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1. Introduction.

The main purpose of this paper is to give an elementary proof of Yoshida’s
inequality [5]. An incidence structure is a triple D=(X, B, 9), where X is a
set of points, B is a set of blocks and 4 is a relation of incidence between
points and blocks. A 2-(v, k, A) design is an incidence structure (X, B, 9)
satisfying the following requirements:

(1) | X|=v.

(2) Each block is incident with % points.

(3) Any 2 points are incident with A blocks.
A 2-(v, k, A) design is often called a block design. Let b be the total number
of blocks. Note that each point of X is contained in exactly » blocks. We set
n=r—A, and we call n the order of the 2-design (X, B, 4). These parameters
satisfy the following relations:

vr = bk, (v—1)A=r(k—1). (1)

The incidence matrix A of a block design (X, B, ) is the vXb matrix
whose rows are indexed by points and whose columns are indexed by blocks,
with the entry in row x and column J being 1 if x48 and 0 otherwise. (The
notation “xJ4B3” means that x is incident with 8.) The conditions that (X, B, )
is a block design can be expressed in terms of A:

Af=r], JA=Ek], 2)
AAt =nl+2]. 3)

(Here, throughout this paper, I is the identity matrix and J the matrix with
every entry 1 of appropriate size.) From (3) it follows that if A<r, then

det (AA") = rkn**+0,
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which gives Fisher’s inequality:
v=0b.

A block design satisfying v=>b is called symmetric. Suppose D=(X, B, ¥)
is a symmetric 2-(v, k, 2) design. Then the dual structure D=(B, X, J) is a
symmetric 2-(v, k, A) design, where the incidence relation J is defined by

B3x  if and only if xJfB.

An automorphism group G of (X, B, J)is a group satisfying the following :
(i) G acts on X, (ii) Bge B for all geG, BB, (iii) if x9B3, then xgJfBg.

Suppose that a finite group G acts on £ and that P is a normal subgroup
of G. Let 9% denote the set of points in £ fixed by P. Then 27 is G-
invariant. £/G denotes the set of orbits of G on £.

Yoshida [5] proved the following:

THEOREM. Suppose that (X, B, 9) is a block design which admits an auto-
morphism group G. Let p be a prime which does not divide n, the order of the
design, and let P be a normal p-subgroup of G. Then the following hold:

(1) (@) If plr, then | XP/GI<|B?/G].

(b)y If p|r, then | XF/G|—1<Z|BY/G].

(¢) If ptb, then | X*/G|<|BF/G].

(d) If the design (X, B, 9) is symmetric, then |X¥/G|=|B¥/G]|.
(2) (@ [(XXBY?/G| = |(BXB)¥/G].

(b) [(XXX)P/G|—1= [(XXB)F/GI.

(¢) If pYror ptb, then

[(XXX)P/G| = (XXB)F/GI.

(d) If the design is symmetric, then
[(XXX)P/G| = (XXB)¥/G| = [(BXB)/G]|.

Unfortunately, Yoshida’s proof of the theorem need a lot of knowledge of
category theory and Burnside rings. In this paper we will prove the above
theorem by using a proposition of D.G. Higman and analyzing the matrix
AA'. In the course of proof of the theorem we will establish the following
proposition which is a slight extension of (l.c) of [Theoreml.

PROPOSITION 1. Under the saw.e notation as in Theorem, we have the fol-
lowing :

If there exists a G-orbit on B whose length is relatively prime to p, then | XF/G|
<|B*/Gl.

It is immediate that (1.c) of follows from this proposition.
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2. Contractions of matrices.

We will follow the first section of Higman [2]. Let R be a commutative
ring with identity, and X, Y, Z be finite non-empty sets. We define Mgr(X,Y)
to be the set of maps A: XXY—R and we call A an X by Y matrix over R.
If AeMgy(X,Y) and BeMg(Y, Z), then ABE Mx(X, Z) is defined by

AB(x,z) = 3 Alx, y)B(y,z) (x€X,2€2).
yey

If @, Q are partitions of X, V, respectively, then we say that A= Mz(X, Y) has
property (2, Q) if for all S=® and T<Q,
> A(s, t) is independent of s€S.

teT

If AeMgr(X,Y) has property (@, Q), and if S, TeQ, we set 6(A)S, T)
=3%erA(s, t) for some s=S. Higman proved the following:

PROPOSITION 2. If A= Mgp(X, Y) has property (2, Q) and BEMx(Y, Z) has
property (Q, V), then ABEMr(X, Z) has property (2, U) and 6(AB)=0(A)d(B).

