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In two preceeding papers and we have given a new general approach
to classical affine differential geometry and established the basic results concern-
ing the geometry of affine immersions. The purpose of the present paper is to
begin the study of projective immersions. We shall concentrate our attention
to the case of codimension one.

In Section 1 we recall the notion of projective structure on a manifold and
state relevant facts. In Section 2 we define the notion of projective and equi-
projective immersions and related concepts such as totally geodesic and umbilical
immersions. In Section 3 we study equiprojective immersions of a flat projec-
tive structure (M, P) into a flat projective structure (A7I, 13) of one higher dimen-
sion and show that they are umbilical, provided dim M =3 and the rank of A=2.
We derive certain corollaries and determine all connected, compact, umbilical
hypersurfaces in RP"*!. In Section 4 we prove the projective version of the
theorem of Berwald which characterizes quadrics in affine differential geometry.
In Section 5 we study the effect of a projective change of the ambiant connec-
tion on a nondegenerate hypersurface M, namely, how the affine normal, the
Blaschke induced connection, the affine metric, and the cubic form change. We
find that the difference tensor between the Blaschke connection and the Levi-
Civita connection is a projective invariant. We hope to find some more appli-
cations of these formulas in the study of nondegenerate hypersurfaces in RP™*!,

1. Projective structure.

We recall from [4] the notion of projective structure P on a differentiable
manifold M. It is defined by an atlas of local affine connections (U, V),
where {U,} is an open covering of M and V., is a torsion-free affine connec-
tion on U, such that in any nonempty intersection U,N\Ujp the connections V,
and V; are projectively equivalent. Here, in general, two affine connections V
and V are said to be projectively equivalent if there is a 1-form g such that
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(1) VxY = VYV +pu(X)Y +p(Y)X  for any vector fields X and Y.

As usual, when (M, P) is a projective structure, we consider a maximal
atlas of local affine connections and write (U, V)(M, P) to mean that an affine
connection V on an open subset U of M belongs to the maximal atlas for the
projective structure (M, P).

In dealing with projective equivalence and projective structures we normally
assume that each affine connection involved is locally equiaffine relative to a
certain volume element; this condition is equivalent to the property that the
Ricci tensor is symmetric. When two such equiaffine connections are projec-

tively equivalent, it follows that dp¢=0 in (1) and that they have the same pro-
jective curvature tensor:

(2 W(X,Y)Z =RX,Y)Z-[yY, 2)X—1(X, 2)Y ],

where 7 denotes the normalized Ricci tensor Ric/(n—1), where n is the dimen-
sion of the manifold. We also remark that if Vis an equiaffine connection and
¢ is a closed 1-form and thus exact on a neighborhood U, then the projective
change of V by p gives rise to an equiaffine connection on U. It is known
(cf. in [4]) that for a projective structure (M, P) and for any
volume element w on M there is a unique globally defined ¥V compatible with P
such that Vw=0.

Let us also recall that if dim M =3, vanishing of the projective curvature
tensor W is a necessary and sufficient condition for V to be projectively flat
(i.e. projectively equivalent to a flat affine connection). If dim M=2, then

3) Vxr)XY, Z2) = (Ve XX, Z)

is a necessary and sufficient condition for projective flatness.

We may define the notion of path for a projective structure (M, P). By a
path we mean a curve x, in M which, around each of its points, is a pregeo-
desic relative to some V&(M, P), that is, V. %,=p(t)%, for some function p(t);
in this case, x, is a pregeodesic relative to every V&(M, P).

2. Projective immersion.

Let (M, P) and (M, ﬁ) be differentiable manifolds each with a projective
structure defined by means of an atlas of local affine connections (UU,, V,) and
([73, %), respectively. We set n=dim M and n—i—p:dimM.

An immersion f: M—M is called a projective immersion if the following
condition is satisfied:

(A) For each point x, of M, there exist local affine connections (U, V)&
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(M, P) and (U, ﬁ)e(ﬁl, 13), where U and U are neighborhoods of x, and flxo),
respectively, such that f: (U, V)=, V) is an affine immersion.

This means that there is a field of transversal subspaces x—N, on U such
that for any vector fields X and Y on U we have

4 Vi(f+(¥)) = fx(VxY)+a(X,Y),  where a(X, Y)=N.

See [6] In the case where codimension p=1, there is a transversal vector
field &€ on U such that

®) Vx(f+(Y)) = fu(VxY)+h(X, V).

Let (M, V) and (A7I, V) be manifolds with affine connections. An affine im-
mersion f: (M, V)—»(Z\ZI, V) is a projective immersion (M, P)—»(]\7I, ﬁ), where P
and P are the projective structures determined by V and V, respectively.

