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§1. Introduction.

Let & be the set consisting of all compact bordered Riemann surfaces.
For S in &, we denote its interior and its border by S and 3S, respectively.
Let p (=0) be the genus of S and ¢ (=1) be the number of boundary components
of S. We set

N=2p+q—1.

Furthermore we denote by A(S) the set of all functions which are analytic in
S and continuous on S. It forms a Banach algebra with the supremum norm

I/l =sup.es| f(2)] .

For S and S’ in &, let L(A(S), A(S”)) denote the set of all continuous inverti-
ble linear mappings of A(S) onto A(S’). It is shown by Rochberg that
L(A(S), A(S")) is nonvoid if S and S’ are homeomorphic. We set

«(D)=IT| T
for T in L(A(S), A(S’)). We have always
o(T)=1,

and we can easily see that 7/||T| is an isometry if and only if ¢«(T)=1. If
T1=1, then
12T =cT), 1=|TH=«(T).

Let z and 2z’ be points of S and S, respectively. If there exist a positive
number ¢ and an element T of L(A(S), A(S")) such that

| (@) —(T /)2 =e min (| fII, Tf1)

for all f in A(S), then we say that z and z’ are e-related with respect to T, or
z and 2z’ satisfy an e-relation with respect to T.
The purpose of the present paper is to prove the following theorems:



374 Y. MIYAHARA

THEOREM 1. For S and S'€@, suppose that there exists a T< L(A(S), A(S"))
which is an isometry and satisfies T1=1. Then there exists a conformal mapping
w of S onto S’ such that

Tf=fow
for all f in A(S).

This result is not new. According to a result of Nagasawa [2; Theorem
3], a T satisfying the above assumption is an algebraic isomorphism. Then,
as is well known, T induces a natural mapping of the maximal ideal space of
S onto that of S’, which determines a conformal mapping w.

In §4, we shall give a more direct proof of [Theorem 1.

THEOREM 2. If S and S§'€® satisfy

inf{c(MIT € L(A(S), ASN}=1,

then S and S’ are conformally equivalent.

This result has been obtained by Rochberg [4]. In §5, we shall give an
alternative proof by constructing a conformal mapping directly.

THEOREM 3. Let S€@ be such that N=2p+q—1=2. For every sufficiently
small ¢>0 and every relatively compact subdomain D of S, there exists a con-
stant d>1 having the following property:

If TeL(A(S), A(S)) satisfies ¢(T)<d and T1=1, then there exists a unique
conformal automorvphism w of S such that, for every z=D, z and w(z) are
e-related with respect to T.

To state the following theorem we need a notation: For a subdomain D
of S and an analytic function f in D, we mean by N,(D) the set of zeros of
fin D.

THEOREM 4. Let S€& be such that N=2p+q—1=2. Consider an arbitrary
fo€A(S). For every sufficiently small ¢>0 and every relatively compact sub-
domain D of S such that f, does not vanish on the boundary of D, there exists
a constant d>1 having the following property:

If TeL(A(S), A(S)) satisfies ¢«(T)<d and T1=1, then the number of zeros
of fo in D is equal to that of Tf, in w(D), where w is the conformal automor-
phism of S determined by Theorem 3; and furthermore theve exists a unique
mapping 6 of Nrs(w(D)) onto Ny (D) such that, for every {& Nr;(w(D)), 60)
and { ave e-related with respect to T.

§2. The construction of the function ¢;.

For S&&, we denote its boundary components by Iy, -, [, Let ay, By,
-+, ap, Bp be simple loops on S which are homologically independent modulo
oS such that

aNa; =0, ﬂiﬂﬁjIQ ’ aiﬂﬁjZQ
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for i#j, and «a; intersects 8; at exactly one point. By removing ai, 8, -,
a,, Bp from S, we obtain a planar domain S,. If we set

T2i-1—0, Tzi:ﬁi (i=1, tt P) s
72p+j:['.1 (]:1:;4—1)»

7. -, 7y form a canonical homology basis of S. By Ahlfors [1], there exists
a basis w,, -+ ,wy of the space of analytic Schottky differentials satisfying

S ;=05 (@i, j=1,--,N).
7

For { in S we denote by Gy(z) the Green function on S with pole at &.
For each j (j=1,---,N) and every point { in S—7; we set

(1) mfQ)= *dG:.

