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§1. Introduction.

In 1961, R. Osserman showed that the Gauss map of a complete non-flat
minimal (immersed) surface in R?® cannot omit a set of positive logarithmic
capacity ([8)). Moreover, he proved the following:

THEOREM 1.1 ([9]). Let M be a minimal surface in R™ (m=3), and p be a
point of M. If all normals at points of M make angles of at least a with some
fixed direction, then

1 16(m—1)
d(p)* sin‘a

1Kl =

where K(p) and d(p) denote the Gauss curvature of M at p and the distance from
D to the boundary of M respectively.

Afterwards, F. Xavier gave the following improvement of the former result
of R. Osserman.

THEOREM 1.2 ([11]). The Gauss map of a complete non-flat minimal surface
in R® can omit at most six points of the sphere.

Recently, the author gave a generalization of this to the case of complete
minimal surfaces in R™ (m=4) ([4], [5]). He studied also the value distribution
of the Gauss map of a complete submanifold M of C™ in the case where the
universal covering of M is biholomorphic to the unit ball in C™ ([6]).

In this paper, relating to these results we shall give the following theorem.

THEOREM 1. Let M be a minimal surface in R®. Suppose that the Gauss
map G: M—S*? omits at least five points a,, ---, as. Then, there exists a positive
constant C depending only on a,, -+, as such that

C

LOIES

for an arbitrary point p of M.
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Since d(p)=co for any p= M in the case where M is complete, we have
the following improvement of as an immediate consequence of
I

COROLLARY 1.3. The Gauss map of a complete non-flat minimal surface in
R?® can omit at most four points of the sphere.

We know some examples of complete non-flat minimal surfaces in R® whose
Gauss maps omit four points ([8], [10]). So, the number four of exceptional
values of the Gauss map of is best-possible.

We now consider a complete minimal surface M in R*. The Gauss map
may be identified with a pair of meromorphic functions g=(g,, g.) (cf. §5).
Relating to the results in and [5], we shall prove the following:

THEOREM II. Let M be a complete non-flat minimal surface in R* and let
g=(g1, g2) be the Gauss map of M.

(i) In the case gi=const. and g,5=const., if g, and g, omit q, points and g,
points respectively, then ¢:<2, or ¢,.<2, or

1 1
g1—2 + g.—2

=1,

(i) In the case where one of g, and g, is constant, say g,=const., then g,
can omit at most three points.

After some preparations, we shall furnish a function-theoretic lemma in § 3
and give the proof of I in §4. II will be proved in §5.

It is a pleasure to thank the referee for his questions and comments, which
led to improvements in the exposition.

§2. Preliminaries on Poincaré metrics.

In this section, we shall give some elementary properties of the Poincaré
metric of a domain in the complex plane C.

For a domain D of hyperbolic type in C we denote the Poincaré metric of

D by ds’=21p(z)*|dz|®. By definition, Ap(z) is a positive C*-function satisfying

the condition 4dlog Ap=A43. In particular, for a disc 4(R):={z;|z]| <R} we have
2R

Aacrx(2) = RZ———IZI—Z .

We need later the following generalized Schwarz’s lemma.

THEOREM 2.1. Let D be a domain in C and A be a positive C*-function on
D satisfying the condition Adlog A=A%. Then, for every holomorphic map f: A(R)
—D,
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For the proof, see, e.g., [1], p. 13.
Take ¢ distinct points ay, -+, a, in C, where ¢=2. For brevity, we set
Aaym a2 1= Aeviay, v a gi(2) -

PROPOSITION 2.2. Take an arbitrary constant K, with K,>max(l, |a,l, -+, |a4)).
Then, there exist positive constants A; (0<i<q) depending only on K,, a, -+, a,
such that

. A,
(i) Zal,.‘-,aq(z>gm for 2| ZK,,

(1) Zap a2

S (1si<q)
Iz—aii(l-l—log*lz_a”)

for |z| £K, and z+#a,, -+, a, where log*x=max(log x, 0).
For the proof, we use the following fact shown by L.V. Ahlfors ([1], p. 17).