When condition (A) is satisfied, we can, in fact, pick (U, V) or (0, ¥) and
find ({7, ¥) or (U, V) which satisfies the condition. More precisely, we have

ProposITION 1. If f: (M, P)—»(AA/?, P)isa projective immersion, then

(B) for any point x,=M and for any local affine connection «, \7)6(1\2, fN’),
where U is a neighborhood of f(x,), there exists a local affine connection (U, V),
where U is a neighborhood of x,, such that f: (U, N, V) is an affine immer-
sion;

(C) for any point x,=M and for any local affine connection (U, N), where U
is a sufficiently small neighborhood of x,, there exists a local affine connection
{0, ), where U is a neighborhood of f(x,), such that f:(U,, DU, V) is an
affine immersion, where U, is a neighborhood of U such that U,CU and .

ProOF. Let (U,V) and (I, V) be as in (A). Let (I, V,) be any affine
connection belonging to (M, P), where U, is a neighborhood of f(x,), where we
may assume U,cl/. Choose a neighborhood U,CU of x, such that fU)CU,.
Then there exists a l-form # on U, which gives projective equivalence of v
and V,. Then

Vi (FeY) = Va(foY )+ 3 fu X)f Y +a(f£Y)f £ X
= fx(VxV + (XY +pV)X)+a(X, Y),

where p=f*p is a l-form on M and a(X, Y) belongs to the transversal sub-
space N for f: (U,V)—(,, ¥,). Now we may pick the connection (U,, V))<=
(M, P), where V., Y=Y +u(X)Y+p)X. Then the equation above shows
that f: (U, V)—(,, ¥,) is an affine immersion.

The proof for (C) is similar. Let (U, V) and (U, ¥) be as in (A). For any
U,, V,)=(M, P), where U,CU, there is a closed l-form p on U, such that
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ViV =YY +p(X)Y +u(Y)X for all vector fields X and Y. Now it is easy to
find a closed 1-form 7 on U such that f*a=pg. If we projectively change \
to ¥, by using the form 7, then f: (U,, V.)—(U, ¥,) is an affine immersion. 0O

REMARK. In stating conditions such as (A), (B) or (C), we shall from now
on omit explicit mention of the domains of local affine connections. In many
cases, it suffices to say that around a given point there is a local affine con-
nection Ve(M, P) with such and such properties.

A projective immersion f: (M, P)—»(]V[, P) is said to be totally geodesic at
xEM if for any ﬁe(ﬂ, P) around f(xo), f is totally geodesic relative to V at
xo, that is, for any vector fields X and Y around x,, [Vx(f«(Y )., is tangent
to f(M), that is, there is a vector Z at x, such that f*(Z)———[‘?X(f*(Y))]IO. Now
this condition is independent of the choice of V&(M, P), as is easily verified.
It is equivalent to the condition that A=0 at x, in (5). We say that f is totally
geodesic if it is so at every point of M.

It is not difficult to see that f is totally geodesic if and only if the image
of a path x;, in M is a path for M.

From this point on, we shall deal with the case of codimension p=1.

Let f: (M, P)—»(]\Zf, 13) be a projective immersion of codimension 1. For any
point x,, there exist V&(M, P) around x, and V?E(M, ﬁ) around f(x,) such that
f is an affine immersion relative to V and ¥V around x,. This means that there
is a transversal vector field & as in the equation (5). We show that the trans-
versal direction [£] at x, is independent of the pair (V, V) if f is not totally
geodesic at x,.

For this purpose, let (V,, V,) be another pair we may choose. We can
assume that V, and V are defined in the same domain and projectively related:
Vi Y =VxY +pu(X)Y +u(Y)X, where g is a certain 1-form, and, similarly for ¥,
and V: V,,Y=V;Y +a(X)Y +7a(Y)X, where 7 is a certain 1-form. Suppose &
is a transversal vector field for the affine immersion f relative to (V,, V,) and
write §i=f«(Z)+¢§, where Z is a vector field tangent to M and ¢ is a non-
vanishing function. From

Vx(fV) = f(VxY)+h(X, V)&

and N
Vix(f+(Y)) = f5x(VixY)+h(X, V),
we obtain
(6) VigY +hi(X, YNVZ = VY +(f*a) YV ) XH(f*a)X)Y
and

Y (X, Y)=oph(X, Y).
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Now we want to prove that Z=0 at x,. Assume that Z+0 at x, and take a
tangent vector X at x, linearly independent from Z. We may take a geodesic
x; for ¥ with initial condition (x,, X). This curve is a pregeodesic for V, and
so V., X is a multiple of X by a certain function of f, where X is considered
as the tangent vector field of the curve x,. From (6) we obtain A,(X, X)Z=
AX at x,, where 2 is a scalar. Thus h,(X, X)=0.