Evidently, z;{) is a continuous function of { on S—7; If { is a point of 7;
(1=j=2p), it defines two distinct accessible boundary points {; and {, of S—7v;.
Let C, be a curve in S—r; which ends at { and defines {,. If we modify 7;
in a parametric disk about { by making a detour along a circular arc which
does not meet C,, then another loop 7; is obtained. Let z,(,) denote the value

obtained by using 75 in place of 7; in (1). Similarly, we can also define z;({,).
Clearly,

(2) 7l —ml)==2x.

Furthermore, z;{) is continuous on the set S¥ obtained by adding to S,=S—
@1;’]- all accessible boundary points which are defined by points of 2\7 7. We
5= =t

note that a natural topology can be defined on S§.
Now we fix a point z, in S,. For each point { in S¥— {z,} we define a
function

(3) fl@y=exp| || (4G +ixdG—i 5 7,00))].

For a fixed {, f«2) is single-valued and analytic on S, consequently, it is in
A(S). Moreover, fy(z) is continuous on S¥—{z,} with respect to ¢ for a fixed
z in S. We choose another point %, (#z,) in S, and denote by fc(z) the function
defined by using %, in place of z, in (3). Then, there exists the limit

g@=lim [, (Of2)
for each z in §, and g is an analytic function on S. Now we set

Fe©f(z) for {#z

(2)=
g(2) for {=z,.
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The function ¢ (z) has the following properties.

(i) For a fixed { in S¥, ¢; is analytic on S, consequently, it is in A(S).
Moreover, for a fixed z in S, ¢(z) is continuous on S§ with respect to C.

(ii) For each { in S§, { is a simple zero of ¢, and it is the only zero

of ¢C'
(iii) For every compact subset K* of S¥ there is a constant m (>1) such

that
(4) L <lpdal<m

for all z on oS and all { in K*,
(iv) For each {, in S¥
lim | ¢e—ge, | =0.
(5) lim lge—ps,1=0
(v) If a point { on 7; defines two distinct accessible boundary points {;

and ¢, of S,, (2) implies that

(6) P (2)=g2)pe(z) or ¢e(2)=g,(2)"¢¢,(2),
where g, is a function in A(S) defined by

gj(z):exp<27ri5;a)j) .

If { defines four distinct accessible boundary points {,, {,, &; and {, of S,, we
obtain, for example, the following relations ;

02, (2)=82j- ()P (2), P (2)=g:;(2)¢z,(2),
2 (2)=g2;-1(2)g2/(2)Pc,(2) .

§3. Lemmas.

The following lemmas are due to Rochberg [3], and [5].
LEMMA 1. For S, S’eS and for every >0, there exists a constant d>1
such that

IT(fe)—(TIHTgl=elfl gl

for all TeL(A(S), A(S")) with «(T)<d and T1=1 and for all f,ge A(S) (cf.
3D.
LEMMA 2. For every >0, there exists a constant d>1 having the following

property:
For S, S’e® and every T L(A(S), A(S")) with «(T)<d and T1=1, there

exists a homeomorphism h of 0S onto 8S’ such that

| f(2)—(TfXh)=el [l
for all z on oS and all fe A(S) (cf. [3], [5]).
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LEMMA 3. If S and S'e® satisfy
inf{c(T) | T L(A(S), A(S)} =1,

then there exists a sequence {T,} in L(A(S), A(S")) such that c¢(T,)—1 and
T.1=1 (cf. [3].

, LEMMA 4. Under the same assumption of Lemma 3, there exist a sub-
sequence {Ty;} of {T.}, an analytic mapping © of S’ into S and an analytic
mapping ¢ of S into S’ such that

lim (7, /)= fz(w))
uniformly on every compact subset of S’ for all fe A(S), and
},igol (T3 8)2)=g(a(2))

uniformly on every compact subset of S for all g= A(S’) (cf. [4], [5]).

Let D be a relatively compact subdomain of S. If D\ i:j,lrj) is nonvoid,
we denote by D* the set obtained by adding to D— ijjlrj alljaccessible bound-
ary points which are defined by points of D\( @lrj)f The set D* is a subset
of S¥. If Dm('@lrj) is void, D* is equal to D.

