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Introduction.

Let (X, ®, ) be a o-finite measure space and let L,(X)=L,(X, T, w),
1=<p=oo, be the usual Banach spaces of real or complex functions on (X, &, p).
In this paper we first prove that if (T,: t>0) is a strongly continuous one-
parameter semigroup of linear contractions on L,(X) such that p(A)>0 implies

SAIth |dp>0 for some f= L,(X) and t>(, then the local ergodic theorem holds

for the adjoint semigroup (T¥: t>0) acting on L.(X), i.e. for any fe L.(X)
there exists a scalar function T7f(x), measurable with respect to the product
of the Lebesgue measurable subsets of (0, o) and &, such that for each fixed
t>0, T#f(x) as a function of x belongs to the equivalence class of TFf, and
the following local ergodic limit

lim lg”T;k A(x)dt
o0 b Jo

exists and is finite a.e. on X; in particular, }ugn IT;v—v|,=0 for all ve L,(X)

if and only if

1§§%§:T§=f<x>dt:f<x> ae.

for all fe L(X). This generalizes Krengel’s local ergodic theorem for
semigroups of nonsingular point transformations on (X, &, ¢). For another
related result we refer the reader to the author [13], in which positive semi-
groups on L,(X) are considered and a similar result is obtained, only assuming
that the positive semigroup (T;: t>0) is strongly integrable over every finite
interval. We next prove that if (T,: ¢t>0) is a strongly continuous one-para-
meter semigroup of bounded linear operators on L ,(X) for some fixed p, 1< p<oo,
such that (T,: ¢>0) is also simultaneously a semigroup of linear contractions
on L (X) with T}L,(X)CL(X) for all t>0, then under one of the following
two conditions (I) and (II), the local ergodic theorem holds for (7,: t>0) on
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L(X): (I) p(A)>0 implies 1¢inol 1 T:14lle>0; (II) T, on L ,(X) converges strongly

to a linear contraction T, on L ,(X) as ¢t —0.

Definitions and preliminaries.

Let (X, &, p) be a o-finite measure space and let L, (X)=L,(X, T, p),
1=p=oco, be the usual Banach spaces of real or complex functions on (X, &, .
All sets and functions introduced below are assumed to be measurable; all
relations are assumed to hold modulo sets of measure zero. If A is a subset
of X, then 1, is the indicator function of A and L,(A) denotes the Banach
space of all L,(X)-functions that vanish a.e. on X—A. If feL,(X), then
supp f is defined to be the set of all xX at which f(x)#0. A linear operator
T on L,(X) is called positive if Tf=0 for all /=0, and a contraction if |T| ,=1.

Let (T, : t>0) be a one-parameter semigroup of bounded linear operators on
LX), ie |Tip,<ocand T,T =T, forall ¢, s>0. (T,:t>0)is called strongly
continuous (on (0, o)) if lti_l:ls‘l N T.f—Tsfll ,=0 for every f€L,(X) and all s>0,

and strongly integrable over every finite interval if for each f& L ,(X) the vector
valued function ¢—T,f is Bochner integrable with respect to the Lebesgue
measure on every finite interval.

It is well known (cf. [5, Chapter VIII]) that if (T,: t>0) is strongly inte-
grable over every finite interval, then it is strongly continuous and so for any
feL,(X) there exists a scalar function T.f(x), measurable with respect to the
product of the Lebesgue measurable subsets of (0, ) and &, such that for
each fixed t>0, T,f(x) as a function of x belongs to the equivalence class of
T.f. Moreover, by Fubini’s theorem, there exists a set N(f)C X with pu(N(f))=0,
dependent on f but independent of ¢, such that if x<N(f) then the function
t—T,.f(x) is Lebesgue integrable on every finite interval (a, b)C(0, o) and the

