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§1. Introduction.

In this paper we establish a generalized Pohozaev identity and its variant
for the radial solutions of the following quasilinear elliptic equation,

(L.1) div(A(| Du)Dw)+f(Ix |, w) =0

in R®, where Du is the gradient of u, f(|x|, ) and A(p) are given functions.
The Pohozaev identity is useful to investigate the existence and non-existence
of the ground state of [1.I). By a ground state we mean a positive solution u
in R™, which tends to zero at oo.

The Pohozaev identity was used by Pohozaev in 1965 to show the non-
existence of non-trivial solutions of non-linear eigenvalue problems for semi-
linear elliptic equations. Identities of this kind were first discovered by Rellich
in 1940 in his study of the first eigenvalue of 4, and by Nehari [5] in
1960. The idea was applied to investigate the properties of solutions for non-
linear elliptic equations (see, e.g., [1], [2], [3] [4], [6], [7], [8]1, [9] [10]
(111, [12], [13], [14] [16]. Especially, Ding and Ni found that the
Pohozaev-type identity is useful to get the non-existence theorems for the ground
state in the anomalous case, f.(|x|, 0)=0, by employing suitable change of
variables. Recently, Ni and Serrin [9, 10, 11] established some generalized
Pohozaev identities and used them to investigate the solutions of the quasilinear
elliptic equations,

(1.2 div(A(| Dul)Du)+f(u) =0.

They extend the argument employed by Ding and Ni to the quasilinear case.
Their results are sharp, however their arguments are tricky and difficult. Our
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aim is to simplify, unify and generalize the method. We have found that the
essence of the argument is clarified by using a new kind of Pohozaev-type
identity (see the identity (PII) in Section 2).

The organization of this paper is as follows. In Section 2 we state the main
theorems of this paper. In Section 3 applications to the generalized Laplace
equations are included, which are useful to investigate the existence and non-
existence of the ground state. Sections 4-8 contain some related topics and the
proofs of theorems stated in Section 3. In Section 4 we collect some preliminary
lemmas which will be used frequently in the subsequent sections. In Section 5
we investigate the asymptotic behavior of solutions, which is fundamental for
further analysis. In Section 6 we establish the existence and uniqueness of the
solutions of the initial value problem. In Section 7 we give the proof of the
generalized Pohozaev identity for the generalized Laplace equation, and prove
the existence theorem for the ground state. In Section 8 we prove the non-
existence theorems of the positive solutions and the ground state. Section 9
contains some slight modifications of the theorems obtained in previous sections
for a special nonlinearity, and Section 10 contains some concluding remarks.

§2. Main theorems.

We consider the radial solutions of [1.1). Let u=u(») be a radial solution
of [(I.I), then u satisfies the equation

2.1 r AW D)+ f(r, w) =0, r>0,
where n is a positive integer, and u":u’(r):du(r)/dr.

THEOREM 2.1. Suppose that A(p)e CH(0, =), pA(p)—0 as p—0, and f(r, u),
[+, ) C(0, )X (—o0, ). Let u(r)=C([0, «))NC*((0, ) satisfy (2.1),

2.2) lim r”glu,U)lpE(p)d‘o —0,
(2.3) Irlﬁol r* A u' (n) Du'(r) =0,
and

(2.4) Iinol r*"F(r, u(r)) =0.

Then the following generalized Pohozaev identity holds:

R"{SiulcmlpE(deF(R, u(R))-i—aR“A([u’(R)[)u’(R)u(R)}
(PD)
a SR{"SI PE(@)dp-+a+1—mA(w D) w'|?

+nF<7', u)—l—rFT(r, u)—auf(r’ u)}rn_ldr
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for all R>0, where a is an arbitrary constant,

Fir, vy =\ f(r, &)d8

and
dA(p)

E(p) = Ap)+p—; ip »>0.

REMARK 2.1. It holds that

(2.5) [LoE@do = oo A, dp = ap*—{ 0 A0)dp,

since pA(p)—0 as p—0. Define

pAD),  p>0,

o(p) = {0, vy

and
(o qrmy (P
o(p) = { prA(D) SOPA@)dp, »>0,

O ) p:() .
For the sake of convenience, we simply denote ¢(p) and ¢(p) by pA(p) and

S:pE(p)dp, respectively.

REMARK 2.2. The equation is equivalent to
(2.6) E(lu'l)u”—*-*n—;'l’/l(lu'l)u'-i—f(r, u)=0
for all »>0 with u’'+0.

REMARK 2.3. This identity is a variant of Theorem 21 in Ni and Serrin
[9]. The conditions (2.2)~(2.4) look too technical. However it is not difficult
to check them in the concrete examples (see, e.g., the proof of [Theorem 31 in
Section 7).

The following result is our main theorem.

THEOREM 2.2. Under the assumptions of Theorem 2.1, the following identity
holds :

o(o+D{m—DA( ' (R))—E(w' (R)D}R" " *w(R)?
+{—=Rw"(R)w(R)+20 Rw (R)w(R)HE(|u (R)|)—A(lw'(R))} k"2 ~*

+{ R*w ”(R)w(R)—i—( (“—ﬂ—zu—c)a) (n—1>+2a)Rw'<R)w(R)

+ A - ORW (R R 42 AW (R) )+ RM e A w (R 1w (R)



544 N. Kawaxo, W.-M. N1 and S. YoTsuTANI

Clu’ (R A
=\, oAdo}+RMZF(R, u(R)~uRF(R, u(R)}
(PII)

_ AfF ._Zl.ik_ M@ ’ ’e
"?SolnF(r’ w)+rF.(r, u) | uf(r, w+ gD A(luw D1’

(Al =] oapidp)lrdr

for all R>0 with u'(R)+0, where

w(r)=r’u(r), o= qu% s
_ (m=D(n+k)(1—=0)+{m—Dn+m+mk}0 1= c(g+1)8
7= n—m ’ T g+ D)—=(1=6)"

and m, k, 0, ¢ are arbitrary constants such that 1<m<mn, k>-—m, 0601, ¢>0,
cm=1-—6.

