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Introduction.

Let $k$ be an algebraically closed field of characteristic $p,$ $x$ an abelian variety
over $k$ of dimension $g$, and $L$ an ample invertible sheaf on $X$. For any integer
$a\geqq 3$ , we denote by $\psi_{a}$ : $X\rightarrow P(\Gamma(L^{a}))$ the canonical embedding of $X$. The pur-
pose of the present paper is to prove, except the case of $p=2$ and 3, the state-
ment:

$\psi_{3}(X)$ is ideal-theoretically an intersection of cubics.
For generic polarized abelian varieties, the statement is proved by Morikawa

[4] for any characteristic, using deformations of polarized abelian varieties.
For $a\geqq 4$ , Mumford ([5], Theorem 10) proved that for any characteristic, $\psi_{a}(X)$

is ideal-theoretically an intersection of quadrics. We shall prove our assertion
stated above, by reducing it to Mumford’s theorem. The essential tool in the
reduction process is the normal generation of $\psi_{3}(X)$ , which is discovered by

Koizumi [2] for characteristic zero, and later generalized by the author [7], [8]

for any characteristic.
Section 1 is devoted to recalling some results concerning the normal gener-

ation of abelian varieties. In Section 2, we shall give a slight modification of
Mumford’s theorem, in order that it will be fit for later use. The proof of our
result will be completed in Section 3.

The author would like to thank Mr. R. Sasaki for very useful conversations.
In particular, he pointed out the commutativity of such relevance of Segre em-
bedding with diagram as in Lemma 3.1 and the fact that the quadrics considered
in Mumford’s theorem appear in the equations of Segre embedding.

NOTATION. Throughout the paper, $k$ is an algebraically closed field of charac-
teristic $p$ , and $X$ is an abelian variety over $k$ of dimension $g$. We denote by $\hat{X}$

the dual abelian variety of $X$ , and by $P$ the Poincar\’e invertible sheaf on $X\times\hat{X}$.
For any $\hat{x}\in\hat{X}$, we put $P_{\hat{x}}=P|_{X\times\{\hat{x}\}}$ . For any integer $n$ , we put $X_{n}=\{x\in X|nx=0\}$ .
For an invertible sheaf $L$ on $X$, we abbreviate $\Gamma(X, L)$ by $\Gamma(L)$ , and we denote

*The author expresses his thanks to the referee for suggesting a simplification of
Lemma 1.7.
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by $\phi_{L}$ : $X\rightarrow\hat{X}$ the homomorphism defined by $x->T_{x}^{*}L\otimes L^{-1}$ . We put $K(L)=$

Ker $(\phi_{L})$ , and $\mathcal{G}(L)=the$ theta group of $L$ . For an ample invertible sheaf $L$ on
$X$, we denote by $e^{L}$ : $K(L)\times K(L)\rightarrow G_{m}$ the canonical pairing defined by $L$ . We
shall frequently consider any k-valued point $z$ of a scheme $Z$ over $k$ as its B-
valued point, compositing $z$ with the structure morphism $Spec(B)\rightarrow Spec(k)$ , for
any k-algebra $B$ .

For any finite dimensional k-vector space $V$, and any non-trivial k-linear
map 1: $V\rightarrow k$ , we denote by $[l]$ the k-rational point of the projective space
$P(V)$ corresponding to 1. For any form in the symmetric algebra $S^{*}(V)$ , we
identify it with the hypersurface in $P(V)$ defined by the form. In $S^{*}(V)$ , we
denote the symmetric product by \copyright following Mumford. For subset $W$ of $V$,
$\langle W\rangle$ means the subspace spanned by $W$. When a group $G$ acts on $V$, we de-
note $V^{G}$ the subspace of $V$ consisting of G-invariant elements.

\S 1. Normal generation.

We start with Koizumi’s theorem generalized in ([8], Theorem 2.4).

THEOREM 1.1. Let $L$ be any ample invertible sheaf on $X$, and $\alpha,$
$\beta$ be two

closed Points on $\hat{X}$. Then

$\Gamma(L^{a}\otimes P_{\alpha})\otimes\Gamma(L^{b}\otimes P_{\beta})\rightarrow\Gamma(L^{a+b}\otimes P_{\alpha+\dot{p}})$

is surjective for all integers $a,$
$b$ such that $a\geqq 2,$ $b\geqq 3$ .

Here we recall a lemma of Mumford in ([5], \S 3).
LEMMA 1.2 (Mumford). Let $L$ and $M$ be invertible sheaves on $X$ such that

$\Gamma(L)\neq(O),$ $\Gamma(M)\neq(O)$ , and $L\otimes M$ is amPle. Then

$\sum_{a\in\hat{X}}\Gamma(L\otimes P_{\alpha})\otimes\Gamma(M\otimes P_{-\alpha})\rightarrow\Gamma(L\otimes M)$

is surjective.
From this lemma, we can easily deduce
COROLLARY 1.3. Let $L$ and $M$ be ample invertible sheaves on X. Then, for

any non-empty open set $U$ in $\hat{X}$,

$\sum_{\alpha\in U}\Gamma(L\otimes P_{\alpha})\otimes\Gamma(M\otimes P_{-a})\rightarrow\Gamma(L\otimes M)$

is surjective.
PROOF. Let $p:X\times\hat{X}\rightarrow X$ and $q:X\times\hat{X}\rightarrow\hat{X}$ be the canonical projections, and

we put $\mathcal{L}=q_{*}(P^{*}L\otimes P)$ and $\mathcal{M}=q_{*}(P^{*}M\otimes P^{-1})$ . Since the higher cohomology
groups of $L\otimes P_{\alpha}$ and $M\otimes P_{-\alpha}$ are zero, $\mathcal{L}$ and $\mathcal{M}$ are locally free sheaves on
$\hat{X}$ such that

