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\S 1. Introduction.

Let $u\neq 1$ be an algebraic number. The n-th Euler number $H^{n}(u)$ belonging
to $u$ is defined by

$\frac{1-u}{e^{t}-u}=\sum_{n=0}^{\infty}\frac{H^{n}(u)}{n1}t^{n}$ .

Let $P$ be a prime number and $\chi$ a primitive Dirichlet character. Shiratani-
Yamamoto ([6]) constructed a $p$ -adic interpolating function $G_{p}(s, u)$ of the Euler
numbers $H^{n}(u)$ , and as its applications to the $p$ -adic $L$ -functions $L_{p}(s, \chi)$ , they
derived an explicit formula for $L_{p}’(0, \chi)$ including Ferrero-Greenberg’s formula
([2]), and gave an explanation of Diamond’s formula ([1]).

Let $f_{\chi}$ be the conductor of $\chi$ . As analogous to the generalized Bernoulli
numbers, Tsumura ([10]) defined the n-th generalized Euler number $H_{\chi}^{n}(u)$ for
$\chi$ belonging to $u$ by

(1.1) $\sum_{a=0}^{f_{\chi^{-1}}}\frac{(1-u^{J\chi})\chi(a)e^{at}u^{f\chi-a-1}}{e^{f\chi^{t}}-u^{f\chi}}=\sum_{n=0}^{\infty}\frac{H_{\chi}^{n}(u)}{n!}t^{n}$ ,

and he constructed a $p$-adic interpolating function $l_{p}(s, u, \chi)$ , which is an exten-
sion of $G_{p}(s, \chi)$ . Further, by considering the expansion of $l_{p}(s, u, \chi)$ at $s=1$ ,
he obtained some congruences for the generalized Euler numbers.

Sinnott ([7]) showed how to calculate the $\mu$-invariants of the $\Gamma$-transforms
of rational functions, and gave a new proof of the well-known theorem of
Ferrero-Washington that Iwasawa’s $\mu$-invariants are zero for the basic $Z_{p^{-}}$

extensions of all abelian number fields. By similar technique, an analytic prop-
erty of the interpolating power series of $L_{p}(s, \chi)$ was investigated in [8], and
a new proof of the Friedman’s result in [3] was given in [9].

In the present paper, by similar methods used in [7], [8] and [9] we shall
investigate an interpolating power series of the generalized Euler numbers. In
\S 2, we shall reconstruct the function $l_{p}(s, u, \chi)$ by constructing an interpolating
power series $F_{\chi.u}(T)$ , and calculate the $\mu$-invariant of $F_{X},.(T)$ . (The power



114 K. KOZUKA

series $F_{\chi.u}(T)$ becomes equal to the power series $e_{u}(T, \theta)$ in [10] if slight
modifications are made.) In \S 3, we shall investigate an analytic property of the
series $F_{\chi.u}(T)$ . In \S 4, fixing a finite set $S$ of prime numbers distinct from $p$ ,
we shall investigate the $P$ -adic valuation of $H_{\chi\omega^{-n}\psi\varphi}^{n}(u)$ , where $\omega$ is the Teich-
m\"uller character for $P$ and $\psi$ (resp. $\varphi$) is a character of the second kind for
$S$ (resp. $p$ ).

In the rest of this paper, we denote the set of positive integers by $N$ as
usual, and put $\overline{N}=N\cup\{0\}$ . We fix a prime number $P$ and denote by $Q_{p},$ $Z_{p}$

and $C_{p}$ , the $P$ -adic rational number field, the ring of integers of $Q_{p}$ and the
completion of the algebraic closure of $Q_{p}$ , respectively. We write $|$ $|$ for the
$p$-adic valuation of $C_{p}$ normalized by $|p|=1/p$ . Let $\overline{Q}$ denote the algebraic
closure of the rational number field $Q$ in the complex number field $C$ . We fix
an embedding of $\overline{Q}$ into $C_{p}$ and regard $\overline{Q}$ also as a field contained in $C_{p}$ . For
any Dirichlet characters $x^{(1)},$

$\cdots,$
$x(m)$ and any $u\in\overline{Q}$ , we write $Q_{p}(\chi(1)\ldots , \chi(m)u)$

for the field generated by $u$ and the values of $x^{(1)},$ $\cdots$ , $x^{(m)}$ over $Q_{p}$ , and

$Om$ for the ring of integers of $Q_{p}(x^{(1)}, \cdot.. , x^{(m)}, u)$ . In general, if $R$

is a ring, we write $R^{\cross}$ for the multiplicative group of units of $R,$ $R[T]$ for the
ring of polynomials in an indeterminate $T$ with coefficients in $R$ , and $R[[T-1]]$

for the ring of formal power series in an indeterminate $T-1$ with coefficients
in $R$ . If $F$ is a field, we write $F(T)$ for the field of rational functions with
coefficients in $F$. Denoting the Teichm\"uller character for $p$ by $\omega$ , we put $\langle x\rangle=$

$x/\omega(x)$ for any $x\in Z_{p}^{x}$ . A Dirichlet character always means a primitive one.

\S 2. An interpolating power series and the $\mu$-invariant.

Let $\chi$ be a Dirichlet character with conductor $f_{\chi}$ and $u\neq 1$ an element of
$\overline{Q}$ . AS in the introduction, we define the n-th generalized Euler number $H_{\chi}^{n}(u)$

by (1.1). In what follows, we assume
(2.1) $|1-u^{f\chi p^{N}}|\geqq 1$ for all $N\in\overline{N}$ .

