2 {<Z+1)ai'p+1_zai}ultbp_wp_l'*“ by (z+1)ai—p+1ultb?’—”?“
= i=(b-1)p+2
= Qp-npa V77,

which implies that
G412 psr =0 for (b—L)p+2<i<bp,
ap-1vp1ai =(@+Da;-pr—ia;  for p=i=(b-1)p+1.
Thus we obtain the condition (3.7) about a;’s:
3.7 a;=0  for (b—7p+j+1=i<(b—j+1)p,
1a; = (=14 ap-0Dp+1)Titp-1 for 1=/2(0—2)p+2.
Next we consider the condition that PP(v) is in H¥XY ; Z/p).

PP@) = bu*? +(b—1)a - ps ™ P+

bV 2 ogNbp—IN\ . . )

+ >3 a; ( )( b _)uwz(p—l)tbp—w(p—ncp—l)
i=1 =N INp—7

J— 2b 20p - -1

= —Uu p_za(b—l)])+1u p-pt1tp

@ Vp 2 oiN/bp—I\ .. ) .
+ E ai, ( )( p .)u1+1<p—1>sz-z+<p—1>(p—l)
=1 g Ng /N p—]
(-1 p

— ___{ubp_+_a(b_l)p+lu(b—1)p+llp—1+ 21 aiuztbp—z}z
1=
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— _usz__za(b_l)p+lusz—p+1tp—1_a%b_1>p+lu2(b—1)p+2tgp—2
b b -Dp b . -1p A N2
—2{uPP 4+ A -1y pru PPN} T autt ”"—{ > aiu‘t”p"} ,
iz i=1
which implies that
Ap-2ypr2 = az(b—l)p+1
Awp-p+1 — 20(b—1>p+1a(b—1)p .

From this equation and (3.7) we obtain that a¢-1p+1=aw-2p+.=1 and that
Ap-»p+1=0u-1»p=0. Then (3.7) induces:

(3.8 a; =0 for (b—p+7+1=i<Ob—s+Dp,
10; = 1Qi1p-1 for 1Z:Z(b—j+1)p+2.

Then inductively the assertion follows (3.8) and the above equation of P?(v).
Now we consider the formula [3.6) in H*(X; Z(;). In this case k+1=p
by implies

v = uup+pz—}leiubp-i(pd)t(p—l)i_i_pw‘ ,
i=1
and ¢;=1 mod p. Since k+1=p, we have

p-1 ) B \ P
0=7v? = {ubp+ 21eiubp—upﬂ)t(p—l)z_}_py’fr
i=

p-1 . P
= {ubp+ 3 eiubp—up-l)tcp—l)z} mod p?
i=1

il

j=1\]
(p+nede,utPi-PHip=1

' p bp2-2p+ - ’ -
+H{(p+neest (] Jetfurt-roriers mod (pr, £2-2),

Pl p (Pl ) lp—j p-1 ) AW
2 ( .>ubp<p-1){ 2 eiubp—up—l)t(p-l)tj _|_{ Z eiubp—l(p—l)t(p—l)z} mod 1)2
j i=1 i=1

1l

which means that (p—i—neﬁ’)e(i(ﬁ—i—ne’f)ez—i—(g )e% =0 mod p®. But this contradicts

the fact that ;=1 mod p. Thus we proved that a¢-1ppe+pe-1=0 in H*(X; Z/p).

Then it is easy to prove that a;=0 unless p* divides 7/ and that v=(u- A¢)**+*
for some A€ Z/p.

By the remark to [Proposition 3.3 with [Proposition 3.4 we have

COROLLARY. Let p be an odd prime and s+1=bp* with b<p—1, then v=u’+
n H*(X, Z(p))-

§4. Proof of Theorem A (exceptional case).

In this section we prove Theorem A for the exceptional case. That is, we
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will prove that if a manifold X has two bundle structures: CP°*—X—CP™, CP?®
—X—Y and Y is not homotopy equivalent to a projective space, then s=1I1.

PROPOSITION 4.1. If 2 divides n, then s=1.

Proor. By [Proposition 3.4] s+1=2% for some a>=1. If 4 divides n, by
Proposition 3.9 we see that v=u?" in H*(X; Z/2). Applying the secondary co-
homology operation to veH*(Y ; Z/2) we obtain a contradiction if a>1 (see
below).