(2.3) Set D:={z;|z|£1, |z|£]z—1]|} and
V1-z—-1

Y@= =

(ze D),

where v/1—z means the branch with Res/1—z>0 for zeD. Then,

C'(2)

1
Aa(2) 2 2(z) |4—log|C(z)|

(ze D).

ProoF OF PROPOSITION 2.2. We shall show first
lim inf 2, 1(2)| 2| logl—i—I— >1. o)
Since [{(2)/%(2)|=lz|"*z—1|-'%, we have by (2.3)
logil/z|
>
hoas@elog 1121 2 7, T iog(VI—2 1117 121)

_ log|1/z|
T lz—1]*%(log|1/z| +4+2log | V1—z+1])’
which tends to 1 as z tends to 0. So, we get (1).
Since Poincaré metrics are invariant under biholomorphic transformations
and u=1/z maps C~\{0, 1} biholomorphically onte itself,
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1 1
hor()ldz] = 2y do() 2.
Therefore, we obtain from (1)
liminf 2, ,(2)| z|log|z]| = lim ionf Ao, 1(u) | u| logl*:it—l =1. (2)

For each index 7 (1£/<¢) we take another index ;. Applying the distance
decreasing property of Poincaré metrics to the inclusion map of C\{aj, -+, a,}
into C\{a;, a;}, we see

A D) Z daga)(?)  GECMay, -, ag)). 3
Moreover, we have
1 Z2—Q;
heie ) = T Roig =4 @

because w=(z—a;)/(aj—a;) maps C\{a;, a;} biholomorphically onto C\{0, 1}.
Therefore, we conclude from (3), (4) and (1)

.. 1
IIIE’LI'.Iflal,..., aq(Z) ] z—a'i] (1+10g+m>

. 1 log*|as—ay]
> — >
*llﬂﬁanO:l(u)lulloglu](l log[1/4] )zl.

We now consider the function
1
hi(Z) = ,Zal,..., a q<2) [z——ai ](1+10g+m)

on the set 4':={z; |z] K} {a,, -+, a,} for each i (1=<i<q). We can easily

conclude A;:=inf,c4 hi(2)>0 because h; is continuous and liminf,., ;hi2)>0 for

each j=1, 2, ---, g. The constants A; satisfy the inequality (ii) of [Proposition 2.2.
Next, we consider the function

ho(2) 1= 2a,,,a(2)| 2] log | 2]
on the set 4”:={z;|z|=K,}. By (2), (3) and (4),
liminf2,,,.. ., (2)2|log| 2|

='lim inf 2,,4,(2)| 2| log | 2|

= liminf L /20, 1( 7%
la,—a| a,—a,

Z—00

)izlloglz|

= liminf A, ,(u)|ulloglu| = 1.
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Therefore, A,:=inf,csh,(z)>0 and A, satisfies the desired inequality (i) of
[Proposition 2.2, This completes the proof of [Proposition 2.2,

§3. A function-theoretic lemma.

The purpose of this section is to prove the following function-theoretic
lemma.

LEMMA 3.1. Let g be a meromorphic function on A(R) which omits q distinct
values ay, -+, Ag-y and a,=oco, where ¢=3. For 0<(g—1)e’<e, there exists a
constant B depending only on e, &', ay, -+, a, such that

(L+]g@)|)4" 2" g"(@)| _ B(_Z,L)

(1§ g(@)—aql ) —lz|®

For the proof, we set

(L+ Lo [2)a-2r2
Cillw—ay) - (W—ai-)(w—aisq) - (w"'aq—l)| ’

B(w) =

Then, B(w) is bounded by a constant B, because it is continuous on
C\{ay, -+, a,-;} and the limits lim,,.B(w) and lim,..,B(w) (1<i<g—1) exist.
Therefore, we have the following

(38.2) In the situation of [Lemma 3.1, there exists a constant B, depending
only on a,, -+, @, such that

