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1. Introduction.

The initial and Dirichlet boundary value problem for the equation u,—Aa(u)
-+ B(u)= f has a unique generalized or integral solution in L* when « and j are
maximal monotone graphs in R, each containing the origin, and at each point
of their common domain either one of a or 8 is single-valued. Weak Maximum
and Comparison Principles follow from an L* estimate on the solution and from
an L! estimate on the difference of solutions, respectively. This L' integral
solution is shown to satisfy the above partial differential equation in the sense
of distributions when « is surjective (or the data is bounded) and fj is continuous.

We shall consider the initial-boundary-value problem

(l.a) u,—Av+w=f, vea(u), wepB(u) in £
(1.b) »=0 on oGX(0,T)
(1.c) u=u, on GX{0}

where G is a bounded domain in R*, 2=G X, T), A is the Laplacian in R",
and a and B are maximal monotone graphs in RX R, each containing the origin.
The problem (1) will be regarded as an abstract Cauchy problem of the form

(2.2) w'@)+Au@®)+Bu®)= (@), a.e. t€(0, T)
(2.b) u0)=u,
in the Banach space LY(G). An integral solution of (2) in a Banach space X is
a usC(0, T; X) such that u(0)=u, and u(t)=dom(A+ B),
1 a1 5 [t
Slut—xl S5 lue) =l +{ <f@)—y, uw—x>dr

for each ye(A+B)(x) and 0=s=<t<T. The pairing in the integral is the semi-
scalar-product

{3, x>=sup{(y, x*) 1 x*eX* x*(x)=|x]=]x*|}

on the Banach space X. A multi-valued operator AC XX X is called accretive if
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[xi—x:ll S N(x1—x0)Fe(y1—32)

for all €>0, [x;, y.1€A, [x, y.1€A. If, in addition, Rg(/+ A)=X, then A is
called m-accretive. When A-+B is m-accretive we have the following important
result [3;1, p. 124]: if uoedom(A-+B) and f= LY 0, T; X) then (2) has a unique
integral solution.

In Section 2 we show that the operator “—A-a+f” is m-accretive in LY (G),
hence (1) has a unique integral solution if, for each seR, either a(s) or J(s)
consists of at most one point. Certain special cases are well-known consequences
of the general theory. For example, if j3 is a continuous monotone function
which is linearly bounded,

|B(s)|=C(1+]s]), sER,

then the operator above is the sum of an m-accretive A and a continuous accre-
tive B [2,18]. Likewise, if B is a (not necessarily monotone) Lipschitz-
continuous function, then the existence and uniqueness of a solution of (2) follow
from either the observation that A-+B-+twl is accretive for some w>0 or from
a standard fixed-point construction [7, 9]. Next we show that bounded (or non-
negative) data in (1) leads to a bounded (respectively, non-negative) integral
solution. Also, if two sets of data are ordered (pointwise a.e.) then the cor-
responding L' integral solutions are similarly ordered. These Maximum and
Comparison Principles follow from estimates obtained directly from the existence
theory for (2) and corresponding estimates for the stationary or elliptic counter-
part of (1) [6]

The L' integral solution of (2) is proposed as a “generalized solution” of
the initial-boundary-value problem (1), even though the abstract notion of integral
solution does not imply any differentiability. This occurs even in the case f=0,
where the solution is given by the nonlinear semigroup generation theory
[1, 7, 13]. Explicit examples (see below) show that du/dt need not exist in L¥G)
at any time, even with B=0, so the sense in which the partial differential
equation (l.a) is satisfied is an issue. If « is continuous and u is bounded, it
follows that (l.a) holds in 9*(2) [5] If, in addition, « is strictly monotone
then it is known that u is weak* continuously differentiable into C.(G)* [15],
hence, (l.a) holds in 9*(£). If also a~! is Lipschitz, then u is even (strongly)
differentiable a.e. into L% G) [13].

In Section 3 we show that the L' integral solution of (2) satisfies the partial
differential equation (l.a) in 9*(£2) whenever the (possibly multi-valued) maximal
monotone « is surjective and S is a continuous, monotone and linearly bounded
function. The surjectivity and boundedness hypotheses may be deleted when
the data is bounded. The essential point is to show that the L?! integral solution
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is also the H~! strong solution [4] Since the perturbation A(u) prevents the
direct application of the monotone existence theory in H-(G), we first obtain
the L* solution and then show it is the H~!solution. These results are obtained
more directly when 8 is Lipschitz continuous, though not necessarily monotone,
and they are of interest even when B=0.