LEMMA 5. JLez‘ S be an element of &. For every ¢>0 and every relatively

compact subdomain D of S, there exists a constant d>1 having the following
property:

For §'€® and TeL(AS), AS)) with «(T)<d and T1=1, there exists a
continuous mapping wr of D* into S’ such that, for every {eD* { and wq()
are e-related with respect to T (cf. [5]).

PrOOF. By property (iii) there is a constant m>1 for D* such that (4)
holds for all z on 8S and all £ in D*. We set ¢,=1/2m?. By there
is a constant d,>1 as follows. If ¢(T)<d,, there exists a homeomorphism #
of 0S onto 0S’ such that

|p(2)—(T'g)(h(2))| =e.lléc]

for all z on oS and all { in D*. Combining (4) and the above inequality it
follows that

(TGIRE|>,

for all z on oS and all { in D*. Hence the change of argument of T¢; around
0S’ is equal to the change of argument of ¢, around 6S. Therefore, by the
argument principle, T¢, has the same number of zeros as ¢, that is, exactly
one. We denote this zero by wz({). It follows from (5) that the mapping
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wr(&) of D* into S’ is continuous. Furthermore, using we can show
by the same argument as Proof of Proposition 1 in that if ¢(T) is suffi-
ciently close to 1, { in D* and wr({) are e-related with respect to T.

§4. Proof of Theorem 1.

Let {S,}ibe an exhaustion of S. Since T is an isometry by assumption,
¢(T)=1. Consequently, by there exists a continuous mapping wy’
of S¥ into S’ for each n such that every point { in S¥ and w{®({) satisfy an
e-relation ,with respect to T for every ¢>0. By the definition of w®, w®
=wPFV= .. =wP*P= ... in S¥. Thus we obtain a continuous mapping wy of
S¥ into S’ such that

| fQ—(T/ ) wrOD=ell fl
for all { in S§F and all f in A(S). Since ¢>0 is arbitrary, we have a relation
(7) (T /) wr @)=/
for every ¢ in Sf and every f in A(S). If a point £ on jb: 7, defines two dis-

tinct accessible boundary points £, and {, of Sf, it follows from (7) that

gwrC))=gwr()
for all g in A(S’). Hence

wr)=wr{&),

2
for A(S’) separates points on S’. If a { on Kj’rj defines four distinct accessible
j=1

boundary points {;, {,, {; and {, of S,, we similarly obtain

wrl)=wrl)=wr)=wrl,) .

Therefore wy is a continuous mapping of S into S’, and (7) holds for all { in
S and all f in A(S).

On the other hand, since ¢(7-')=1, we can use the same method as above
to T-'. Hence we obtain a continuous mapping wr-1 of S’ into S such that

(8) (T g)wr-+&)=gE")

for all {’ in S’ and all g in A(S’).
Now, for each fixed { in S we set {'=wr(). If we set f=T"'¢, in (7),

(T7pe )= (L)=0.
Since T '¢; has the only zero wr-1({’),

wr-1{N=¢.
Thus



Conformal mappings and isomorphisms of spaces of analytic functions 379

wr-wr(£)=¢

for all { in S. Similarly, it follows from (8) that

wp(wr-1L"))=¢’

for all ¢’ in S’. Therefore w=wyr is a homeomorphism of S onto S’ and w™!
=wr-1. We know by (7) that w=wy is conformal and

Tf=fow™?
for all f in A(S).

§5. Proof of Theorem 2.

1. By Lemmas 3 and 4 there exists a sequence {7} in L(A(S), A(S")
with

(9) lim o(T)=1, T,l=1,
J—eo

and there exist an analytic mapping = of S’ into S and an analytic mapping
o of S into S’ such that

(10) 1}12 (T; X w)=fz(w))
uniformly on every compact subset of S’ for all f in A(S), and
(11) ljijg (T7'g)(z)=g(e(2))

uniformly on every compact subset of S for all g in A(S').

Let {S,} be an exhaustion of S and {e¢,} be a sequence of positive numbers
which tends to zero. In Lemma 5 we set e=¢, and D=S, for each 7, and
we denote the corresponding constant by d, (>1). By (9), ¢(T;,)<d, for a suffi-
ciently large j,. We may assume j,<j,:+;. By Lemma 5 there exists a con-
tinuous mapping wr; of S¥ into S’ for each n such that { and wTjn(C) are
ep-related with respect to T;, for all £ in S¥. For simplicity, we shall use the
notation 7T, in place of T;. By e,-relation

(12) | AO—(TnfXwr, ) =eal /I

for all £ in S¥ and all f in A(S).

