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1. Introduction.

Let S be a countable set, and let

X ={x=(x3)ies : 2,20 (f€9), X x;=1}

€S

be the totality of probability vectors on S, which is equipped with the weak
topology. Suppose that we are given a second order differential operator L of
the following type:

1 & g
Ly L=53 Es(xiﬁi51j+xixj(kgsxkﬁk—ﬁi—ﬂj))m+igbi(x),'axvi ’

where (B:):cs are non-negative constants satisfying that sup;csf:;<-co, d;; stands
for the Kronecker symbol, and the domain 9(L) of L is the set of all C2-
functions defined on X depending on only finitely many coordinates.

Let W=C([0, c0)—X) be the space of all continuous functions w:[0, c0)>
t—w(t)e X with the topology of uniform convergence on bounded intervals, and
let & (&,) be the o-field on W generated by cylinder sets (up to time ?).

By an (X, L)-diffusion we mean a system {P,, xX} of probability distri-
butions on (W, &) that is strongly Markovian and satisfies the following two
conditions :

(1.2) Plw:w0)=x} =1 for every x€ X,
(1.3)  flw(t)— f(w(O))—S:Lf(w(s))ds is a (P,, %,)-martingale for every fe a(L).

In order to construct an (X, L)-diffusion we need boundary conditions and a
regularity condition on the drift coefficients (b;(x));cs. '

ASSUMPTION [B]. (b;(x));es are real functions defined on X which satisfy
the following three conditions:
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(B.1) bi(x)=0 if x;=0 (/€89),
(B.2) >Sbi(x)=0 uniformly in x€X,
€8

(B.3) there exists a matrix (g;;); jes such that ¢;;=0 for every 7 and s of S,
SUDjes 2iesqi < +o0, and

1bi(x)—bi(x")| < 2 qijlxj—x;| for every x and x’ of X, (7&S).
jes

Our main result is the following.

THEOREM 1.1. Suppose that the operator L of (1.1) satisfies the Assumption
[B]l. Then there exists a unique (X, L)-diffusion.

The diffusion operator L of (1.1) was first introduced by Gillespie in
case that S consists of two points. Then L is a one-dimensional diffusion
operator. In case that S is an arbitrary finite set Sato[5] derived the operator
L by a diffusion approximation from Markov chain models.

As to the well-posedness problem of the (X, L)-diffusions Okada[4] solved
it in case that S consists of three points, and Shiga[7] also gave a partial
result in case that S is an arbitrary finite set.

In particular, if B;=p for everyi€Sin (1.1), L reduces to an infinite allelic
diffusion model of the Wright-Fisher type, which was discussed by Ethier [1]
and Shiga[8]. In this case the diffusion coefficients are polynomials of order 2,
so that the diffusion part of L transforms every polynomial of order n into a
polynomial of the same order n, which makes an analytical treatment extremely
tractable (cf. [L]).

On the other hand we notice that the diffusion coefficients of (1.1) are poly-
nomials of order 3, so that the method of is not applicable. Our method
is due to stochastic differential equations. A key point is an observation that
the (X, L)-diffusion of (1.1) is derived from a simpler diffusion corresponding to
the stochastic differential equation by making use of normalization and
a time change transformation. Furthermore, for the equation [2.5) we can
apply a method to be adopted in a one-dimensional solvable case (cf.[9].

2. Proof of Theorem 1.1.

We here discuss the existence and uniqueness of (X, L)-diffusions by the
method of stochastic differential equations.

We will formulate a stochastic differential equation which describes an
{X, L)-diffusion process. We first choose a(x)=(a;;(x)); jes as follows:

2.1) a;f(x) = (0;;—x)vVBix;, (G, JES).
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Then it satisfies

2.2) pD ag(x)az(x) = xiﬁ1ﬁij+xixj<k§8xkﬁk“:8i_ﬁf> .

KES

Consider the following stochastic differential equation on X:
(2.3) dxl(t) = 2 al;,(x(t))dBk(t)—}—bt(x(t))dt s 1S,
keS8

Following Ikeda-Watanabe[3], by a solution of equation [2.3)] we mean a system
of stochastic processes

X = {x(t)=(x:{t))ies, Bt)=(B:())ics}

defined on a probability space (£, 8, P) with a reference family (8,):s0 such
that

(i) =x(t) is a continuous (3B,)-adapted process taking values in X,

(ii) B() is an independent system of one-dimensional ( #,)-adapted Brownian
motions, and

(ili) with probability one,

x(®) = 50+ B | @ (x(0dBa+ | bitxisnds,  ies.

We say that the law uniqueness of solutions for holds if whenever X
and ¥’ are any two solutions of [2.3) whose initial law coincides, then the
probability laws of {x(#)} and {x’({)} on (W, &) coincide.

It is known that the (X, L)-diffusion {P,, x= X} exists uniquely if and only
if for every probability z# on (X, Bx) there exists a solution of such that
the law of x(0) coincides with g and the law uniqueness of solutions holds for

Accordingly for the proof of [Theorem 1.1 it is sufficient to show the ex-
istence and the law uniqueness of solutions for the equation [2.3).