Examples of (1) are easily given to illustrate the extremely varied situations
covered. The “maximal degenerate” case a=0 gives the ordinary initial-value-
problem

w' O+ )=/, w0)=u,,

in which x&G occurs as a parameter, while the “maximal singular” case
a(0)=R (i.e., a~'=0) yields the elliptic boundary-value-problem

—Av=f(x,1), vlee=0,

in which t=(0, T) is a parameter. A considerably more interesting and impor-
tant degenerate example is provided by a(u)=u"+(u—1)*, where x*=max(x, 0)
and x"=min(x, 0). Then (1) is the weak form of the Stefan free-boundary
problem wherein u corresponds to enthalpy, v to the temperature, and f, —fB(u)
are internally distributed heat sources [9, 14, 17]. A singular example of (1)
arises as a model of diffusion in a partially-saturated medium with a *(v)
=pt—(v—1)*.

Recently, regularity results have been obtained for solutions of (l.a) in H™%,
and we mention these for completeness. If a is locally absolutely continuous,
is uniformly continuous and u, f are bounded, then the component v of the
(possibly degenerate) problem (1) is continuous in £ [10, 16, 20]. Similarly, with
these hypotheses on a~! (instead of a) the component u is continuous [11] The
first two (extreme) examples above show that in neither case should we expect
both of u, v to be continuous. Of more interest is the observation that if « is
permitted to be both singular and degenerate then neither u nor v need be
continuous.

ExaMPLE. Let 8=0, f=0 and wue(x)=1 for x=G(0, 1). Let a be any
maximal monotone graph with a(x)={1} for 0<x<1 and a(0)D[0,1]. The
solution of (1) is given by u(x, t)=1 for 0=<t<1/8, +/2f <x<1—+/2t, and
u(x, t)=0 otherwise, and v(x, )=min{x/v2t, 1, (1—x)/+/2t} for 0<x<1,
0<t<1/8, and v(x, t)=0 otherwise. At the end of Section 3 we shall verify that
this pair of functions is the solution of (1).
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2. The integral solution.

The Sobolev space W* ?(G) is the Banach space of (equivalence classes of)
functions in L?(G) whose derivatives to order % also belong to L?(G); Wk ?(G)
denotes the closure of 9(G) in W#*?(G). The domain of the L'realization of
the Dirichlet-Laplace operator A is given by D(A)={veWi¥G): Ave L*(G)}, so
“—Av=f in L¥G)” means that veD(A) and —Av=f in 9*(G). Denote by M
the set of all maximal monotone graphs on R which contain the origin. Let
acs M be given and define the operator A by fe A(u) iff u, f= LY(G) and there
is a (unique) ve D(A) for which —Av=Ff in LYG) and v(x)=a(u(x)), a.e. x=G.
Similarly, let =% be given and define the operator B by f<B(u)iff u, f€ LYG)
and f(x)eBux)), a.e. xeG.

A consequence of the fundamental paper of H. Brezis and W. Strauss
is that A is me-accretive; this holds trivially for B. A crucial estimate from
is the following.

B-S LEMMA. Let reM; if veD(A), o= L*(G) and o <=y®), then
—SgAv(x)o(x)dng.

Whether an operator in L¥G) is accretive can be characterized by the
L'-L= duality map involving the graph sgne.# given by sgn(x)={x/|x|} for
x#0 and sgn(0)=[—1, 1]. Thus, a general operator A is L*accretive if and
only if for each selection f;=A(u;), j=1, 2, there exists a measurable selection

oesgn(u,—u,) for which SG( fi—f20=0. The B-S Lemma shows a somewhat

stronger condition holds for the operator A=—Aa above.
Our first result is that A4 B always satisfies the range condition and that
it is m-accretive when an additional hypothesis holds.

THEOREM 1. There is an m-accretive operator C on LYG) with CCA+B;
hence, Rg(I+A-+B)=LYG). Let the pair «a, B satisfy the single-valuedness
condition :

(SVC) for each s€R at least one of the two sets a(s), B(s) consists of at
most one point.

Then A+ B is accretive; hence, C=A-+ B.