$\mathcal{L}\otimes k(\alpha)\cong\Gamma(L\otimes P_{a});\mathcal{M}\otimes k(\alpha)\cong\Gamma(1\lambda l\otimes P_{-a})$ .
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Let $\phi$ : $\mathcal{L}\otimes_{0ff}\mathcal{M}\rightarrow\Gamma(L\otimes M)\otimes_{k}\mathcal{O}p$ be the natural pairing. From Mumford’s lemma,
there exist a finite number of points $\alpha_{1},$

$\cdots$ , $\alpha_{N}$ in $\hat{X}$ such that

$\sum_{i=1}^{v}\Gamma(L\otimes P_{a_{i}})\otimes\Gamma(M\otimes\Gamma_{-\alpha_{i}})1\rightarrow\Gamma(L\otimes M)$

is surjective. Let $p_{i}$ :
$\hat{X}\times\cdot\cdot\times\hat{X}\underline{v}\rightarrow\hat{X}$

be the projection to the i-th component

for each $i=1,$ $\cdots$ , $N$, and we put

$\Phi=\sum_{i=1}^{N}p_{i}^{*}(\phi):\sum_{i=1}^{N}p_{t}^{*}(\mathcal{L}\otimes 0_{X^{\mathcal{M})}}\rightarrow\Gamma(L\otimes M)\otimes_{k}0_{X^{N}}$ .

Since $\sum_{i=1}^{N}P_{t}^{*}(\mathcal{L}\otimes 0\ovalbox{\tt\small REJECT})$ and $\Gamma(L\otimes M)\otimes_{k}0_{X^{N}}$ are locally free sheaves on $X^{N}$ , the
set

$V=\{\hat{x}=(\hat{x}_{1}, \cdots , \hat{x}_{N})\in\hat{X}^{N}|\phi\otimes k(\hat{x}):\sum_{t}\Gamma(L\otimes P_{\hat{x}_{i}})\otimes\Gamma(M\otimes P_{-\hat{X}_{i}})$

$\rightarrow\Gamma(L\otimes M)$ is surjective}

is an open set. Since
$(\alpha_{1}, \cdots , \alpha_{N})\in V,$

$V$ is non-empty, and
$(\cap V\neq\emptyset\frac{N}{U\times\cdots\times U)}$

,
which implies our assertion. Q. E. D.

We can see the next lemma, using Mumford’s theta structure theorem in
the same way as in the proof of Mumford’s lemma above.

LEMMA 1.4. Assume $p\neq 3$ . Let $L$ be any ample invertible sheaf on X. Then

$\sum_{a\in\hat{X}_{3}}\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L\otimes P_{-\alpha})\rightarrow\Gamma(L^{3})$

is surjective.
The following proposition will play an essential role in the proof of our

theorem.
PROPOSITION 1.5. Assume $p\neq 2$ . Let $L$ be any ample invertible sheaf on $X$ .

Then for any $\alpha,$ $\beta$ in $\hat{X}$, if we take a Point $\gamma$ of .2 in general position,

$\Gamma(L^{2}\otimes P_{a+\gamma})\otimes\Gamma(L^{2}\otimes P_{\beta-\gamma})\rightarrow\Gamma(L^{4}\otimes P_{\alpha+\beta})$

is surjective.
REMARK. We can prove the results in the case of $p\neq 2$, asserted in Theo-

rem 1.1, more easily using Proposition 1.5 than using the Rank theorem as in
the proof given in [2], [7] or [8].

In fact, by Proposition 1.5, there exists an open subset $U$ in $\hat{X}$ such that
$\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{\gamma})\rightarrow\Gamma(L^{4}\otimes P_{\alpha+\gamma})$ is surjective for every $\gamma\in U$. Therefore,
applying Corollary 1.3 to the diagram
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$\Gamma(L^{2}\otimes P_{\alpha})\otimes\{\sum_{\gamma\in U}\Gamma(L\otimes P_{\beta-\gamma})\otimes\Gamma(L^{2}\otimes P_{\gamma})\}$

$\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{3}\otimes P_{\beta})\downarrow$

we obtain our assertion.

$\sum_{\gamma cU}\Gamma(L\otimes P_{\beta- 7})\otimes\Gamma(L^{4}\otimes P_{a+\gamma})$

$1$

$\Gamma(L^{5}\otimes P_{\alpha+\beta})$ ,

Proposition 1.5 is reduced to the following principal case.
PROPOSITION 1.6. Assume $p\neq 2$ . Let $L$ be a Principal invertible sheaf on $X$,

and $\alpha,$ $\beta$ be two closed Points in $\hat{X}$. If we take $\gamma$ of $\hat{X}$ in general pOsitiOn,

$\Gamma(L^{2}\otimes P_{a+7})\otimes\Gamma(L^{2}\otimes P_{\beta-\gamma})\rightarrow\Gamma(L^{4}\otimes P_{\alpha+\beta})$

is surjective.
In the reduction of Proposition 1.5 to the above proposition, we need the

following lemma.
LEMMA 1.7. Let $L$ be a principal invertible sheaf on $X$, and $(R, m)$ be a local

ring over $k$ with the residue field $k$ . Let $\alpha,$
$\beta$ be two R-valued points on $\hat{X}$, and

we put $\overline{\alpha}=\alpha\circ\iota$ and $\overline{\beta}=\beta\circ\iota$ , where $\iota$ : Spec $(R/m)\rightarrow Spec(R)$ is the canonical mor-
phism. Then, if the map

