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Introduction.

The notion of Anosov maps given in is a strict generalization
of expanding maps and expansive homeomorphisms with pseudo-orbit tracing
property (abbrev. POTP). If in particular an Anosov map is bijective, then it
has expansivity and POTP (see Remark 2 (i)). But we remark that the notion
of expanding maps is not defined for homeomorphisms of compact connected
metric spaces which are not one point (see Remark 2 (ii) (b)). It is known (cf.
A. Morimoto [10]) that every homeomorphism with expansivity and POTP is
topologically stable in the class of homeomorphisms. However it is impossible
that a homeomorphism is topologically stable in the class of continuous surjective
maps (see Remark 1). By using the same technique in [10] we can see that
every expanding map satisfies topological stability in the class of continuous
surjective maps. Thus it is natural to ask whether every Anosov map which is
not bijective satisfies it in the class of continuous surjective maps.

We prove the following

THEOREM 1. Let M be a closed topological manifold and f : M—M be a local
homeomorphism but not bijective. If f is an Anosov map which satisfies topological
stability in the class of continuous surjective maps, then f must be expanding.

Let (X, d) be a compact metric space and f: X—X be a continuous surjec-
tive map. Denote by £ the non-wandering set of f (2+ @ since X is compact).
We obtain Smale-Bowen’s decomposition theorem for an Anosov map of X as
follows.

THEOREM 2. Every Anosov map f of X has the following properties.

(i) f()=Q and f:2—2 is an Anosov map,

(ii) £ contains a finite sequence B; (L<i<l) of f-invariant (i.e. f(B;)=B))
closed subsets such that 2=\)i-,B; and f: B;—B; is topologically transitive,

(iii) for 1=i=l, there exists a>0, and B; contains a finite sequence Cij
(0=j=a—1) such that f*(Ci)=Cs;, C;;NCi;, =D, f(Ci)=Cyy,, for 0=j#j'<a—1
(Ciu=Csp), [*:Cyy>Cy; is topologically mixing and Bi=\J}=Cy,
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was described in for an expansive homeomorphism with
POTP of X.
The following is obtained in proving [Theorem 1.

COROLLARY. (i) If X is connected and f is an expanding map, then X=4£.
(ii) Let M be a closed topological manifold and f: M—M be a local homeo-
morphism. If f is an Anosov map, then Q is an infinite set.

First of all we show in §1 that the definition of an Anosov endomorphism
given by Mafié and Pugh is equivalent to that of Przytycki (see Proposition I)).
After that we introduce, in topological setting, the notions of an Anosov map
and a special Anosov map of X. In §2 we show that every Anosov map has
POTP (see Lemma 3), and by using this property, we give the proof of Theo-
rem 1. In §3 we give the proof of [Theorem 2

The author wishes to thank Koichi Hiraide for many helpful conversations,
and also the referee for many useful suggestions.

§1. Anosov maps.

Let M be a closed C~-manifold and f: M—M be a C™-map (»=1). Denote
by S;(M) the set of all f-orbits {x;} (f(x;)=x:, for all ;€Z) of M.

DEFINITION 1 (Mafié-Pugh [9]). Let f: M—M be an immersion. Then we
say that f is a weakly Anosov endomorphism if there is a continuous subbundle
E*=Df(E*)CTM and if there are constants C, C’>0, 0<u<1<2 and a Rieman-
nian metric ||-] on TM such that for all n>0,

D"l = Cp™ vl for veE?,

(%) IDf*(w+E" = C’'A"lv+E*|l  for v+E*=TM/E®
where Df is the induced map on TM/E® and ||-|| is the induced metric on
TM/E®.

DEFINITION 2 (Przytycki [12]). Let f: M—M be an immersion. Then we
say that f is an Anosov endomorphism if there exist constants C>0, 0<yv<1
and a Riemannian metric ||| on TM such that for all {x;}S,(M), there is a
splitting

TwaM = \J {ELBE%)

which is preserved by Df and for all n>0,

|Df 2, = Co™|lv] for veE%,,
IDf2, W = Cv v  for veEY,.
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We remark that E% depends on f-orbit {x;} when f is not bijective. It is
known (see [12, Theorem 2.15]) that E%,+#E; when x,=y, but {x;}+#{y:}.
But such a phenomenon does not happen for E3, (see [12, p. 250]).

For a special type of Anosov endomorphisms the following is defined.

DEFINITION 3 (Przytycki [12]). Let f: M—M be a C-map. We say that
f is a special Anosov endomorphism if f is an Anosov endomorphism and if
E% =FE%, for every {x;}, {y&S,(M) with x,=y,.