REMARK 2.4. Note that ¢g+1—m=m+k)m—1+0)/(n—m)>0, c(g+1)—(1—8)
=c(g+1—m)>0. Therefore ¢, ¢ and 4 are positive constants. In fact, the above
theorem holds for any choice of the constants m, %, 8, ¢ as long as the other
constants ¢, g, 4 are well-defined. However, applications to partial differential
equations usually occur in the ranges restricted above.

REMARK 2.5. We should note that
(m—DAP)—E(P)—>0 as p—0

in the following important examples by choosing suitable .

(i) The generalized Laplacian: A(p) = p*~2
Take m=p, then (m—1)A—E=0.

(ii) The generalized mean curvature operator: A(p) = (14 p2)#/2 %,
Take m=2, then (In—1)A—E=02—p)(1+p>*/*2p>—0.

Therefore the coefficient of R"%7-%w(R)? in (PII) vanishes as u’(R)—0.
Actually we shall adjust 4 so as to eliminate this coefficient as p—0, because
we can not get the precise information for w(R) in the applications (see,
e.g., the proof of [Theorem 33 in Section 8). The arrangement of the left-
hand side of (PII) is closely related to Lemmas and 4.2, which will appear
later.

REMARK 2.6. The case =1 and c¢=1/m is most important. In this situa-
tion ¢g=({(m—Ln+m-+mk)/(n—m), c=(n—m)/m and 1=1.

REMARK 2.7. This theorem is very useful to obtain the non-existence theo-
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rems of the ground state in the anomalous case. The arguments employed in
Ding and Ni [2, Theorem 5.13] and their generalizations to quasilinear equations
in Ni and Serrin [10, Theorems 4.1, 4.2, 5.3, 5.4, 6.5, 6.6] are considerably
simplified by using the identity (PII). Furthermore we can naturally understand
the meaning and sharpness of the assumptions in those papers. We shall see
these facts in the subsequent sections.

PrROOF oF THEOREM 2.1. It follows from the assumption pA(p)—0 as p—0

that the function S:IPA(p)d p is continuously differentiable in t&(—o0, ). Thus

we have

[." oo e (0, )

and

d (luen
2 A = AW Du'u?

which implies

" oEo)dp = L {aquw v =" pA0)dp}

— —g;{(rl_"u')(r"“lAu,)”_S;u' lpA(p)dp}

=A—n)r"uw' (" *Au)+r " u" " tAu)) et (A’ — Au'uw”
=1—n)rtAlu|?—u'f

by using [2.I). Consequently we obtain

%{rn(SL”' PE()dp+F(r, w+arA(lu' Du'u)}

d lu’ |
=W{r"go pE(0)dp+r"F(r, u)—{—a(r"“Au')u}

= nr""glu' ‘pE<p)dp+rn?dr-S;""pE<p)dp
| , +nr* tF4r*(Fo+ fu)+a(r tAu’)Y ut+ar**Alu'|?
- nr"-lgo‘“' WE(p)dp+rt{(l—m)rt Al u’ |2 —u' f)
+ar* tF4rr(Frt fu)—ar* *futar*tAlu’|?
- ’1{"8; WE(0)do+(a+1—n)Alu' |*+nF+rF,—au f}

by virtue of [2.I). Integrating the above equality over [0, R], we get (PI) by



546 N. Kawano, W.-M. N1 and S. YoTsuTani

noting [(2.2), [2.3) and (2.4 Q.E.D.

Now we are ready for the proof of the main theorem.

PrROOF OF THEOREM 2.2. We note that
P Y4 y4
SopE(p)dp = ApZ—SOpA(p)dp - (l—c)ApZ—i—(cApz—SopA(p)dp) .

Taking a=(n+£k)/(g+1) in (PI) and using the above equality, we have

@7 P(R)={ Qwdr,
where
‘ — n(l 2 n n+k n-1 ’ n s (7
2.8) P@r)=r"d—-c)Ap2+r"F+ P} r*rAuu’+r (cAp SopA(p)dp),
n-1 1 P
@9 Q) =r{n(.- Ap—{"pA(0)dp)
(m+21=0) , ., etk
and p=|u’|. Here we use the following identity to get the coefficient of Ap?:
n+k nim—1) (m+k)1—-8)
1—- = .
gr1 T, mig+1)
We shall rearrange P(r). Introduce a change of variables,
U= r‘a'w g = __.nij_L
N ’ S g+l-m’
By direct calculation, for » with »’(»)#0 we obtain
u =—or " lwt+ruw’, uw =a(e+)r ' w—20r " 'w'+r°w”,
(2.10) Ew”+{(n—1)A—20E}u; —i—a{(a—}—l)E—(n—l)A}%-H“f =0,
and
P(r) = (1—o)@"*(w)?—20r" " ww'+a*r* 2 2w A
2.11) n+k

Y4
n-20-1 r___ n-20-2,,2 n n 2__
01 (r ww'—or wHA+r*"F+r (cAp Sop/—l(p)dp> .