b
integral g T.f(x)dt, as a function of x, belongs to the equivalence class of

(7o far L0,

We now assume that 1<p<co, and denote by (T7F: {>0) the adjoint semi-
group of a strongly continuous one-parameter semigroup (7;: t>0) on L ,(X).
Thus (T¥: t>0) acts on LX), where 1/p+1/g=1, and <T.v, f>=<v, T¥>

for all v& Ly(X), f& Ly(X) and t>0, where we let <v, fy={vfdp for v L,(X)

and fe L (X). In case 1<p<oo, L,(X) is a reflexive Banach space and hence
the adjoint semigroup (TF: t>0) is also strongly continuous; furthermore T,
converges strongly to T, as t—0 if and only if T} converges strongly to T
as t—0. In case p=1, this is not the case. But we then have the following
proposition, originally due to Lin [9].
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PROPOSITION. Let (T,: t>0) be a strongly continuous one-parameter semi-
group of bounded linear operators on L,(X) such that sup IT¢ll;<co. Then for
0<t<1

any f€ Lo(X) there exists a scalar function T¥f(x), measurable with respect to
the product of the Lebesgue measurable subsets of (0, c0) and §, and a set
N(f) X with p(N(f))=0, dependent on f but independent of t, such that if
x&N(f) then the function t—T¥f(x) is Lebesgue integrable on every finite
interval (a, b)C(0, oo0) and the integral ng;"f(x) dt, as a function of x, is in L(X)

and satisfies
b b
w), | Terwan=< Twat, 1>

for all ve L,(X).
PROOF. A minor change of the argument given in [12, Lemma A] is
sufficient for the proof of the proposition and we omit the details.

Theorems.
THEOREM 1. Let (T,: t>0) be a strongly continuous one-parameter semi-
group of linear contractions on L(X) such that p(A)>0 tmplies SAIthId/,c>0 for

some f€L(X) and t>0. Then for any f< L(X) there exists a scalar function
T¥f(x), measurable with respect to the product of the Lebesgue measurable sub-
sets of (0, c0) and F, such that for each fixed t>0, T¥f(x) as a function of x
belongs to the equivalence class of T¥f, and further the following local ergodic
limit

) tim (.70

exists and is finite a.e. on X.
In particular, we have ltll’gl I T, v—v],=0 for all ve L (X) if and only if

1,
@) 1;93—5§0Tt f0)di=f(x) a.e.

for all fe L/(X).
REMARK. It is well known (cf. [8]) that ltirzl | T;v—uv|,=0 for all ve L,(X)
if and only if

N
(3) 1b15101?S0T¢v(x)dt:v(x) a.e.

for all ve L,(X).

Proor. Let 7, denote the linear modulus of T, in the sense of Chacon
and Krengel [3]. Therefore 7, is a positive linear contraction on L,(X) such
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that
r.f=sup {|T.gl: g€ L(X) and |g|=f}

for all 0=fe L,(X). If 0=f=L,(X), define
S;f=sup {ml Ty, 1‘?1 ti=t, t;>0, n_Z_l}.

Then, as observed by Kipnis [6] and the author [14], S. can be extended to a
positive linear contraction on L (X), S,S;=3S;+s for all ¢, s>0, and the sem1group
(S;: t>0) is strongly continuous. Since p(A)>0 implies

[ siir1ap=l 1707 1p>0

for some fe L(X) and t>0 by hypothesis, an approximation argument shows
that if fo= L(X), f,>0 a.e. on X and

h:S:e‘sSs fuds (€L (X)),
then >0 a.e. on X, and for all t>0 we have

Sch:S:e‘sSHsfodsge‘g:e‘SSSdeSZe‘h .
Hence, if we let for all t>0

{ P f=1/1)S(fh)

(fe LiX, §, hdp),
Quf=(1/RYT (fh) g

then (P;: t>0) and (Q,: t>0) are strongly continuous one-parameter semigroups
of linear contractions on L,(X, &, hdp) such that

|Q.fISP,|f]| a.e.