If 4 does not divide n, says that s=1 or £=1. So let us con-
sider the latter case. By [Proposition 3.5 v is expressed as

-1 -1
v = u+a'u e

in H¥X; Z/2). If a=3, we can apply the secondary cohomology operation
@, ... to the above equation (see [1, Theorem 4.5.1]). Thus we obtain

@o’a_1<v) — u2a+2(l—l+a/(uza—1+2a~2t20,—1+u2a—1t2a—1+2a—2))

which contradicts the fact that @, .-, (v)eH*Y ; Z/2)=<t, v).
Now we consider the case s=3 and £2=1 in H¥(X; Z.,). Then we have

= = n(utau’tt+au’t?+aut® = cut et et o ut® .

By [Proposition 3.5 we see that a;=a,=0mod2. If a¢,=1mod2, a coefficient of
&, does not belong to Z., by a routine argument using the formula [1.8). Thus
a.=a,=a,=0mod2, which leads the contradiction as above.

Now we restrict ourselves to the case n is divisible by an odd prime p.

PROPOSITION 4.2. Let p be an odd prime which divides n. Then s+1<p.

PrRoOOF. Let s+1=bp* with a=1. By [Proposition 3.3 and its corollary we
see that v=(u+At)’?* in H*(X; Z/p). As in the proof of Proposition 4.1 if we
apply the secondary operation to this equation (see [3, Theorem 4.3]), we obtain
the contradiction.

LEMMA 4.3. Let p be an odd prime which divides n. Then v=u**' in
H¥X; Zpy).

Proor. This lemma is already proved except for the case s+1=p—1 and
k+1=p'h, (p, h)=1, {=1. By the corollary to [Proposition 3.5 and the proof
of Proposition 3.3 we have

- 1 - l- 1 l
vp 1 — (up 1_}_113 1tp 1)S+1+pw , vp — up (s+1) s

in H¥(X; Z(py). By the induction on / we can prove the lemma. But for the
simplicity we prove only the case /=1.
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0= 0P = {42y 4 p¥)? = (u AP C+D
= p(‘gz-‘—l)zi(p(sj_l))up(3+l)—iti

i=0

p(s+1)
s+1+4z

= i=281 li(p(sj_l))uP(S+1)—iti_l_zpn(p(sjj_l))u@-l)(3+1)—1:§: Zi(s-‘__l>u(s+1)—izi+1

= 28li(p(sj‘l)>up<s+1)-iti+ig 2i+s+1n< >u(p—1)(s+1)—i{(u_l__lt)s-i-l_}_pw’}ti

?

= él{;[i(]b(sj‘l))_'_n2p+i-1(1)<5;‘1))(;:‘:;)}up(wu—iti mod p?,

which implies that
Xp(s—l—l)-Jrn/ip(p(s;l)) =0 modp®

and

22(1’(3;1))+n,zp+1<i)(s;r1>)(s+1> =0 modp®.

From this equation we obtain A=0 modp, which implies that v=u’*' in
H*(X; Z») by the remark to Proposition 3.3,
Now we will complete the proof of Theorem A.

PROPOSITION 4.4. Let n be an odd integer, then s=1.

PROOF. Let p be the smallest prime which divides n. Then s+1<p by
[Proposition 4.2, What we have proved up to now is that

(at,+Bty) = nti*?, neZ,

which induces a relation in H*(X):
s+1 s, rs+1 o Cirioi a*t—n —_
& +i§( i )(5) U RS =0.

Therefore these coefficient must be integers, i.e., f=+1 or s=1, f=+2. We
consider the case f==+1. By changing the generator {, we may assume that
15 = nift! in H¥X).

Thus by we have
f5¥t = n(Inf,/In f,)5 5% = n(Inf,)s+1§sH mod’ (§2°+2, £,).
Since s+1<p=<n,
n(Ini)*+ e Z[1,]/(E)
if and only if
(Ini)* e ZLE/(E).

Let ¢ be a prime which divides s. Then the coefficient of %! in the expansion
of (Inf,)**! is
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1 b
e

which is not an integer since ¢ is prime to s+1. Therefore s must be equal
to 1.

Moreover in the case f==+1 we show that m=3. Since s=1 we have

It = n(it—ip(E 4 MO gy SOy
n(11—-3n),, n@Bn—5),);
HESF A B it

Since n in an odd integer, one of the above coefficients can not be an integer.
Thus m=2k-+1<3, which implies that m=3.

§5. Cohomology ring of Y.

In this section we describe the cohomology ring of Y in terms of that of
X and prove Theorem Bl We assume that Y is not homotopy equivalent to a
projective space throughout this section. When we change a generator u of
H*(X) for w'=u-+bt, v changes into v'=u'*+(a—2bu't-+(b*—ab)t®, where v=
u®+aut. Therefore we choose the generators of H*(X) so that

= atl+‘8t2) u = 7t,+0t,,
t, = =(0t— Bu), ty = H(—71t+au),

v =y’ or ur4ut,
where ad—fr==1.