We have shown that for any X<T, (M) linearly independent from Z =0,
we have h,(X, X)=0. Let Z=X,, X,, .-, X, be a basis of T,,(M). From
what we proved, we have for each &k, 2<k<n, hy(X,, Xi)=0 and h,(X;, X;)=0
for all j, k=2. We have also

h(Xi+Xe, Xi+X2) = (X, X)D)+2h,(X;, X)) =0
as well as
h (X +2X,, Xi4+2X,) = hy(X,, X)+4h (X, X)) =0,

which together imply that h,(X,, X\)=h,(X,, X:)=0, where k=2. We have
shown that h,=0 at x,. This contradicts the assumption that f is not totally
geodesic at x,.

We may state this result as follows.

PROPOSITION 2. Let f: (M, P)—>(A7I, ﬁ) be a projective immersion for codi-
mension 1. There is a uniquely determined transversal divection field [&] except
in the interior V of the set of points where f is totally geodesic.

We shall call [£] on M—V the transversal direction field for the projective
immersion f. The symmetric bilinear form #4 is determined up to a scalar
factor on M and is 0 at the points where f is totally geodesic. We call the
conformal class [h] the fundamental form for the projective immersion f. The
rank, uniquely determined at each point, is the rank of f at the point. In
particular, if the rank is n, f is said to be nondegenerate at the point. We say
that f is nondegenerate if it is so at every point of M.

Suppose that f is not totally geodesic at x, and thus not in a neighborhood
of x,. For any choice of Ve(M, P), ﬁe(l\z{, 15) and a transversal field & rela-
tive to which f is an affine immersion, we write

® Vxé = —f(SX)+(X)E,

where S is the shape operator for £ on M and r is the transversal connection
form for £&. If we change & to ¢&, where ¢ is a function, then S changes to
¢S and 7 into t+de. Thus the condition that S is a scalar multiple of the
identity : S=AI does not change. Nor does the 2-form dr.

We may also change ¥V to a projectively equivalent V,e(M, P): V,,Y =
VY + AMX)Y+a(Y)X, where g is a certain exact 1-form. Then S changes into
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Si=S—p&I and r into r,=7+f*E. Thus the condition S=AI does not change.
Nor does the form dr.

In view of this observation, we can make the following definition. A pro-
jective immersion f, which is not totally geodesic at a point x,, is said to be
umbilical at x, if, for some choice of V, V and & relative to which f is an affine
immersion, S is a scalar multiple of the identity at x,. If f is umbilical at
every point, we say that [ is umbilical.

We now introduce the notion of equiprojective immersion. Let (M, P) and
(1\71, ﬁ) be two manifolds with projective structures and dim M=dim M+1. An
immersion f: M—M is said to be equiprojective if

(A,) for each point x, of M, there exist local equiaffine connections V=(M, P)
and V=M, P) such that f is an affine immersion.

Note that one of ¥V and ¥ can be always chosen to be equiaffine. Just like
the case of mutually equivalent conditions (A), (B), (C) for projective immer-
sions, we may state the following.

ProprosITION 3. If f: (M, P)—>(1\7I, P) is an equiprojective immersion, then
(B) for any point xo=M and for any local equiaffine connection V=W, P) around
f(xo) there exists a local equiaffine connection N=(M, P) around x, such that f is
an affine immersion;
(C) for any point xo=M and for any local equiaffine connection V=(M, P) around
Xo, there exists a local equiaffine connection Ve, Py around f(xo) such that f is
an affine immersion.

When f is an equiprojective immersion, then locally we may choose a
transversal vector field & to be equiaffine relative to V and V (cf.
in [6]). For such a choice of & we have r=0. Thus for an equiprojective
immersion, we have dz=0. We now state

PROPOSITION 4. A projective immersion f: (M, P)—+(J\7I, P is equiprojective
if and only if dr=0.

PROOF. We prove that dz=0 implies that f is equiprojective. Let x,&M
and choose an equiaffine ﬁe(ﬁ[, ﬁ) with a local parallel volume element @
around f(x,) and an arbitrary V=(M, P) around x, so that f is an affine immer-
sion (with a transversal vector field §). Since dr=0, there exists a function ¢
around x, such that r=—d¢. Then for §=¢& we get the same connection V
induced, namely,

Vx(f+Y) = fo(VxYV)+h(X, Y)E,

and, on the other hand, #=0. This means that the local volume element @
defined by
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w(X1) Ty Xn) = (D(Xl’ Tt Xn, E-) ) where XU Tty XnETJ:(M)

is parallel relative to V (cf. [3]). Thus V is equiaffine, and f has been shown
to be equiprojective. O

REMARK. If dr=0, then there is a choice of & for the affine immersion f
so that the equation A(SX, Y)=h(X, SY) holds (see [5]). In the terminology
of projective differential geometry, this property is expressed by saying that
the normal congruence & is conjugate (for instance, see [1], p. 31).