In order to give the notion of Anosov maps of compact metric spaces, we
first check the following

PROPOSITION 1. Definitions 1 and 2 are equivalent.
PrROOF. Let f: M—M be a weakly Anosov endomorphism and put

Tsf<M)M~_— \J T(xi)M-

{zg1ES £ (M)

Then we see that Ts, M is a bundle over S;(M). Let Df*: Ts,onM—Ts,onM
be an automorphism defined by

Df?zi}({vi}?l—w) = {Df, ()} € T{f(xi)lM
for every {vi}5--wET :yM and every {x;}&S;(M). Define the norm of Df¥ by

[Df¥]l = sup sup sup [|Dfz,(w)ll/|vil

(xi)ESf(M) (’D.,;)ET(xi)M i€z

and put
Fr= U (UE),

121E8 7 (M) t==c0

Fi= U (U E%)

(Z)ES ) i=-oo
where E%' is the orthogonal subspace to E% in T,M. Then as in the proof of
Proposition 5 of [9], there exists a splitting
TsfumM: FPF*
and 0<y<1 such that Df#¥(F?)=F° (¢=s, u) and max{|Df %, |Df 7|} <v.
Therefore the fiber
TuoM=(\J B2)®(\J E¥)

at {x;}€S;(M) of Ts,un, M=F*PDF" satisfies the condition of an Anosov endo-
morphism.

Conversely, let f: M—M be an Anosov endomorphism. In we
can omit the constant C (by [12, Proposition 1.4]). Thus it follows from Pro-
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position 1.7 of that there is an a@>0 such that for every x€M,
sup{|w,||/|w.] : w, e ES, szEg:L, wtw, € E5—{0}} < a.

By an easy calculation we have that for every xeM and every subspace EY,

1
W—Wllvull = o+ E2ll = lvull wu€EL).
From this it is easily checked that Df: TM/E*—TM/E* satisfies (*) of Defini-
tion 1. Put E*={E%:xeM}. Since E* is a continuous subbundle of TM, f is
a weakly Anosov endomorphism.

As before let (X, d) be a compact metric space and f: X—X be a con-
tinuous surjective map. Denote S7(X) by the set of all backward f-orbits of X.
Let ¢e>0. We define the local stable set Wi(x) for x€ X by

Wix)={ze X : d(f™(2), fMx)) = ¢ for n=0}
and the local unstable set W¥({y;}) for {y:}=S7(X) by

Wi({y:}) = {z= X such that there is {z;} €S7(X) with
zo=2, d(yi, z;)<¢ for 1=0}.

DEFINITION 4. We say that f: X—X is an Anosov map with constant ¢>0
if there exists ¢ with the property that for every 0<e=c there is a 6>0 such
that for every x=X and every {y;} €S7(X), d(x, y,)<d implies that

Wi x)NW¥({y;}) = {exactly one point}.

If an Anosov map f is not bijective, then there is a case such that W%({x;})
FWe({y:}) if xo=23, but {x;}#{y:}. As mentioned in Definition 2, this follows
easily when X and f are replaced by M and an Anosov endomorphism respec-
tively. We generalize the type of Definition 3 as follows.

DEFINITION 5. We say that f: X—X is a special Anosov map if f is an
Anosov map and if W¥({x;})=W¥({y;}) for every {x;}, {¥:} €S7(X) with x,=y,.

We remark that Definitions 4 and 5 coincide whenever f is bijective, and
that these new notions are independent of metrics for X. We can easily check
that f is an (special) Anosov map if and only if f" is an (special) Anosov map
for n=2.

An example of special Anosov maps which is not bijective is easily con-
structed on a solenoidal group which is not a torus. For instance, let @ be
the canonical base of R™ (n>0) and, let y be an nXn matrix with entries in
Q such that dety#0, the eigenvalues of y are off the unit circle and Z"=
gp O G'=gp\ 77’0 (the notation gp £ means the subgroup generated by a
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set E). The algebraic subgroup G=gp\Uj=-y’G’'SR" is y-invariant. We as-
sume that G is endowed with the discrete topology. Then the dual group X
of G is a solenoidal group with dimX=n. Let ¢ denote the dual automorphism
of y¢. Then (X, o) is expansive (see [2, Theorem 1]). Hence by [2, pp. 8-
90] there are a translation invariant metric d for X and constants a,>0, 0<i<1
such that for 0<e<a, W.(0)={xeX:d(x, 0)<e} is expressed as W.0)=
WH0)PW=(0) since ¢ is expansive and G=gp\ -7’0 (see [2, P. 4]). Here
Wz(0) (r=s, u) are subsets of W, (0) with the property:

ird(x, 0 (xeWi0), n20),
A md(x, 00 (x€WX0), n=0).