Multiplying (2.10) by —#»™2?w, and (2.11) by 4/c¢, adding them up, we get

—g—P(r) =o(c+1){im—1)A—E}r*-2- 22— Er"- 27 ww”

ntk
q+1

(2.12) —}—{—((n—lQA—ZoEH——j—<~20(1——c)+ )A}r"‘“‘lww’

+-;i(l—c)r"‘”(w’)zA—l—%r"(c;bzA——S:pA(o)dp)—i—r"(%F— uf).
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Here we have used the following identity to obtain the coefficient of #2797 2w?:

n+k
g+1

Thus we obtain (PII) by combining [2.7), (2.9) and [2.12). Q.E.D.

—a(o+1)E+a{(n—l)+—i—((l—c)a— )}A = —g(e0+DE+a(c+1)m—1)A.

§ 3. Applications to the generalized Laplace equation.

In this section we state some results obtained by virtue of generalized
Pohozaev identities (PI) and (PII).
We shall treat the following generalized Laplace equation

3.1 div(|Du| ™ 2Du)+f(lx], u) =0, xR,
where m is a constant. This equation corresponds to the case

3.2) A(p) = p™~*

in the equation [1.1). We are only interested in the positive radial solutions of
(3.1). Thus we consider the ordinary differential equation
{ et w | + f(r, ut) =0, r>0,
u®)=a>0,

where ut=max{u, 0}. We shall assume throughout this paper that

(Fo)

1<m<n.

We now collect the hypotheses which will be assumed under various cir-
cumstances (but not simultaneously) in the subsequent sections. Concerning the
equation (F,), we introduce

{ f(r, w) € C(0, )X[0, «)); and
for every M, R>0, sup{r>|f(r, u)|: 0<r<R, 0SusM} < oo,
(F.2) f(r,u)=0 on (0, 0)X[0, o0),
{ if m>2, then for every L, M, R>0,
inf{r*f(r, w): 0<r=<R, L<usM} >0,
(F.4) for every L, M, R>0, sup{r™|f.(r, u)|: 0<r<R, L<usM}<co,

(F.5)  for, w) € C(0, ©)X[0, ),

(F.1)

(F.3)

n—m
m

(F.7) f(r, u) = Pos. Const. »* ¢ for all u>0

(F.6) nF(r, w+rF.(r, u) <

uf(r, u) for all u>0, >0,

and sufficiently large »>>0, where % and ¢ are constants satisfying 2= —m and
g+m—1,
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n—m
m

kF.S) nF(r, w+rF.(r, u) = uf(r, u) for all u>0, >0

with the strict inequality holding for some sequence of values u tending to zero
and all sufficiently large »>0,

(F.9) uf(r, u) = mF(r, u) for all sufficiently small #>0 and sufficiently
large r>0,
there exists a,>0 such that f(r, u)<<0 (resp. f(r, u)>0)

(F.2)* for all u>a, (resp. u<a,) and sufficiently small »>0; and
f(r, @) =0 for all sufficiently small >0,

(F.7*  f(r, u) = Pos. Const. »*u? for sufficiently small #>0

and sufficiently large »>0, where % and ¢ are constants satisfying 2=—m and
g+m—1, where v is a constant satisfying v>—m, and

Fir, )=\ f(r, §)d¢ .
We state our results.

THEOREM 3.1. Suppose that (F.1)-(F.5) hold. Then there exists a unique
solution u(r; )= C([0, oNNCH(0, ) of (Fa), and u(r)=u(r; a) satisfies the
generalized Pohozaev-type identities,

n—m
m

R 0 (R) 1+ PR, w(R)+ R (R ™ (Ryu( )}

3.3
n

R —m
= {rF e, wen+rPr, w) =R w0 £, w e

and
(m—2){—R*w”"(Ryw(R)+2c Rw'(R)w(R)} R* 2|y (R)| ™2
+{—R*Ww"(R)w(R)+ (46 —2me—m+1)Rw'(R)w(R)

3B.4) +m—DR*w'(R?*}R**2|u'(R)|™*+R"{mF(R, u(R))—u(R)f(R, u*(R))}

n

:mSR{nF(r u(r)+rF,(r, u(r)— _mu(r)f(r u*(r))}r"“dr

0 ’ T ’ m b

where R is an arbitrary positive number, w(r)=r°u(r) and o=(n—m)/m.
REMARK 3.1. We note that

R R
S Fo(r, u(r)ridr = limS Fo(r, u(r))ridr
0 00 JO

= F(R, u(R))R"—nSfF(r, u(r))r”“dr——gjf(r, W (P dr

and
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R R R,
0= SOF(r, u()r*tdr < SOF(r, )" ldr < aSuf(r, a)r*'dr < o
R
(1}

0 Sff(r, ut())(— w' (@)r"dr < Pos. C0nst.S Flr, @)rr+e+DIm= gy oo

by the assumptions (F.1), (F.2) and the estimate (c) of [Proposition 6.1 in Section
6 together with the fact that u(r)<a (see [6.I)), where

fr, @) =sup{f(r, u); 0<u=<a}.

We shall investigate the properties of solutions of (F,). The following
theorem gives a sufficient condition for the existence of ground states. '

THEOREM 3.2. Suppose that (F.1)-(F.5) and (F.6) hold. Then, for every
a>0, ulr; a) is positive on [0, o).
Moreover if (F.Ty with ¢>m—1 holds, then u(r; a)—0 as r—oo,

We shall also give some sufficient conditions for the solutions of the equa-
tion (F,) having a zero.

THEOREM 3.3. Suppose that (F.1)-(F.5), (F.7) with ¢<(m—1)n+m+mk)/
(n—m), (F.8) and (F.9) hold. Then, for every a>0, u(r; a) has a finite zero on
[0, o).

REMARK 3.2. Theorems and are closely related to Theorems [3.2 and
4.1 in Ni and Serrin [10].