We note that Theorem 5 of is the special case of [Proposition 2
If #={S,, ---, S,} is a partition of X or Y, define an X/ matrix D(®) as
follows: Let S;, S;ee,
lSiI if Si:Sj ’
DS, 59 = { 0 otherwise.
Both Proposition 4 of [3] and a result in [4, pp. 96-98] are the special cases
of the following proposition.

PROPOSITION 3. Suppose that 2={S,, --, S;} and Q={T,, ---, Tn} are parti-
tions of X and Y, respectively. If A and A* (the transpose of A) have (2, Q)
property and (Q, P) property, respectively, then D(Q)d(AH)=5(A)D(P).

PrROOF. Essentially our proof is similar to that of Proposition 4 of [3].
Let T;€Q and S;=2. Then

D(Q)O(AYT;, S;) = ) | Tl AXt, s),  where tT;

$=S;
= 2 |TiA(Gs, )= 2 2 Als, 1)
8=8; tET; s=8;5
=t,_ET.A(S, D1S;1 = (A D(PXT:, Sy) .

This completes the proof of [Proposition 3.
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3. Proof of Theorem.
To prove we need the following lemmas.

LEMMA 1 ([5]). Let (X, B, 9) be a block design with parameters (v, b, v, k, A}
and let p be a prime such that pfn. Then p|r implies pYv. Furthermore.
b Xy implies p ) k. ,

LEMMA 2. Assume that a finite group G acts on sets X, Y and let x&X,
yeY. Then the following hold:

1 X/Gyl = [(XXyG)/Gl,  |Y/G:| = [(xGXY)/G].

PROOF. We will establish a 1-1 correspondence between X/G, and
(XXyG)/G. If 4 is a G-orbit on XXyG. Put A(y)={x| (x, y)=d}. Then
A(y) is an element of X/G,, and this establishes the correspondence. Indeed
if I (=xG,) is an element of X/G,, then I'=(x, )G is the unique element of
(XXyG)/G such that ['(y)=I". Similarly we can prove that |Y/G.|=
[(xGXY)/G|. The proof of this lemma is completed.

We will prove [Theoreml. Since P is a normal subgroup of G, X? and B?
are G-invariant. Hence we see that

XP = x,GUx:.GU - Ux G, Bf = B,GUB.G\U -- UB,G,
where x;G and B,;G are the G-orbits of x; and B;, respectively. Since X—X7*
and B— B? are G-invariant, we have the following:
X"‘XP — xm+1Guxm+ZGU Uxm+m’G (xm+i$XP) )
B—Bf = ﬂl+1GUﬁl+2GU U/SZ+L’G (/31+j$BP) .

Clearly x;G (m+1<i<m+m’) is a union of P-orbits and so is 8,G (I+1<7<I4+0).
Now we note the following fundamental lemma.

LEMMA 3. p E |xP| for all x&€X—X¥ and pilﬁPl for all B B—B~.

Hence we see that
p Gl m+l<gi<m+m'). )
Also, we get \
pIIBGI  (UH+ISFIHD). (5)

Let A be the incidence matrix of the block design (X, B, 4). The follow-
ing lemma plays an important part in the proof of the theorem.

LEMMA 4. The number of 1U's in every row of the submatrix A‘,ziaxﬁjg
AZigm, [+1<Z7Z1410) s a multiple of p.
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PrOOF. The number of 1’s in a row x of the submatrix Al 265586 is equal
to the number of elements of {f’|xJB’, B’=B;G}. Since x=X?F, the set
{B’ | x9B', B’€B,;G} is a union of nontrivial P-orbits. Thus this lemma follows
immediately from

Similarly the following holds:

LEMMA 5. The number of 1's in every row of the submatrix At[ﬁijxiG
(17, mA1=iEm+m’) is a multiple of p.

Let @={x,G, %:G, -, *nsm G} and 0={B:G, B:G, -, B1sG}. Then @
and Q are partitions of X and B, respectively. It is easy to prove the following :

LEMMA 6. The incidence matrix A of the block design (X, B, 9) has prop-
erty (@, Q). Also A* has property (Q, ).

By the above lemma we may apply 0 in to A and A’. To
emphasize the dependence of this § on the automorphism group G, we write 0,
for @.