$\Gamma(L^{2}\otimes P_{\overline{\alpha}})\otimes\Gamma(L^{2}\otimes P_{\beta})\rightarrow\Gamma(L^{4}\otimes P_{\overline{c\iota}+\overline{\beta}})$

is surjective, the map

$\Gamma(p_{1}^{*}L^{2}\otimes P_{\alpha})\otimes\Gamma(p_{1}^{*}L^{2}\otimes P_{\beta})\rightarrow\Gamma(p_{1}^{*}L^{4}\otimes P_{a+\beta})$

is surjective, where $p_{1}$ ; $X\times Spec(R)\rightarrow X$ is the projection to the first factor.
PROOF. Let $\delta$ be any R-valued point of $\hat{X}$, and $M$ be any ample invertible

sheaf on $X$. Since the projection $p_{2}$ : $X\times Spec(R)\rightarrow Spec(R)$ is proper and flat,
and $(l_{X}\times\iota)^{*}(p_{1}^{*}M\otimes P_{\delta})\cong M\otimes P_{\overline{\delta}}$ is ample, $p_{2,*}(p_{1}^{*}M\otimes P_{\grave{o}})=\Gamma(p_{1}^{*}M\otimes P_{\delta})$ is a free
R-module and $p_{2,*}(p_{1}^{*}M\otimes P_{\delta})\otimes_{R}(R/m)\cong\Gamma(M\otimes P_{\delta})$ . Therefore, $\Gamma(p_{1}^{*}L^{2}\otimes P_{a})$ ,
$\Gamma(p_{1}^{*}L^{2}\Phi P_{\beta})$ and $\Gamma(p_{1}^{*}L^{4}\otimes P_{\alpha+\beta})$ are free R-modules and the canonical map
$\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{\beta})\rightarrow\Gamma(L^{4}\otimes P(7+\beta)$ is obtained by reducting the map $\Gamma(L^{2}\otimes P_{\alpha})$

$\otimes\Gamma(L^{2}\otimes P_{\beta})\rightarrow\Gamma(L^{4}\otimes P_{\alpha+\beta})$ modulo $m$ . Hence, by Nakayama’s lemma, we obtain
our assertion. Q. E. D.

PROOF OF PROPOSITION 1.5 ASSUMING PROPOSITION 1.6. Let $H$ be a maxi-
mal isotropic subgroup of $K(L)$ , and $\pi$ : $X\rightarrow Y=X/H$ be the canonical projection.
Then there exists a principal invertible sheaf $M$ on $Y$ such that $\pi^{*}M\cong L$ . We
choose closed points $\alpha^{\prime},$ $\beta^{\prime}$ in $\hat{Y}$ such that $\hat{\pi}(\alpha^{\prime})=\alpha$ and $\hat{\pi}(\beta^{\prime})=\beta$ . By virtue
of Proposition 1.6, for almost all $\gamma^{\prime}$ in $\hat{Y}$,

$\Gamma(M^{2}\otimes P_{\alpha^{\prime}+\mathring{o}+\gamma^{l}})\otimes\Gamma(M^{2}\otimes P_{\beta^{\prime}-\gamma},)\rightarrow\Gamma(M^{4}\mathfrak{G}P_{\alpha^{r}+\beta^{\prime}+\delta})$
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are surjective for all closed points $\delta$ in $\hat{H}$. Here we put $\gamma=\hat{\pi}(\gamma^{\prime})$ for such a
point $\gamma^{\prime}$ , and we denote by $W$ the image of the map

$\tau;\Gamma(L^{2}\otimes P_{a+\gamma})\otimes\Gamma(L^{2}\otimes P_{\beta-\gamma})\rightarrow\Gamma(L^{4}\otimes P_{\zeta f+\beta})$ .

To prove Proposition1.5, it is sufficient to show that

$(*)$ $\left\{\begin{array}{l}for any local ring (R, m) over k with the residue\\field k and any R- valued point \lambda of \mathcal{G}(L^{4}\otimes P_{\alpha+\beta}) ,\\U_{\lambda}(\pi^{*}(\Gamma(M^{4}))\otimes R)\subset W\otimes R.\end{array}\right.$

Let $j(\lambda)=u$ , where $j;\mathcal{G}(L^{4}\otimes P_{\alpha+\beta})\rightarrow K(L^{4}\otimes P_{\alpha+\beta})$ is the canonical surjection. Then
we have a commutative diagram

(1)

Here $\pi^{*}(p_{1}^{*}M^{2}\otimes P_{\alpha^{\prime}+4\phi_{M^{(}}\pi u)-r^{\prime}})\cong p_{1}^{*}L^{2}\otimes P_{\alpha-\gamma}$ . So we obtain a commutative diagram

(2)

$\{\Gamma(L^{2}\otimes P_{a+\gamma})\otimes R\}\otimes\{\Gamma(L^{2}\otimes P_{\beta-\gamma})\otimes R\}\pi^{*}\otimes\pi^{*}|\underline{\tau\otimes R}\Gamma(L^{4}\otimes P_{\alpha+\beta})\otimes R|_{\pi^{*}}$

$\Gamma(p_{1}^{*}M^{2}\otimes P_{a^{\prime}+4\phi_{M^{(-u)+\gamma\prime}}},.)\otimes\Gamma(p_{1}^{*}M^{2}\otimes P_{\beta^{\prime}-\gamma\prime})\Gamma(p_{1}^{*}M^{4}\otimes P_{\alpha^{\prime}+\beta^{\prime}+4\phi u^{(\pi u)}})\underline{\tau^{\prime}}$ .
Since $\hat{\pi}(4\phi_{M}\pi\overline{u})=4\phi_{L}(\overline{u})=0,4\phi_{M}(\pi\overline{u})$ is a closed point of Ker $i?=\hat{H}$. Therefore,
from the choice of $\gamma^{\prime}$ ,

$\Gamma(M^{2}\otimes P_{\alpha^{\prime}+4\varphi^{\prime}M^{(-\overline{u})+\gamma^{l}}},\vee)\otimes\Gamma(M^{2}\otimes P_{\beta^{\prime}-\gamma},)\rightarrow\Gamma(M^{4}\otimes P_{\alpha^{\prime}+\beta^{\prime}+4\phi_{M^{(\pi\overline{u})}}})$

is surjective. Hence, by virtue of Lemma 1.7, the map $\tau^{\prime}$ in (2) is surjective.
So $(^{*})$ can be deduced from (1) and (2). Q. E. D.