If $g\in N$ is any multiple of $f_{\chi}$ , we put

(2.2) $R_{\chi,u}(T)= \sum_{a=0}^{g-1}\frac{\chi(a)u^{g-a}T^{a}}{T^{g}-u^{g}}\in Q_{p}(\chi u)(T)$ ,

which is independent of the choice of $g$ .
PROPOSITION 2.1. $R_{x.u}(T)$ lies in $O_{\chi.u}[[T-1]]$ .
PROOF. Put $g=f_{\chi}$ . If $|u|\leqq 1$ , then (2.1) implies $|1-u^{g}|=1$ , and so $T^{g}-$

$u^{g}=(1-u^{g})+\Sigma_{a=0}^{g-1}(\begin{array}{l}ga\end{array})(T-1)^{a}\in(O_{x.u}[[T-1]])^{\cross}$ . Hence, $R_{\chi.u}(T)$ lies in
$O_{x.u}[[T-1]]$ . If $|u|>1$ , then $|(1/u^{g})-1|=1$ , and so, $(T/u)^{g}-1\in(0_{\chi.u}[[T-1]])^{\cross}$ .
Hence, $R_{x.u}(T)=\Sigma_{a=0}^{g-1}\chi(a)u^{-a}T^{a}/((T/u)^{g}-1)\in O_{\chi,u}[[T-1]]$ .
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Now, we recall some of the basic properties of the $P$-adic $\Gamma$-transform.
If $0$ is the ring of integers of a finite extension $k$ of $Q_{p}$ , we denote by $\Lambda_{o}$

the ring of $O$ -valued measures on $Z_{p}$ . If $\alpha\in\Lambda_{o}$ , we put

$\hat{\alpha}(T)=\sum_{n=0}^{\infty}(\int_{z_{p}}(\begin{array}{l}xn\end{array})d\alpha(x))(T-1)^{n}\in O[[T-1]]$ .

The map $\alphaarrow\hat{\alpha}(T)$ gives an isomorphism of $\Lambda_{0}$ with $0[[T-1]]$ . If $a\in Z_{p}^{x}$ , we
write $\alpha o$ $a$ for the measure defined by $\alpha\circ a(X)=\alpha(aX)$ for any compact and open

subset $X$ of $Z_{p}$ . Then, $(\alpha\circ a)(T)=\hat{\alpha}(T^{a^{-1}})\wedge$ , where we put $T^{x}=\Sigma_{n=0}^{\infty}(\begin{array}{l}xn\end{array})(T-1)^{n}$

for $x\in Z_{p}$ .
We define the $\Gamma$-transform $\Gamma_{\alpha}$ : $Z_{p}arrow 0$ of $\alpha\in\Lambda_{0}$ by

$\Gamma_{a}(s)=\int_{z_{p}^{\cross}}\langle x\rangle^{s}d\alpha(x)$ .

We fix a topological generator $u_{0}$ of the multiplicative group $1+2pZ_{p}$ . If $x\in$

$Z_{p}^{\cross}$ , let $l(x)\in Z_{p}$ be such that $\langle x\rangle=u_{0}^{l(x)}$ . We put

$F_{\alpha}(T)= \sum_{n=0}^{\infty}(\int_{z_{p}^{\cross}}(\begin{array}{l}l(x)n\end{array})d\alpha(x))(T-1)^{n}\in 0[[T-1]]$ .

Then,
$\Gamma_{\alpha}(s)=F_{a}(u_{0}^{s})$ .

For any $\alpha\in\Lambda_{0}$ , we denote by $\tilde{\alpha}$ the measure on $Z_{p}$ obtained by restricting
$\alpha$ to $Z_{p}^{\cross}$ and extending by $0$ . For any $g(T)\in O[[T-1]]$ , we put $\tilde{g}(T)=g(T)-$

$(1/p)\Sigma_{\zeta^{p}=1}g(\zeta T)\in O[[T-1]]$ . Then, we have
$(\hat{\tilde{\alpha}})(T)=(\tilde{\hat{\alpha}})(T)$ .

We also note that $F_{\alpha}(T)=F_{a}^{\sim}(T)$ .
For any $g(T)\in O[[T-1]]$ and any Dirichlet character $\nu$ with conductor $p^{n}$ ,

we put

$g_{\nu}(T)=1/ \tau(\nu^{-1}, \zeta_{p^{n}})\sum_{a=1}^{p^{n}}\nu^{-1}(a)g(\zeta_{p^{n}}^{a}T)$ ,

where $\zeta_{p^{n}}$ is a primitive $P^{n}$ -th root of unity and $\tau(\nu^{-1}, \zeta_{pn})=\Sigma_{a=1}^{p^{n}}\nu^{-1}(a)\zeta_{p^{n}}^{a}$ . It
is easy to see that $g_{\nu}(T)$ is independent of the choice of $\zeta_{pn}$ . Let $O_{\nu}’$ denote
the ring of integers of the field $k(\zeta_{pn})$ , which contains the values of $\nu$ . Then,
$g_{\nu}(T)\in O_{\nu}’[[T-1]]$ . For any $\alpha\in O$ and any $n\in\overline{N}$ we have

(2.3) $F_{\alpha}(u_{0}^{n})=(T\cdot d/dT)^{n}((\hat{\tilde{\alpha}}))_{\omega}- n(T)|_{T=1}=(d/dz)^{n}((\tilde{\alpha}))_{\omega^{-n}}(e^{z})|_{z=0}$ .
For any $\alpha\in\Lambda_{o}$ and any Dirichlet character $\varphi$ of the second kind for $p$ , we
denote by $\alpha_{\varphi}$ the measure in $\Lambda_{o_{\varphi}’}$ satisfying $(\alpha_{\varphi})(T)=(\hat{\alpha})_{\varphi}(T)\in O_{\nu}’[[T-1]]\wedge$ . Then,
we have

(2.4) $F_{\alpha_{\varphi}}(T)=F_{a}(\varphi(u_{0})T)$ .
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In what follows, we put $\Lambda_{\chi.u}=\Lambda_{O\chi.u}$ . Let $\alpha_{\chi.u}\in\Lambda_{\chi.u}$ be the measure satisfy-

ing $\wedge a_{\chi.u}(T)=R_{\chi,u}(T)$ and put

$F_{\chi,u}(T)=F_{a\chi.u}(T)(=F_{\alpha\chi}\sim_{u}(T))$ .
LEMMA 2.2. (1) If $g\in N$ is a common multiPle of $f_{\chi}$ and $p$ , then

$\overline{R_{\chi.u}}(T)=\sum_{(a_{P)=1}^{a=0}}^{g-1}\frac{\chi(a)u^{g-a}T^{a}}{T^{g}-u^{g}}=R_{\chi.u}(T)-\chi(p)R_{\chi.u^{P(T^{p})}}$ .