Let F be the annihilator of gp® in X and put F*=/\%,0 7F. Then it is easily
obtained that the factor group X/F* is the dual group of G’, a solenoidal group
and not a torus. Denote by & the dual homomorphism of 7. Then &: X/F*
—X/F* is finite-to-one since 7: G'—G’ is injective and F*/gF* is finite (see [2,
p. 3]). Finally, it is not hard to show that & is a special Anosov map.

A sequence of points {x;}3-4 (—o0=a<b=oo) is called a 8-pseudo-orbit of f
if d(f(xy), x:41)<0 for a=<i=b—1. A sequence of points {x;}}-, (¢=i=ZDb) is
called to be e-traced by a f-orbit {y;}?-, if d(x;, y:;)<e holds for a¢=i<b. We
say that f has pseudo-orbit tracing property (POTP) if for every ¢>0 there isa
0>0 such that every d-pseudo-orbit of f can be e-traced by some f-orbit of X.
It is easy to check that f® has POTP (n=2) if and only if f has POTP (cf.
[107.

The following is used in the proof of

PRrROPOSITION 2. Let (X, d) and f: X—X be as before. If f has POTP, then
F(Q)=Q2 and f: 22— has POTP.

da™(x), 0) = {

Proor. When f is bijective, the proposition is proved in [1, Theorem 1].
Thus we prove the proposition to the case when f is not bijective. It is clear
that f(2)CcQ. By POTP we have f(2)=£2. For, assume that 2\f(Q)+ Q.
Then there are x€O2\f(2) and ¢>0 such that Ulx)={ye2:d(x, y)<e}C
ONfF(2). Let 6=0(¢/2)>0 be as in the definition of POTP of f. Since x is in
2, there are n>0 and an n-cyclic d-pseudo-orbit {x;}3=, such that x,;=x for
all 7=0. Since f has POTP, there is ye X such that d(f(y), x;)<e/2 for all
i=0. Thus {f™(y)}7CUe(x)={y=X: d(x, y)<e/2}. If there is a subsequence
{f* (C{f™(y)} such that f*/'(y)—y’'€X as j'—oo, then we have y’, f"(y’)
eU!(x) since y’ew(y), where w(y) denotes the w-limit set of yeX. This is a
contradiction. The second statement is proved by the same method of [1,
fTheorem 1] and so we omit the proof.

DEFINITION 6. Let G(X) and $(X) denote the set of all continuous maps
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and all homeomorphisms of X onto itself respectively. For fe@(X) we say
that f is topologically stable in G(X) if for every e>0 there is a 6>0 with the
property that for every ge€@(X) with d(f(x), g(x))<d (x=X), there is a con-
tinuous map A : X—X such that

(1) heg= feh, (i) dh(x), x)<e (x€X).

Especially for fe$(X), if for every ge9(X) with d(f(x), g(x))<d (x= X), there
is a continuous map h: X—X such that the above (i) and (ii) hold, then the
homeomorphism f is said to be topologically stable in H(X).

REMARK 1. For fe$(X) it is impossible that f is topologically stable in
G(X). Indeed, consider S* as R/Z and denote by d the standard metric on S.
Let f:S'—>S* be a Morse-Smale diffeomorphism which has a sink and a source
fixed points p, g=S* respectively. It is well known that f is topologically
stable in $(S?) (see [11]). But f is not topologically stable in €(S*). To see
this, let p and ¢ be as above and fix 0<e<d(p, ¢)/4. Denote by U an interval
[p—e, p+e] and let & be a number of topological stability. Then we obtain
g<6(S") (see the graph).

7

i
I
i
1
1
b

q b pte q

Clearly gisiwv=/f, d(f(x), g(x))<d (x=S*) and there are p’#q¢’<U~N{p} such
that g(p")=p’'=g(q’). Put ¢.,=q’ and define Sz(S') as in Then
we can find {¢.;} =S;(S*) with ¢.;—¢ asi—co. If thereis h=@(S?) which holds
(i) and (ii) of then we have h(g.;)=h(p’) for ;=1. Hence d(q_;, p")
<2¢ for 7=1. Since ¢’ ;—q (7—o0), we have 2¢ <lim;d(q;, p’)=2¢, thus contra-
diction.