We need the following three lemmas to prove Proposition 1.6.
LEMMA 1.8. Let $G$ be an elementary $2_{-\Psi}ouP$ of order $2^{a}$, and $k$ be a field

of characteristic $p\neq 2$ . Let $B:G\rightarrow M(n\times n, k)$ be a map, where $M(n\times n, k)$ is the
algebra of $(n\times n)$-matrices with components in $k$ . Then

det $(\chi(a)B(a))_{(\chi a)\in\hat{G}\times G}=(-2)^{dn2^{d-1}}\prod_{a\in G}$ det $B(a)$ .
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Here $\hat{G}$ is the dual group of $G$ .
PROOF. We prove our assertion by induction on $d$ . In the case of $d=1$ ,

$G=Z/2Z$ and $\hat{G}=(Z/2Z)^{\wedge}$ . Therefore

det $(\chi(a)B(a))_{(}\chi,a)\in\hat{G}\times G=\left|\begin{array}{ll}B(0) & B(1)\\B(0) & -B(1)\end{array}\right|=\left|\begin{array}{ll}B(0) & B(1)\\0 & -2B(1)\end{array}\right|$

$=(-2)^{n}$ det $B(O)$ det $B(1)$ .
We assume our assertion for $d\geqq 1$ . Then for $d+1$ , we put $G=G_{1}\times H$ and $\hat{G}=$

$\hat{G}_{1}\times\hat{H}$ with $|G_{1}|=2^{d}$ and $H=Z/2Z$. In this case,

$\det(\chi(a)B(a))_{(\chi,a)\in\hat{G}\times G}=\det(\mu(h)(\chi_{1}(a)B(a+h))_{(\chi_{1}.a)\in\hat{G}_{1}\times G_{1}})_{(\mu,h)\in\hat{H}\times H}$

$(definingB^{\prime}$ : $H\rightarrow M((n2^{a})\times(n2^{a}), k)$ by $B^{\prime}(h)=(\chi_{1}(a)B(a+h))_{(\chi_{1}a)\in\hat{G}_{1}\times G_{1}})$

$=\det(\mu(h)B^{\prime}(h))_{(\mu^{h})\in\hat{H}\times H}$

$=(-2)^{n2^{(}}i$ det $B^{\prime}(O)$ det $B^{\prime}(1)$

(using the inductive hypothesis,)

$=(-2)^{(d+1)n2^{d}}\prod_{a\in G}\det$ $B(a)$ .
Q. E. D.

LEMMA 1.9. Let $G$ be an additive group of finite order $n$ , and let $k$ be a
field of characteristic $P$ with $p\nmid n$ . Let $\{T(\lambda)|\lambda\in G\}$ be a set of indePendent vari-
ables over $k$ , bijectively corresPonding to G. If we define an $(n\times n)$-matrix $M$ by

$M=(T(\lambda-\mu))_{(\lambda,\mu)\in GxG}$ ,
then we have

det $M=\prod_{x\in\hat{G}}(\sum_{\lambda\in G}\chi(\lambda)T(\lambda))$

(cf. [3], \S 2, Lemma 2.1).
Hereafter, let $p\neq 2$ and $L$ be a principal symmetric invertible sheaf on $X$.

Let $\alpha,$
$\beta$ be two fixed closed points in $\hat{X}$. Let $\xi:X\times X\rightarrow X\times X$ be a homomor-

phism defined by $(x, y)-(x-y, x+y)$ . Then easily we have an isomorphism

$\phi:\xi^{*}(P_{1}^{*}(L^{2}\otimes P_{\alpha})\otimes p_{2}^{*}(L^{2}\otimes P_{\beta}))\rightarrow^{\sim}p_{1}^{*}(L^{4}\otimes P_{\alpha+\beta})\otimes p_{2}^{*}(L^{4}\otimes P_{\beta-\alpha})$

(cf. [7], \S 1, Proposition 1.2). That is, we obtain an inclusion

(3) $\xi^{*}:$ $\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{\beta})=\Gamma(L^{4}\otimes P_{\alpha+\beta})\otimes\Gamma(L^{4}\otimes P_{\beta-\alpha})$ .

Let $K(L^{4}\otimes P_{\alpha+\beta})=K(L^{4}\otimes P_{\beta-\alpha})=H(4)_{1}\oplus H(4)_{2}$ be a G\"opel decomposition, and put



On the cubics defining abelian varieties 709

$2H(4)_{i}=H(2)_{i}$ for $i=1,2$ . Then $K(L^{2}\otimes P_{\alpha})=K(L^{2}\otimes P_{\beta})=H(2)_{1}\oplus H(2)_{2}$ is a G\"opel

decomposition. The isomorphism $\phi$ defines a lifting of the group $ K=Ker\xi$ :

$1\rightarrow G_{m}\rightarrow \mathcal{G}(p_{1}^{*}(L^{4}\otimes P_{\alpha+\beta})\bigotimes_{\cup}p_{2}^{*}(L^{4}\otimes P_{\beta-\alpha}))\rightarrow X_{4}\times X_{4}\cup\rightarrow 0$
.