2. Now we take distances d(-,-) and d’(-,-) on S¥ and S’, respectively,
which induce the original topologies of S¥ and S’, respectively. We shall
verify that for every compact subset K* of SF¥ the mappings wr, for suffi-
ciently large n are equicontinuous on K*. For this purpose we show that the
set of the zeros wr, ({) of T,¢; for all n and all { in K* is apart from oS’
If it were not, then there is a sequence {{,} in K* such as {wr ({,)} has an
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accumulating point z{ on 0S’. By choosing a subsequence if necessary, we may
assume that {,—, for some {, on K* and wr,({,)—2. Let g be a noncon-
stant function in A(S’) satisfying |g|=1 on 0S’. (This is a so-called inner
function.) By e,-relation

(T7'g)Cr)—glwr,(Cad) =en s
consequently,
lg(wraC=(T7' ) )l +en

for all n. Hence it follows from that

I1=]g(z)|=|gla@I<1.
This is a contradiction.
So, there is a domain D’ whose boundary consists of a finite number of
analytic closed curves such that

wr (K¥CD'CD'CS’

for all n. If we apply the residue theorem to every function ¢ in A(S), then

1 N (T (@)
'zn—igaﬂ(” (Tngzﬁi)(z’) dz

for all » and all { in K*. Hence, using (5) we can show that if an ¢>0 is
given there is a 0>0 such that

13) |p(we, (L)) —Pp(wr, (L)) <e

for all {; and &, in K* with d({,,{,)<d and for all n.
The above implies that if an ¢>0 is given there is a 0>0 such as

d'(wr, (&), wr, () <e

for all {; and &, in K* with d({, {,)<0 and for all n. If it were not, then
there are an ¢>0 and points {,,, & in K* with d(Z,,, C:)—0 such that

d/<an(C1n): w Tn(C2n)) =Ze.

We may assume that {;,—,, {:n—, for some , in K*, wr ({;n)—w, for some
w; in S’ and wr,({n) — w, for some w, in S’. The above inequality implies
d'(w,, w)=e>0. Hence w,+#w,. Since the space A(S’) separates points on S/,
there is a function ¢ in A(S’) such as

P(w)#FP(w,) .
If an >0 is given, it follows from that
[p(wr,(Can))—P(wr, (Can) <e

for sufficiently large n. Letting n go to infinity, we obtain

P(wr,(0)=
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|¢(w1)—'¢'(w2)] =e.
Since ¢>0 is arbitrary, we have

P(w)=¢(w2) .

This is a contradiction. Thus the mappings wr, are equicontinuous on K*.
From this and the fact that {wr, (0} has a limit point in S’ for every {, we

conclude that {wr,({)} is a normal family.
3. By choosing a subsequence if necessary, we may assume that there is

a continuous mapping w of S¥ into S’ such that
(14) lim wr, (O=w()

uniformly on every compact subset of Sf. In order to show that the mapping
w({) can be defined on S and it is continuous on S, we must show that it
assumes the same value at distinct accessible boundary points of S¥ defined

2

by each point { on kgr,-. Suppose that a point £ on 7, defines two distinct
j=1

boundary points ¢, and {,. By (6) and [Lemma 1|, if an ¢>0 is given, we have

(15) 1T 2¢pc,—(Tag T ade )= 1T n(g;02)—(T g T nz)l
=ellgill gz,

for all sufficiently large n. We know from that the sequences {7 ,¢c,} and
{(T,g;)(Trgc)} converge uniformly on every compact subset of S’. By
they have the same limit function

h:}ll_{fg Tn¢C2:1niE~;1° (TngijngbCl) .

By and we have
h(w(©)=¢¢,(0)

for all £ in S§. Consequently, neither A nor w is a constant.

Now T,¢:, has the only zero wr,({,). Since g; has no zeros, by the same
argument as the proof of we can see that 7,g; also has no zeros
for all sufficiently large n. Hence (Th.g;)(Tr¢c,) has the only zero wr,({,) for
all sufficiently large n. By Hurwitz’ theorem, A has only one zero, and the
zeros of T,¢;, and (T,g;)(Tr¢,) converge to it as n—oco. Therefore

}Lig'} an(Cl)Ziijg wr, (L) ,

that is,
w(C)=w(l).