A homeomorphism f: X—X is called to be expansive if there exists an a>0
such that d(f™x), fM{y)<a for every neZ implies x=y. We say that « is
an expansivity constant of f.
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REMARK 2. Let f:X—X be an Anosov map with expansivity constant
c>0.

(i) If in particular f is bijective, then f is expansive and has POTP (see
Definition 4 and Lemma 3).

(i) (a) If there exists 0<e<c¢ such that Wi(x)={x} for every x& X, then

f is an expanding map, that is, f is an open map and there are
metric p for X with constants ¢>0 and 4>1 such that p(x, y)<e
implies o(f(x), f(y))=2p(x, y).

(b) If in particular an expanding map is bijective, then X is a finite
set.

(ii) are checked as follows. To see (a), it is enough to prove that f is
open for the case when f is not bijective since f is positively expansive with
an expansivity constant e (see [13, Theorem 1]). Fix 0<e=e¢ and let >0 be as
in Take ye X. Then for every x< Us(f(»)) and every {y;} €S7(X)
with y,=f(y) and y_.,=y, we have Wi({y:})"\Wix)={x}. Hence there is
x-,€ X such that d(x_;, y)<e and f(x_,)=x, and so Us(f(y))C f(U(»)). Since
¢ is arbitrary, f is open.

Following the proof of [5, Theorem 10. 30] we obtain (b). In factlet f be a
bijective expanding map and put @ -={f"*:7=0} and O*+*={f*::=0}CH(X),
where $(X) is endowed with metric d(f, g)=max{d(f(x), g(x)): x€ X} (f, g€
H(X)). Since f is expanding, @- is uniformly equicontinuous. Define a map
G: D —0* by G(f-H=f* for f~*e®-. Then it is easy to see that for a>0
there is f>0 such that for every f~‘e @~ we have GU s(f~HND)CU,(fHND*
since @~ is uniformly equicontinuous. Here Us(f)={ge H(X): d(f, g)<8}. Since
@- is totally bounded (by Ascoli’s theorem), there is an integer £>0 such that
O-=\)ii(Up(f»)ND-). Thus we have O+=\:_,(U,(f*»)N®@*), and so P* is
uniformly equicontinuous. Thus for an expansivity constant e¢ of f, there is a
v>0 such that d(x, y)<v (x, yeX) implies d(fi(x), fiy)=<e for all i=0.
Therefore U,(x)={x} for x€X.

§2. Proof of Theorem 1.

Let (X, d) be a compact metric space and f: X—X be an Anosov map with
constant ¢>0.

LEMMA 1. Let {x;}, {y:}eS(X). If d(xi, vi)<c for every ic€Z, then
Xe= Yoo

ProoF. This follows from

The following is a slight extension of a result of Mafié [8].
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LEMMA 2. For all >0, there is some N,.>0 such that

(i) frWixNCTWi(f™(x)) for all x€X and n=N,,

(i) of d(xi, yi=c ({xi}, {y:i} €SHX)) for all i=<0, then d(x-n, y-2)=r for
all n=N,.

Proor. If (i) is false, then we can find sequences x*, y"=X and m,=n
such that y*eWi(x®) and d(f™»(x™), fm»(y*)=r. If f™»(x™)—x, and f™n(y")
—y, when n—oo, then d(x,, yo)=r. If f™r-}(x")—x_;and f™»"(y*)—y_, when
n—oo, then d(x-,, y-,)=c since d(f¥(x™), fi(y™)=c for 0=7=<m,. Clearly f(x-,)
=x, and f(y-;)=y,. By induction we get {x;}, {y:} €S7(X) such that d(x;, y;)
<c for all 7=0. Therefore y,eW¥({x;}). On the other hand, since y*eWj(x™"),
we have d(f/(f™(x"), fA(f™r(y*)=<c¢ for all j=—m, Thus y,eWi(x,) as
n—oo, By we have x,=y,. This is a contradiction.

Assume that (ii) is false. Then we can find sequences {x}}5=0, {VF}5=0E
S7(X) and m,=n such that d(x2p,, y2n,)=r and d(x?, y})=c for all /=0. As
above we can derive a contradiction.

LEMMA 3. f has POTP.