$K^{*}--\rightarrow K$

If we denote by $\mathcal{G}^{*}$ the centralizer of $K^{*}$ , then we have a canonical isomorphism

$\overline{\xi}:\mathcal{G}^{*}/K^{*}\rightarrow^{\sim}\mathcal{G}(p_{1}^{*}(L^{2}\otimes P_{\alpha})\otimes p_{2}^{*}(L^{2}\otimes P_{\beta}))$ .
We put $H(4)_{1}^{\Delta}=\{(x, -x)|x\in H(4)_{1}\}$ and $H(4)_{2}^{\Delta}=\{(x, x)|x\in H(4)_{2}\}$ . Since $H(4)\#(i=$

$1,2)$ are isotropic subgroups in $K(p_{1}^{*}(L^{4}\otimes P_{\alpha+\beta})\otimes p_{2}^{*}(L^{4}\otimes P_{\beta-\alpha}))$ , there exist level
subgroups $H(4)_{i}^{\Delta*}$ of $H(4)_{i}^{\Delta}$ for $i=1,2$ . Let $\pi$ : $\mathcal{G}(L^{4}\otimes P_{\alpha+\beta})\times \mathcal{G}(L^{4}\otimes P_{\beta-\alpha})\rightarrow$

$\mathcal{G}(p_{1}^{*}(L^{4}\otimes P_{\alpha+\beta})\otimes p_{2}^{*}(L^{4}\otimes P_{\beta-\alpha}))$ be the canonical map and we take a level sub-
group $H(4)_{i}^{*}$ in $\mathcal{G}(L^{4}\otimes P_{\beta-a})$ of $H(4)_{i}$ for each $i=1,2$ . Then there exists a level
subgroup $H^{\prime}(4)_{i}^{*}$ in $\mathcal{G}(L^{4}\otimes P_{\alpha+\beta})$ and the subgroup $H(4)_{\dot{t}}^{\Delta*}$ defines an isomorphism
’ : $H(4)_{i}^{*}\rightarrow H^{\prime}(4)_{i}^{*}$ by the relation $\pi(\lambda^{\prime}, \lambda)\in H(4)_{i}^{\Delta*}$ for each $i=1,2$ . Moreover,
obviously $H(4)_{i}^{\Delta*}\subset G^{*}$ . Therefore we can consider the images $\overline{\xi}(H(4)_{l}^{\Delta*})$ for $i=$

$1,2$ . Since the diagrams

$X\times XX\times X\underline{\xi}$ $X\times XX\times X\underline{\xi}$

$T_{y}\times T_{y}|\underline{\xi}|1_{X}\times T_{2y}X\times XX\times X$ and $T\times\tau_{X\times XX\times X}y-y||T_{2y}\times 1_{x}\underline{\xi}$

commute for any $y\in X,\overline{\xi}(H(4)_{1}^{\Delta*})$ and $\overline{\xi}(H(4)_{2}^{\Delta*})$ are level subgroups of $H(2)_{1}\times\{0\}$

and $\{0\}\times H(2)_{2}$ in $\mathcal{G}(P_{1}^{*}(L^{2}\otimes P_{\alpha})\otimes p_{2}^{*}(L^{2}\otimes P_{\beta}))$ , respectively. So we can identify
these subgroups with the level subgroups $H(2)_{1}^{*}$ in $\mathcal{G}(L^{2}\otimes P_{\alpha})$ and $H(2)_{2}^{*}$ in
$\mathcal{G}(L^{2}\otimes P_{\beta})$ , respectively. Under these notations we have

LEMMA 1.10. Let $u,$ $v$ and $\theta$ be non-zero sections in $\Gamma(L^{2}\otimes P.)^{H(2)}1$

$\Gamma(L^{2}\otimes P_{\beta})^{H(2)_{2}}*$ and $\Gamma(L^{4}\otimes P_{\beta-\alpha})^{H(4)_{2}}*,$ resPectively. Then for a non-zero section $t$

in $\Gamma(L^{4}\otimes P_{\alpha+\beta})^{H^{\prime}(4)_{2}}*$, we have

(4) $\xi^{*}(u\otimes v)=$ $\sum$ $U_{\lambda},$ $ t\otimes U_{\lambda}\theta$ .
$\lambda\in H(4)I$

PROOF. From the choice of $\theta,$
$\{U_{\lambda}\theta\}_{\lambda\in H(4)}i$ is a basis of $\Gamma(L^{4}\otimes P_{\beta-\alpha})$ . Hence

$\xi^{*}(u\otimes v)$ can be written in a form

$\xi^{*}(u\otimes v)=$ $\sum$ $ t_{\lambda}\otimes U_{\lambda}\theta$

$\lambda\in H(4)i$

with $t_{\lambda}\in\Gamma(L^{4}\otimes P_{\alpha+\beta})$ .

So, for any $\mu\in H(4)_{2}^{*}$ ,
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$\xi^{*}(u\otimes v)=\xi^{*}(U_{\overline{\xi}\pi(}\mu^{\prime}.\mu)(u\otimes v))$

$=\sum_{\ddagger\lambda\in H(4)}U_{\mu^{\prime}}t\otimes U_{\mu}U_{\lambda}\theta$

$=\sum_{\lambda\in H(4)_{1}^{*}}U_{\mu^{\prime}}t_{\lambda}\otimes e(\mu, \lambda)U_{\text{{\it \‘{A}}}}\theta$
.

Therefore we have
$U_{\mu^{\prime}}t_{\lambda}=e(\lambda, \mu)t_{\lambda}$ .

In particular, if we Put $t=t_{0},$ $t\in\Gamma(L^{4}\otimes P_{\alpha+\beta})^{H^{g}(4)_{2}}*$ . Moreover, for any $\nu\in H(4)_{1}^{*}$ ,

$\xi^{*}(u\otimes v)=\xi^{*}(U_{\overline{\xi}\pi(\nu^{\prime},v)}(u\otimes v))$

$=\sum_{\lambda\in H(4)_{1}^{*}}U_{\nu^{\prime}}t_{\lambda}\otimes U_{\nu}U_{\lambda}\theta$

$=\sum_{\lambda\in H(4)_{1}^{*}}U_{v^{\prime}}t_{\lambda}\otimes U_{\lambda+}f$
.