(1+|gl2)“1'2>’2|g’| (qﬁ 18] >

Eilg—aql lg—ayl

We shall prove next the following

(3.3) Let g, ay, =+, @, be asin and p>0. Then, there exist some
constants C;>0 (1=5i<q—1) depending only on a,, -+, a,, 7 such that

|2’ 2R
= Cil 5 ;) - ®)
(1+1g1"7% g— at|(1+log+w> ( k=lz] )

To this end, we take a constant K,>max(l, |a,], -, |@g,-1|) and set

= {zed(R); | g(z)| <Ky}
4dy,:={z€d(R); |g(2)| 2 K,}.

Then, by [Proposition 2.2,

Ay
| g(2)—a| (1+log*

Zaya (82D Z I 'u)
gz)—ay|
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for z=4, and

A,
ayag-18() Z lg(z)|log| g(z)]

for ze4,. On the other hand, since 4108 2a,,...a;-; =22, ay-p LhE
- implies that

A

4 2R
|8/ ey - (8EN < o

Therefore, we have
el
1
(1+1 2197 g—asl (L+log* 5 7)

lg’|
lg—ail(1+10g+————lgiai| )

A

1 _2R
= A; R*—|z|?
for z=4, and
rd
(1+1g1%)7*| g—as| (1+]1og*

1
ig_a’i|>

log| g| | g’
= A4+1g1)*(1—la;i| /Ko | glloglg|

B
= 72;( RziRlzlz)

for zed,, where By:=supwiax,l—|a:l/K) 1+ w|?) ?log|lw|<+oco. The
constant C,:=max(1/A4;, B;/A,) satisfies the inequality (5).

Proor or LEMMA 3.1. Since

A+lgHeorl g _ A4-[glm ] g’| (T g—a:)”
(It g—ad)=" ITi=i g —a:l A+1gl® 7

we have only to show by virtue of (3.2) that there exists a constant D; such
that

(1= g2)—as ) | g'(2)] 2R
(2):= < Di( =7
k@)= =0 e Tge—at = PR 2) ©)
for each : (1<i<q—1). _

Take ¢” with 0<e’<e” and ¢—(¢g—1)¢”>0, and set
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(w—a,) - (w—aq-l)ls'<1+log+|_tv——lw>

H(w)= (1+Iw|2)(q—1)s"l2

The function H(w) on C\{ay, ---, a,-1} is obviously continuous and lim,_.,H(w)
=0 (1=i<q). Therefore, H(w) is bounded by a constant depending only on
ai, -+, ag, &, ¢”. On the other hand, for »:=e—(g—1)¢”">0,

|g'(2)| H(g(2)) )
(1418217 g(2)—a] <1+1°g+|g(2)1—o7i_|>

ky(z) =
By the use of (3.3) we have the desired inequality (6).

§4. Minimal surfaces in R:.

Let x=(x1, x,, x3): M—R? be a (connected oriented) minimal surface in R2.
With each positive isothermal local coordinates (u, v) associating a holomorphic
local coordinate z=u-++/—1v, we may regard M as a Riemann surface. Let
G : M—S? be the Gauss map of M. By definition, G maps each point p of M
to the unit vector G(p)eS? which is normal to M at p. Instead of G, we study
the map g: M—C:=C\U{oo} which is the conjugate of the composite of G and
the stereographic projection from S* onto C. By the assumption of minimality
of M, g is a meromorphic function on M.

For the proof of I, we may replace M by the universal covering
of M. On the other hand, there is no compact minimal surface in R?, and any
meromorphic function on C which omits three distinct values is a constant be-
cause of Picard’s theorem. Therefore, by Koebe’s uniformization theorem we
assume that M is the unit disc 4.