If a point { on 7, defines four distinct accessible boundary points i, &, {; and
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¢, of S,, we can similarly show that

w)=wll)=w(l)=w(l,).

Thus w is a continuous mapping of S into S’.
4. Let p’ be the genus of S’ and ¢’ be the number of its boundary compo-
nents. We set N'=2p"+¢’—1 and denote by 7{,---, 7% the canonical homology

basis of S’ as before mentioned. We set S)=S'— 2@ 77 and denote by (Sp* the
=1
set obtained by adding to Sj all accessible boundary points which are defined
-
by points of \pj 75
J=1
Since ¢(T7H)=c(T)), (9) implies that
limc(T7H)=1, Tj'l=1.
o
Let {S.} be an exhaustion of S’. By the same argument as before there
exists a continuous mapping wyz1 of (Sp)* into S for each n such that
(16) lim wy=1(C")=w'({")
7 oo
uniformly on every compact subset of (Sp)*, where w’ is a continuous mapping

of §" into S, and moreover {’ and wr-1({’) are e,-related with respect to T3
for all ¢’ in (Sp*. It follows from e,-relation that

(17) (T2 NHE)—wr) el Sl
for all £’ in (S,)* and all f in A(S).

5. Now we set {'=w({) for each fixed { in S. If n is sufficiently large,
isin S, and {’ is in S,. Then, for every f in A(S)

(18) [ A —fw )
SHAD—(Tw ) wr )+ T 2 ) wr () —(Tw fHw(©)]
H T HE) = wr @D+ Aw ez (E))— fw )]

By and the first term, the third term and the last term of the
right side of converge to 0 as n—co., The functions T, f are equicontinu-
ous on every compact subset of S’, for they are uniformly bounded on S’.
Hence, by the second term of the right side of converges to 0 as
n—oco, Thus it follows from that

Jw'@N=A0).

If we set f=¢; particularly, we obtain

$(w (@ N=¢(O=0.

Since £ is the only zero of ¢;, we have
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w'({)=C.
Thus
w' (W)=

for all { in S. We also obtain by the same argument as above
w(w' €)=t

for all {’ in S’. Therefore w is a homeomorphism of S onto S’.
By a sequence {T,f} converges uniformly on every compact subset of
S’ for every f in A(S). We set

g=limT,f,

n-00

where g is an analytic function on S’. It follows from that
(19) gw@)=110

for all { in S. If f is not a constant, g is not one. Since f and g are analytic,
(19) implies that w({) is analytic on S. Therefore w is a conformal mapping of
S onto S’.

§6. Proof of Theorem 3.

Since N=2, there are only a finite number of conformal automorphisms
of S. We denote them by wy, -+, wy. For every relatively compact subdomain
D of S and for every ¢>0, we want to show the existence of a d>1 such that
if ¢(T)<d and T1=1, then

| 2)—(T f)Xw (2))| =& min(| FII, 1T F1)

for a certain j (1=;<M), for all fin A(S) and for all z in D. If it is not
true, then for some relatively compact subdomain D of S and for some &>0
there is a sequence d, (>1) which converges to 1 as follows. For each n there
is a T, in L(A(S), A(S)) with ¢(T,)<d, and T,1=1 such that for each j
(1=j=M) there are an f;, in A(S) and a z;, in D satisfying

(20) |fjn(zjn)_(Tnfjn)(wj(zjn»I >5H fjn“
or
(21) | f12(2jn)—(Tn f3a)Xw {2521 > | T fall -

Since ¢(T,)—1 and T,1=1, we can use the same arguments as the proof of
Hence, by choosing a subsequence if necessary, we may assume
that for a certain j (1=<;=<M)

(22) lim wr (2)=w,(2)
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uniformly on every compact subset of S§, where wr, is the mapping in Lemmal
5. By using we may simultaneously assume that

(23) | fin(2n)— (T fin)wr(2n))] é—;—min( 1 Finl, 1T f i)

In addition, we may assume that with respect to the ; we have selected,
either or holds for every n. Furthermore, we may assume that z;,—z,
as n—oo for some z, in D.