PROOF. First, let ye M with yCa(/+p)!. (For example, let a, denote the
minimal section of a: a,(x)=y where yca(x) and |y|<|z| for all zealx).
Then take 7 to be an appropriate extension of the monotone function a,(/+f8)-.)
From [6] it follows that for each fe L¥G) there exist z2;€LYG) and v,=D(A)
such that z,—Av,=f and v,€7(z,)Ca(I+p)"(zs)) a.e. in G. Define u,
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= +p)"*(z;) and wy;=z,—u, and observe that we have u;, w,< LYG), v, D(A)
satisfying u;—Av,4+w,=f in L¥G) and v,;=a(uy), wysp(uy) a.e. in G. That
is, U+A+B)us)>f, so we have Rg(/+ A+ B)=LYG). If we repeat the above
for a second geLYG) and obtain u,, w,, v, as before, then since y and S are
in % we obtain the estimates

”uj_ug”L1§]qu+wf—ug_wg||L1§||f_g”L1 .

Hence, the triple uy, v;, w, depends uniquely on f.

Define the operator C on LY(G) by C(u)={—Av;4w,: u=u, for some f< L}.
Clearly we have CCA+B and Rg(J4+C)=L¥G) from our construction. We
shall show C is accretive. Thus let —Av,+w,=C(u;) and —Av,+w,=C(u,) in
the preceding notation and define o= L=(G) by

o(x)=sgno(u(x)—uz(x)+vi(x)—va(x)+wi(x)—wy(x)) .

To see C is accretive, we need to check that
[ (—Aw—v)+wi—w)odx 20.

The first term is non-negative by the B-S Lemma since oesgn(v,—v,); the
second is non-negative since o<sgn(w,—w,). Since o<sgn(u;—u,) this shows
C is accretive.

It is easy to check that SVC is equivalent to requiring that a(J-+8)"! is
accretive, hence, belongs to #. To show A+ B is Ll-accretive, it suffices to
check that (/+e(A4-B))™! is a contraction for each ¢>0. But ea(-) and ¢f(-)
belong to #, so we need only check for ¢=1, and this follows from the first
part of the proof, with y=a(/4 )7, where we obtained |[u;—u 21 = f— 2l 216+

COROLLARY 1. If the pair a, BEM satisfies the SVC, then for each
u,sdom(A-+B) and fe L82) there exists a unique integral solution of the Cauchy
problem (2) in the Banach space LY(G).

REMARKS. 1°. When SVC does not hqld it is easy to construct examples
to show A(/+B)'=—Aa(l+ )" is not necessarily accretive. If, for example,
a, e M satisfy a(0)2[0, 1/8] and B(0)D[0, 1], the problem

w—Av=1 in LYG), veal+p)(w), G=(0, 1)

has many solutions, two of which are given by w,=1, v,=0 and w,=0,
vo(x)=(1/2)(x—x%. Note that these two solutions correspond to monotone re-
strictions 7, 7. of a(/+B)"' which satisfy 7,(x)=0 for 0=<x=1 and 7.0)
D[0, 1/8], respectively. Moreover, for each such ye ¥ with yCa(/+ )% there
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is a unique solution of the problem. Finally, note that for any solution w, v of
this problem we have u=(/4 )" (w)=0 so the above does not imply that A+ B
is not accretive.

2°. Let a, B, €M be given and consider the abstract Cauchy problem in
LYG) for the equation

d
Wr(w(t))—Aa(w(t)H- Blw@)> f(t) .
This is equivalent to the Cauchy problem for the equation

)~ Ay WO+ HG ) £

and we note that aey~* and B-y~! belong to # when both pairs «, 7 and S, 7
satisfy the SVC. In that case, the pair a-y~', Bor~! satisfies SVC if it holds
for @, B on dom(y). Thus the applies in this situation if for each
s€R at least two of the three sets a(s), B(s), 7(s) consist of at most one point.

We turn now to L™ estimates on integral solutions of (1) and L' estimates
on the difference of two solutions. These comprise a Maximum Principle and
an Order Principle, respectively, and will be obtained from corresponding results
for the stationary problem. The stationary results are obtained exactly as in
[6]; the SVC permits the perturbation B.