PROOF. For 0<u=c/2, let 0<v<p be as in Take and fix
N,;:>0 as in corresponding to v/2. To simplify the proof, we put
g=f""2 To get the conclusion, it is enough to see that every v/2-pseudo-orbit
of g is 2u-traced by some g-orbit. Denote by Wi .(x) the local stable set for
g at xX and by W¥ ({x;}) the local unstable set for {x;}=Sz(X). Fix (>0
and choose a y/2-pseudo-orbit {x7}}., of g. Since d(g(x"), x®)<v, there is a

25 = Wi, (g N U{xHNWE, o(x7),

where {xl} is a g-orbit with x,=x* fixed at your will. By () g(z2)
eWs:,, (g(x?), and so d(g(z}), x*)<v. Thus there is a

25 = Wi, (g@)\J{zH)NW3, o(x%),

where {23} is a g-orbit such that d(z}-;, x;)<p for i<0. Since d(g(z{™), )<y
for 4<;=/, there is a

2l = W (g NI HNWE, (x7),

where {z{-'} is a g-orbit such that d(z{z}, z/-*)<p for i<0. Clearly d(z{, x")
<2u. By the choice of z{ thereis a g-orbit {zi} such that d(zL.4,, zi™")<p for
all £=0. Hence d(zL,, g(zi*®))=2p and d(zl.4s, 2i°5)=2p for all 2=0 since
' eWs [(g@i)\uizi=®). By (ii) it follows that d(zlsys, zi"2)=<v/2
for all £<0, and so d(z%,;, x*"%)<2p. In this manner we see that {g/(y,)}}=
2p-traces {x7}},, where y,=z'.;,. Thus for an arbitrary large (>0, every
y/2-pseudo-orbit {x7}i._; is 2u-traced by some g-orbit. Since X is compact, it
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is easy to see that g has POTP.
LEMMA 4. The set of all periodic points of f, per(f), is dense in 9.

PROOF. Recall that 2={xeX: for every neighborhood U of x, f-*(U)N\U
#@ for some n=1}. For 0<p=c/2, let 0<y<p be as in the definition of
POTP of f (see Lemma 3). Take and fix x=£. Then there are (>0 and
ye X such that {x=x,, x;=f%(y) 1=i<!-1), x,=x} is a v-pseudo-orbit of f.
Put yu4i=x; (n=20, 0=5:=50—1) and yp-1=x;-; (n =0, 0=/=/—1). Then {y;}F=-=
(yo=x) is a cyclic v-pseudo-orbit of f. By there is {z;} €S;(X) such
that d(yi+j;, fi(z))<p for all /=0 and j€Z. Hence d(z;44, z:)<c for all icZ
and so by [Lemma I, fY(z)=2z,€U ,(x).

Let (Y, p) be a metric space and g be a homeomorphism from Y onto itself.
For ¢>0 and x€Y, define the local stable and unstable sets Wi(x), W¥(x) by

Wilx) = {y€Y : p(g™x), g*(y)<=e, n=0},
Wex) = {yeY : p(g™(x), g"(y))<=e, n=0}.

We say that g has the canonical coordinates if there exists a constant ¢’>0 with
the property that for each 0<e=c’ there is a 0 >0 such that p(x, y)<9d (x, y&Y)
implies

Wi (x)NW¥(y) = {exactly one point}.

In this case g is expansive and ¢’ is an expansivity constant of g.

Let M be a closed topological manifold with metric d. Denote by (M, )
the universal covering space of M. By of [4] there are a complete
metric p and an @,>0 such that for every 0<a=a, and every x&M an open
ball U,(x) is evenly covered by = and for every ue M the restriction to Bg(u)
of m is an isometry, where Ba(u)z{vEM : p(u, v)<d}. We note that there is
an a,;>0 (a;<a,) such that u#v (u, ve M) and n(u)=z) implies p(u, v)<a,
(cf. [10, Lemma 14]). If f:M—M is a local homeomorphism, then a lift
g: M—M of f under = is bijective and biuniformly continuous (cf. [10, Lemma
147).

LEMMA 5. If f is an Anosov map with constant ¢ and a local homeomorphism,
then its lift g: M—M has the canonical coordinates.