Hence we have
$U_{\nu},$ $t_{\lambda}=t_{\lambda+\nu}$ .

In particular, U., $t=t_{\nu}$ for any $\nu\in H(4)_{1}^{*}$ . Since $\xi^{*}(u\otimes v)\neq 0,$ $t\neq 0$ . Therefore we
obtain our assertion. Q. E. D.

PROOF OF PROPOSITION 1.6. If necessary, slightly modifying $\alpha$ and $\beta$ , we
may assume that $L$ is symmetric. Since $H(2)_{i}\subset H(4)_{i},$ $H(2)_{i}$ is automatically
lifted up to a subgroup $H(2)_{i}^{*}$ in $H(4)_{i}^{*}$ for each $i=1,2$ . Obviously, $\pi(\{1\}\times H(2)_{i}^{*})$

$\subset \mathcal{G}^{*}$ . Moreover, for any $y\in X$, the diagram

$X\times XX\times X\underline{|\xi}$

$1_{x_{X\times XX\times X}^{XT_{y}1|T_{-y}\times T_{y}}}\underline{\xi}$

commutes. Therefore $\overline{\xi}\pi(\{1\}\times H(2)_{i}^{*})$ is a level subgroup of the group
$\{(y, y)|y\in H(2)_{i}\}$ for each $i=1,2$ . So, by the equation (4), for any $\mu\in H(2)_{1}^{*}$ ,

$\xi^{*}(u\Phi U_{\mu}v)=\xi^{*}(U_{\mu}u\otimes U_{\mu}v)=\sum_{\lambda_{-}^{\prime}-H(4)_{1}^{*}}U_{\lambda^{\prime}}t\otimes U_{\lambda+\mu}\theta$
,

and for any $\nu\in H(2)_{2}^{*}$ ,

$e^{L^{2}}(\nu, \mu)\xi^{*}(U_{\nu}u\otimes U_{\mu}v)=\xi^{*}(U_{\nu}u\otimes U_{v}U_{\mu}v)$

$=\sum_{i\lambda\in H(4)}U_{\lambda},$

$ t\otimes U_{\nu}U_{\lambda+\mu}\theta$

$=\sum_{1}U_{\lambda^{\prime}}t\otimes e^{L^{4}}(\nu)\in H(4)^{*}\lambda)U_{\overline{x}+\mu}\theta$
.
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Therefore, to prove Proposition 1.6, we have only to show that if we put $A=$

$(e(\nu, \lambda)U_{\lambda+\mu}\theta)_{(\lambda.(\mu.\nu))\in H(4)_{1}^{*}\times X_{2}^{*}}$ , det $A\not\equiv O$ . Here we put $B=(U_{\lambda+\mu}\theta)_{(\lambda,)\in H(2)^{*}\times H(2)}\mu_{1}i$

Then, denoting a complete system of representatives of $H(4)_{1}^{*}/H(2)_{1}^{*}$ by
Rep $(H(4)_{1}^{*}/H(2)_{1}^{*})$,

$A=(e(\nu, \lambda)U_{\lambda+\mu}\theta)_{(\lambda,(.\nu))\in H(4)^{*}\times X_{2}^{*}}\mu_{1}$

$=(e(\nu,\overline{\lambda})U_{\overline{\lambda}}B)_{(\overline{\lambda}\nu)\in Rep(H(4)^{*}/H(2)}i_{2})\times H(2)^{*}1$

Moreover, since $(H(4)_{1}^{*}/H(2)_{1}^{*})^{\wedge}=\{e(\nu,\overline{\lambda})|\nu\in H(2)_{2}^{*}\}$ , by Lemma 1.8,

det $A=(-2)^{g2^{g- 1}\cdot 2^{g}}\prod_{\overline{\lambda}\in Rep(H(4)}i/H(2)_{1}^{\prime})$ det $(U_{\overline{\lambda}}B)$

$=2^{g\cdot 2^{2g-1}}\prod_{/\overline{\lambda}\in Rep^{(}H(4)H(2)}U_{\overline{\lambda}}\det Bii)$

On tbe other hand, by Lemma 1.9,

det
$B=\prod_{x\subseteq A_{(2)^{*}}}(\sum_{\lambda\in H(2)_{1}^{*}}\chi(\lambda)U_{\lambda}\theta)\not\equiv 0$

.

This completes the proof of Proposition 1.6. Q. E. D.

\S 2. Quadrics defining abelian varieties.

Let $L$ be an ample invertible sheaf on $X$. Let $p,$ $q$ be integers such that
$p\geqq 2,$ $q\geqq 2$ ; and we put $n=p+q$ . For any $\alpha\in\hat{X}$ and any $s_{1},$

$s_{2}\in\Gamma(L^{p}\otimes P_{\alpha}),$ $t_{1},$ $t_{2}$

$\in\Gamma(L^{q}\otimes P_{-\alpha})$ , we put

$Q_{\epsilon 1\cdot t1,s_{2,i_{2}}}^{(\alpha)}=s_{1}t_{1}\copyright s_{2}t_{2}-s_{1}t_{2}\copyright s_{2}t_{1}\in S^{2}(\Gamma(L^{n}))$ .