Since the functions f;,/| f5»ll and (T, i)/l f;ll are uniformly bounded on
S, we can assume that for certain analytic functions f, and g, on S

fin T fin

lim 2" =f,, lim 2l
lim ez o0 Hmr =8

uniformly on every compact subset of S. If holds for every n, then

! fjn(zjn> - (Tn fjn)(wj(zjn»
EA 1

Letting n go to infinity, we obtain

lfO(ZO)_gO(wj(ZO))I =e.
On the other hand, it follows from and that

.

| fiz)—gow (z) =5,

which is a contradiction. If holds for every n, the similar argument yields
a contradiction.

Finally we must prove the uniqueness of w for every sufficiently small
¢>0. If it is not true, there are positive sequence {¢,} with ¢,—0, a sequence
{T,} in LCA(S), A(S)) and distinct conformal automorphisms w;, w, (j##k) such
that

(24) (@) —(T o X w )| =& min(|| fII, 1 T» /1)
and
(25) | (@) (T /)N wi(2)| Ze, min(|| £, 1T f1)

for all fin A(S) and all z in D. We choose a point z; in D such3that
w(z2) Fwe(z1) .
It follows from and that
| flw (2.)) — Aw w(20)
<[ flw (z) (T2 )zl +| fw ez ) —(T7'f)(z0)]
=2e,] /1l
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for all f in A(S). Hence
- Sw (z0)=fw(z)))

for all fin A(S). This is a contradiction, for the space A(S) separates points
on S. Thus the uniqueness has been proved.

§7. Proof of Theorem 4.

1. Let D be a relatively compact subdomain of S. We may assume that
the boundary C of D consists of a finite number of contours and f, does not
vanish on C. Let m be the minimum of | /)] on C. For every ¢ with 0<e<m,
we set

g

2’ 2H8f0” )

By there is a constant d,>1 as follows. If a T in L(A(S), A(S))
satisfies ¢(T)<d, and T1=1, then there is a unique automorphism w of S such
that

(26) | A& —(T)w(=)| <&, minl 71, 1 T/1)
< min(} /1, | T/])
for all f in A(S) and all z in D. Particularly,
(27) | FD—(TF)w) Saill f <
<m=1f2)

slzmin<

for all z on C. Hence, by the theorem of Rouché, fi(z) and (T/,)(w(z)) have
the same number of zeros in D.

2. Now we take a distance d(-, -) on S which induces the original topo-
logy of S. All functions f/| fl| and f/|Tf|| for fe A(S) and for T with ¢(7T)<d,
are equicontinuous on D, consequently, if 6>0 is sufficiently small and «(T)<d,,
then

(28) | [(z21)—1(25)] §§ min(|l fIL, 1 TS

for all z,, z, in D with d(z,, z,)<¢ and for all f in A(S).

3. Let ay,---,a, be the elements of N, (D). We may assume that the
neighborhoods Us(a;)={z|d(z, a;)<d} (j=1,---,]) are contained in D and mutually
disjoint. We want to show that for every sufficiently small ¢>0 there is a
d>1 such that, if ¢(T)<d and w is the conformal automorphism corresponding
to T in the sense of then for every { in Np,(w(D), w™() is
contained in Ujs(a;) for some j with 1<j</[. If it is not true, then there are
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a positive sequence {e,} with ¢,—0, a sequence {7} in L(A(S), A(S)) satisfying
«(T,)—1 and T,l=1, and a point {, in Nr,,(w(D)), where w is a fixed con-
formal automorphism corresponding to 7, in the sense of such
that w (¢, is not in Us(a,) for every n and every j with 1=j=</. Since we
may use for e=¢, and T=T,, we obtain

(29) [ fo(2)—(T ' fo)(w(2)| <en
for all z in D. Hence

| fo(w ™ Ca)l <en,

consequently,

lim £,(w () =0.

We may assume that &,—¢, for some {, in S. Then, f(w *())=0, so, w({,)
=aq; for some j with 1=<j=<I. Hence

limw Y{,)=a;,,

which is a contradiction.

4. In the previous section we have shown that for every { in Np, (w(D))
there is an a; in N, (D) whose d-neighborhood contains w™*({) if ¢>0 is suffi-
ciently small and ¢(T) is sufficiently close to 1. Then, it follows from [26) and
that if ¢(T) is sufficiently close to 1 and T'1=1,

| fa)—(THOI
=| fa)—fw O+ fw= ) —(T )OI
<e min(|l fII, 1T f1)

for all f in A(S). Namely, a; and { are e-related with respect to 7. Thus, if
e>0 is sufficiently small and ¢(T) is sufficiently close to 1, we can define a
mapping 6 of Nz, (w(D)) into N, (D) by setting, for every { in Nr, (w(D)),
6()=a;. Observe that 8({) and { are e-related with respect to 7.