PROOF. Since M is compact and f: M—M is a local homeomorphism, there
is a >0 such that if x#y (x, yeM) and f(x)=/f(y), then d(x, y)=B. Leta,
be as above and put a,=min{a;, 8}. Choose 0<c¢’<min {c, @,/2} such that
pu, v)<¢’ (u, veM) implies max{p(g(), gv)), p(g~*(w), g W)} <as/2. For
0<e=Zc’, let 0<d<e be as in If p(u, v)<3 (u, veM), then there
is z=Wir(u)NWi({zgi®)}) (since d(zx(u), 7(v))<d and {zg¥(v)} €S7M)). So
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we take we M such that n(w)=z, p(w, u)<e and p(w, v)<e. Then p(w, u)=<e
implies p(g(w), g(u))=e¢ (since p(g(w), g(u))<a,/2 and the restriction to B,,(g(w))
of = is an isometry). Since p(g(w), g(u))<e, in the above manner we have
p(g*(w), g%w))<e and by induction p(g™(w), g™(u))<e for n=0. Therefore we
Wi(u). We next show that weW¥(v). Since p(w, u)<e, we have p(g~'(w),
g Yu))<a,/2. On the other hand, since there is z_,=M such that f(z_,)=z and
d(z-;, g~ '(v))<e, we have n(w_;)=2z-; and p(w-,;, g7 (v))<e for some w_,eA7I.
Since d(z(w-,), zg ' (w))<B and fra(w-)=fr(g"'(w)), we have n(w_,)=ng " (w)
and so w_,=g '(w). Hence p(g~(w), g7'(v))<e. By induction we see that
olg ™(w), g *(w))=e for all n=0. Therefore weW¥().

REMARK 3. Let g, ¢ and é be as in Since M is the universal
covering space of M and = is a local isometry, it is easily checked that for all
r>0 there is an N>0 such that g®"(Wiw)CW(g™(v)) and g~ *(W*w))CTWi(g~"(v))
for all veM and n=N. Since M is relatively compact, by using the proof of
we can see that g has POTP.

Hereafter we assume that f: M—M is an Anosov map and a local homeo-
morphism, and g: M—M is a lift of f. Since g has the canonical coordinates
(by Lemma 5)), there is a ¢’ such that for ey=c’/3 there is 0<d,<e, such that
ou, v)<0do (u, ve]\71) implies W3 (u)NW*% (v)={one point}. Put

A@Gy) = {(u, V)EMXM : p(u, v)<d,}
and define a map [, ]: A(8))—M by
Lu, v] = Wi (u)NW,(v) to (u, v)eA@,).

LEMMA 6. The map [,]: Ad)—M is continuous and satisfies [[u, v], wl=

Tu, w] and [u, [v, w]l=[u, w] whenever the two sides of the relations are
defined.

Proor. This follows easily from the proof of of since every
bounded subset of M is relatively compact.

LEMMA 7. There is 0<8,<0,/2 such that for all ueM, putting
Wioe(u) = W (u)N\B;,(w)  (6=s, u),
Ny = [Wie(u), Wie(w)],

(i) N, is an open subset of M and
(i) [,]: WE)XWi(u)—N, is a homeomorphism.

ProOOF. The conclusion is easily obtained by Proposition 3 of and
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Let 8, be the number as in For all ue M we denote by W9, _(u)
the connected component of u in W (u) (¢=s, u).

LEMMA 8. Both sets M“:{ueM:W‘éom(u):{u}} (6=s, u) are open and
closed in M.

ProoOr. We prove only the case o=s of the lemma. The case ¢=u follows
in a similar way. Let 4,>0 be as in For 8,/2>0, choose §,>0
(20,<0,) as in the definition of the canonical coordinates of g. Take and fix
ueM. Then we have Lu, Bs,(u)JCTWem(u)={u}. If there is ve Bs,(u) such
that Wi,(v)# {v}, then we choose weW{,,w)NBs(u)N{v}. It is easy to see
that [u, w]=u=[u, v] and so weW? (v). This is a contradiction because we
Wi,(v) and w+#v. Therefore M* is open in M.

Next we show that M* is closed in M. Let {ua}5-0 be a sequence of M
such that u,,—»ue]V[ as mn—oo. Since unej\zs, we have {u,}=Wi(u)D
Lun, Bs(us)] for n=0. To prove uEAZIs, if Wim(u)+# {u}, then for a sufficiently
large n>0 such that u,eB;(u) there is a weWi,(u)NB;,(un){u}. Thus
weW{(u). On the other hand, [u,, wl=u,=[u,, u] (since w, ue B;s,(u,)) and
so weW?% (u). This is a contradiction.

We denote by W2 .(x(u)) the subset #(Wg,.(u)) of M for ue M.

LEMMA 9. If f is not expanding, then Wi, (x)# {x} for all x& M.

PROOF. Let M°® be as in Then M?® is open and closed in M.
™ Thus if M #:]\713, then ]\7["2@ since M is connected. Therefore the conclusion
of the lemma is obtained. From now on we prove that M°=M can not happen.
To do this, assume that M*=M. For ueM, N, is open in M by Lemma 7 and
so locally connected. Denote by N, com the connected component of u in N,.
Then we have that Ny com is open in M. Thus there is >0 such that M=
}<1m(Ny; com)» By the assumption we note that Ny com=Wkn(u) for ue M.
Let 0<y’<c be a Lebesgue number for {m(Ny, com)}i=:. Since f is not expand-
ing, Wi (x)#{x} for some xM. So we choose y=WS: (x)\{x}. Then there
are v, WE Ny, com such that z(v)=x and m(w)=y. Therefore yeWi({rgiv)})
NWx)={x}, thus contradiction.