3. Equiprojective immersions between flat projective structures.

Now we recall (see [4]) that a projective structure (M, P) is said to be flat
if each local affine connection VY=(M, P) is projectively flat; in other words, if
the atlas (M, P) contains a flat affine connection around each point. We now
prove

THEOREM 5. Let f:(M, P)—»(M, P) be an equiprojective immersion, where
dimM=n=3, dim M=n+1. Assume that (]\71, P) is flat. Then (M, P) is flat if
and only if at each point xo &M we have either

1) S=pl, or
2) rankh =1 and S =pl on Kerh, or
3) A=0.

PrROOF. Assume that (M, P) is flat. For x,&M, choose equiaffine connec-
tions Ve(M, P) and ﬁE(JVI, 13) such that f is an affine immersion with an equi-
affine transversal vector field &.

Since V is projectively flat, we have

©) RX, V)Z=7Y, 2)X-7(X, 2)Y,

where 7 is the normalized Ricci tensor. Thus the Gauss equation (see [5]) says
(10) RX, NZ =7§Y, 2)X—¥ X, Z)Y +h(Y, Z)SX—h(X, Z)SY .

From this we find that the normalized Ricci tensor 7 of V is given by

(11) Y, Z)=7Y, Z)+[hY, Z)tr S—h(SY, Z)]/(n—1).

Since we assume that V is also projectively flat, we have an equation similar
to (9):

(12) RX, YZ=rY, 2)X-1rX, Z)Y .
Using in and comparing it with we find
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(13) (n=D[hY, Z)SX—h(X, Z)SY]
= [(tr S)rY, Z)—h(SY, Z)IX—[¢rS)r(X, Z)—h(SX, Z)]Y .

It is easy to see that, conversely, this equation implies that V is projectively
flat.

Now assume that rank #,>2, and we’ll show that S=pl. Let {X,, -, X,,
Xr41, -+, Xa} be a basis such that the last n—# vectors form a basis of Ker 7,
and the first » vectors are orthonormal: A(X;, X;)==+0d;;, for 1=i, j<r.

Let Y+Z be from {X,, -, X,}. If r=n (=3), choose X#Y, Z from
{X,, -, X,}. If r<m, choose X from {X,., ---, X,}. From [I3)] we get
h(SY, Z)X=h(SX, Z)Y. Since X and Y are linearly independent, we get
hSY, Z)=h(SX, Z)=0. This means that there exist constants p,, -+, p,, such
that SX;=p;X; mod Ker i, for 1<7<r. By a similar argument to [6, Lemma
2] we see that all p,’s are equal, say, to p.

Now take X#Y from {X,, ---, X,}, and set Z=2X. implies

(14) —(n—Dh(X, X)SY = —h(SY, X)X—(tr S)h(X, X)Y +h(SX, X)Y .
Write
(15) SY = oY +W, SX=pX+V, where W, VeKerh, .

Since A(SY, X)=0, h(SX, X)=ph(X, X), we get
(16) (n—=1)pY +W) = (tr S)YY —pY .

This implies that W=0, as well as, trS=np, and SY=pY. Since Y is arbi-
trary from {X,, ---, X,}, we have SX;=pX;, 1<;<r.

Now take X from {X,.,, ---, X,}and y+Z from {X,, ---, X,}. implies
mSY, Z)X=n(SX, Z2)Y. But w(SY, Z)=ph(Y, Z)=0 and thus A(SX, Z)=0.
Since Z is arbitrary in {X,, ---, X,}, we see that SX=Kerh,. Since X is
arbitrary in Ker %,, we have S(Kerh,)CKer h,.

Finally, take X from {X,., -+, X,} and Y=Z2 from {X,, ---, X,}. [I3)
implies

(n—DhY,Y)SX = (tr S, Y)X—n(SY, Y)X.

From A(SY, Y)=ph(Y,Y), h(Y, Y)#0, we see SX=pX for Xe{X, 4, -, Xi}.
We have thus proved that S=pI, under the assumption that ranks,=2.

We now consider the case where rankh,=1. Let {X,, X;, ---, X} be a
basis of T,(M) such that A(X,, X,)==+1and {X,, ---, X,} is a basis for Ker#h,.
Taking X+#Y from {X,, ---, X;} and Z=X,, we get from mMSY, X)X=
h(SX, X,)Y. Since X and Y are linearly independent, we have A(SX, X,)=0,
which implies that SXeKerh,. Thus SKeri,)CKerh,.