5. Next, we shall prove that  is characterized as the mapping of Nrj,,
(w(D)) into N, (D) such that 6({) and { are e-related with respect to 7. We
may show that if ¢>0 is sufficiently small and ¢(T") is sufficiently close to 1,
then a point a; in N, (D) is uniquely determined for a given { in Nz, (w(D))
by the condition that a; and { are e-related with respect to 7. If it were
not, then there are a positive sequence {e¢,} with ¢,—0, a sequence {T,} with
¢(Ty)—1, distinct points aj a, in Ny (D) (j#k) and a point {, in Nr,r (w(D)),
‘where w is a fixed conformal automorphism corresponding to T,, such that a;
and ., a, and {, are e,-related with respect to 7,. Hence
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| fa)—Faw
<[ fla)—(T2 N)E+1an)—(Ta )
=2e,| /|

for all f in A(S). Therefore
fay=1a)

for all f in A(S), which is a contradiction.

6. Let ¢>0 be a sufficiently small number. We denote by D, the union
of w(D) for all conformal automorphisms w of S. It is a relatively compact
subdomain of S. Since all functions (T/)/| fll and (Tf)/|Tf| for f=A(S) and
for T with ¢(T) close to 1 are equicontinuous on D,, we can choose a ¢>0
such that

(30) (T fXz)—(T 1)zl é% min([| f{l, I T£1)

for all z,, z, in D, with d(z,, z,)<d, for all f in A(S) and for all T with ¢(T)
sufficiently close to 1.

7. To continue, we need the following proposition :

For every sufficiently small ¢>0, there exists a d>1 such that, if ¢«(7)<d
and T'1=1, then there exists a point {& Nz, (w(D)) whose d-neighborhood con-
tains w(a), where a is an arbitrary point of N, (D) and w is the conformal
automorphism of S corresponding to 7 in the sense of

Suppose that this proposition does not hold. Then there are a positive
sequence {e¢,} with ¢,—0 and a sequence {T,} in L(A(S), A(S)) with (T,)—1
and T,1=1 satisfying the following property; there is a conformal automor-
phism w of S independent of »n such that is satisfied and w(a) is not in
Us) for any { in Nr_ s (w(D)). It follows from that

(T fo)(w(a))| <en,

consequently
@D lim (7', fo)(w(a))=0.

We may assume that {7, f,} converges uniformly on every compact subset
of S. We set

(32) go=lim T, f,
The inequality implies that
fo(2)=go(w(2))

in D. Hence the zeros of g, in w(D) are
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L=wlay (=1, D).

If we choose a sufficiently small §, with 0<d,<d/2, the neighborhoods Us;,(;)
(j=1,---,1) are contained in w(D) and mutually disjoint. There is a constant
>0 such that

[go(z)[>77

for all z in w(D)—ijlUgl(Cj). Since the convergence in is uniform on
w(D), ’
(T fo)(2)]>7

for all z in w(D)— CJIUgl(C,-) and for all sufficiently large n. By Hurwitz’ theo-
P

rem, each U;({;) contains a point £ in N ;(w(D)) if n is sufficiently large.
Then, 6>20, implies Us{)DUs/({;). Hence w(a) is not in U;({) (j=1,-,1D),
for w(a) is not in Us(§) for any { in Np r(w(D)). Therefore we can conclude
that

| (T fo)w(a)l>n

for all sufficiently large n. This contradicts [31)

8. Now, let us prove that the mapping 6 is onto. Let a be an arbitrary
point in N, (D). For every sufficiently small ¢>0, we take a T with T1=1
and ¢(T) sufficiently close to 1 so that and are satisfied, and so that
there exists the { satisfying the proposition in the previous section. Then
we have

| Aa)—=(TF)QI
= fla)—(TH)(w(a)i+[(Tf)w(a)—(T)OI
e min(|| fIl, 1711

for all f in A(S). Namely, a and { are e-related with respect to 7. Remember
that 4({) is characterized by the condition that () and { are e-related with
respect to 7. Hence a=6({), that is, the mapping # is onto. Thus the proof
has been completed.
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