We now explain the meaning of the above theorems. Consider the equation,
(3.5) et | Y i (ut =0, u(0)=a>0,

where 1<m<n, k>—m, and ¢>m—1. For every a>0, (3.5) has a unique solu-
tion u=u(r; a)c C([0, =)NC?*(0, «)) by [Theorem 3.1. In view of Theorems
B.2 and B.3, the structure of solutions is as follows;

(1) If g=(m—1)n+m-+mk)/(n—m), then u(r; a) is positive on [0, «) and
tends to zero as r—oo for every a>0.

) If g<((m—1)n+m-+mk)/(n—m), then u(r; a) has a finite zero on [0, )
for every a>0.

The case f(r, u)=rtym-Dr+tm+mk/n-m) Jieg on the borderline of the exist-
ence and non-existence. Here small perturbations can seriously affect the situa-
tion. If ‘

flr, u) = K(@r)ulm-Dntm+mey/n-m

where K(r)=Q()r*, Qe CX([0, «)), Q(r)>0 and Q'(r)<0, then u(r; a) is posi,
tive on [0, ) and tends to zero as r—oo for every @>0. On the other hand, if

f(?’, u) = K(r)u((m~1)"+m+mk)/(n-m) ,
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where Kr)=0(r)r*, §=CY[0, «)), §(»)>0, Q(+)=0 and §'(»)%0, then u(r; a)
has a zero on [0, ) for any a>0. These are obtained by applying Theorems
B.2 and

The conditions for K(r) and I?(r) in the above examples can be weakened
by Theorems and in Section 9.

We consider a different kind of perturbations to the nonlinearity f(r, u)

__.__rku((m—-l)n+m+mk)/(n—m). If

f(?’, u) J— rku((m—l)n+m+mk)/(n—m)+erkuq' s

where ¢>0, k> —m and ¢'>({(m—1D)n+m+mk)/(n—m), then u(r; a) is positive
on [0, «) and tends to zero as »—oo for every a>0 by [Theorem 312 (or Theo-
rem 9.2 in Section 9). On the other hand, if

f(r’ u) = prym-Datm+medj(n-m)__ o0k 0 ,

where ¢>0, 2>—m and ¢’ >((m—1)n-+m-+mk)/(n—m), then (F,) has no ground
state in the class C([0, «))N\C?*0, «)) by the following result.

THEOREM 3.4. Suppose that (F.1), F.2)*, (F.5), F.D* with ¢<
(m—n+m+mk)/(n—m), (F.8) and (F.9) hold. Then (F,) does not admit any
positive solution in C([0, o0))N\C*((0, o)) which tends to zero as r—oo.

§4. Preliminaries.

In this section, we collect some fundamental facts which will be frequently
used in the proofs of the theorems stated in Section 3.

LEMMA 4.1. Suppose that the function w(r)=C*(0, «)) is bounded and mono-
tone for suf)‘icz'ently large r>0, then there exists a sequence r;—oo such that

4.1) w(r;) — C
(4.2) raw'(r;) — 0
4.3) riw”(r;) — 0

as j—oo, where C is a constant.

PrROOF. We have only two possibilities :

(i) wr=0 for sufficiently large 7,
Gg) w@ <0 for sufficiently large r.

In both cases, we may assume that
(4.4) wr) —C

as r—oo, since w is bounded.
Set w,(r)=rw'(r), r>0. implies that
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liminf|w,(»)| =0.
Thus we have
45) { in case (i) w,(r)=liminf w,(r)=0 for large 7,
( '5 T —c0
in case (i) w(r)<limsup w,(r)=0 for large 7.

From we assert that there exists a sequence 7;—oo such that w,(r;)—0 and
rwi(r;)—0 by Lemma 5.25 of Ding and Ni [2]. Thus

rjw’(rj) = w1<7’j) _> 0

riw”(ry) = ran(r;)—wy(r;) —> 0
as j—)oo, Q.E.D.

LEMMA 4.2. Under the assumptions of Lemma 4.1, if r;j—o is a sequence
which satisfies (4.1) and (4.2), then

4.6) [/ (r)| ™" =27 2w(r)
and
“.7 [/ (r)|™2r =202 rw'(r)|

are bounded for r=v;, where

u@r) =rw(r), o= qu%km )
_ (m=D(n+R)(1A—=0)+{(m—Dn+m-+mk}6
7= n—m ’

and m, k, @ are arbitrary constants such that 1<m<mn, k>—m, 0<0<1.
PrOOF. We note that ¢>m—1, ¢>0, —(1—80)c <0, and
[ullm—zrn—za—-z — Ir-—uwl_a.r—a—lwlm—zrn—ZG—z
— Irw/__o.wjm—zr—(a+l)(m—2)+n—2a-2
= |rw' —ow|™ 4D < lrw'—ow|™?
for sufficiently large ». We divide the proof into the following two cases.

Case 1: m=2 or C+0. We have
|ullm—2rn—20-2w é Irw/__o.wlm-zw s
and
’ullm—zrn—za—zlrwll é l?’LU""‘O'lUIm—ZIT’w,l,
for sufficiently large »>0. Hence the boundedness of and holds by

virtue of and
Case 2: 1<m<2 and C=0. In this case, it must hold that w/(#)<0 for
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sufficiently large »>0 or w’(»)=0 for sufficiently large »>0. Since w—0 mono-
tonically as r—oo, w’ and w have opposite signs. Thus we obtain

lrw'—ow| 2 |o||lw], |rw'—ow| z |rw'],
which implies
lullm—zrn—za—zlwl g O.m—2lwlm—1, lul[m-zrn—ZG—zlrw/[ § ]rwllm—l’

and the conclusion holds. Q.E.D.