Now take X=Z=2X, and YeKerh, (so that SY<Kerh,). [13) implies
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SY =pY, where p=[1/(n—1)][(tr S)—h(SX,, X\)/h(X,, X;)]. Hence we have
seen that S=pI on Ker#4,.

The converse part of [Theorem 5 is easy, because either S=pl, or S=pI
on Kerh,, or h=0 implies O

In order to take care of the case where the rank of 4 is <1, we make use
of a result by Ferus [2, Theorem 1]. Let f: M™—>S"*! be an isometric immer-
sion of a complete Riemannian manifold M", n=2, into the unit sphere S"*'.
Let , be the maximum type number and assume ¢t,<n—1. Then {, is an even
number and ?,>0 implies that ¢,=n/2.

Rephrasing this result, we get the following. Denote by »(n) the smallest
even integer =n/2. Then if the rank of the second fundamental form h is <wr(n),
then f is totally geodesic.

We now observe that we have the projective version of this result. To
state it, let M™ be a connected compact differentiable manifold, n=2, and let
f: M*>RP"* be an immersion. The notion of the rank of f at each point is
well defined as follows. For x,=M, let V be any local affine connection belong-
ing to the canonical projective structure of RP"*! around f(x,), and let & be a
transversal vector field around x,. Write the transversal component of VY as
h(X, Y)¢. The form h is defined up to a scalar multiple and its rank is inde-
pendent of the choice of & We call it the rank of the immersion f. When
the rank is 0, f is totally geodesic. v

REMARK. The definitions of the rank of ~ and the rank of the immersion
f at each point are valid when RP™*! is replaced by any manifold with a pro-
jective structure (M, P).

We have now

PROPOSITION 6. Let f: M*—>RP"* be an immersion of a connected, com-
pact differentiable manifold, where n=2. If the rank of f is <r(n) at every
point, then f is totally geodesic.

PROOF. Let g, be the Riemannian metric of RP™*' as well as that of the
unit sphere S™®*'. Denote by g=f*g, the Riemannian metric induced on M?",
and let M"™ be the universal covering manifold of M™ with the natural com-
plete metric §. We can then find an isometric immersion f: Mr—S™* guch
that zo f=fem, where 7: S"*—>RP" and =,: M—M are the natural projec-
tions. Since the rank of f at ¥&M™* coincides with the rank of f at m(%)
€M, we may now apply the result of Ferus to conclude that f is totally geo-
desic. It follows that f is totally geodesic. O

Combining [Theorem 5 and [Proposition 6 we obtain
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THEOREM 7. Let f:(M, P)»>RP"*' be a real analytic and equiprojective
immersion with codimension 1 of a flat projective structure (M, P), where dim M
=3. If M is connected and compact, then f is totally geodesic or umbilical.

ProoF. If the rank of 4 is <1 everywhere, then [Proposition 6| applies. If
the rank of & is =2 somewhere (and so on some open subset W), then S=pl

on W by By analyticity this holds on the whole M. [

PRroOPOSITION 8. Let f: (M, P)»RP"*' be an equiprojective immersion. f is
umbilical if and only if the projective lines in the transversal directions [£&] go
through a point in RP™*',

PrROOF. Assume S=21I, where 4 is a function. For each point x of M,
there is an open neighborhood U of x such that f(U) lies in A"*'=RP"*'—H,
where H is a certain projective hyperplane. The flat affine connection ¥V, in
the affine space A™*' belongs to the atlas of local affine connections for RP™+!.
Relative to ¥V, and Y=(M, P) and for a choice of an equiaffine transversal vector
field &, f is an affine immersion which is umbilical S=A1I, with constant 4. If
A2+#0, then for the mapping xeM-—y=x+&/4, we have Dyy=0, showing that
the lines in the direction of & meet at one single point. If 2=0, then the lines
in the direction of & are parallel. In either case, these lines, when considered
in RP™*' meet at a single point. We have shown that all lines in the trans-
versal direction through the points of U (neighborhood of x) meet at a single
point.

We now show that all projective lines [£] in the transversal direction
through the points of M meet at a single point. For each point p in RP"*!,
let W, be the set of points x<M such that in a neighborhood of x, all [£] go
through p. Each W, is an open subset (possibly empty). If p+#q, then W,
and W, are disjoint. Suppose x&W,\W, If they are on one line, then we
can take a point y&M near x such that the lines y\Up and yUgq are distinct,
and this contradicts the fact that [£], must coincide with the line y\Up as well
as with the line y\Uygq, since yeW,NW, Since M is the union of all W,, it
follows that M=W, for one point p. Thus all [£] go through p. O

We now give an analytic description of a connected, compact hypersurface
in RP"+!' with transversal directions [&] that go through a single point.