PROOF OF THEOREM 1. Let f and M be as in [Theorem 1. For the proof
we assume that an Anosov map f with constant ¢ is topologically stable but
not expanding. By there is a periodic point p,= M with period n>0.
As before let 8 be a number such that x#y and f(x)=f(y) implies d(x, y)=8,
and take 0<e<min{f/2, c} such that d(x, y)<e (x, yeM) implies d(f¥(x), f¥(y))
<c¢ for 0=/=n. Let 0=0(¢)>0 be a number with property of topological
stability. For an n-cyclic f-orbit {p;}5-«, there are p.,= f~(po)N{p-1} and a
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neighborhood U of pZ, such that diamU<p/2, diam f(U)<d, {p:}t=-=NU=0Q
and f,; is a homeomorphism. By there is g-, e Wi(pL)NUN{pL.}.

We consider a perturbation g of f such that f=g on M\U and g(g-1)= po.
It is clear that d(f(x), g(x))<d (x=M). Thus there is a continuous map
h: M—M which holds (i) and (ii) of Since {p-NU=0, it
follows that f™(h(p))=h(g™(Po))=h(p,) and so &>d(p,, h(po))=d(f™(po),
f™(h(po)) for all 7=0. Thus A(po)=p, by Lemma I, and so h(g-,)=p~, (since
f(h(g-1))=h(g(g-0)=h(po), f(pL)=po and d(h(g-y), p.1)<B). Next take ¢_,&
FHg-ONMNU) and put pl,=h(g-;). Then f(pLy)=h(g-;)=p~; and d(pls, g-»)
<e. We can construct inductively {g-;}3=1, {pLi}i€S7(M) such that d(p~;, q-1)
<e for all 7=1. Since q_,€W(p.,), we must have p’,=¢., by Lemma 1. This
is a contradiction.

It remains to check Let f:X—X be an expanding map of a
compact connected metric space X. Then by of we have X=2,
and so (i) was proved.

Let f and M be as before. To see (ii), let f be an Anosov map with con-
stant ¢>0. If f is expanding, then M=% (by (i)). When f is not expanding,
assume that card 2 is finite. To simplify the proof, let us put 2={x, y} (i.e.
card 2=2) and g=f% Thus g(x)=x and g(y)=y. Take and fix 0<e<
min{c/2, d(x, y)/2}. Let >0 (6<e) be as in the definition of POTP of g. By
[Lemma 9 there is x’eWi(x)N\Us(x)N{x}. Fix {x{}€Sz(M) with x¢=x’. Then
by Lemma 1|, it is easy to see that there is an integer I>0 such that d(x’;, x)
>c¢. Since M is compact, there is a subsequence {xéj};‘;oc{xé} such that x;—
1L (j—oo). If xL=x, then there is a £>I such that d(x’,, x)<d/2. Hence

’ 14 4 4 7
{'" y X1y Xy Xy X—pt1, 7y Xo1y X, X, }

is a cyclic d-pseudo-orbit of g. Since g has POTP, there is zeU.(x) such that
g¥ Y 2)=z and d(g™2), x's-1+m)<e for 1=Zm=k. Obviously z=x. Since
d(g**'-1(2), x.;)<c/2 and d(x.;, x)>¢, we have x+#z. But this can not happen
and so x,=y. By the same reason, there are y'eW(y)N\Us.(y) Ny}, {yile
Sz(M) with yi=y’ and />0 such that d(y’,, x)<d/2. Therefore

4 I4 ’ 4 4 4 4 14
{ y X1y Xy Yty Yt41y "5 Y1y Vs Xy "0 5 X1y Xy Y=y Vmi41) }

is a cyclic 0-pseudo-orbit of g. By using POTP of g there is weU,(x) such
that gt+***(w)=w and d(g"*Y(w), y)<e. Hence d(x, w)<e implies w=x and so
g'* w)=x. On the other hand, by the choice of ¢>0 we have d(x, y)>e.
This is a contradiction, and so (ii) was proved.
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§3. Proof of Theorem 2.