Set ¢;:=0x;/0z=(0x;/0u—~/—10x;/dv)/2 for each i=1, 2, 3. By elementary
calculation, we see

_ Ps
=g V1s
(see [10]). On the other hand, the metric on M induced from R? is given by
ds?=22|dz|?=2(] 2+ | @, |2+ | s 2| dz|%. If weset f:=¢,—+/—1¢,, it is easily
shown that
A=1f1MA+1g1%?,

where f has no zero in case that g has no pole. The curvature K of M is
given by
_dlogi _ 4)g’|*

K= = = ey

D
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Now, suppose that C\g(M) contains five distinct points a;, ---, s as in
fTheorem 1. By a suitable coordinate change we may assume that a;=oco. Let
Z, be an arbitrary point of M. Our purpose is to prove that

_C
d(zoy

for a suitable positive constant C depending only on a,, ---, a;, where d(z,) is
the largest lower bound of the lengths of all piecewise smooth curves going
from z, to the boundary of M. Without loss of generality, we assume that
z,=0 and K(0)=0. Take real numbers ¢, ¢’ with 0<4e’<le<1. Set p:=2/(3—¢).
We consider a many-valued analytic function

) fl/(l—m(H%:l(g__ai))p(1~s')/(l—p)
¢’ = (g/)p/(l-p) (8)

|K(z0)| =

on an open set M’ :={zeM; g’(z)+#0}. Take an arbitrary single-valued branch
¢, of ¢ in a neighborhood of the origin. Then ¢, has an analytic continuation
¢, along any continuous curve 7: [0, 1]-M with y(0)=o0. Let =: M’'—M’ be
the universal covering of M’. Each point Z of M corresponds to the homotopy
class of a continuous curve y: [0, 1]->M" with y(0)=o0 and y(1)==(%). Define

w=F(@):= Srgbr(z)dz . )

Obviously, F is a single-valued holomorphic function on Af’ and satisfies the
condition that F(6)=0 and dF(%)+0 for any :EEM’, where 6 denotes the point
of M’ corresponding to the constant curve o. Then, we can find a positive
constant R such that F maps a connected open neighborhood U of 6 bijectively
onto 4(R):={weC;|w|<R}. Choose the largest R with this property and
consider a map @ :=z-(F|U)™*: 4 R)»M. Here, we shall give the following
estimate of R.

(4.1) There exists a positive constant E, depending only on a,, -+, as and

&, &' such that
R'-? < E,|K(o)|-'7*.

To see this, we set A(w)=g(P(w)). Since

‘ dw l: | f1(TT3=1l g—a; )P | dw |p
dz lg’|? dz

by (8) and (9), we have

dz

O*dst = A D(w))|-%- .Z!dwlz
dw

|8/ (P(w))|°?|dz/dw|*?

=|f- Q1’1+ |g-D|??- If-@lz(H‘é:llg@—ail)“’“‘e”

|dw|?
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(14| R|®2 R 2P
N (H§=ll h——ail)zp(l—e')

ldw]?.

On the other hand, since d®@(0)#0 for the map z=@(w), we can take w as a
holomorphic local coordinate around the origin. The curvature K(o) of M at
the origin is given by
__A41R0)|® (Tii] h(o)—a;)PPa-en

(1+1h)[%?* (1+[h(0)|®)?* A’ (0)]??
_ _ AR (IT ] h(0)— a7

- (141 h(0)]®)* )

Now, apply to the function h. Then, we see

(1+1h(0)[*-="| h'(0)| _ 2B
Lzl h@)—ai)'™ = R

K(o) =

Consequently,

pi-p < @B P(Alin | M(0)—ay|)H-a -
=TT A [ R(0)| )PP b/ (0)| -7

2B)-P(Ti-:| h(0)—a:|)'~*
(141 h(0)|®)P+ie '

< 2| K(0)|/*

For sufficiently small ¢, &’,

By 2up 2B Pt lw—ail ¢

wec (14| w|?)@+orp <o

The constant E, satisfies the inequality (9). Thus, we conclude (4.1).
Now, for each point ¢ with |a]|=R we consider a line segment