Let $\psi_{n}$ : $X\subset\rightarrow P(\Gamma(L^{n}))$ be the canonical embedding. Then under these notations,
Mumford shows

THEOREM 2.1. Ideal-theoretically,

$\psi_{n}(X)=\bigcap_{\alpha\ovalbox{\tt\small REJECT} s},’$$\bigcap_{\in\Gamma(L^{p}\copyright P_{d}),\iota_{1^{\zeta}2\in\Gamma(Lq\otimes P-\alpha}^{1s_{2}}}Q_{s1,t_{1},s_{2},t_{2}}^{(\alpha)}$

)

(cf. [5], \S 4, Theorem 10).

We soup this theorem up into the following style.

COROLLARY 2.2. Let $U$ be any non-empty open subset of $\hat{X}$. Then, ideal-
theoretically

$\psi_{n}(X)=\bigcap_{\alpha\in U}$
$\bigcap_{s,\iota_{1},t_{2}\in\Gamma^{(Lq\otimes P-\alpha}s12\in\Gamma(L^{p}\otimes P_{\alpha})}Q_{s1t_{1,s_{2}}t_{2}}^{(\alpha,)}$

)

PROOF. Without loss of generality, we can assume that $L$ is symmetric.
Let $\xi:X\times X\rightarrow X\times X$ be the homomorphism dePned by $(x, y)-\rangle$$(x-qy, x+py)$ .
Then we have
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$\xi^{*}(p_{1}^{*}L^{p}\otimes p_{2}^{*}L^{q})\cong p_{1}^{*}L^{n}\otimes p_{2}^{*}L^{pqn}$ ,
$i$ . $e.$ ,

$\xi^{*}$

(5) $\Gamma(L^{p})\otimes\Gamma(L^{q})\rightarrow\Gamma(L^{n})\otimes\Gamma(L^{pqn})$ .
Let $\{u_{i}\}_{i=1,\cdots,k},$ $\{v_{i}\}_{i=1,\cdots,t}$ and $\{w_{i}\}_{i=1,\cdots,m}$ be bases of $\Gamma(L^{p}),$ $\Gamma(L^{q})$ and $\Gamma(L^{n})$ ,

respectively. Then from (5),

$\xi^{*}(u_{i}\otimes v_{j})=$ $\sum_{=,\mu 1}^{m}w_{\mu}\otimes\theta_{\mu}^{(i.j)}$ with $\theta_{\mu}^{(ij)}\in\Gamma(L^{pqn})$ ,

$i$ . $e.$ ,

$u_{i}(x-qy)v_{j}(x+py)=\sum_{\mu=1}^{m}w_{\mu}(x)\theta_{\mu}^{(i.j)}(y)$ ,

or

(6) $(T_{-qy}^{*}u_{i})(x)(T_{py}^{*}v_{j})(x)=\sum_{\mu=1}^{m}w_{\mu}(x)\theta_{\mu}^{(t.j)}(y)$ .

Here $\{T_{-qy}^{*}u_{i}\}$ and $\{T_{py}^{*}v_{j}\}$ are bases of $\Gamma(L^{p}\otimes P_{-pq\phi_{L^{(}}y)})$ and $\Gamma(L^{q}\otimes P_{pq\phi_{L^{(y)}}})$ ,

respectively. We put $ I=\langle\{Q_{s_{1},t_{1},s_{2},t_{2}}^{(a)}|\alpha\in\hat{X}, s_{1}, s_{2}\in\Gamma(L^{p}\otimes P_{\alpha}), t_{1}, t_{2}\in\Gamma(L^{q}\otimes P_{-\alpha})\}\rangle$

in $S^{2}(\Gamma(L^{n}))$ . Then there exist a finite number of points $\alpha_{1},$
$\cdots$ , $\alpha_{N}$ in $\hat{X}$ such

that

(7) $ I=\langle\{Q_{s1^{t}1s2^{t}2}^{(t)}\alpha|i=1, \cdots , N;s_{1}, s_{2}\in\Gamma(L^{p}\otimes P_{\alpha_{i}}), t_{1}, t_{2}\in\Gamma(L^{q}\otimes P_{-a_{i}})\}\rangle$ .
We choose $pointsy_{1}^{(0)},$ $\cdots$ , $y_{N}^{(0)}$ in Xso that $pq\phi_{L}(y_{i}^{(0)})=-\alpha_{i}$ for $i=1,$ $\cdots$ , $N$. From
the equation (6), for any point $(y_{1}, \cdots , y_{N})$ in $X^{N}$ , we have

$Q_{\tau_{-qy_{i}}^{*}u_{i_{1}},\tau_{py_{i^{T}}j_{1}’}^{}}^{(\alpha_{i})}\tau_{-qy_{i^{u_{i_{2}’}}}}^{*}\tau_{py_{i^{v}}j_{2}}^{x}$

$=T_{-qy_{i}}^{*}u_{i_{1}}T_{py_{l}}^{*}v_{j_{1}}\copyright T_{-qy_{i}}^{*}u_{i_{2}}T_{py_{i}}^{*}v_{j_{2}}-T_{-qy_{i}}^{*}u_{i_{1}}T_{py_{i}}^{*}v_{j_{2}}\copyright T_{-qy_{t}}^{*}u_{j_{2}}T_{py_{i}}^{*}v_{j_{1}}$

$=(\sum_{\mu=1}^{m}w_{\mu}\theta_{\mu}^{(i_{1},j_{1)}}(y_{i}))\copyright(\sum_{\nu=1}^{m}w\beta_{\nu}^{(t_{2}j_{2)}}(y_{i}))$

$-(\sum_{\mu=1}^{m}w_{\mu}\theta_{\mu}^{(t_{1}j_{2})}(y_{t}))\copyright(\sum_{\nu=1}^{m}w_{\nu}\theta_{\nu}^{(i_{2},j_{1)}}(y_{i}))$

$=\sum_{put1\leqq\mu\leqq v\leqq m}\Theta_{(,\nu)}^{(i,j_{1},l_{2},j2)}\mu^{1}(y_{i})w_{f^{f}}\copyright w_{\nu}$ .