(2) If $\nu$ is a Dirichlet character with conductor a pOwer of $p$ , then

$(\overline{R_{\chi.u}})_{\nu}(T)=\overline{R_{\chi_{\nu.u}}}(T)$ .
PROOF. If $g\in N$ is divisible by $f_{\chi}$ and $p$ , then

$\sum_{C^{p}=1}R_{\chi,u}(\zeta T)=\sum_{\zeta^{p}=1}\sum_{a=0}^{g-1}\frac{\chi(a)u^{g-a}\zeta^{a}T^{a}}{T^{g}-u^{g}}=p$
$\sum_{a=0,p1a}^{g- 1}\frac{\chi(a)u^{g-a}T^{a}}{T^{g}-u^{g}}$ .

Considering the special case $g=f_{\chi}p$ , we see that $\Sigma_{\zeta^{P}=1}R_{\chi.u}(\zeta T)=p\chi(P)R_{\chi.u^{P(T^{p})}}$ .
Hence, we obtain the assertion of (1).

AS for (2), the assertion is obvious if $\nu=1$ . Suppose that $\nu\neq 1$ and $f_{\nu}=P^{n}$ ,
and put $g=f_{\chi}p^{n}$ . Then, a direct calculation shows

$( \overline{R_{\chi.u}})_{\nu}(T)=1/\tau(\nu^{-1}, \zeta_{p^{n}})\sum_{(b}^{p^{n}},\sum_{ba=10\overline{\overline{p}},)=1}^{g-1}\frac{\nu^{-1}(a)\chi(b)u^{g-b}\zeta_{p^{n}}^{ab}T^{b}}{T^{g}-u^{g}}$

$=(b,p)=1 \sum_{b=0}^{g-1}\frac{\chi(b)\nu(b)u^{g-b}T^{b}}{T^{g}-u^{g}}=R_{\chi\nu,u}(T)-(1/p)\sum_{\zeta^{p}=1}R(\zeta T)$ .

Hence, we deduce our assertion.

In what follows, we put $x_{n}=x\omega^{-n}$ for each $n\in\overline{N}$

PROPOSITION 2.3. For each $n\in\overline{N}$ let $f_{n}$ denote the conductor of $\chi_{n}$ . Then,
we have

$F_{\chi.u}(u_{0}^{n})= \frac{u}{1-u^{f_{n}}}H_{x_{n}}^{n}(u)-\frac{\chi_{n}(p)p_{\mathcal{U}^{p}}^{n}}{1-u^{pf_{n}}}H_{\chi_{n}}^{n}(u^{p})$ .

PROOF. From (2.3) and the definition of $F_{\chi.u}(T)$ , we have
$\underline{\wedge}$

$F_{\chi.u}(u_{0}^{n})=(d/dz)^{n}(\alpha_{x.u})_{\omega}- n(e^{z})|_{z=0}$ .
$\underline{\wedge}$ $\overline{\wedge}$

Since $(\alpha_{x.u})(T)=(\alpha_{\chi,u})(T)=\overline{R_{\chi.u}}(T)$ , Lemma 2.2 shows that
$\underline{\wedge}$

$(\alpha_{x,u})_{\omega}-n(T)=R_{x.,u}(T)-\chi_{n}(p)R_{\chi,u^{P(T^{p})}}$ .
Hence, the assertion follows from the definition of the generalized Euler numbers
(1.1).

PROPOSITION 2.4. Let $\varphi$ be a Dirichlet character of the second kind for $p$ .



The generalized Euler numbers 117

Then,
$F_{\chi\varphi.u}(T)=F_{\chi,u}(\varphi(u_{0})T)$ .

PROOF. Lemma 2.2 shows that $\overline{\alpha_{\chi\varphi.u}}=(\overline{\alpha_{\chi.u}})_{\varphi}$ . Hence, the assertion follows
from (2.4).

REMARK. From Proposition 2.3 and Theorem 1 of [10], we see that the
function $l_{p}(u, s, \chi)$ in [10] is equal to $F_{\chi.u}(u_{0}^{-\})$ .

Let $\pi$ be a prime of $O_{\chi.u}$ . For any $x\in C_{p}-\{0\}$ , let ord.$(x)\in Q$ be such
that $|x|=|\pi|^{ord_{\pi^{(x)}}}$ . For any power series $f(T)=\Sigma_{n=0}^{\infty}a_{n}(T-1)^{n}\neq 0$ with $a_{n}\in$

$C_{p}$ and $|a_{n}|$ $1 for all $n\in\overline{N}$ we define its $\mu$-invariant by $\mu(f(T))=\inf\{ord.(a.)|n$

$\in\overline{N},$ $a_{n}\neq 0\}$ . We put further ord.(0) $=\mu(0)=\infty$ . Note that if $f(T)$ is a poly-
nomial such that $f(T)=\Sigma_{n=0}^{m}b_{n}T^{n}$ , then $\mu(f(T))=\min\{ord_{\pi}(b_{n})|0\leqq n\leqq m\}$ . Put
$\mu_{x.u}=\mu(F_{\chi.u}(T))$. Then, we have the following

THEOREM 2.5. Suppose that $u$ satisfies the condition (2.1). If $|u|>1$ , then
$\mu_{x.u}=-ord_{\pi}(u)$ . If $|u|<1$ , then $\mu_{\chi.u}=ord_{\pi}(u)$ . If $|u|=1$ and if $\chi$ is even, then
$\mu_{\chi.u}=ord_{\pi}(1+u)$ . Otherwise, $\mu_{x.u}=0$ .

PROOF. Theorem 1 of [7] states that $\mu_{\chi.u}=\mu(\overline{R_{\chi.u}}(T)+\overline{R_{\chi.u}}(T^{-1}))$ . Put
$g=f_{\chi}p$ . Then, a direct calculation shows

(2.5) $\overline{R_{\chi.u}}(T)+\overline{R_{\chi.u}}(T^{-1})=-\Sigma^{g-1}\frac{\chi(a)u^{a}(u^{2(g-\mathfrak{a})}-\chi(-1))(T^{a}+T^{-a})}{(T^{g}-u^{g})(T^{-g}-u^{g})}(\begin{array}{ll}a a_{\prime} g\end{array})$

$= (\begin{array}{l}aa,g\end{array})\Sigma^{g-1}\frac{\chi(a)u^{a}(u^{2(g-a)}-\chi(-1))(T^{g+a}+T^{g-a})}{(T^{g}-u^{g})(T^{g}u^{g}-1)}$ .
If $|u|>1$ , then

$\mu_{\chi.u}=\mu(.\sum_{9(a^{a\Rightarrow 0})=1}^{g-1}\frac{\chi(a)u^{\alpha-2g}(u^{2(g-a)}-\chi(-1))(T^{g+a}+T^{g-a})}{((T/u)^{g}-1)(T^{g}-(1/u)^{g})})$ .