PROPOSITION 5.1. For m<r we have

[(m+1)/2] o
=gt v)= 2 ad™ T,

r+1 . ) [¢r+1)/2] o
fy 1) = got, v) = 67 = 2 etity™ ™ = btTI,
i= i=
for some a;, by=Z. For r<m we have

[¢m+1)/2]

P go(t, V)R, viu = gi(t, v) = > a ittt
~
T+1 ) . Cr+1)/2)31 L
F(t, ta) = got, v) = 15— 2 citltit it = X bt"HIpt,
i=1 i=0

for some a;, by=Z and h(t, v)eZ[t, v]. With this notaion we have
HXY)=<t, vy = Z[t, v]/(g1, &2).

Proor. We prove only the case »r<<\m, for the proof of the other cases are
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quite similar.
By the Poincaré polynomial of Y it iseasy to see that H2"*+*(Y )z ZLr+D/2],
On the other hand <¢, v)2"*2={t"*, "'y, ..., g7 sD 2 Ur+/20) - Therefore

there must be a relation among these elements and the relation corresponds to f=0.
Next in dimension 2m+2 we have

rank H*™*%(Y') = [»/2]
and
generators Of <f, U>2m+2 — {tm+1, Zm—lv’ . tm+1—2[(m+1)/2]v[(m+1)/2]}_

In this dimension there are [(m—v)/2]+1 relations which are induces by the
relation Ja;t™+ 1 -*p*=0. If there were no other relations, we would have

rank H*™*%(Y) = rank<¢, v)2™*?
= [m+1)/2]+1—[(m—r)/2]—1 = [r/2]+1.

The last equation follows by the fact that m or » is odd. Therefore there must
be a new relation among these elements and the relation can be written as

(5.2) at? '+ f1(ty, t)h' (L, 1y)

in H¥(X). To see that this relation can be written as in the proposition we
use the following elementary facts, which we state as a lemma.

LEMMA 5.3. (1) Let R be a ring. R[t,, t,J=R[t, u] is a free module over
R[t, v] with a basis {1, u}. (2) Let R be an integral domain. Let f<=R[t,, t,]
and gE=R[t, v] such that fgER([t, v], then fER[t, v].

By (1) the relation can be choosen so that

(56.29 at™ g, (t, v)h(t, viu
is a mew relation among the elements {¢™*!, ™1y, ..., gmHI-2LOMEL 2 LML /2]
Now we will see that a==+1 in (5.2’). Let p be a prime dividing a. We con-
sider the relation (5.2") in H¥(X; Z/p). The relation (5.2’) induces a relation
g4(t, v)h(t, v)u among the elements {t™*!, (™ 1y, .., gPFI-AADZLLMED/2TL By the
naturality, which implies that A(¢, v)=0 in H*(X; Z/p). But of course this is
impossible. Hence we see that a==1 in (5.2), which completes the proof of
the first part of the proposition in the case »<<m.

Here we remark about the statement of the proposition in the case m<r.
In this case there are a lot of ways to choose a relation f(¢;, t,). Therefore
the relation f(¢,, t,) in [Proposition 5.1 should be modified.

To prove that H*(Y )=<¢, v) it is sufficient to see that rank H*(Y )=rank {¢, v>
and that an element of (¢, v) is divisible in <¢, v)> if and only if it is divisible
in H*(X). But these facts are trivial.

By making use of [Proposition 5.1 we will prove [Theorem B. First we con-
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sider the case m<r, which is divided into four cases.
-

Case I. m is even and r is odd. Since by [Proposition 5.l f=at,4- ¢, divides
trt!, a==+1 and B=0. Therefore under the suitable choice of generators of
H*(X)

t = tl, U= tg, gl(t, v) = gmH .

Case II. m is odd and r is even. Since by [Proposition 5.1¢t=at,+ fi;
divides f(t,, t,), f==1. Therefore under the suitable choice of generators of
H*X) we have t=t,, u=t,.