for all fe L(X, &, hdpy), and thus [|Q;l|=<|P:|.=e’ for all t>0. We now apply
the Riesz convexity theorem and an approximation argument to observe that
(Q;: t>0) can be regarded as a strongly continuous one-parameter semigroup
of bounded linear operators on L.(X, &, hdy). Then the adjoint semigroup
(QF: t>0) on L,(X, §, hdp) is again strongly continuous. It is now easy to
see that

QFf=TF on Lo(X,F, hdp)=L(X, T, 1)
for all t>0, that Qf is extended to a bounded linear operator on L,(X, &, hdpy)

with Q¥ =1Q:l|-=<e’, and that the semigroup (QF: ¢>0) on L(X, &, hdp)
is strongly continuous. Therefore for any f& L.(X, &, hdy) (CL.(X, §, hdpw)
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there exists a scalar function T¥f(x), measurable with respect to the product of
the Lebesgue measurable subsets of (0, ) and ¢, such that for each fixed
t>0, T¥f(x) as a function of x belongs to the equivalence class of T¥f=Q¥f.

Since [e”‘Q¥|[;=1 and |e 'QF|-=|T#|~=<1, we can now apply the local

ergodic theorem in and obtain that the limit

lim ~1—Sbe‘tTt* A(x)dt
>0 b Jo

exists and is finite a.e. on X. This establishes the first half of the theorem,
because ltim e t=1.
-0

To complete the proof, suppose ltir? \T,v—v|,=0 for all ve L,(X). Obviously
this condition implies that

sup{SAlT,fld;,e: fEL(X) and 1>0}>0

for all Ae§ with p(A)>0, and therefore
.1
lim —S TH(x)dt
o0 b Jo

exists and is finite a.e. on X for all f€ L.(X). Given a function v in L,(X),
we then have (cf. Proposition), by Lebesgue’s dominated convergence theorem,
that

<v(x), lim %—S:T;“f(x)dt>:lbi£13 <v(x), %S:T:“f(x)dt>
(i)

=<, .

b
This shows that f(x)=lim %SOT?‘f(x)dt a.e. on X.

Conversely, if (2) holds for all f€ L.(X), then again we apply Lebesgue’s
dominated convergence theorem to obtain that

lim <%53Ttvdt, f>:<v, £

.1
for all veL,(X) and fe L(X). It now follows that Uzweak'llfil}?SoT‘th’

and thus v is in the closed linear hull of the set {T;v: t>0}. Since |T,},=1
for all >0, this together with an easy approximation argument shows that
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lcmol IT,v—vl,=0 for all ve L,(X).

The proof is completed.

Before stating the next theorem we shall remark the following fact: Let
T be a bounded linear operator on L ,(X) for some fixed p, 1=p<co, such that
ITf le=lflle for all fe L, (X)NLo(X). Then there exists a (unique) linear
contraction S on L,(X) such that T/f=S*f for all f& L (X)) L(X).

To see this, let ¢ be such that 1/p+41/g=1. Then for any f< L (X)NL,(X)
we have

(1727 1dp=ck, T*r>=lim ko, T*5
=lim <Tkn, Y= 1F1dp

where we let k(x)=sgn T*f(x) and k.(x)=rk(x)1,, (x) with p(A,)<co for each
n=1, A,CA,C -+, and lim A,=X. Hence it follows that T* can be extended

to a linear contraction S on L,(X), and clearly we have
T=S* on L,(X)"\L(X).

Thus, in the sequel, we may assume that such an operator T is also
simultaneously a linear contraction on L.(X) with T*L,(X)CL,X); for any
fe LX) we may define Tf by

Tf(x)::liyrbn T(f14,)(x) a.e.

where p(Ay)<co for each n=1, A,CA,C -, and lim A,=X.

