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1. Introduction.

Let W be an open set in the complex plane C. For a function f on W,
denote by S(f) the set of all points at which f fails to admit a complex deri-
vative; as noted in Kaufman [4], S(f) is a Borel subset of W if f is a Borel
measurable function on W.

We say that a function %2 on the interval [0, o) is a measure function if
h(0)=0, h(r)>0 for »>0, h is nondecreasing on [0, co) and further

h(2r) =< const. A(r) for >0

(cf. Carleson [2]). We denote by A, the Hausdorff measure associated with the
measure function A, which is defined by

An(E) = lim inf { S hir) 5 728, \J Bz, r)DE}

for a set E, where B(z, r) denotes the open disc with center at z and radius 7.
If h(r)=7r%, a>0, then we shall write A, for A4,.

Let 1=p=co and 1/p+1/p’=1. For a measure function A and a locally
integrable (Borel) function f on W, define

F(z) = supr=-*/2h()/#'in | | f(w)—g(w)|dA(w),

where the supremum is taken over all open discs B with radius » such that
ze BCW and the infimum is taken over all functions g which is holomorphic
in B.

Our first aim is to establish the following result.

THEOREM 1. Suppose Fe L?(W).

(i) If p<oo, lim,, o 2h(r)=c0 and A,(S(f))<oo, then f can be corrected on
a set of measure zero to be holomorphic in W.
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(ii) If p=1 and A,S(f)=0 or if p>1 and A,(S(f))=0, then the same con-
clusion as above holds.

This result gives a generalization of Kaufman [4], in which the case p=co
and h(r)=r was dealt with.

We next extend to the higher dimensional case. We are con-
cerned with harmonic, or more generally subharmonic, functions in the n-dimen-
sional euclidean space R™. Let U be an open set in R". For a locally integra-
ble function f on U, we define

F(x) = supr=*="2h(r)?'int | | F(9)=(»)dy,

where the supremum is taken over all open balls B with radius » such that
x€ BCU and the infimum is taken over all functions v which is subharmonic
in B. Denote by S*(f) the set of all points x such that

lim supr"”‘zg | f(y)—v(y)idy >0
ri0 B(x,r)

for any function v which is subharmonic in a neighborhood of x, where B(x, »)
denotes the open ball with center at x and radius ». As before, let A, denote
the Hausdorff measure associated with a measure function 4.

THEOREM 2. Suppose Fe L?(U).
(i) If p<oo, lim, o "h(r)=oco and A,(S*(f))<oo, then f can be corrected
on a set of measure zero to be subharmonic in U.

(i) If p=1 and A(S*(f)=0 or if p>1 and A(S*(f))=0, then the same
conclusion as above holds.

The proofs of Theorems 1 and 2 can be carried out along the same lines
as Kaufman [4] and Kaufman-Wu [5]; the proof of Theorem 2 will be omitted,
since it is similar to the proof of Theorem 1.

2. Proof of Theorem 1.

For a proof of Theorem 1, we need the following lemma, which can be
proved in a way similar to the proof of Harvey-Polking [3; Lemma 3.17.

LEMMA. Let {B(z;, r;)} be a finite collection of discs such that {B(z;, r;/5)}

is mutually disjoint. Then there exists a family {{;} CCT(C) with the following
properties:

(a) ¢; =0 outside B(zj, 2ry);
(b) ¢; =0 on C;
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(c) 2¢;=1  onC;
J

(d) ngbj: 1 on \Jj_B(zj, ri);

oFt+l
© FeiayT PO = Attt o €

where z=x-++'—1y and A, are positive constants independent of j and z.

PrROOF OF THEOREM 1. We shall prove (i) only, because (ii) can be proved
similarly. Suppose Fe L?(W), p<oo, lim,, ;v 2h(r)=oc0 and A,(S(f))< co.

Let >0 and A,(S(f))<M<oo. By the definition of A, there exists a
countable covering {B(z;, ;)} of S(f) such that

Zi h(r) < M

and
2rile
because lim,,,»"2h(r)=00. For each ze W—S(f), take r(z)>0 such that
| f(w)—f(e)—(w—2)f"(2)| = er(2)
whenever w e B(z, 10r(z)).