THEOREM 2.1. Suppose that (b;(x))ics satisfies the Assumption [B]. Then the
existence and the law uniqueness of solutions hold for the equation (2.3).

In order to prove the theorem let us introduce another stochastic differential
equation. Let

Y = {y=0iies : y:200ES), 0< X y;<+co}.
S
Define a mapping n:Y—X by
Ty = (@Yies, Ty =if Bys  for 3= (yiesEY.

Let ¢>0 be a fixed constant satisfying ¢>(1/2) sup;esf: and set
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(2.4) bily) = bt(’U’H‘Cﬂiy+7fiy(ﬁi“”kzs7fky,3k> ’ i=S.
€
Consider the following stochastic differential equation on Y :

(2.5) dyi(t) = v Biy:(O)dBi(t)+b.(y()dt,  iES.

The notion of solutions for the equation is defined analogously to the equa-
tion replacing X by Y, that is, a system of stochastic processes

= {yO=i)ies, Bl)=(Bi{))ies}

defined on a probability space (£, 8, P) with a reference family (B,),s, is a
solution of the equation [2.5) if
(i) y(@) is a continuous (B,)-adapted process taking values in Y,

(i)’ B() is an independent system of one-dimensional (3;)-adapted Brow-
nian motxons and

(iii)’ with probablhty one,
3lt) = 70+ VBB [ Businds,  ies.

We say that the pathwise uniqueness of solutions for holds if when-
ever ¢4 and 4’ are any two solutions defined on the same probability space
2, 3, P) with the same reference family (8;) and the same independent system
of (8,)- adapted one-dimensional Brownian motions B(t) such that y(0)=y’(0) a.s.,
then y(@)=y’(t) for all t=0 a.s.

The law uniqueness of solutions for is also defined analogously to
It 1s known that the pathwxse uniqueness of solutwns implies the law
uniqueness of solutions, (see [3] 31 p.152).

THEOREM 2.2. Under the same assumption as in Theorem 2.1 the existence and
the pathwise uniqueness of solutions hold for the equation (2.5). In particular,
the law uniqueness of solutions for (2.5) holds.

PrROOF. For any ¢>0 let

YV.={y=0dies€Y : T y:=¢}.

S
Note that (b;(v)),=s are continuous on Y, and satisfy boundary conditions:
b(y)=0 if ye¥, and v,=0, /=S.

Then it is easy to see that if y(0)eY, there exists a Y .-valued solution 4=
(y(t), B@®) of up to r.=inf{¢t>0: Eiesyi(t)::s}, i. e. with probability one,

yt)=Y., - for 0ZtZr,, and
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17454
0

3EAT) = 3O+ VB (IdBus)+ | Biysds.

(See Theorem 2.1, and Theorem 21 for the details). Consequently
this implies that if y(0)eY there exists a Y-valued solution: Y=(y(t), B(f)) of
up to r=lim,,,r.. Also, it is easily checked that r(t)=3);zs¥:(t) is con-
tinuous in t<[0, ) a.s.

Let oy=inf{t>0:7@)=M} for M>0, and set {=I. y=tr.Ady. Since
Sieshi(y)=c, using Ito’s formula we see

N ]

1 /
log r(tAQ)—log r0)=| " s (e—5 T Buyis) /ris))ds

is a martingale. Recalling that ¢>(1/2)sup;csB: we have

Eflogr(tAQ)} = E{logr(0)} > —co
for any £¢>0, any M >0, and any ¢>>0, which implies that
. P{z-:—{—-oo} =1,

since lim,;,r.=7 and limy_.0y=c0. Thus we have shown that there exists a
solution of the equation taking values in Y through a full time interval
[0, co).

Now we proceed to prove the pathwise uniqueness of solutions. Suppose
that {y(@)} and {y’(#)} be two solutions of taking values in Y with y(0)=
v’(0) for the same independent system of one-dimensional Brownian motions
B()=(B;(t))ics On a probability space (2, 8, P; (B,). Let r(t)=iesyi(t) and
r'(t)=esyi(t), and for any £¢>0 and M >0 define

C=inf{t>0: r(t)&(e, M) or r'(t)& (e, M)}.
Then

2.6) 3t nD=3itn 0 = | (VByds)— v Bs)BAs)

+{ @ sn =By s,

We choose a sequence of smooth functions (¢,(u)),.; defined en R! such that

(1) iOn(u)| = |uf and  lim¢g(u) = |ul,
1 (u>0)
(i) Ilm dn(u) = 0 (u=0) boundedly,
-1 (u<0)

/1i1) limugr(u) =0 boundedly.
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Applying Ito’s formula for (2.7) with ¢,(u) and letting n—oo we have
B3t AG—=5it ADI} = [ U153 AD)—=Buly (s AQ) s,

From the Assumption [B] and it follows that there exists a constant C, >
such that for every y and y’ of Y.

ig 15:(3)—=bi(y")| = ng_a; lyi—yil.
Thus we obtain
SEUAD=3it DI} S S E(y(sAD=isAD 1.
Hence, by Gronwall’s inequality we have
P{y®)=y'@t) for 0=t<(} =1,

which implies the pathwise uniqueness of solutions for because of
limy_olim,,{=+c= a.s. Therefore the proof of is complete.