Consider RP™*' as the quotient of the unit sphere S™*' by identification of
antipodal points. Let en4,=(0, -+, 0,1) be the north pole of S™*'. Let S"=
{x=(xy, =+, X4, 0); Zxi=1} be the unit sphere in the tangent space T, ,(S™*").
Let r=r(x) be a positive differentiable function on S™. Define

17 f(x) = (cosr(x))enrp+(sinr(x))x € S"*!, xeS?
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(18) gx)=mf(x) € RP"',

Then the hypersurface g: S"™RP"™*' has the desired property.
To see this, let XeT . (S*). We have

(19) Fx(X) = (—sinr(x))(Xr)en+1+(cos r(x))(Xr)x +(sin(r(x)) X .

If fu(X)=0, it follows that X=0. Thus f is an immersion, and so is g. The
curve t—x,=(cost)e,+,+(sint)x is a great circle and =n(x,) is a path in RP"*.,
The tangent vector ¥, at t=r(x) is

(20) —(sinr(x))en+2+(cos r(x))x ,

which is transversal to f4(T.S"), since it is linearly dependent from
Going to RP™*' we see that the path from =n(e,+,) to g(x) is transversal to
g(S™). Relative to this choice of transversal direction field, M acquires a pro-
jective structure. Namely, for any local equiaffine connection compatible with
RP™! we may induce a local equiaffine connection on M, which is determined
up to a projective change. Clearly, g is an equiprojective immersion which is
umbilical. (We might say that a hypersurface M in RP™*!' is umbilical if it is
umbilical in the manner above relative to a choice of transversal direction field.)

REMARK. In the model discussed above, suppose r is an odd function on
S*, that is, r(—x)=—7(x). Then f(—x)=f(x). This means that f induces an
umbilical hypersurface g: RP"—»RP™*!,

PROPOSITION 9. A connected compact umbilical hypersurface M in RP™*!
may be obtained in the form g(S™) described above, up to a projective transfor-
mation of RP"*',

PrROOF. We may assume that the paths in the transversal directions meet
at mw(e,42). By taking x< M into the unit tangent vector at ¢,., of the geodesic
in S®*!' projecting on the path in the transversal direction, we get a mapping
of M into S™ (the unit sphere in T, ,(S**")), which is a local diffeomorphism.
Since M is connected and compact, it follows that the M is of the form g(S")
described above. O

As another application of we obtain a result related to the pos-
sibilities of isometric immersion between riemannian or pseudo-riemannian mani-
folds each of constant sectional curvature. For example, it is known that there
is no isometric immersion of a Euclidean space E™ into S™*' of constant curva-
ture 1, while £™ can be isometrically imbedded (as a horosphere) into the hyper-
bolic space H"*' of constant curvature —1. We now consider a manifold M
with flat affine connection V and show that it cannot be immersed as a non-
degenerate Blaschke hypersurface (in the classical sense, see [5], Example 6) in
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S*+1, More precisely, we have

THEOREM 10. Let M be an (n+1)-dimensional pseudo-riemannian manifold
with metric § of constant sectional curvature c¢#0 and its Levi-Civita connection V,
where n=3. If there exists a nondegenerate hypersurface M™ whose induced
Blaschke connection N is flat, then ¢<0. In particular, S**', n=3, does not admit
any nondegenerate flat affine hypersurface.

PROOF. Suppose M™ is a nondegenerate Blaschke hypersurface with flat
induced connection. We show that its affine normal is perpendicular to M™
relative to the metric g and that M™ is umbilical in the metric sense.

The Gauss equation for the affine hypersurface M™" is

RX, Y)Z =Y, Z)X—HX, Z)YY +h(Y, Z)SX—h(X, Z)SY ,

where 7 is the normalized Ricci tensor of M, which is c¢g by assumption, and
h and S are the affine fundamental form and the affine shape operator. Now
since R=0, V is projectively flat in particular. From [Theorem 5 applied to the
affine immersion of (M™, V) into (A7I, V), which is also projectively flat, we know
that S=pl, where p is a constant. The Gauss equation above now reduces to

[, Z2)+ph(Y, Z)]1X+[c8(X, Z)+ph(X, Z)]Y =0.

For arbitrary X and Z tangent to M, choose Y to be linearly independent of
X. We get ¢c3(X, Z)=—ph(X, Z). Thus p+0 and h=—(c/p)g,, where g, is
the restriction of g to M™. Since h is nondegenerate, so is g,.