Since $\mu(((T/u)^{g}-1)(T^{g}-(1/u)^{g}))=0$ , we have

$\mu_{x.u}=\min\{ord_{\pi}(u^{a-2g}(u^{2(g-a)}-\chi(-1)))|1\leqq a<g, (a, g)=1\}=-ord_{\pi}(u)$ .
Next, suppose that $|u|\leqq 1$ . Then $\mu((T^{g}-u^{g})(T^{g}u^{g}-1))=0$ , hence we have

$\mu_{\chi,u}=\min\{ord_{\pi}(u^{a}(u^{2(g-a)}-\chi(-1)))|1\leqq a<g, (a, g)=1\}$ .
If $|u|<1$ , then $\mu_{\chi},$ $.=ord.(u)$ . If $|u|=1$ and if $\chi$ is even, then

$\mu_{x.u}=\min\{ord_{\pi}(u^{2a}-1)| l a<g, (a, g)=1\}=ord.(u^{2}-1)$ .
Moreover, (2.1) implies $|u-1|=1$ if $|u|=1$ . Hence, $\mu_{\chi.u}=ord_{\pi}(1+u)$ . If $|u|=1$

and if $\chi$ is odd, then we have

$\mu_{\chi.u}=\min\{ord_{\pi}(u^{2a}+1)|1\leqq a<g, (a, g)=1\}$ .
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If $2|g$ , then $4|f_{\chi}$ or $p=2$ , and so, $4|f_{\chi}p^{2}$ . Then, (2.1) implies $|1-u^{4}|=1$ and
we deduce $|1+u^{2}|=1$ . Thus, we obtain $\mu_{\chi.u}=0$ . If 2 $\int g$ , then both $u^{2}+1$ and
$u^{4}+1$ belong to the set $\{u^{2a}+1|1\leqq a<g, (a, g)=1\}$ . If $|u^{2}+1|=1$ , then we
immediately have $\mu_{x.u}=0$ . If $|u^{2}+1|<1$ , then $|u+1|=|(u^{2}+1)+(u-1)|=1$ ,
hence, $|u^{4}+1|=|u^{2}(u+1)(u-1)+(u^{2}+1)|=1$ . Thus, we obtain $\mu_{x.u}=0$ .

\S 3. Analytic property of the function $F_{\chi.u}(z)$ .
Let $F_{\chi.u}(T)\in O_{\chi.u}[[T-1]]$ be as in the previous section. We put $D=$

$\{z\in C_{p}||z-1|<1\}$ . Then, $F_{\chi.u}(z)$ is an analytic function on $D$ . Here and
throughout this section, “analytic” means “Krasner analytic” ([4]). By Theorem
2.5, $F_{\chi.u}(T)=0$ holds if and only if $u=0$ or both $\chi(-1)=1$ and $u=-1$ hold. In
this section, by a method in [8], we prove the following

THEOREM 3.1. If $u\neq 0$ and if either $\chi(-1)=-1$ or $u\neq-1$ holds, then $F_{\chi.u}(z)$

has no analytic continuation to any quasi-connected subset of $C_{p}$ ProPerly con-
taining $D$ .

PROOF. Let $R_{\chi.u}(T)$ and $\alpha_{\chi.u}$ be as in the previous section, and put
$\overline{R_{\chi.u}}^{+}(T)=\overline{R_{\chi.u}(}T)+\overline{R_{\chi.u}(}T^{-1})$ and $\overline{\alpha_{\chi.u}}=\overline{\alpha_{\chi.u}}+\overline{\alpha_{\chi,u}}\circ(-1)+$ . Then, $\overline{\alpha_{\chi,u}}is+$ an

$\underline{\wedge}+$

even measure supported on $Z_{p}^{\cross}$ and we have $(a_{\chi,u})(T)=\overline{R_{\chi.u}}^{+}(T)$ and $(1/2)\Gamma_{\overline{a\chi.u}}*(s)$

$=\Gamma_{a\chi,u}(s)=F_{\chi,u}(u_{0})$ . NOW, we apply Theorem 1 or 2 of [8].

Case 1. $|u|=1$ . Put $F=O_{\chi.u}/\pi O_{\chi.u}$ . We first consider the case $\mu_{\chi.u}=0$ .
Suppose that the assertion of Theorem 3.1 does not hold. Then, it follows from
the first paragraph of Section 3 of [8] that $F_{\chi.u}(T)mod \pi\in F(T)$ , and Theorem

$-+$1 of [8] shows that $T^{n}R_{\chi.u}(T)mod \pi\in F[T]$ for a sufficiently large $n\in N$.
Putting $g=f_{\chi}p$ , it follows from (2.5) that $(T^{g}-u^{g})(T^{g}u^{g}-1)$ modz divides
$\Sigma^{g-1}\chi(a)u^{a}(u^{2(g-a)}-\chi(-1))(T^{g+a}-T^{g-a})mod \pi$ in $F[T]$ . Considering the
degrees of these polynomials, we deduce $|u^{2a}-\chi(-1)|<1$ for any $a$ with 1S $a$

$<g$ and $(a, g)=1$ . This contradicts to the fact that $|u^{2a}-\chi(-1)|=1$ for some
$a$ with $1\leqq a<g$ and $(a, g)=1$ , as is known from the proof of Theorem 2.5.
Hence, Theorem 3.1 must hold in the case $\mu_{x.u}=0$ .

Next, if $\mu_{\chi.u}>0$ , then Theorem 2.5 shows that $\chi(-1)=1$ and that $\mu_{\chi.u}=$

$-+$ord.$(1+u)$ . Applying the above argument to $(1+u)^{-1}F_{\chi.u}(T)$ and $(1+u)^{-1}R_{\chi.u}(T)$

$-+$
instead of $F_{\chi.u}(T)$ and $R_{\chi,u}(T)$ , we obtain the assertion of Theorem 3.1.