LEMMA 2. If the pair a, BEM satisfies the SVC and u=I+ A+ B) X (f),
then |u*|lp==[f*lz= lu~lz==|/"llz=, and ullz==1flL

Proor. It suffices to prove the first estimate. Let £=0 and define
o(x)=Hy(u(x)+v(x)+w(x)—k—ayk)—pB.(k)) where v, w are given as in the
proof of and “subscript-0” denotes the minimal section of each graph
in M. Then o(x)eHu(x)—k) is immediate; from the SVC we obtain ¢(x)
e Hu(x)—ay(k)) and o(x)e Hw(x)—Bs(k)). Thus, multiply the equation

(u—k)—Av+(w—Bo(R)+Bo(k)=(f—k) in LYG)

by o< L=, integrate over G, and deduce from the B-S Lemma that
+__ b+ —— + +__b\+
[ o —rr+{ =gyl (rr—pre.
Choosing k=| f*|l.~ gives the desired result.
COROLLARY 2. If ¢>0 and u-+e(Alu)+Bu)—g)> f, then

lutl ==l fHlz=teliglioe.

LEMMA 3. If the pair a, BE M satisfies the SVC and for each j=1,2 we
have w;=(I+A+B)(f;), then |[ui—u1* | o1+ ITwi—w 1* | 1S 0Fi— fod ) 2o
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Proor. After introducing wv;, w; for j=1, 2 as before, we define o(x)
=Ho(uy(x)+v1(x)+wi(x)—us(x)—vs(x)—ws(x)). Then o(x)eHu(x)—ux(x)) is
immediate and the SVC implies o(x)€ H(v,(x)—v,(x)) and o(x)e H(w,(x)—wy(x)).
We subtract the two equations, multiply by o, and obtain the desired estimate
from the B-S Lemma.

COROLLARY 3. If ¢>0 and u;+e(Alu)+Bu;)—g)=>f; for j=1, 2, then
I][ul_u2]+l|L1§“[fl"f2]+”L1+5”|:g1_g2]+”L1 .
PROPOSITION 1. Let a, B M satisfy the SVC. Then for each f<L*0, T;
LYG)) and us=dom(A-+B) the integral solution of (2) satisfies
t
lu@® l==lutlo=+ 1) Teds,  0St=T.
PrROOF. We may assume f*< L0, T; L*) and let {f,} be a sequence in
L0, T; L) converging to f and with lim f3=f* in L0, T; L*). If u, is the
solution of (1) with data f,, then limu,=wu in C(0, T ; L!) so the desired estimate

will follow if we can establish it for the special case of a step function f as
above.

Consider such a step function given by f(t)=g; ;i-1=t<t; where
{t;:0=i=n} is a partition of [0, T]. Let S; be the non-linear semigroup
generated by —A?, where A*(v)=AWw)+Bw)—g;, 1=i<n. Thus we have

si(t)(v)=:}gr£[1+~iji]“’(v>. From we obtain
[S:t)Y ) o= llo¥ | =+t gd Il e, 1=0.

Since the integral solution is given by u()=S;t—t;-Dult;-1), t;i-1=t=<t; we
thereby obtain

lu@*lpo=lulti-D) o+ —ti- )l gfll >
Sluo) |l eet+E—t)l gillzo+Ce—t)l gl zoot -+ +@E—t-DlgFll e,
and this is the desired estimate.

COROLLARY. The integral solution satisfies the estimates

== Nusl=+ | 175 hamdss,

== luol o=t | | Famds,  0=t=T.

In a similar manner we may use to prove the following.
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PROPOSITION 2. Let a, BeM satisfy the SVC. For j=1,2, let fle
LX0, T ; LYG)), uj=dom(A+B) and denote the corresponding integral solution of
1) by uj. Then

L= S I ] Laaot | NP5 = £ T s,
0=t=T.

Finally, we give an L> order estimate which is of independent interest
though not of use for the evolution equation.

PROPOSITION 3. Assume a is Lipschitz continuous: |a(x)—a(y)|S<K|x—y|
for x, yveR. If for j=1, 2 we have u;=I+A-+B)"'(f;), then

ICa(ur) —a(ua) Il 2= KN f1—fo1 e
Proor. With w;= S(u;) as above, we have
(ur—us)—Ala(u) —a(us) +(wi—ws)=f1—f>.
Multiply by Hy(a(u,)—a(u,)—k) for any £=0 and integrate to obtain

[ G u Hoat) —atu)—F)

=| (- foHa)—atu)—p).
The left side of this inequality is equal to

[, s el Hlatw —atug—B)

z(l/K)SGI ouy)—ousz) | Ho(ou,)—aluz)—k) .
This leads to
[ Lra)—atuyr—r1e=| (KLA—F2—)

and the result follows by choosing 2=K|[fi—fel1tl >
Note that if in addition « is strongly monotone: a(x)—a(y)=k(x—y) for
x, yeR, where k>0, then we obtain

T — oI == (K/ RIS 1— fo1* o

Since —Aa is not accretive in L?(G) for p>1, unless « is linear so K=k, we
can not expect much more.
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3. The strong solution.