L,: w=ta, 0Zt<1
in 4(R) and a curve
I'y: z=90(a), =<1

in M’. We shall prove that there exists a point a, with |a,| =R such that I,
tends to the boundary of M, namely, for each compact set C in M we can find
some f, with 0<t,<1 satisfying the condition that @(ta,)& C for t,<t<l. As-
sume that there is no point with such property. Then, for each point a with
la|=R there exists a sequence {¢,;v=1, 2, ---} which tends to 1 as v tends to
400 such that {@(,a); v=1, 2, ---} converges to a point z,& M. Then, g’(z,)
#0. In fact, if g’(z,)=0, then we can find a positive constant E, such that

E,
ld(2)| = To—z,| oI5
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in a neighborhood V of z, where m denotes the zero multiplicity of g’ at z,.
Therefore, we have

. dw
R=|, taot = |G|
={,.. 19114z
|dz]
2B, o oo =

because mp/(1— p)=2m/(1—e)>1. This contradicts (4.1). Thus, we have z,& M.
Take a relatively compact, simply connected open neighborhood V'’ of z, with
V’eM’. Since |¢| is a nowhere zero continuous function on M’, there exists
a positive constant E, such that |¢(z)|=E; on V. If there exists a sequence
{t;; v=1, 2, ---} which tends to 1 as v tends to oo such that @(t;a)&V’, then
we have easily an absurd conclusion

R :Spldw| > Eggpldzl = 0.

Therefore, @(ta)sV’ (t,<t<1) for some ¢,. Moreover, by the same argument
as above, we can easily conclude

Iim®(ta) = z, .
t-1

Take a connected component V of z-%V’) which includes {(F|U)~(ta): t,<t<1}.
Since 7|V : V>V’ is a homeomorphism, (F|U) (fa) tends to a point Z,=M as t
tends to 1. On the other hand, F maps an open neighborhood of %, biholo-
morphically onto an open neighborhood of a. This shows that (F|U)™! can be
extended holomorphically to a neighborhood of each point ¢ with |a¢|=R as a
map into M’. Since {w;|w|=R} is compact, we can easily find a constant R’
with R<R’ such that there exists a holomorphic map H(w): 4(R")—M’ with the
property that Hw)=(F|U)*(w) for wed(R) and (F-H)w)=w for we4d(R’).
Then, F maps an open set H(A(R’)) biholomorphically onto 4(R’). This con-
tradicts the property of K. Accordingly, we can choose a point @, with |a,| =R
such that Fao tends to the boundary of M. Therefore, d(o) is not larger than
the length of I,

Now, we apply to the function 4 to see

(A+1hID AP
(ITioi | h—a, | )PC-e

where 0<p=2/(3—e)<<1. This implies that

< Bp(—————RZEwa )
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(o) < = SL B*ds

(1+[h[2)|h |?
SLa0 (ITiai) h—ay | )Pet-e |dw]
=87, (G pppe) 1w

=B pSf( sz-tz ) di

dt
A=

By the help of (4.1) we complete the proof of [Theoreml I.

— 9P BPR1- :oS

§5. Minimal surfaces in R*.

Let x=(x1, x4, x5, x,): M—R* be a complete minimal surface in R* As in
the case of minimal surfaces in R?, for the proof of [Theoreml/II we may assume
that M is biholomorphic to the unit disc 4. As is well-known, the set of all
oriented 2-planes in R* is canonically identified with the quadric

Q€)= {(wy: - 1wy ; wi+ - +wi=0}

in P¥C). By definition, the Gauss map G : M—Q,(C) is the map which maps
each point z of M to the point of Q,(C) corresponding to the oriented tangent
plane of M at z. The quadric Q.(C) is biholomorphic to CxC. By suitable
identifications we may regard G as a pair of meromorphic functions g=(g,, g,)
on M. Set ¢;:=0x;/dz for i=1, ---, 4. Then, g, and g, are given by

_ ¢+ 14, _ =6+ —14,
g1 = ¢1_'\/:1—¢2 ’ g2 ¢1—\/:1¢2

and the metric on M induced from R* is given by

ds® = | f1°(1+1 8.5+ g:1%)dz|?,

where f:=¢;—+v—1¢,.
We first study the case where g;const. for /=1, 2. Suppose that g, and

g. omit ¢, distinct values a,, -, a,;=0c0 and ¢, distinct values B, ---, B, =00
respectively. Moreover, we assume that g{(0)=0, g5(0)+#0 and
> 2 > 2 1 + 1 <1 (10)
ql ] (]2 » (]1—2 q2_2 .