Case 2. $|u|>1$ . In this case, putting $g=f_{\chi}p$ , we have

$\overline{R_{x.u}}(T)=(\begin{array}{l}aa.g\end{array})\chi\sum^{g-1}\frac{\chi(a)u^{-a}T^{a}}{(T/u)^{g}-1}=-\sum^{g-1}\chi(a)u^{-a}T^{a}$ $\sum_{m,=0}^{\infty}(u^{-1}T)^{gm}$

$=-$ $\sum_{m=0,(m,g)=1}^{\infty}\chi(m)u^{-m}T^{m}$ ,
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and so,

(3.1) $\overline{R_{\chi.u}}^{+}(T)=-\sum_{g(m^{m\approx 0})=1}^{\infty}\chi(m)u^{-m}(T^{m}+T^{-m})$ .

In order to apply Theorem 2 of [8], we first prove the following

LEMMA 3.2. Let $0$ be the ring of integers of a finite extension of $Q_{p}$ , and
let $\{a_{m}\}$ and $\{b_{m}\}$ be sequences of $0$ such that $\lim_{marrow\infty}a_{m}=\lim_{marrow\infty}b_{m}=0$ . If both
of the elements $\sum_{m=0}^{\infty}a_{m}(T^{m}+T^{-m})$ and $\Sigma_{m=0}^{\infty}b_{m}(T^{m}+T^{-m})$ in $0[[T-1]]$ are
equal, then we have $a_{m}=b_{m}$ for all $m\in\overline{N}$

PROOF. Put $f(T)=\Sigma_{m=0}^{\infty}a_{m}(T^{m}+T^{-m})$ . It is sufficient to show that if
$f(T)=0$ , then we have $a_{m}=0$ for all $m\in\overline{N}$

If $c\in Z_{p}$ , let $\delta_{c}$ denote the Dirac measure of mass 1 supported at $c$ . Then,
$\delta_{c}(T)=T^{c}\wedge$ . Let $\alpha_{f}\in\Lambda_{0}$ be the measure satisfying $\alpha_{f}^{\wedge}(T)=f(T)$ . Then, for any
$n\in N$ and any integer $l$ , we have $\alpha_{f}(l+p^{n}Z_{p})=\Sigma_{m=0}^{\infty}a_{m}$ . Now, assume

that $a_{m_{0}}\neq 0$ for some $m_{0}\in\overline{N}$ Since $\lim_{marrow\infty}a_{m}=0$ , there is an integer $m_{1}\in N$

such that $|a_{7h}|<|a_{m_{0}}|$ for any $m>m_{1}$ . Choose an integer $n\in N$ with $p^{n}-m_{0}$

$>m_{1}$ . Then, we have $\alpha_{f}(m_{0}+p^{n}Z_{p})\neq 0$ . In fact, if $m_{0}\neq 0$ , then $|\alpha_{f}(m_{0}+p^{n}Z_{p})|$

$=|a_{m_{0}}+\Sigma_{m=1}^{\infty}(a_{m_{0}+mp^{n}}+a_{-m_{0}+mp^{n}})|=|a_{m_{0}}|\neq 0$ , and if $m_{0}=0$ , then $|\alpha_{f}(m_{0}+p^{n}Z_{p})|$

$=|2(a_{0}+\Sigma_{m=1}^{\infty}a_{mp^{n}})|=|2a_{0}|\neq 0$ . Hence, we have $\alpha_{f}\neq 0$ if $f(T)\neq 0$ . Thus, we
conclude that if $f(T)=0$ , then $a_{m}=0$ for all $m\in\overline{N}$. This completes the proof.

Let $V$ be the torsion subgroup of $Z_{p}^{\cross}$ . Lemma 1 of [8] states that there is
a rational number $r\geqq 1$ such that

$Vu_{0}^{z}\cap Q^{\cross}=\{1, -1\}r^{Z}$ .
NOW, we continue to prove Theorem 3.1 in the case $|u|>1$ . From (3.1),

Lemma 3.2 and Theorem 2 of [8], it is sufficient to show that there exists an
integer $n\in N$ prime to $g$ which does not belong to $r^{Z}$ . Indeed, for any $k\in N$,
the integer $kg+1$ is prime to $g$ , but not all of the integers of this form belong
to $r^{Z}$ .

Case 3. $|u|<1$ . From Lemma 2.2, a direct calculation shows that $\overline{R_{\chi.u-1}}(T)$

$=-\chi(-1\overline{)R_{\chi.u}}(T^{-1})$ , namely $\overline{\alpha_{x.u-1}}=-\chi(-1\overline{)\alpha_{x,u}}$ . Hence, the case $|u|<1$ is
reduced to Case 2.

\S 4. $p$-adic valuation of the generalized Euler numbers.

Let $S=\{l_{1}, \cdots , l_{t}\}$ be a finite set of prime numbers distinct from $p$ . Let $\chi$

be a Dirichlet character with conductor $f_{\chi}$ and we assume, in this section, that
$u\in\overline{Q}$ satisfies
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(4. I) $|1-u^{f\chi^{l_{1}^{N}\iota..\iota_{\iota^{N}}\iota_{p^{N}}}}|$ lilll 1

for all $N_{1},$
$\cdots,$

$N_{t},$ $N\in\overline{N}$

Let $\Psi$ be the set of Dirichlet characters of the second kind for $S$ , namely
Dirichlet characters of the form $\Pi_{i=1}^{t}\psi_{i}$ , where $\psi_{i}$ is a Dirichlet character of
the second kind for $l_{i}$ . We denote by $\Phi$ the set of Dirichlet characters of the
second kind for $p$ .

In this section, we prove the following theorem, which is an analogous
result on Euler numbers to that on Bernoulli numbers described in the last
paragraph of Section 3 of [3] or in Theorem 4.1 (1)(2) of [9].

THEOREM 4.1. If the condition (4.1) is satisfied, then, for almost all $\psi\in\Psi$,
we have

(4.2) $ord_{\pi}(\frac{u}{1-u^{f\chi_{n}\psi\varphi}}H_{x_{n\psi\varphi}}^{n}(u))=\mu_{x.u}$

for all $\varphi\in\Phi$ and all $n\in\overline{N}$ (Here and throughout this section, “almost all” means
“all but finitely many”.) In particular, if $|u|\neq 1$ , then, (4.2) holds for all $\psi\in\Psi$,
all $\varphi\in\Phi$ and all $n\in\overline{N}$ except for the case that $n=0$ , $x\psi\varphi=1$ and $|u|>1$ , in
wfuch case, we have ord.$((u/(1-u))H^{0}(u))=0$ .