The Laplace operator —A is the Riesz isomorphism of the Hilbert space
W(GY=WEAG) onto its dual space H*(G). We shall give sufficient conditions
for the Cauchy problem (2) to have a unique strong solution in H-¥(G), even
though B is not accretive on H-*G), and this strong solution is the integral
solution in LY¥G). Thus, (2) is consistent on L! and H-!; recall that L*CH™!
only if n=<2. The objective is to show the L' integral solution of (2) does
satisfy the original partial differential equation (1.a) in the sense of distributions.
A strong solution of (2) in the Hilbert space H~! is an absolutely continuous
u:[0, TJ>H YG), therefore differentiable at a.e. t<[0, T], which verifies
u(t)edom(A-+B) and (2.a) at a.e. t<[0, T1.

THEOREM 2. Let a, B be given in M with Rg(a)=R and B a continuous
linearly-bounded function. Define D={we L*"\H"': thereis a ve H} with AveL!
and v(x)ea(w(x)) a.e. x=G} and let u, be given in the closure of D in L*NH™.
Let feLY2) and assume the L'-integral solution u of (2) satisfies f—Bu)E
L¥*0, T ; HY(G)). Then u is a strong solution in HYG) of

3 u'(O)+Aw®)> f(H)—Bu(?), a.e. t=(0, T),
and thereby satisfies (1.a) in D*(2).

REMARKS. 3°. Suppose u,=L>(G) and fe L0, T; L=(G)). Then we may
delete the hypotheses that « is surjective and that j is linearly bounded. That

is, shows k=|u|.>q is finite, so by the standard device of

altering a and § off the interval [—%, k] these hypotheses are obtained auto-
matically. The condition on f—B(u) then holds if f=L*0, T ; H Y(G)).

LEMMA 4. Assume A is m-accretive in the Banach space X, B is continuous
and accretive on X, feL*0, T; X) and uo=dom(A). Then there exists a unique
integral solution of (3) with u(Q)=u, That is,

IO S () x4 < @)~ Bl -y, u)—x>de

for each y= A(x) and 0=s=t=T.

The proof of follows by a modification of the main result of [2];
also see [1, pp. 152-156]. It is necessary only to include f. Since B is accretive
it is immediate that this integral solution of (3) is the integral solution of (2).

Define the operator A, on H"XG) by feA(u) iff feH™?, uesH*NL! and
there exists a (unique) ve= H} such that vea(u) and —Av=f. Then A, is m-
accretive, in fact, a subgradient on the Hilbert space H-* [4] and dom(A,)=D.

LEMMA 5. For each ¢>0, ({+cA)*=U+eA,)™* on L*NH™
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PrROOF. Observe first that A, restricted to L' is just ANA,;. That is, if
A(u)ysge L*'NH™, then g A(u) follows since HiCW§!. Thus, if ge L'NH™?
and u,=(/+¢eA,)"'g, then we have u,=(I+¢cA)'g.

In order to prove we let u be the integral solution of (2) in L.
Since B is continuous, implies that u is the integral solution in L' of
(3). As such, it is obtained as the limit in C0, T ; L*(G)) of the strong solutions
{u.} of

(4.2) u+Au)=f)—Bu®), a.e te[0,T]

where the Lipschitz function A.=(1/¢)[{—(+eA)"*] is the Yosida approximation
of A for each ¢>0. shows that A, is also the Yosida approximation
of A; in H-*. Furthermore, since A, is a subgradient it is known that the
Cauchy problem for (3) has a unique strong solution which is obtained as the
limit in C(0, T; H-%G)) of the solutions {u.} of (4). By the uniqueness of
limits, u is that strong solution.

COROLLARY. If a, B, uo and f are given as above, then there exists at most
one strong solution u of (3) in H™* with u(0)=u,, f—Bw)eL*0, T; H™) and
Bw)e LYQ).

PrROOF. If u is such a strong solution then it is the limit in C(0, T ; H™Y)
of solutions u. of (4). Since f—Bu)eL(£) we have wu=limu. also in

e—0
CO, T; LXG)) and wu is the L'-integral solution of (3) with u(0)=u,. Since B
is L'-accretive, u is the integral solution of (2).