§5. Asymptotic behavior.

In this section, we consider the asymptotic behaviors at oo of radial solu-
tions of Although these are essentially in Ni and Serrin [10], we need
to extend them slightly for our purpose.

LEMMA 5.1. Suppose that f(r, u)=C((0, )X [0, «)) and f(r, u)=0 for u
near 0 and sufficiently large r. Let u be a positive radial solution of (3.1) defined
for r=r, and tending to zero as r—oo, where ry>0. Then

(5.1) u = Pos. Const, p~(»-m)/(m=1 u’ < Neg. Const, = »-1/¢m=1

for all sufficiently large r.

PrROOF. For a radial solution u=u(r), we can write in the following
form '

(5.2) , FHu | ™Y+ f(r, w) = 0.

Since u—0 as r—»c0, one can suppose without loss of generality that f(r, u)=0
for u=u(r), r=r,. Hence

(r*Hu' ™2y <0 for r=r,

and 7" *|u’|™ %y’ is a decreasing function. Since u’ obviously cannot be every-
where non-negative, it follows that

(5.3) r*~u’|™ %u’ —> negative limit (possibly —oo)

as r—oo, hence u’'<0 for all suitably large ». In particular for all large r, we
have

6.4) r |ty < —C
where C is some positive constant. Since u'<0, we get
u’ < Neg. Const, p~(?-D/m-1

for sufficiently large ». Integrating this inequality from a large fixed value »
to oo yields
u = Pos. Const. p~(#-m/(m-1
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for sufficiently large r. Q.E.D.

The following theorems concerning the asymptotic behavior of solutions at
oo are generalizations of Theorems and 6.2 of Ni and Serrin [10].

THEOREM b5.1. Suppose that (F.1) and (F.7) hold. Let u be a positive radial
solution of (3.1) defined for r=r,. Then u has the asymptotic behavior

Oy~ (m+Er/@-m+by) at r=o0, if m>—~k,
(5.5) u:{ o :
O((log r)~¢m-b/@-m+1)) at r=o0, if m=—~k.
Here and in what follows u(»)=0(&(r)) at r=oco implies lim sup,..u(r)/&(r)

<oo,

THEOREM 5.2. Suppose that (F.1), (F.7) with ¢<(m—1)Xn+k)/(n—m) hold.
Then, for every r,>0, there can exist no positive radial solution of (3.1) defined
on [re, ).

COROLLARY 5.1. Suppose that (F.1) and (F.7)* hold. Let u be a positive
radial solution of (3.1) defined for r=r, and tending to zero as r—oo. Then u
has the asymptotic behavior

u = Q- (mrhi@-miy gt y=co,
PROOF OF THEOREMS 5.1 AND 5.2. We have by (F.7)

(5.6) f(r, u) = Pos. Const. r¥u? for r=r,,

where r, (>7,) is sufficiently large. It follows from that

(6.7) Fr w2y = — " f(r, u) £ 0 for r=vr,,
which implies that »*~!|u’|™ 2w’ is a decreasing function. Thus
(5.8) rt ' |m ) —— C (= —o0) as r—oo

where C is a constant. Suppose that C=0. Then we have
(5.9) uw'(r)=0 for r=r,,
so u(r) is non-decreasing. We have u(r)=u(r,)>0. Integrating over

[ri, ], we obtain

—P W) = = W) | )+ || P (s, u(s)ds
T1
= —r¥ Y u'(ry) | ™ *u'(r,)+Pos. Const.sr ST Ey(r)ds
T
= Const.+Pos. Const. 7*** > 0

for sufficiently large . Thus

(5.10) u'(r) <0 for sufficiently large 7,
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which contradicts [5.9). Therefore we see that C<0 and (5.10) holds.
Integrating over [r, r] gives

= I O ) ) = | s, ue)ds.
Hence by (F.7)

ST s® 1 f (s, u(s))ds = Pos. Const.gr STV Ey(s)d s
T1 1
= Pos. Const. u(r)qST s" 1k ds = Pos. Const.(r* % —r7 0 u(r)?,

T1

where we have used the fact that u(s)>u(r) for s<<r. Choosing »=2r, and not-
ing again that u’(r,)<0, we have

—r® Hu'(r)| ™ 2u’'(r) = Pos. Const.(1 —2-+0)pntky ()2,
that is

(511) _u—q/(m—l)u/ z cr(1+k)/(m—1) s

where
¢ = {Pos. Const.(1—2-¢+k)}1/m=1

Integrating from s,=2r, to r (>s,), we obtain

qfl——lm {u(r)(m=1-0/(m=1_ (g \(m=1-0)/(m=1)}
c(m—1) (m+k)/(m=1) (m+ky/(m-1) :
> m(?’ —3So ), if k>——m,
¢ log(r/s,), if b=—m.

When ¢<m—1 an immediate contradiction results by noting »>0 and letting
r—oo, If ¢g>m—1, then, for all sufficiently large », we have

Pos. Const, p-(m+k/tgti-m) if &>—m,

=
12 45 p, Const.(log 7)=m=D/@H=m | if h=—m.

This is the required estimate [(56.5).

Next suppose that m—1<g<(m—1)(n+k)/(n—m). In this case con-
tradicts the conclusion of Lemma 5.1, namely that

u = Pos. Const, p~m-my/m-1

Hence no solution of the type under consideration can exist.