PROOF. Fix $\psi\in\Psi,$ $\varphi\in\Phi$ and $n\in\overline{N}$ arbitrarily, and denote the conductor of
$x_{n}\psi\varphi$ simply by $f$ .

In the case $|u|\neq 1$ and $n\geqq 1$ , we see from Lemma 1 of [10] and Theorem
2.5 that, for any sufficiently large $N\in N$

$\frac{u}{1-u^{f}}H_{x_{n\psi\varphi}}^{n}(u)\equiv\sum_{a=1}^{fp^{N}-1}x_{n}\psi\varphi(a)a^{n}\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}(mod \pi^{\mu_{\chi.u^{+1}}}O_{x\psi\varphi u})$

$\equiv(a.p)=1\sum_{a=1}^{fp^{N}-1}x_{n}\psi\varphi(a)a^{n}\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}(mod \pi^{\mu_{\chi.u^{+1}}}O_{x\psi\varphi.u})$ .

(Note that, though the case $p=2$ is excluded in [10], Lemma 1 of it is valid
also in this case.) Taking account of Theorem 2.5 again, we see

$|$

$\sum_{a=1,(a.p)=1}^{fp^{N_{-1}}}x_{n}\psi\varphi(a)a^{n}\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}|=|\pi|^{\mu_{\chi.u}}$ .

Hence, we obtain (4.2).

Next, we consider the case $|u|\neq 1$ and $n=0$ . Since $H_{x\psi\varphi}^{0}(u)=$

$\sum_{a=0}^{f-1}\chi_{\psi\varphi(a)u^{f-a-1}}$ it is easy to deduce the required assertion.
In the case $|u|=1$ , we use a method in [9]. For that purpose, we first

introduce notations and propositions without assuming $|u|=1$ .
We put $Z_{S}=\Pi_{l\in S}Z_{l}$ and $l_{S}=\Pi_{l\in S}l$ . For each $m\in N$, let $\mu_{m}$ denote the

group of m-th root of unity in $\overline{Q}$ and put $\mu_{S}=\bigcup_{n=0}^{\infty}\mu_{\iota_{S}^{n}}$ . Put $k=Q_{p}(\chi u)$ and
$k_{S}=k(\mu_{S})$ .
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For any $k_{S}$-valued measure $\nu$ on $Z_{s}$ , its Fourier transform $\hat{\nu}:\mu_{S}arrow k_{S}$ is

defined by $\wedge(\zeta)=\int_{z_{S}}\zeta^{x}d\nu(x)$ . If there exists $R(T)\in k_{S}(T)$ such that $\nu\wedge(\zeta)=R(\zeta)$

holds for almost all $\zeta\in\mu_{S}$ , we call $\nu$ a rational function measure and $R(T)$ the
associated rational function of $\nu$ . Any rational function in $k_{S}(T)$ can occur as
the associated rational function of a certain $k_{s}$-valued rational function measure
on $Z_{S}$ ([9], \S 2).

Let $\nu_{\chi.u}$ be a rational function measure on $Z_{S}$ whose associated rational
function is $R_{x.u}(T)$ . We assume that, in the case $|u|\neq 1,$ $R_{x.u}(\zeta)=\hat{\nu}_{\chi.u}(\zeta)$ holds
for all $\zeta\in\mu_{S}$ . For any $\psi\in\Psi$ , regarding $\psi$ as a character of $Z_{S}^{\cross}$ , we put

$\Gamma_{\nu\chi,u}(\psi)=\int_{z_{S}^{\cross}}\psi(x)d\nu_{\chi.u}(x)$ .

For any $S’\subset S$ , we put

$\Psi_{s},$ $=$ { $\psi\in\Psi|$ $l|f_{x\psi}$ if $l\in S’$ and 1 $\int f_{x\psi}$ if $l\in S-S’$ }.

PROPOSITION 4.2. For almost all $\psi\in\Psi_{s}$ , we have

(4.3) $\Gamma_{v\chi.u}(\psi)=\frac{u}{1-u^{fx\psi}}H_{x\psi}^{0}(u)$ .

If $|u|\neq 1$ , then (4.3) holds for all $\psi\in\Psi_{S}$ .
PROOF. For any $\psi\in\Psi$ , choose $n_{1.\psi},$

$\cdots$ , $n_{t.\psi}\in N$ such that the conductor
$f_{\psi}$ of $\psi$ divides $F_{\psi}=\Pi_{i=1}^{t}l_{i}^{n_{i}.\psi}$ . As in the proof of Proposition 2.2 of [9], we
have

$\Gamma_{\nu\chi.u}(\psi)=\sum_{C\in\mu_{F_{\psi}}}a_{\psi}(\zeta)^{\wedge}\nu_{\chi.u}(\zeta)$
,

where $a_{\psi}(\zeta)=1/F_{\psi}\Sigma_{x=0,(x.l_{S})=1}^{F_{\psi^{-1}}}\psi(x)\zeta^{-x}$ . If $\zeta$ is a $F_{\psi^{-}}th$ root of unity whose order

is not divisible by $f_{\psi}$ , then $a_{\psi}(\zeta)=0$ . Since $\nu_{\chi.u}$ is a rational function measure
with the associated rational function $R_{\chi.u}(T)$ , there is an integer $L\in N$, divisible
only by the primes in $S$ , such that $\nu_{\chi.u}\wedge(\zeta)=R_{\chi.u}(\zeta)$ for all $\zeta\in\mu_{S}-\mu_{L}$ . Now, there
are only finitely many $\psi$ with $f_{\chi}|L$ . If $f_{\chi}$ I $L$ , then we have $\zeta^{L}\neq 1$ for any
$F_{\psi}$-th root of unity $\zeta$ whose order is divisible by $f_{\psi}$ . Hence,

(4.4) $\Gamma_{\nu\chi}u(\emptyset)=$ $\Sigma$ $a_{\psi}(\zeta)R_{\chi.u}(\zeta T)|_{T=1}$ .
$\zeta\in\mu_{F}\psi$