REMARKS. 4°. holds when 8 is Lipschitz but not necessarily
monotone. By a standard fixed-point construction in C(0, T ; LXG)) there exists
a unique integral solution of (3) with u(0)=u,. Then as above it follows that
u is a strong H~?! solution. The uniqueness of the strong H~! solution follows

as in the
5°. Let K be the Lipschitz constant for 8, so S+ KI is monotone. Thus there

is a unique L' integral solution of the Cauchy problem for
u' @) +(A+B+K)ut)= f(O)+Ku(), 0=t=T.
Let # be the integral solution of the Cauchy problem for
@O+ A@®)= fO—-Bu®), 0=i=T,
and therefore, by accretiveness of B+ KI, for

#@'(0)+(A+B+K)i@)s f(O+(B+K)a@)—Bu®), 0=t=T.
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Thus we obtain the estimate
ey =232 (B+K)u@)—(B+K)a), ue) )z

which implies =1, so u is an integral solution of (3). This argument with
K=0 in the general setting of [Lemma 4 shows when B is accretive and Lipschitz
that integral solutions of (2.a) and (3) are equivalent.

6°. Let a, B, 7€M and consider the Dirichlet-Cauchy problem for the
equation

()~ Aaw)+ B D)= ).

We have shown it is well-posed in L' if all three pairs (a, B), (a, 1) and (B3, 7)
satisfy the SVC. It has a strong solution in H~! if, in addition, Rgla-y)=R
and B-r~!is a continuous linearly-bounded function.

Such problems were resolved in in the form

)~ At Bla ()3 £

with operator coefficients being monotone in the Hi-H™' duality. To apply
these results we assume the pairs (a, 8) and (a, r) satisfy the SVC and that
the compositions yea~! and B-a! are linearly-bounded, hence their domains are
all of R. These hypotheses are not comparable, even with y=identity, but they
are very similar.

ExaMPLE. We consider the Cauchy-Dirichlet problem (1) with B=0, f=0,
u(x)=1 for 0<x<1, and a given by a(0)=(—oo, 1], a(x)={1} for x>0. The
existence of a unique integral (or semigroup) solution u in L! is immediate from

[6, 7] as well as [Corollary 1. From we have 0=u(x, 1)=<1 a.e.
in 2, and from (see Remark 3) it follows that the pair u, v satisfies

(1) in 2*(2). It is easy to verify that the pair given for 0<¢<1/8 by
u(x, )=H(x—+2t )—H(x—1++/2t)
v(x, )=min{x/~2t, 1, 1—x)/+/2t }

and u=v=0 for ¢t>1/8 is the strong H~! solution, hence, the L* solution.
For this example, we shall compute the solution directly from the semigroup
formula u(t)=limu,#), u,@)={U-+{E/n)A)™u,. Note first that the resolvent

identity, u={U+¢eA)*w for ¢>0, is characterized by

U—EVzz =W , vealu), veWi!l.
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The inclusion of [u, v] in a is equivalent to
1—v=0, =0 and u(l—v)=0,
so the resolvent formula is an elliptic variational inequality for v:
veWwit, 1—v=0, wtev,,=0 and (d—v)w+ev,,)=0.

When w is of the special form w(x)=H(x—x,-1)Hl—x,-,—x) for some
0=x,-1=1/2 we compute directly the solution v, as that function symmetric on
(0, 1) given by

2% )/(Wxh A2+ x0mr),  0Sx=xpo,
vn(x}zl 1~(x_xn)2/26’ xn_léxgﬂﬁzy

1 . Z2xZ1/2,

where x,=+/x%_;+2¢=+/2ne. From the variational inequality we obtain
u(x)=H(x—x,)Hl—x,—=x). Thus, the semigroup approximation u,(f) is exactly
the solution u, the free boundary of the approximating problem is exactly that
of (1), and the corresponding approximation v, of v is smoother. The correspond-
ing finite-time-difference approximation leads to a sequence of elliptic variational
inequalities and provides a very efficient numerical procedure for (1).

The Yosida approximation (4) converges in C(0, T ; LXG)NH(G)) to the
solution of (1). The corresponding solutions are characterized by the integral
equation

us(t)ze"“5+(l/e>gze“"’“(I-I-EA)"l(u(S))ds .

The second and major term is just (1—e~**) times a weighted average of
{T+eA)y M u(s)): 0=s=t}, heavily weighted on t—e<s<t. We shall discuss
elsewhere the characterization of (4) as a free-boundary problem for a “pseudo-
parabolic” partial differential equation.
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