It remains to show the same result when ¢g=(@m—1)(n+£k)/(n—m). In this
case, using and the hypothesis f(r, u)=Pos. Const. r¥y(m-D+k/n=-m)
we see that

f(r, u) = Pos. Const. ="
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for all sufficiently large ». Hence by
e Hu | ") = =T f(r, w) £ = Cor™,

where C, is a positive constant. By integration from s to », where s is suitably
large and »>s, we obtain

PR ()| ™ () — s w/(s) | M2 (s) £ —Colog (‘Z‘) :

It follows that »*'|u’|™ %1’ tends to —oo as r—co. By the argument used at
the end of the proof of this in turn implies that »* " ™y™ '—oco as
r—co. On the other hand, since ¢g=(m—1)(n+k)/(n—m) in the present case,
the inequality implies that u=O0( *~™/(m-1)  The resulting contradic-
tion establishes that there can be no solutions of the type under consideration
even when g=(m—1)(n+k)/(n—m), and thus completes the proof of the theorems.
Q.E.D.

PrOOF OF COROLLARY 5.1. It is obvious from the proof of [Theorem 5.1
Q.E.D.

§ 6. Initial value problems.

Most of the results in this section are extensions of some well-known theo-
rems in semilinear elliptic equations. We include a brief proof for each one of
them for the reader’s convenience.

PROPOSITION 6.1. Suppose that (F.1) and (F.2) hold, and a>0. Then the
following two conditions are equivalent:

(i) u e CL0, «)NCH(0, o)) satisfies (Fa),

(i) uesC(0, o)) satisfies

6.1) u(r) = “‘SO{SK‘;‘)l £, u+<s))ds}”““'“ dt .

Moreover in both cases, the following properties hold :

@ li_r:[.} r*Hu' (™ (r) =0,

(b) u'(r)= —{S:(iy—lf(s, u*(s))ds}”(m_l) <0

r

for all r>0,

©) u'(r) = 0O@wrvim-b) at r=0,

(@) wu is non-increasing on [0, o), and furthermore if f(r, u)>0 on (0, o)X
(0, o0), then u'(r)<0 for all r>0,

e) if u(R)=0 with R>0, then u'(R)<0,

() if sup{f(r, §):0=6=at e Li ([0, ), then usC'([0, «)NC*(0, o)) and
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u’(0)=0,
(g) if f(r, u)eC([0, )X[0, =) and m=2, then us C¥[0, o)) and u’'(0)=0.

REMARK 6.1. This result is a generalization of Ni [7], and Ni and Yotsu-
tani [13, Proposition 4.1].

Proor. We first show that (i) implies (ii). Put U(s)=u(r), s=r-»-m/m-1,
U,=dU(s)/ds. Then

(|Us|™2Us)s = —(m—1)™(n—m) Ms™mr-nia=m f(g=m=bia=-m J*) £ 0,

for all s<(0, o), and
lIimU(s)=a > 0.

S—o0

Thus |U;|™ ®U; is non-increasing in s&(0, o), |Us|™2U,=0 for all s&(0, ),
and |U,|™ U, |0 as s—co. Consequently we have

(6.2) 0 =1im|U(s)| ™" = lim

-0

—1
Gi=m

m-1 -1 rfm=-2,,7
) e | =0,

which implies (a). Multiplying (F,) by »*°!, we have
(6.3) (r* M [™Pu) = =t f(r, u).

Integrating over [e, ] and letting &—0, we obtain (b) from (a). (c) is
obvious. Integrating (b) over [0, ] and using u#(0)=e«, we have [6.1). (d), (f)
and (g) follow from (b) and (F,). We shall now show (e). Suppose that u(R)=0
and u/(R)=0. It follows from (b) that f(», u(r))=0 on (0, R]. Thus u'(*)=0 on
(0, R] by (b), which implies that u(»)=a>0o0n [0, R]. This is a contradiction.
It is readily seen that (ii) implies (i). Q.E.D.

For the existence and uniqueness of the solutions of the problem (F,), we
have

PROPOSITION 6.2. Suppose that (F.1)-(F.4) hold. Then there exists a unique
solution of (F,), which has the properties (a)-(g) of Proposition 6.1.

Proor. By [Proposition 6.1, we only have to prove the uniqueness and ex-
istence of the solutions of the integral equation We first show the uni-
queness. Let u,(r) and u,(») be solutions of We note that u,(r) (=1, 2)
are non-increasing and u,(r)<a (=1, 2) for »>0 by (b) of [Proposition 6.1
Suppose that u;()>0 on [0, R;,] (¢:=1, 2). Put R=min{R,, R,}. It holds from
that
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[ u1(r)—us(r)|
— I_S‘ S _; f(s, ul)ds)”(m_D-(g:(—;—)n_lf(s, uz)ds‘)”(m—l)}dt[

=
g

I(m-1)

SOdﬁ{S 'i_) (0f(3 u)+1—-8)f(s, ug))ds} dﬁ‘dt

(

LG s, wora—byscs, wanas}
{S % s, ud—SGs, uz))dS}dﬁ'dt

< [ ) s 01, wora—6)sGs, unas)

'{S:(%)n_lif(s» u)—f(s, uz)lds}dedt

:(m——1)'1{CIS:<%)TL_ls"ds}llcm_1)_It“"+‘{S:s"“If(s, u)—f(s, uz)lds}dt

= S:czrwﬂxm‘zwcm—n-n+1{S:sn-11 £(s, u)—f(s, un)lds}dt
= G| sm 1 £, w15, | {[rrernem-mien-n-nagel g
S s f(s, uy)—f(s, uz)[S"+”“1{S:t~(v+l)(m—2>/(m‘1)‘"“dt}ds