From now on we consider integral matrices as ones with entries in the p-
element field F,. Let @,={x.G, -, xuG}, Po={xn:G, -, Xn+n' G}, Q1=
{B:G, -+, B.G} and Q:={B1+:G, -, Bi+rrG}. From Lemma 4, ds(A) has the
form

An 0
s =" ), (6)
where A,, is a @, by Q, matrix, and A,, is a ¢, by Q, matrix. From
5, 0g(A?) has the form
By, 0 )
BZI B22 ’
where By, is a Q, by @, matrix, and B,, is a O, by @, matrix. Put f,=]x;G]|,

g;=18,G| (1<i<m+m’, I<j<I+/'). By applying to (3), we ob-
tain that AA* has property (2, #), and

dg(A") = 7

5G<A>5G(AL> - BG(AAt) . (8)
Since f;=0 in F, (i>m), we have that dg((r—A)[+2/) has the form
Cu 0
Oc((r—I+4])= , 9
ar—arran=(" ) ©)
where
r—A+Af1, Afa, o, A m r—A, 0

C11: 'zfl, r~2+2f2;”')2fm , CZZ:
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From (6), (7), (8) and (9) we have

AuBu = C11 , (10)
Azszz - sz . (11)

To compute the rank of A;,B,, (=C,,), we first subtract the first row of
C,. from every other row and then we add every other column to the first
column. This procedure gives

a’ zf%lr 'zf‘m
y—
0 r—2

where a=r—2A+A(fi+fot - +f ).

Note that in F,, a=a+2ZniAfi=r—A+2Av==Fkr by (4) and (1).

We will prove (1.a2). Since p [ n, we have that if pfr, then rank A, B,
is equal to m by [Lemma 1. A, must have rank at least m. Since A,; has
size m X!, we have

m= |, that is | X?/G| < | BY/G]|.

We complete a proof of (1.a).

’

Here we note that
m if ptr,

I'ank Ax1311 = { m_l if p 1 -

(12)

We will prove (1.b). If p|r, then the rank of A,,B;, is m—1 by (12).
Similarly we obtain that |X?/G|—1<|Bf/G|, as claimed in (1.b).
We will prove Proposition 1. If p ) 7, then [Proposition 1] follows from (1. a).

Thus we may assume that p | ». In this case we already proved that
rank A,B,, =m—1, and m—1Z/, (13)

If /=m, then our proof is done. By we may assume that

l=m—1. (14)
Recall that
rank A,,B;; < rank By, . (15)
Since B, has size [ Xm,
rank Bu = l. (16)
By [13), [(14), [15) and [16) we see that
B,, has rank [, an

From (2) and p | » it follows that

JA'=7r]=0, (18)
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where () is a zero matrix. By applying [Proposition 2 to [18)] we obtain
3a())0a(AN = 0. (19)
From Lemma 5, d¢(J) has the form

=0 ).

81, 82 5 &1
where E,=|8v " » 81 and has size mx[. By (7) and we have

81, 82, 5 &1
EnBy, = 0 ’ (20)

where () is a zero matrix. If &y, b,, -, b, are the row vectors of By, then [20)
gives the following:

giby+gabo+ - +g:b; =0 (zero vector).
Since B, has rank [/, b,, b, ---, b, are linearly independent, and so
g1:g2:"':gl:0 iIle. (21)

and contradict the assumption of [Proposition 1. Hence [#m—1.
This completes the proof of [Proposition 1.

We will prove (1.d). Let (X, B, 4) be symmetric. .Since p I n, it follows
from (1) that

prr or plv. (22)

Since the order of dual design (B, X, J) is equal to the one of block design
(X, B, 9), so
p [ the order of (B, X, J). (23)

and show that both the design (X, B, J) and its dual design (B, X, J)
satisfy the assumption of (1.a) or the one of (1.c). This implies that

|XP/G| = |BF/G].

The proof of (1.d) is completed.