Let ¢=C5(W) and denote the support of ¢ by K. Since KC(\J;B(z;, 7))\
(Us.ew-scsyB(z, 7(2))), there exists a finite family {B;}C{B(z;, r,)}\U{B(z, r(2));
zeW—S(f)} such that \J;B;DK. Further we can find a subfamily {B;;} of
{B;} such that {B;;} is mutually disjoint and KCUjB;"j, where BY; is the open
disc whose center is that of By, and whose radius is 5 times that of B;. We
write {B;,}={B(z;, r;)}\U{B(2;,, r(z;:))} and assume that all B;“j are included in
W. Now we take {¢;} in the lemma for the collection of discs {B:-"j}. Since

Sg(w)(@/aw')(gbjgé)(w)d/lz(w):O for g holomorphic in a neighborhood of the sup-
port of ¢;4, we have

|[Fa@/om@ 8w w)|

= A¥Ph(r;)V?  inf F(w)
wEB(zj',rj’)

< Ah(ry 7 {SB | F(w)rd Az(w)}up
J

(Z]",T
for ¢; vanishing outside B(z;, 10r;), where A, and A, are positive constants
which may depend on ¢. For ¢; vanishing outside B(z;., 10r(z;»), the left hand

side is dominated by Aser(z;)* with a positive constant A;. Hence it follows
from Hoélder’s inequality that
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| rae/pmgaodtw)| =| 3 | rw)onm1ge i)

= A4{]\11/1" (SUB(zj’,rjr )F(w)pd/lZ(w))l/p +527’(Zj")2}

for a positive constant A,. This implies that

Sf(w)(a/awm(w)d/lz(w) ~0,

since A,(\JB(zj, ry))=2r%<e. We see from Weyl’s lemma that f is equal a.e.
to a function holomorphic in W. Thus the proof is complete.

3. Remarks.

REMARK 1. The same conclusion as remains true if we replace
S(f) by the set of all z such that

fim sup r-sg | f(w)—g(w) | dAs(w) > 0
740 B(z,1)
for any function g which is holomorphic at z.
REMARK 2. Let a>0, 2/p—1<a<1 and f be equal in W to the potential

SIZ‘—Cla_Bg(C)dAg(C), where g is a function in L?(C) such that g<1+|c;>a-2-
lg(@)1dAs(L)<oo. Then

supr==*| | f(w)— A, 5dAw) < const. Mg(),

where the supremum is taken over all open discs B with radius » such that
ze BCW, Mg denotes the usual Hardy-Littlewood maximal function of g and

Ap=,  le=CI"gQd ),

B* denoting the open disc whose center is that of B and whose radius is 2
times that of B. Hence, as a consequence of [Theorem 1, if A, (as1-2/p(S(f))
<oo, then f is equal a.e. to a function holomorphic in W.

REMARK 3. Let a>0, 2—n/p’<a<2 and f be equal in an open set UCR"
to the potential Slx—yl“‘”g(y)dy, where g is a function in L?(R") such that
fa+1ynerigmidy<co. By i Au- ooy (S <00, then f is

equal a.e. to a function subharmonic in . On the other hand, it can be proved
that if Bz-a,p'mzo, then f is equal a.e. to a function subharmonic in U
(cf. Adams-Polking [1]), where By, , denotes the Bessel capacity of index (B, ¢)
(see Meyers [6]) and E denotes the closure of a set ECR™.



(1]

(2]
£3]

(4]
[5]
[6]

Removability of sets 513

References

D.R. Adams and J.C. Polking, The equivalence of two definitions of capacity,
Proc. Amer. Math. Soc., 37 (1973), 529-534.

L. Carleson, Selected problems on exceptional sets, Van Nostrand, Princeton, 1967.
R. Harvey and J.C. Polking, A notion of capacity which characterizes removable
singularities, Trans. Amer. Math. Soc., 169 (1972), 183-195.

R. Kaufman, Hausdorff measure, BMO, and analytic functions, Pacific J. Math.,
102 (1982), 369-371.

R. Kaufman and J.-M.G. Wu, Removable singularities for analytic and harmonic
functions, Ark. Mat., 18 (1980), 107-116.

N.G. Meyers, A theory of capacities for potentials in Lebesgue classes, Math.
Scand., 26 (1970), 255-292.

Yoshihiro MizuTA

Department of Mathematics

Faculty of Integrated Arts and Sciences
Hiroshima University

Hiroshima 730

Japan



	1. Introduction.
	THEOREM 1. ...
	THEOREM 2. ...

	2. Proof of Theorem 1.
	3. Remarks.
	References