Put $g=f_{\chi}F_{\psi}$ . Then, a direct calculation shows

(4.5)
$\sum_{(\in\mu_{F_{\dot{\varphi}}}}a_{\psi}(\zeta)R_{\chi.u}(\zeta T)=$

$\sum_{a=1}^{g-1}$ $\frac{x\psi(a)u^{g-a}T^{a}}{T^{g}-u^{g}}$

$(\alpha, l_{S})\Rightarrow 1$

In the case $\psi\in\Psi_{s}$ , we have

(4.6)
$\sum_{C\in\mu_{F_{\psi}}}a_{\psi}(\zeta)R_{x.u}(\zeta T)=R_{\chi_{\psi.u}}(T)$

.
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Since $R_{\chi_{\psi.u}}(1)=(u/(1-u^{f}x\psi))H_{x\psi}^{0}(u)$ , we see that (4.3) holds for any $\psi\in\Psi_{S}$

with $f_{\psi}$ I $L$ .
If $|u|\neq 1,$ $(4.4)$ holds for all $\psi\in\Psi$ , and so, if $\psi\in\Psi_{s}$ , we see from (4.6)

that (4.3) holds. This completes the proof.

PROPOSITION 4.3. For almost all $\psi\in\Psi$ we have

(4.7) ord. $(\Gamma_{v\chi.u}(\psi))=\mu_{\chi.u}$ .

If $|u|\neq 1$ , then, (4.7) holds for all $\psi\in\Psi$ .
PROOF. Let $\nu_{\chi,u}^{*}$ be the measure on $Z_{s}$ obtained by restricting $\nu_{\chi.u}$ to $Z_{S}^{\cross}$

and extending by $0$ . Let $\phi(x)$ be the characteristic function on $Z_{S}^{\cross}$ . Then,

$\phi(x)=\sum_{\zeta\in\mu\iota_{S}}a_{\zeta}\zeta^{x}$
,

where $a_{\zeta}=l_{\overline{S}}^{1} \sum_{a=1}^{\iota_{S}}\zeta^{-a}$ . Put

$R_{\chi.u}^{*}(T)= \sum_{\zeta\in\mu\iota_{S}}a_{\zeta}R_{\chi.u}(\zeta T)$
.

Then, $\nu_{\chi,u}^{*}$ is a rational function measure whose associated rational function is
$R_{\chi,u}^{*}(T)$ . Let $\nu_{\chi,u}^{*}\circ(-1)$ be the measure on $Z_{S}$ defined by $\nu_{\chi,u}^{*}\circ(-1)(X)=\nu_{\chi,u}^{*}(-X)$

for any compact and open subset $X$ of $Z_{S}$ . Then, $\nu_{\chi,u}^{*}\circ(-1)$ is also a rational
function measure whose associated rational function is $R_{\chi.u}^{*}(T^{-1})$ . Put $g=f_{\chi}l_{S}$ .
Then, a direct calculation shows

$R_{\chi.u}^{*}(T)=(a,l_{S})=1 \sum_{a=0}^{g-1}\frac{\chi(a)u^{g-a}T^{a}}{T^{g}-u^{g}}$

and in the same way as we have shown Proposition 2.1, we see that $R_{\chi.u}^{*}(T)\in$

$0_{\chi.u}[[T-1]]$ . From the remark after Theorem 3.1 of [9], we have, for almost
all $\psi\in\Psi$ ,

$ord_{\pi}(\Gamma_{\nu\chi,u}(\psi))=\mu(R_{\chi.u}^{*}(T)+R_{\chi.u}^{*}(T^{-1}))$ .
Further, in the same way in the proof of Theorem 2.5, we see

$\mu(R_{\chi,u}^{*}(T)+R_{\chi,u}^{*}(T^{-1}))=\mu_{x.u}$ .
Hence, (4.7) holds for almost all $\psi\in\Psi$ .

In the case $|u|\neq 1,$ $(4.4)$ holds for all $\psi\in\Psi$ . Hence, we see from (4.5) and
Theorem 2.5 that (4.7) holds for all $\psi\in\Psi$ .

PROPOSITION 4.4. SuPPose that $\mu_{\chi.u}\neq\infty$ . Then, for almost all $\psi\in\Psi_{s}$ ,

(4.8) $F_{x_{\psi u}}.(T)/\pi^{\mu_{\chi,u}}\in(O_{x.\psi.u}[[T-1]])^{\cross}$

If $|u|\neq 1$ , then (4.8) holds for all $\psi\in\Psi_{S}$ .

PROOF. If $p$ divides $f_{\chi}$ , then $P$ divides $f_{x\psi}$ , and Proposition 2.3 shows
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$F_{x\psi.u}(1)=(u/(1-u^{f}x\psi))H_{x\psi}^{0}(u)$ . Hence, by Propositions 4.2 and 4.3, we have

(4.9) $ord_{\pi}(F_{x\psi.u}(1))=\mu\chi.u$

for almost all $\psi\in\Psi_{s}$ . Now, Theorem 2.5 shows $\mu_{\chi.u}=\mu_{\chi_{\psi\cdot u}}$ . Hence, (4.8)
holds for all $\psi\in\Psi_{S}$ satisfying (4.9).

Unless $p$ divides $f_{\chi}$ , then $P$ divides $f_{x_{\varphi}}$ for any $\varphi\in\Phi-\{1\}$ . For any $\psi\in\Psi$ ,
we have $\psi\in\Psi_{S}$ if and only if $l_{S}|f_{x_{\varphi\psi}}$ . Hence, for almost all $\psi\in\Psi_{S}$ , we have

(4.10) $ord_{\pi}(F_{\chi_{\varphi\psi u}}.(1))=\mu_{x_{\varphi.u}}$ .
From Proposition 2.4 and Theorem 2.5, we see that (4.10) is equivalent to (4.8).
Therefore, (4.8) holds for almost all $\psi\in\Psi_{S}$ .

Finally, if $|u|\neq 1$ , we see from Propositions 4.2 and 4.3 that, for all $\psi\in\Psi_{s}$ ,
(4.9) or (4.10) holds. Hence, (4.8) holds for all $\psi\in\Psi_{s}$ . This completes the proof.

PROOF OF THEOREM 4.1 IN THE CASE $|u|=1$ . Again, we fix $\psi\in\Psi,$ $\varphi\in\Phi$

and $n\in\overline{N}$ and write $f$ for the conductor of $x_{n}\psi\varphi$ .
We first assume that $\psi\in\Psi_{S}$ . Suppose that $n\geqq 1$ in the first place.