C. ) uo)—u(s)] s,

for any r=(0, R], where
sup{s™f(s, u): 0<s<R, eSu=za} if l<m=2,
12{ inf{s™f(s, u): 0<s<R, eu<a} if m>2,
= (m—1)"Y(n+y)1C{/m D1,
Cs = Cosup{s™”|fu(s, w)] : 0<s<R, eSu=Za}, and

R
+y-1 —(+1)(m~-2 m-1)-n+1
G(S) - Sn v Sst SRR S ) dt,

with e=min{u,(R), u,(R)}. Since

m—l___. (m+y)/(m-~1)
JoGo)s = T R <o

by n>m>1 and v>—m, we have
[u(r)—us(r) =0 on [0, R]

by using Gronwall’s inequality.
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Define Ry (u;) by inf{r>0: u;(r)=0} (¢=1, 2). This is well-defined and 0<
Ry(u;)< oo (7=1, 2). It follows from the above argument that 0<<R,=Rs(u,)=
Ry(u,)< oo, and u,=u, on [0, Ry). If Rx<oco, then we obtain u,=u, on [ Ry, )
as well, since u, and u, are decreasing and satisfy

(" Hup ™ 2ug) = (" ugl ™ tug) = — "7 f(r, 0) in (Ry, )
U (Ry) = uy(Ry) =0, Us(Ry) = us(Ry) .
Thus the uniqueness holds.

It is easily seen from the above estimates that the existence follows from
the standard arguments. Q.E.D.

§7. Special case of the generalized Pohozaev identity.

In this section we shall give the proofs of Theorems B.1 and stated in
Section 3.

PROOF OF THEOREM 3.1. The existence and uniqueness of the solution of
(F,) follow from [Proposition 6.2, We shall show (3.3) and (3.4). Take A(p)=
p™, a=(n—m)/m, c¢=1/m, 6=1 and f(r, u*) instead of f(», u) in (PI) and
(PII). From (c) of [Proposition 6.1, we see that |u’'|=0@®*P/m-D) at r=(.
Thus we have

m—

(7.1) T"S;wlPE(p)dp =Ly = Opremerinen) g =),

and

(7.2) r"TA(u D) u | = u | ™ = 0@ at r=0.

Since 1<m<n and —m<y, the assumptions [2.2), [2.3) and [2.4) in [Theorem 21
are satisfied. Thus we obtain (3.3) from (PI). Similarly we obtain (3.4) from
(PID). Q.E.D.

PROOF OF THEOREM 3.2. Let a>0 be arbitrary but fixed. Suppose that
there exists R>0 such that

ulr;a)>0 for r<[0, R), u(R;a)=0.

It follows from (3.3), (F.6) and (e) of [Proposition 6.1 that

n

0 <" LR (RN = [ {nF(, WP, w=""ustr, w)riar <0,

which is a contradiction. Thus u(r; @) is positive on [0, co).
Moreover if (F.7) holds, then u(r; a)—0 as »—c by [Theorem 5.1 Q.E.D.
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§ 8. Non-existence theorems for the ground state.

In this section we shall give the proofs of Theorems and [3.4 stated in
Section 3.

PROOF OF THEOREM 3.3. Suppose that u(r)=u(r; @) is a solution of (F,)
which is positive on [0, o). Setting
(8.1) w(r) =ru(r), o= (n—m)/m,

we have (3.4) by (F.1)-(F.5) and [Theorem 3.1, and also

(8.2) 0 < w(r) < Pos. Const. for r=1

by (F.7) with ¢<((m—1)n+m-+mk)/(n—m) and [Theorem 5.1. It follows from
(F.8) that there exist positive constants C, and R, such that

(8.3) the right-hand side of (3.4)=C, >0 for all R>R,.

Next, we claim that w(») has no local minimum for large »>>0. To see this,
suppose that w(r) has a local minimum at r=p which is so large that (F.9)
holds. Then we have
8.4) w(p) > 0, w'(p)=0, w”(p) = 0.

It follows from and (F.9) that
(8.5)  the left-hand side of (3.4) = —(m—1)p*w”(p)w(p)p™ 27 2| u’'(p)| ™ *
+p" {mF(p, u(p)—u(p)f(p, u(p)} < 0,

which contradicts (8.3), and our assertion is established.
It is now clear that we have only two possibilities :

(1) w'r =0 for sufficiently large 7,
(i) w@r =0 for sufficiently large r.

Thus it follows from (8.2) and Lemmas 4.1 and 4.2 that there exists a sequence
r;—co such that

(8.6) w(r;) — C,

8.7 raw'(ry) —>0,

(8.8) riw”(ry) —> 0,

(8.9) |u/(r;)| ™ 2r? 27" %w(r;) are bounded,
(8.10) |u/(r)|™ 2 272 |rw'(r;)] are bounded,

as j—oo, Taking R=r; in (3.4), and letting j—co, we see from (F.9) and (8.3)
that 0=C,>0, which is a contradiction. Q.E.D.

PROOF OF THEOREM 3.4. Suppose that u(r)=u(r; «) is a solution of (F,)
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which is positive on [0, ) and tends to zero as »r—co. We divide the proof
into the following two cases.

Case 1: a#a,. It follows from the assumption (F.2)* and the proof of
[Proposition 6.1 that »*~*|u/(r)|™ 2u’(r)—»0 as r—0. Thus we obtain (3.4) by
virtue of the proof of [Theorem 3.1. It follows from and the proof
of that u(r; @) has a zero, which is a contradiction.

Case 2: a=a,. It follows from (F.2)* that

(rn—llurlm-zu/)/ = —7"1f(r, u) >0 (resp. <0)

for sufficiently small >0 and u(»)>a (resp. u(r)<a). Thus u(r) can not cross
the line u=a, which implies that f(», u(r)) does not change sign near r=0.
Therefore we have r* ! u/()|™ 2u’(»)—0 as r—0 by the proof of [Proposition 6.1],
and we complete the proof by the same arguments as in Case 1. Q.E.D.