Now we will prove (2). Since XP=x,G\U --- Ux,G, it is easy to show that

XXXP/G = ] (x:GXXP)/G, (24)
(XXB)P/G = QmeBP)/G. (25)

From we obtain for all ;€{1, 2, ---, m}
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[(x:GXXP)/G| = | XF/G,,l, (26)
|(x:GXBF)/G| = |B*/G.,l. (27)
Since BF=B,G\U --- UB:G, we have
(XX BY/G = \J(X*XB,G)/G, (28)
Jj=1
(BXB)?/G = Q(BPX,SJ-G)/G. (29)
From Lemma 2, it follows that for all j&{1, 2, ---, {}
(XFXB,G)/G| = |X7/Gy |, (30)
[(BPXB;G)/G| = | BY/Gg,!. (31)

Now we will prove (2.c). So we assume that p Y or p}b, by using (1.a)
or (l.c¢c) we see that
|XP/Gayl < |BP/Gayl  (1<iSm). (32)

From [(24), [25), (26), (27) and it follows that

(XX X)P/G| £ |(XXB)?/G|.
We have proved (2.c).
Next we will prove (2.a). Since {8;} is a Gﬂj-orbit on B of length 1, it

follows from that
| XP/Gs,| < |B/Gg,l  for 1<j<!. (33)

(2.a) follows from [28), [(29), [(30), (31) and [33). Thus our proof of (2.a) is
done.

We will prove (2.d). Let (X, B, J) be symmetric. As in the proof of (1.d),
we see that both the design (X, B, 4) and its dual design (B, X, J) satisfy the
assumption of (2.c¢) and that of (2.a). Thus (2.d) follows from (2.a) and (2.c¢).
This completes the proof of (2.d). ' :

We will prove (2.b). If p/r or p )b, then by (l.a) or (1.c) we have

| XP/Gzyl = | BP/G4yl for 1<;<m. (34)
From (25), (26), (27) and it follows that
[(XXX)P/G| < |(XXB)/G]|.

Thus in this case (2.b) is proved. Assume that p|» and p | b. Let us recall
that X*=x,GU - Ux,G and

I‘ank AllBll == m_'l §_ I‘ank All . (35)

We have the following lemma.
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LEMMA 7. Let M={G., G.,, -, Gz,}. Then all groups in M except one
have an orbit on B whose length is relatively prime to p.

PrROOF. Suppose false. Then without loss of generality we may assume
that there exist G,, and G, such that p l |BG2,| and p \ |BG.,| for all B&B.

Since P is a normal subgroup of G.,, X¥ and B” are G,-invariant for /=1, 2.
Hence we see that for /=1, 2,

XP = S,(OUS,OJ - USSR, (), B =T@OUTOU - UT,G),

where S;(i) and T,(?) are the G, -orbits on X¥ and B”, respectively. Here we
may assume that

S = {x4} for =1, 2. (36)
Since X—X? and B—BF are G, -invariant for /=1, 2, we have the following:

X—=XP =Sp,00OU - USn4myg (@),
B—BP - Tli+1(l.>u tee UTli+li'(Z.) »

where Sy +(7) and Ty, 44(7) are the G -orbits on X—X” and B— BF, respectively
for i=1,2. Let @@)={S5:0G), -, Smuany @O} and Q@O={T\(@), ---, Ti,+:1;, (O} G=
1, 2). Then for i=1, 2 ¢(:) and Q(7) are partitions of X and B, respectively.
As in the proof of (1.a), we have that for /=1, 2

A 0
(D= (anty i) D
where A,,(z) has size m; X/,
doy = (2 O (38)

Ba(i)  Ba@)/’
where B,,(i) has size [;xXm;. By [37), [38) and [Proposition 3, we have for ;=1, 2

(1T1<z'>| 0 . _ (ISM . 0 )
)BHO) = A1f(1) ‘. . (39)
0 | T (3)] 0 1S @)

Since |T,(z)|=0 in F,(#<s7<![;) by the assumption for /=1, 2, it follows from
and that every component of row x, of matrix A (?) is equal to 0 for
i=1, 2. Since B,G=3;B;G., for all B, B,

An(x:G, BiG) =, %‘;GA(?% B) = T Auli)(xs, BiGz,) =0,
SELL J

for i=1, 2.
These facts show that the matrix A,;, has two row vectors which have all

their components equal to 0. Hence rank A;;<m—2, which contradicts [35).
This completes the proof of Lemma 7.

By using (1.b) and it follows from that
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| X?/Ge |+ - +1XF/Go | =1 < | BP/G o |+ -+ +IBP/G, .
From (26), (27) and the above inequality it follows that
(XX X)P/G|—1 < (XXBY/G.

In this case we have proved (2.b).
We have completed the proof of [Theoreml
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