If we denote by &, the unit normal vector field for M™ (relative to ) and
by h, the second fundamental form in the metric sense, we know that h,=2ah,
where 4 is a certain scalar function. But then h,=-—(Ac/p)g,. As is well
known, it now follows that k=—2c/p and thus 1 are constants. Hence M" is
umbilical in M in the metric sense.

Recall now how the affine normal & is determined for a nondegenerate
hypersurface (cf. [3], proof of Theorem 1). We now have h,=kg, Let
{X,, ---, X,} be an orthonormal basis relative to g,., When we take the absolute
value of det[h(X;, X;)], we get the constant [%|”. This means that the affine
normal & is in the same direction as the unit normal vector & and hence the
induced connection V on M™ coincides with the Levi-Civita connection ¥V, of g..
The metric shape operator S, is equal to kI, because h,=kg,. By the Gauss
equation in the metric sense we now see that ¢+4£*=0, which implies that
¢<0. O

REMARK. For n=2, there are many Blaschke immersions of a flat torus
(T% V) into S®, for example, all Clifford tori. In view of for n=3,
it will be an interesting problem to study projectively flat surfaces in RP?.
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4. Extension of the theorem of Berwald.

Let (1\71, P) be an (n+1)-dimensional manifold with a projective structure.
Let f: M—M be an immersion of an n-dimensional manifold M into M. With-
out assuming that M is provided a priori with a projective structure, we shall
define a certain property extending the classical condition of vanishing cubic
form. For the case of an affine immersion this was already discussed in [6].

For each point x&M, choose a local affine connection VG(ZVI, ﬁ) around
f(x). Also choose any transversal field & around x. From V and & we may
obtain a local affine connection V around x so that

(21) Vx(f+Y) = f«(VxY)+h(X, Y)E
and
(22) Vxé = —f(SX)+(X)E,

where h is the fundamental form and ¢ the transversal connection form for
the affine immersion f of a neighborhood U into M. In we defined the
cubic form C(X, Y, Z2)=Nxh)Y, Z)+(X)h(Y, Z) and defined the notion that
C is divisible by & (denoted by h|C), meaning that there is a 1l-form p such
that

(23) CX, Y, Z)=p(X)hY, Z)+p(Y)h(Z, X)+p(Z)h(X, Y)
for all tangent vectors X, Y and Z to M.

PROPOSITION 11. The property that h|C does not depend on the choice of
Ve, P) nor of a transversal field &. Thus it is a property we can speak of
for any immersion f: M—»(_IVI, 15) of a differentiable manifold M into (M, ﬁ).

PROOF. Suppose we have chosen Ve, P). Then the property A|C is
independent of the choice of &, as is known in Proposition 5 of [6]. Now we
change ¥ to ¥ (M, P) so that

(24) VeV = VsV 4+ u(X)Y +p(Y)X,  where p is a certain 1-form.

From [(I5] and the corresponding equation for ¥’ we obtain

(25) VY = ViV +p(X)Y +u(Y)X
and
(26) MX,Y)=hXY).

From and the corresponding equation for ¥/ we obtain
27 /(X)) = o(X)+p(X).
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Thus the cubic form C’ resulting from V' is given by

C'(X, Y, Z)=N%h")Y, Z)+'(X)On (Y, Z)
= X0, Z)—h(N%Y, Z)—h(Y, VN5 Z)+(c(x)+p(XDRY, Z)
= XnY, Z)—h(NxY, Z)—p(X)OWY, Z)—p(Y)W(X, Z)—h(Y ,NxZ)
—p(XOWY, Z)—p(Z)R(Y, X)+(X)h(Y, Z)+pu(X)NWY, Z)
= (xh)Y, 2)+c(XOhY, Z)—p(XOrY, Z)
—p((X, Z)— (D)WY, X),
that is,

@) CX,Y,Z)=CX, Y, Z)— XY, Z)— ¥ X, Z)—p(Z)h({, X).

Thus if holds for C, then a similar equation holds for C’ with p replaced
by p—p. Thus the property h|C implies 2'|C’. [

Recall the notion of the rank for an immersion M—(M, P) in the remark

before

We shall now prove

THEOREM 12. Let f be an immersion of an n-dimensional connected differ-
entiable manifold into RP"*' such that the rank of his =2. Then f(M) liesin a
quadric Q™ in RP™* {f and only if f has the property that h|C.

PrROOF. Assume the property 4]C. For each point x <M, there is a neigh-
borhood U of x such that f(U) is contained in an affine space A"*'=RP"+'—H,
where H is a projective hyperplane, say, x,=0. The flat affine connection ¥,
belongs to the atlas of local connections for RP**'. Now for f:U—(A"*, V),
the conditions hA|C and rank h=2 are satisfied by the assumptions of the
theorem. By in [6], we see that f(U) lies in a quadric in A**
and hence in a quadric in RP"*'. Since f is locally an immersion into a quadric
in RP™*', it follows that it is so globally.