THEOREM. 2. Let (T,: t>0) be a strongly continuous one-parameter semi-
group of bounded linear operators on L, (X) for some fixed p, 1=p<oo, such
that (Ty: t>0) is simultaneously a semigroup of linear contractions on Lo(X)
with TFL(X)CL(X) for all t>0. Assume either that p(A)>0 implies
ltl_r.rol 1T 14ll>0, o7 that T, on L,(X) converges strongly to a linear contraction

Ty on Ly(X) as t—0. Then for any f< Lo(X) there exists a scalar function
T.f(x), measurable with respect to the product of the Lebesgue measurable sub-
sets of (0, o) and §, such that for each fixed t>0, T,f(x) as a function of x
belongs to the equivalence class of T.f, and the following local ergodic limit

@ lim [T f(x)dt

exists and 1is finite a.e. on X.
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REMARK. It is known (cf. [2], [10], [11]) that if |T.[,<1 and |T,]-=1
for all t>0, then T, on L,(X) converges strongly to a linear contraction T,
on L,(X) as t—0, and furthermore for every fe L ,(X) we have

) Tof(x)=lim —HZTt fx)dt ae.

PrOOF. We shall first prove that the semigroup (7T7#: t>0) on L,(X) is
strongly continuous. To do this, by the Riesz convexity theorem we may
assume that 1<p<oo. Let ¢ be such that 1/p+1/¢g=1. Let feL,(X)N\L(X)
and s>0 be given. Since we have

Mm [ T2/ =T¥f1,=0,
—8+0

any strictly decreasing sequence (s,) of positive reals, with lim s,=s, has a
n
subsequence (¢,) such that

lim T# f()=TH(x) a.e.
Since | T# fIl=IT#-{T¥)I:=I T#7l,, we then have, by Fatou’s lemma, that
lim | T% 7= T2/,

and consequently that
lim | T# f—T¥f],=0.

This shows that tlimo \T¥f—T¥f|,=0, and hence we can apply a standard
-5+

approximation argument to infer that the semigroup (TF: t>0) on LX) is
strongly continuous.

Since the adjoint semigroup acting on L.(X) of the semigroup (TF: ¢t>0)
on L,(X) is identical with the original semigroup (T;: t>0) on L.(X), if we
assume that p(A)>0 implies 1,151 IT141.>0, then the desired conclusion follows

immediately from [Theorem 1.

Next let us assume that 7, on L ,(X) converges strongly to a linear con-
traction T, on L,(X) as t—0. (Again we may assume here that 1<p<co.)
Then TF on L,(X) converges strongly to T§ on LX) as ¢t—0, and therefore
the semigroup (T¥: t=0) on L, (X) is strongly continuous on [0, o). So we
observe, as above, that the semigroup (TF: t=0) on L,(X) is again strongly
continuous on [0, o).

Since T¥=T¢ and |TF|,<1, we can choose a function f, in L,(X), with
T¥fo=fo so that supp gCsupp f, for all ge L,(X) with TFg=g (cf. [1], [4).
Put

C=suppf, and D=X-—-C.



422

R. SaTo

Since |TF|,=1, for any fe L,(X)N\L(X) with supp fCD and any ¢>0 we have,
as in [1], that

e I T8f1dp={ | TE(Ta o) 14
<{ 181 +ef s

:SlT(’,"f]qdp—!—aqS | fludp,

because supp T§f is contained in C and hence disjoint from supp fCD. Thus,
letting ¢ —0, we must conclude that ||T¥f],=0. Hence it follows that

TELy(D)={0} and T¥L(O)CLLO),

so that T)L(D)={0} and T L«(C)CL(C). Since T,T,=T,T;=T, on L.(X)
for all =0, it then follows that

T.L(D)={0} and T,L(C)CLC) (t=0).

Therefore without loss of generality we may assume that X=C. Then for any
Ae® with p(A)>0 we have

tim | I T¥fldp={ 1 T8hldp=] | £l dp>0,

and thus completes the proof.
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