Case 1. $\mu_{\chi.u}=0$ . Let $p$ be the prime ideal of $0_{x.\psi.\varphi,u}$ . From Lemma 1 of
[10], we have, for any sufficiently large $N\in N$,

$\frac{u}{1-u^{f}}H_{x_{n\psi\varphi}}^{n}(u)\equiv\sum_{a=}^{fp^{N}}1x_{n}\psi\varphi(a)a^{n}\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}$ $(mod p)$

$\equiv(a.p)=1\sum_{a=0}^{fp^{N}-1}\chi_{\psi(a)\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}}$ $(mod p)$ .

Hence, we have $(u/(1-u^{f}))H_{\chi_{n\psi\varphi}}^{n}(u)\equiv\overline{R_{x_{\psi\cdot u}}}(1)\equiv F_{x_{\psi u}}.(1)(mod p)$ . Therefore, if
$\psi$ satisfies (4.8), we have $|(u/(1-u^{f}))H_{x_{n}\psi\varphi}^{n}(u)|=|F_{\chi_{\psi u}}.(1)|=1$ and (4.2) holds.

Case 2. $\mu_{x.u}>0$ . In this case, Theorem 2.5 states that $\chi$ is even and that
$\mu_{x.u}=ord_{\pi}(1+u)$ , and (4.1) implies 2 I $fp$ . Choose $N_{0}\in N$ arbitrarily. Then,
Lemma 1 of [10] shows that, for any sufficiently large $N\in N$, we have

$\frac{u}{1-u^{f}}H_{x_{n}\psi\varphi}^{n}(u)\equiv\sum_{a\Leftarrow 1}^{fp^{N}-\iota}x_{n}\psi\varphi(a)a^{n}\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}$ (mod $p^{N_{0}}$ )

$\equiv\sum_{a=1}^{(fp^{N}-1)/z}x_{n}\psi\varphi(a)\frac{a^{n}u^{fp^{N}-a}+\omega^{-n}(-1)(fp^{N}-a)^{n}u^{a}}{1-u^{fp^{N}}}$ (mod $p^{N_{0}}$ )

$\equiv\sum_{a=1}^{(fp^{N}-1)/z}x_{n}\psi\varphi(a)a^{n}\frac{u^{a}(u^{fp^{N}-2a}+1)}{1-u^{fp^{N}}}$ (mod $p^{N_{0}}$).

Since $2IfP^{N}$ , we have $|u^{fp^{N}-2a}+1|\leqq|u+1|$ . If $u=-1$ , then $H_{x_{n}\psi\psi}^{n}(u)=0$ , and
(4.2) holds. If $u\neq-1$ , choose the above $N_{0}$ such that $p^{N_{0}}\subset(1+u)p$ . Then,
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$\frac{u}{(1-u^{f})(1+u)}H_{\chi_{n\psi\varphi}}^{n}(u)\equiv\sum_{a=1}^{(fp^{N}-1)/z}x_{n}\psi\varphi(a)a^{n}\frac{u^{a}(u^{fp^{N}-2a}+1)}{(1-u^{fp^{N}})(1+u)}$ (mod p)

$\equiv(a.p)=1\sum_{a=1}^{(fp^{N}-1)/z}\chi_{\psi(a)\frac{u^{a}(u^{fp^{N}-2a}+1)}{(1-u^{fp^{N}})(1+u)}}$ (mod p)

$\equiv\frac{1}{1+u}\Sigma^{fp^{N}-1}x\psi(a)\frac{u^{fp^{N}-a}}{1-u^{fp^{N}}}(\begin{array}{l}aa,p\end{array})$ (mod p) .

Thus, we have shown $(u/(1-u^{f})(1+u))H_{x_{n}\psi\varphi}^{n}(u)\equiv(1/(1+u))F_{x\psi.u}(1)$ $(mod p)$ .
Therefore, if $\psi$ satisfies (4.8), (4.2) holds.

Next, we consider the case $n=0$ . If $p|f_{x\varphi}$ , then Propositions 2.3 and 2.4
show that $F_{\chi_{\psi.u}}(\varphi(u_{0}))=(u/(1-u^{f}))H_{x\psi\varphi}^{0}(u)$ . In the case $\mu_{\chi.u}=\infty$ , we have $H_{\chi_{\psi\varphi}}^{0}(u)$

$=0$ , and (4.2) holds. In the case $\mu_{\chi.u}\neq\infty$ , if $\psi$ satisfies (4.8), then (4.2) holds.
If $P$ I $f_{x_{\varphi}}$ , then Theorem 2.5 and Propositions 4.2 and 4.3 show that
ord.$((u/(1-u^{f}))H_{\chi_{\psi’\varphi}}^{0}(u))=\mu_{x_{\varphi\cdot u}}=\mu_{\chi.u}$ holds for almost all $\psi’\in\Psi_{s}$ . Further, we
-lote that such $\varphi$ is unique in $\Phi$ if it exists.

Thus, we conclude that for almost all $\psi\in\Psi_{s},$ $(4.2)$ holds for all $\varphi\in\Phi$ and
all $n\in\overline{N}$

Finally, let $S’$ be a proper subset of $S$ . If $S’$ is empty, then $\Psi_{S’}$ is empty
or a set consisting of only one element. If $\Psi_{s^{i}}$ is an infinite set, then each
element $\psi$ of $\Psi_{S’}$ is expressed as $\psi=\psi_{S’}\psi_{S’}’$ , where $\psi_{S’}$ (resp. $\psi_{S}’,$ ) is a Dirichlet
character of the second kind for $S’$ (resp. $S-S’$ ), and it is easy to see that $\psi_{S}’$ ,

depends only on the set $S’$ . Hence, putting $\Psi_{s}’,$ $=\{\psi\psi_{S^{l}}^{\prime-1}|\psi\in\Psi_{S’}\}$ and applying
the above argument to $S’,$ $\Psi_{s}’$ , and $x_{\psi_{S}’}$ , instead of $S,$ $\Psi_{S}$ and $\chi$ we deduce that,
for almost all $\psi\in\Psi_{S’},$ $(4.2)$ holds for all $\varphi\in\Phi$ and all $n\in\overline{N}$

Thus, we complete the proof of Theorem 4.1.
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