As before let (X, d) be a compact metric space and f: X—X be a continuous
surjective map. Let x, yeX. For a>0, we say that x is a-related to y

(written xAy) if there are a-pseudo-orkits of f such that x,==x, i, **, Xz=9y

and yo=9, y1, -, yi=x (b, I=1). If x~y for every a>0, then we say that x
is related to y (written x~y). If x isin £, then x~f(x) (see [1, L. 1]). The
chain recurrent set of f, R, is {x€X: x~x}. Obviously QCR. If f has POTP,
then Q=R.

Hereafter let f be an Anosov map with constant ¢. When f is bijective,
the theorem is proved in [I]. Thus we prove the theorem to the case when
f is not bijective. Note that per (/)= (by and f,p is Anosov (by
Lemma 3 and [Proposition 2). Thus (i) was proved. The statements (ii) and
(iii) are proved by replacing the homeomorphism in the proof of [3, pp. 72-74]
and [1, Theorems 2 and 3] with our map. More precisely we state the proof
as follows.

Since 2=R, we split £ into the equivalence classes B; under the relation
~(i.e. £=\U;B;). Then each B; is closed and f(B;)=B; (see [1, p. 330]).

LEMMA 10. Each B, is open in £.

PRrROOF. For 0<e<c, let >0 be as in the definition of POTP of f,,. Then
for peUiBi)Nper(f), there is ye B, such that d(y, p)<d, where Ui B,;)=
{yeQ:d(y, B;)<d}. Since f,p has POTP, we have W({p;)N\Wiy»)NR+ D
for a cyclic f-orbit {p;}7, with p=p,. Thus p=B; (since x ~ f(x) for all
xe), and so B; is open in 2 (see [1, L. 4]).

Since 2 is compact and each B, is open in £, there is a £>0 such that
Q=\_J~B;. 1t is easily checked that f(B;)=B; and f,5,: B;—B; is topologically
transitive (see [1, L. 5]). We remark that f,5, has POTP since B is open and
closed in 2. Fix B; and put

Vi(x) ={yeB; : d(f"(x), f(y))—0 as n-—roo}
for x€ B;. Notice that f(V(x))=V*(f(x)).
LEMMA 11. Put C,=V*(p) for psper(f)N\B;, then C, is open in B..

PrROOF. Let ¢>0 and >0 be as in We assume that f™(p)=p
for some m>0. Take and fix qeUiV(p))N\B;Nper (f) with f*(q)=q for some
n>0. Then there is x=V*) such that d(x, g)<d. Hence for an n-cyclic f-
orbit {g:}:%% (go=¢) we have W*({¢:})"\Wi(x)# @. Since {g;} is cyclic, g V*(p).
Therefore C, is open in B,.
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LEmMMA 12. If g=CpNper (f), then C,=C,

ProOF. We assume that f(p)=p and f(¢g)=¢q. For r>0, let N,>0 be as
in Fix 0<e=c and let >0 be as in the definition of POTP of f3,.
For every x&V*(g) there is J,=N, such that d(g, f’7(x))<d/2. Then for ye
Ub;lg)NV(p)NB; we have

WE{-, x, f(x), =, fTTODNAWEDINB # @ .

Since >0 is arbitrary, xeV*(p); i.e. C,CC, On the other hand, by [1, L. 7]
we have peC(C, Therefore C,=C,.

Let C, be as in Lemma 11 Since f™(p)=p for some m>0, we have Crm(p
=Cp If a>0 is the smallest integer such that Cjacp=C,p, then fH(C,)N[fI(Cy)
=@ for 0=i#j=<a—1. For, if f¥"(C,)Nf"(Cp)#@ for some 0=7/ <; <a—1,
then fe7(f¥(CoNfI(CNTfe 7+ (CINCpCCra-jiriryCp and have Cp=
Cra-j+ir » by Lemmas QI and [2). This is inconsistent with the choice of a.
Thus we have B;=C,Uf(Cy)\U - Uf2Cp).

LEMMA 13. A map f°:C,—C, is topologically mixing.

PrOOF. Let U, V be nonempty open subsets of C,. Then by
there is g€V Nper(f) with f™(¢)=¢. For ¢>0 with U(¢)CV, let 0<d<e be a
number such that d(f%(x), f*(y))<e for 1=<j=n—1 whenever d(x, y)<d
(x, yeCp). According to Lemma 11, for every 1=<;<n—1 there are z,;
UNV*(f*(g)) and N;>0 such that ¢t=N; implies d(f**(z;), f*"*(¢g))<d. Hence
femin=-DUANNV+@ for every t=N; and 0=;=<n—1. Put N=max{N;:0=;
=n—1}. Then s=nN implies f*U)NV + Q.
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