§9. Special nonlinearity.
As a special case of (F,), we consider the following problem:
I )
AT ) + B K@ =0, r>0,
u)=a >0,

(Ka)

where u*=max{u, 0}. In this special case, we can improve Theorems [B.1}-3.3

by using the idea introduced by Kusano and Naito (see the proof of
9.1). The following hypotheses will be assumed under various circumstances
(but not simultaneously).

(K.1) K; € CY((0, )) and Ky(r)=0(r"1) at r=0,

K2 {Kigo on (0, «©); and
(K.2)
if m>2, then, for every R>0, inf{r*K,(r); 0<r<R} >0,

(K.3) S:(r"‘iK,-(r))’r"“‘idr <0 for all R>0,

Ko DK E0, |

(K.5) Sf(r“‘iKi(r))’r"*”idr >0 for all R>0,

for all 1=/, Whe;e éi, vi, s are constants satisfying
gy >m—1, v, > —m,

i = {(n—m)g;—((m—Dn+m)}/m.
Now ‘we state our results.
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THEOREM 9.1. Suppose that (K.1) and (K.2) hold. Then there exists a unique
solution u(r; a)eC([0, «))NC*(0, o)) of (Ka). Moreover, u=u(r; a) satisfies the
following generalized Pohozaev z'dentz'ty

R” { [ "(R)|™+ 2 T K(R)u R—llu,(R”m_zu'(R)u(R)}
0.1) = iZ;l qi-lH u”’(R)‘““S:(r‘#iK,-(r))',,mmdr

I (R T
+ 2\ ] ks srridshur - ) dr
and its variant

(m—2){—R*w"(Ryw(R)+2¢ Rw'(R)w(R)} R*~2?~?|u'(R)|™"*

+{—R*w"(Rw(R)+(4o—2ma—m+1)Rw'(R)w(R)+(m—1)R*w'(R)?}

. R™~29-2|yy/(R)| ™24 R™ 2( —1>K¢(R)u+(R)‘““

9.2) g:+1

= 2 T wr R | o mK )y edr

+

+m 2 [ (Ko sremdsur (- wdr,

where R is an arbitrary positive number, w(r)=r°u(r) and ¢=(n—m)/m.
REMARK 9.1. By the definition of yg;, we have

(9.3) qi = (m—Dn+m+mp,)/(n—m).
As a consequence of the above theorem, we obtain the following theorems.

THEOREM 9.2. Suppose that (K.1), (K.2) and (K.3) hold. Then, for every
a>0, u(r; «) is positive on [0, o).

Movreover if there exist constants C>0, k>—m and i with 1<i<I such that
K:(r)=Cr* for sufficiently large r, then u(r; a)—0 as r— oo,

THEOREM 9.3. Suppose that (K.1), (K.2), (K.4) and (K.5) hold. Then, for
every a>0, u(r; a) has a finite zero on [0, o).

We now give the proofs of Theorems 0.1, and

PROOF OF THEOREM 9.1. We obtain the existence and uniqueness of the

solutions of (K,) by (K.1), (K.2) and [Theorem 3. 1. We shall show (9.1). It
follows from (K.1), (K.2) and that (3.3) and (3.4) hold. We note
that
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9.4) mE(r, W)—uf(r, u*) = (—ﬁ~1>K Pty

Rearranging the right-hand sides of (3.3) and (3.4), we have

{nF(r, w)+rF.(r, u)— nom uf(r, u*)}r" !
m

1
—_ — n-1,,+ qi+1
= iZEIqIJrl {(—pdK+Kirtr™u*(r)

I 1
—_ ; - 4._(7‘ #zK )' ”*!‘qu(r)lh*l

Z:} (]1-}-1(8 (s7#iKy(s))'s "ﬂ”dS) ut(r)yutt,

Thus the right-hand sides of (3.3) and (3.4) become that of (9.1) and (9.2) in
view of integration by parts, and the proof is complete. (The rearrangement of
the right-hand side was employed in Lemma 1 of Kusano and Naito [3].) Q.E.D.

PrOOF OF THEOREM 9.2. The assertion follows obviously from (9.1) and
the proof of Q.E.D.

Proor or THEOREM 9.3. It follows from (K.5) that
|[Gsmmsysmerids =0 for all 70,
which implies, by integration by parts,
K (r) = (n m)S 1K (s)d s
Solving this integral inequality, we have
K;(») = Pos. Const, r*i for all r=1.

Therefore w(r)=r""™/"y(r) is bounded on [1, ) by virtue of
and Remark 9.1. Thus we obtain the conclusion by (9.2), and the argu-
ment similar to the proof of [Theorem 3.3 Q.E.D.

§10. Concluding remarks.

In this paper we have established the generalized Pohozaev identities (PI)
and (PII). Although we have only applied them to the generalized Laplace equa-
tion, the identities are useful for other kind of equations (e. g., prescribed mean
curvature equations). In fact, we can simplify the proofs of Theorems 4.1, 4.2,
5.3, 5.4, 6.5 and 6.6 in Ni and Serrin [10]. Moreover, it is not difficult to
generalize those results to the case f(», u) with the »-dependence instead of f(u).
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We should note that in that situation we shall need to assume further that
|u'(r)|—0 as r—oo,

[1]
(2]
[3]

[l
'~
| -

(5]
£6]

[9]
(10]

[11]
[12]
[13]
[14]
(15]
[16]
(17]
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