When v=u’+aut, a+0, the formula tP*'=g,(t, v) is written as follows:

m'+1
u2m’+2 — 2 aillZm'+2—2i(u2_!_aut)i ,
1=0
where m+1=2m’+2. But this is impossible. Thus we have
t=t, u=+t, v=ul g:(t, v) = ptm+1/21

Under this choice of the generators we have c¢oq4=0.
Case 1lI. m and r are odd and v=wu® In this case the formula tF"*'=g,(¢,v)
is written as follows:

(m+1)/2 .
2 aitm+1—21,u21 .
=0

(St—ﬁu)m“ —

1

From this formula we have (3, 9)=(%1, 0) or (0, +1).
Case IV. m and » are odd and v=u’+4ut. In this case the formula **'=
g:(t, v) is written as follows:

R +1 3 1-tgt,, m+1-1
(8t — Bu)m+t = Zgo(mz )51(__‘8)m+ pigm+1

k=0

(m+1)/2 o ] m+1 ;
= X a "™l tut) = 2{ > ai( _>}t’m+1—kuk'
=0 itj=k,is(m+1)/2 7
Put m-+1=2m’+2. From the above equation we have a, ., =p*™** and

am,+1(mm+1):——(2m’+2)5[32m'“, which implies that *™*(3420)=0. Since S

14

is prime to ¢, we obtain =0 or (8, d)==+(—2, 1).

Before we proceed to consider the case »<m, we prepare an elementary
lemma. Let p be a prime number. We write y,(n) for the exponent to which
the prime p occurs in the decomposition of # into prime powers.

LEMMA 5.4. For i<m if p is an odd prime, i<m—1 if p=2, we have

up((m“)pm-i) >y (m+1)+1 .

;

PROOF.
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o (")) 2 walmt D —vgmA L) b1 i1
Z yp(m+1D—y(m+1—0)+y,(m+1—-0)+2—1
=y,(m+1)+1.

Case 1. r is even and m is odd. Since t=at,4 ft, divides f(ti, t,), f==x1.
Case II. 7 is odd, m is even and v=u®. Put m=2m’.

(5t_“6u)m+1 = mé;(’”;.lhl>5i(___‘8)m+1~itium+1—i
_ m’ m+l 242\% 2 m’ -1 z, m+1 21+1 2 m’ -1
=— ("5 Jeerm -t put 5 (5 )@
By [Proposition 5.1 f(t;, t,)=g.(t, v) divides

ﬁim;; (m;Z—l )(52t2>i<ﬁzv)m' -

We will prove that this implies that =0 or (3, 0)=(+1, +1). We assume that

B+0. Let p be a prime which divides 5. By we see that

)Jp((m;;l)ﬁzﬂb'—zi> = vp(m~41)+1 = v, (m+1)02™)+1

for 7<m', which means that
v, (the coefficient of *v™ %) >y, (the coefficient of *™')
for /<m’. From this fact we have
[, 1) = g, v) = g5(8°%, pv)
for some g;. If we substitute 0 for ¢, into the above formula, we obtain
157 = gi(8° %3, po(d+pis),

which implies that ==+1 and that there is no prime which divides p.
Case HI. 7 is odd, m is odd and v=u® Put m-+1=2m’+2.

(0t—Pu)™*t = T_r:il(m;’—l)5i<—“‘@)m+1‘itium+l—i
= ?;E(:ﬂ(nzgl)(52t2)i(,32v)m'+1—i__{[35t:Z; (gi}>(52t2>i(ﬁzv)m: ’i}u.

By [Proposition 5.1 f(t,, t,)=g,(t, v) divides
i 2m,+2 242\1 2y,\M! -1
50t 22 (gr 4y VOB,
which implies that (3, 6)=(0, £1), (£1, 0) or (£1, £1) as before.

Case IV. r is odd, m is even and v=u’4ut. Put uf=x,(, v)+v,-:(¢, v)u.
Using the recurrent formula
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Xe+1 = Ye-1U, Ve = Xp—Yr-al,
we have
— (1S =1\ i ihoni
ye = (—1) gﬂ( ; )vt .
Then
(0t-- fu)™*t = nﬁ:(mjl)5i<_ﬁ)m+1—itium+1-i

?;:(m—-l_l )(51‘){ {Xma1-i(— Bt, BV)—Ym-i(—Bt, Bv)fBu}.

?

By [Proposition 5.1 f(¢,, t.)=g.(t, v) divides

(5.5) 53 ("6 e~ g, 50)

.1

— =z L m+]‘ m"‘Z—] iRM-1 frm~-27
=3 ()" e,
which implies that =0 or S==1 by the similar method to the case II.

Case V. r is odd, m is odd and v=w’4ut. Similar to the case IV f(¢,, t,)
=g(t, v) divides the formula (5.4), but in this case this vanishes if =0 or
(B, 0)==(—=2,1). Thus we have =0, =1 or (8, §)==(—2, 1).
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