PROOF.OF THEOREM 2.1. Let Qj:(y(t), B()) be a solution of the equation
defined on a probability space (2, 8, P;(3,). Let

t ds

P =%y, and set AC:SW—(S—).

Then it holds that .4, is strictly increasing and lim;..A;=oo a.s. because
lim,.7(f)/t=c a.s. follows from the equality 3;csb.(y)=c in [2.4].
Denoting by A;! the inverse function of A, we define a new process x{(f) bv

x(t) = y(A7H)/r(A7Y .

Then we will find an independent system of one-dimensional Brownian motions
Bt)=(B,(t))ies such that (x(t), B(t)) is a solution of the equation [2.3].
Let ¥(t)=y(t)/r{t). By Ito’s formula we have

@ i) = rgt)dyi(t)—— i’g; dr(H)+ f((g d<ry(e)

2.8) dr(t) = z;s v/ By ) dB;(t)+cdt
bS]
2.9 d{r@) = Es Biyild)dt,

——— A<, 3
rg<t)d\yh 7’>(t/ »

{2.10) d<{yi, r){t) = B;y(t)dt.
Substituting (2.8)~(2.10) into (2.7) we see

5 ‘-__,.L -~ Rt ) ;i.~ )
(2.11)  dx(t) = \,«T—\:t;\’j;; (01— %)V B;X j)d By(t)- ) b, (X(t)dt .
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i t = V—(—Vl') i 3 y

Then, as is easily seen, B(t)=(B,(t)) is an independent system of one-dimensional
Brownian motions, and turns into
t S N t

@12 x) = x50+ 5| Gu—x IV EF OB s+ | bilx(s)ds
Thus (x(t), B@®) is a solution of the equation [2.3] Consequently we have
shown the existence of solutions for the equation [2.5).

Now, suppose that X=(x(t), B(t)) be a solution of the equation with
an arbitrarily given initial law g on (X, 8%). For the solution X=(x(t), B(t))
let us consider the following one-dimensional stochastic integral equation:

t e . t
2.13) 20) = 1+ 2(5) 5 VB SIBus)+ | ca(s)ds.

Since the coefficients of the equation are Lipschitz continuous in z, there
exists a unique solution, which is obtained by a standard successive iteration

procedure. ,

Moreover it holds that the solution z(t) satisfies
(2.14) P{z(t)>0 for any t=0, and lim;..z(f)=c0} =1.
Because, applying Ito’s formula for [2.13) with log x we see
915 1 . thog \/_. - B tAG, 1 d
@15)  logzttha) = " R VEFDAB+| (=5 T Bexi(s)ds
where o, =inf{t>0:2(t)<e}. Accordingly, by ¢>(1/2)3;cs8:x: we have

E{logz(tAo)} Z 0,

from which it follows that P{lim,,,¢.>t}=1 for any >0, so that P{z(t)>0 for
any $=0}=1 holds.

Furthermore, the equation (2.15) turns into

t
0

@16)  logz) =’ BVEREUBO+] (c— 5 5 8xds)ds.

Hence from
1

c—

N

' 1
i;;ﬁix@ = C_—z—fgfﬁi >0

it follows that
%imz(t') = 400 a.s.,
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which vields (2.14).

Next, we set 7,(t)=z(t)x;(t) for each /=S. Then by Ito’s formula
dy;t) = 2(O)dx; )+ x:,()dz(t)+-d{z, x>(1).
Into this substituting [2.3), and
d<z, x>() = z(t) j‘ejs(aij~xi(t))ﬁjxj(t)dt R
we obtain
(2.17) d7:) = VzO~ B3 dBi(t) 206 (3()dt,  iES.

Define a time change function C, by
C;, = S:z(s)ds .

By C, is strictly increasing, continuous, and lim,..C,=co a.s. Denoting
by C;! the inverse function of C, we define

YO =FCH,  Be=8,, and B = | VACHBCH).

Then ﬁ(t):(ﬁi(t))ies is an independent system of one-dimensional (&,)-adapted
Brownian motions, and (y(¢), B(t)) is a solution of the equation Hence,

by virtue of the probability law of {y(#)} is uniquely determined
from p (the law of y(0)=x(0)).
Let

e 1
=y, and A= Somds.

Then, noticing that C;*=A; holds we obtain
x(t) = y(Co)/2(t) = y(AT)/r(A7Y) .

Therefore the probability law of {x(#)} is uniquely determined by the initial
law g. Thus we have completed the proof of [Theorem 2.1, which is equivalent
to [Theorem 1.1l
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