Take real numbers ¢, ¢’ such that 0<(g;—1)e’<e<q;—2 for /=1, 2 and
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1 1
+

q1—2—¢ g:—2—¢ <l.

Set p;:=1/(qg;—2—¢) for i=1, 2. By the assumption [10), we see ¢;=4 (=1, 2).
Moreover, we have ¢,=5 in the case ¢,=4, and ¢,=4 in the case ¢;=5. It
suffices to consider the cases (¢;, ¢.)=4, 5) and (¢, ¢,)=(5, 4). In each case,
pi/(l—pi—p)>1 (1=1, 2) for a sufficiently small &. We now consider a many-
valued function

L f1/(1~p1~p2)(Hri11v_—11(g1_,_ai))pl(l_s')/(1—p1~p2)(ngg=«11(gz_ﬁj))pgci_sl)/(l—pl—pg)
9[) T (g’)pl/(l—Pl—Pz)(g/)le(l—Pl—Pz)

(11

on a set M":={zeM; gi(z)#0 and g(z)+#0}. Let ¢, be a single-valued branch
of ¢ in a neighborhood of the origin and = : M’'—M’ be the universal covering
of M’. As in the previous section, for each Z& M’ taking a continuous curve 7y
whose homotopy class corresponds to 2 and an analytic continuation ¢, of ¢,
along 7, we define

F@):=| ¢0dC.

Then, F(0)=0 and dF (£)+0 for all s M’. We choose the largest R such that
F maps a connected neighborhood of & bijectively onto 4(R), where R<-oo by
virtue of Liouville’s theorem. Set h;(w):=g:(@(w)) on 4(R) for =1, 2, where
O=r-(FIU)*. The metric on 4(R) induced from M by @ is given by

O*ds* = | [+ Q1+ A" )1+ hel?)

L ldw.
On the other hand, by (11) and the definition of F, we have

‘ ‘ |f|(Hq1*llgl—a [)Pact= EI)(H 11|g2 ,B [yPeti-€) l dw 1’1+P2
dz |~ R i |

It follows that
l \ - |h1|P1|hy|P2
Ifl(ﬂ 11|h1 a; Dpl(l e’ )<Hq2—1|h2 ‘B Dpz(‘ ey ?
because hj(w)=g(Pw)P’(w) (i=1, 2). Therefore, we obtain

(L1 YL+ Lo ) 222 g 222
(T Tha— P71 (T3 [y )20

By the same reason as in the previous section, we can find a point a, with
lao]=R such that for the line segment L from 0 to a, in 4(R) the curve I'=
@(L) tends to the boundary of M. By the assumption of the completeness of
M the length d of I is infinite. On the other hand, we obtain by the help of

Q*ds* = ldw|?.
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d< g (LR DVEL+ o2V Ry P21  hy| Pe
= o (Ll ha— )" (T by — B,])Pe

2R P1+Dy
< B’ — 7 PL-(P1+D2)
which is absurd. This completes the proof of I, ().
We next consider the case g;=const. and g,=const. Suppose that g; omits
four distinct values a,, ---, a,, where we assume a,=co. In this case, we use

a many-valued function

5 ldw]

L fll(l—P)<H%=l(g1_ai))P(l-s')/(l—P)
¢'_ (g/)ll(l-p)

instead of (11), where 0<3e’<e<1 and p:=1/(2—e). By the same method as
above, we can construct a continuous curve of finite length which goes from
the origin to the boundary of M. This contradicts the assumption that M is
complete. Therefore, we conclude II, (ii).
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