The converse part of the theorem also follows from of [6] and
the proof is omitted. |

5. Effect of a projective change on a nondegenerate hypersurface.

Let (]\NJ, P) be a manifold of dimension n+1 with a projective structure and
let f: M—J be an immersion of a manifold of dimension n. We assume that
the rank of f is n at every point, that is, f is nondegenerate. Unlike the case
of a nondegenerate immersion into a manifold with an equiaffine structure which
determines a unique equiaffine structure on the hypersurface, we cannot deter-
mine a projective structure on the hypersurface. We have already shown that
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a certain property such as 2|C is an invariant notion for f.

Let x,&M. As soon as we pick a local equiaffine connection ﬁe(ﬁ, ﬁ)
with a parallel volume element & in a neighborhood U/ of f(x,), we can consider
a neighborhood U of x, as a nondegenerate hypersurface in (I, ¥). By the
classical procedure due to Blaschke, we can get an equiaffine structure (V, )
in U. Together with this structure we get the fundamental form A, the cubic
form C=Vh, the Levi-Civita connection ﬁ, the difference tensor K between V
and ﬁ, and so on. The question is how these quantities change as we pick
another ﬁ’e(]\Zf, ﬁ) with a parallel volume element &’.

In this case, we have

(29) & = ¢a, where ¢>0
(30) VY = VY +u(X)Y +p(Y),  where g = d(Ing)/(n+2).

Relative to the affine connection ¥, let &, h, V and @ be the affine normal,
the affine metric the induced connection, and the induced volume element (equal
to the volume element for 4) for M. In order to obtain the corresponding ob-
jects for M relative to the affine connection V', let us take & as a tentative
choice as transversal vector field and follow the standard procedure described

in [3] We write

31) VY =V4Y +h*(X, Y)E.
Because of we see that
(32) V4Y = VYV +pu(X)Y + (V)X
(33) X, Y)=h(XY).
Also from
Vi€ = Vb4 p(X)e+p@)X = —SX+p(X)N+pm@X
= —S*X+7%(X)
we obtain
(34) tHX) = p(X)
(35) S*=S—p&I (I:identity).

The volume element §#% given by
(36) 0#(X17 ) Xn) = (DI(Xl’ ) Xn, S)

is equal to ¢pw. Let {X,, ---, X,} be a basis in T.(M) with 8*(X,, ---, X,)=L
Then
o Xy, o, 0" X)) =1, hyy= k(" Xs, VX)) = 0" h(X;, X))
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so that
h?j = h#(Xi) Xj) - h(Xiy X]) == (P-n/zh”.

Setting H*=det[hf;] we get
H* = (p=" det[hy,] = 9™,

since det[h;;]=1. It follows that the affine metric A’ of M relative to V' is
given by

37 h' = @],
In order to find the affine normal vector & of M relative to V' we set
(38) § =Z4p2ridg

and choose the tangent vector Z in such a way that V%& is tangent to M.
Such Z is determined by the following equation to be satisfied for all X:

(39) X(p=21 ™)+ h(X, Z)+@ "/ (X) = 0.

The first term equals —2X¢/(n+42)p. Also using p=d (In¢p)/(n+2) and
our equation becomes

(40) WX, Z)= @ 2" p(X).
If we introduce a vector field U by
4D WX, U)=pm(X) for all X (i.e. U corresponds to g relative to h),
then we get
42) Z = @ Hmdyg
and the affine normal & is given by
(43) § = @ U +E).
Finally, the affine connection V' induced on M by (V/, &') is given by
(44) VY = VY +pu(X)Y +pu(Y)X—h(X, Y)U .
This can be easily verified by using and [(43).

REMARK. is exactly the same as a general formula for the change of
the Levi-Civita connection when a metric 4 is changed conformally to ¢®h, the
1-form g being d In¢ (see, for example, [7]).

If h is changed to h'=(p"*»)* as in [37), then p=(d In¢)/(n+2), exactly
as in [30). From this fact we get the following theorem.
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THEOREM 13. When an equiaffine structure (¥, ) in the ambiant manifold
M is changed projectively to an equiaffine structure (N, &'), the difference tensor
K of the induced connection N and the Levi-Civita connection ¥ for the affine
metric h of a nondegenerate hypersurface M in M does not change. The cubic
form C changes conformally with the same factor as the conformal change of the
affine metric.

Proor. For the cubic form C, recall that C(X, Y, Z2)=—2h(KxY, Z). [

REMARK. The same conformal change of the affine metric and the cubic
form for a nondegenerate hypersurface in RP"*' comes up in the projective
theory described by using moving frames (see [8].
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