Here we put $\{(\mu, \nu)|1\leqq\mu\leqq\nu\leqq m\}=\{q_{1}, \cdots , q_{M}\}$ and $\{(i_{1}, j_{1}, i_{2}, j_{2})\}=\{p_{1}, \cdots, p_{K}\}$ .
Then (7) implies that

(8) rank $(\Theta_{q_{j}}^{pt}(y_{k}^{(0)}))_{((i.k),j)\in([1,K]_{\times}[1.N])\times[1M]}=\dim I$ .
On the other hand, the map

$(y_{1}, \cdots, y_{N})-rank(\Theta_{q_{j}}^{p_{i}}(y_{k}))_{((t},$
$k$ ) $,j$ )
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is lower semi-continuous. Therefore the set $V$ of points $(y_{1}, y_{N})$ at which
the equation (8) is satisfied is a non-empty open set in $X^{N}$ . Since $X^{N}$ is irre-
ducible, if we put $(-Pq\phi_{L})^{-1}(U)=U^{\prime}$ ,

$(u^{\prime}\times\cdots\times U^{\prime})\cap V\neq\emptyset$ .
$-N-$

Hence we obtain our assertion using Theorem 2.1. Q. E. D.

\S 3. Cubics defining abelian varieties.

Let $L$ be an ample invertible sheaf on $X$ . For any integer $a$ with $a\geqq 3$ , we
denote by $\psi_{a}$ : $X\rightarrow P(\Gamma(L^{a}))$ the canonical embedding. Let $\mathfrak{K}$ be the subspace in
$S^{3}(\Gamma(L^{3}))$ defined by the kernel of the canonical map $S^{3}(\Gamma(L^{3}))\rightarrow\Gamma(L^{9})$ . The
purpose of this section is to prove

MAIN THEOREM. Assume that the characteristic $p\neq 2,3$ . Then, ideal-theoreti-
cally,

$\psi_{3}(X)=\bigcap_{F\in\Re}F$ .

We start with the following lemma which will be used in the last part of
the proof of our theorem.

LEMMA 3.1. The diagram

is commutative, where $\zeta$ is the $S$egre embedding and $\tau$ is the canonical surjection:
$\Gamma(L^{3})\otimes\Gamma(L^{4})\rightarrow\Gamma(L^{7})$ . Moreover, we have the equality

$\zeta^{-1}({\rm Im}(P(\tau)))\cap\{P(\Gamma(L^{3}))\times\psi_{4}(X)\}={\rm Im}(\psi_{3}, \psi_{4})$ .
PROOF. The commutativity of the diagram $(^{*})$ is obvious. Therefore, auto-

matically we have the inclusion

$P(\tau)^{-1}(\zeta(P(\Gamma(L^{3}))\times\psi_{4}(X)))\supset\psi_{7}(X)$ .
Moreover, for any point $\alpha\in\hat{X}$ and for any sections $u,$ $v\in\Gamma(L^{3});u^{(\alpha)},$ $ v^{(\alpha)}\in$

$\Gamma(L^{2}\otimes P.)$ ; and $u^{(-\alpha)},$ $v^{(-\alpha)}\in\Gamma(L^{2}\otimes P_{-\alpha})$ , we put

$F_{uv,u^{(\alpha)}},$ $u^{(-\alpha)}’ v^{(\alpha)}’ v^{(-a)}=(u\otimes u^{(\alpha)}u^{(-\alpha)})\copyright(v\otimes v^{(\alpha)}v^{(-\alpha)})$

$-(u\otimes u^{(\alpha)}v^{(-\alpha)})\copyright(v\otimes v^{(\alpha)}u^{(-\alpha)})$

$\in S^{2}(\Gamma(L^{3})\otimes\Gamma(L^{4}))$ .
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Then, obviously

$\zeta(P(\Gamma(L^{3}))\times\psi_{4}(X))\subset\bigcap_{\alpha\in\hat{X}}\bigcap_{-a}(\alpha)(-\alpha)_{v.v}u^{(}\tau\overline{\subset}\Gamma(L^{2_{\partial}}ut\overline{\subset}\Gamma\alpha_{P)}u,v\in\Gamma(L^{3})$

and

(9) $ P(\tau)^{-1}(\zeta(P(\Gamma(L^{3}))\times\psi_{4}(X)))\subset\cap$ $\cap$ $S^{2}(\tau)(F_{u.v.u.u}(\alpha)(-\alpha)_{v.v}(\alpha)(-\alpha))$ .
$\alpha\in\hat{X}$

vu$(-\alpha)_{b}(-\alpha)u.v_{?)(o)}$

On the other hand,

$S^{2}(\tau)(F_{u.v.u.u}(\alpha)(-\alpha)_{v.v}(\alpha)(-\alpha))=\tau(u\otimes u^{(\alpha)}u^{(-\alpha)})\copyright\tau(v\otimes v^{(\alpha)}v^{(-\alpha)})$

$-\tau(u\otimes u^{(\alpha)}v^{(-a)})\copyright_{T}(v\otimes v^{(\alpha)}u^{(-\alpha)})$

$=Q_{uu.u}^{(\alpha)_{(\alpha)(-\alpha)_{vv}(\alpha)_{v}(-\alpha)}}..$ ,

where $Q_{uu}^{(\alpha)}(\alpha)_{u}(-\alpha)_{vv}(\alpha)_{v}(-\alpha)$ is Mumford’s quadric stated in Section 2. Moreover,
by virtue of Theorem 1.1, the canonical map $\Gamma(L^{3})\otimes\Gamma(L^{2}\otimes P.)\rightarrow\Gamma(L^{5}\otimes P.)$ is
surjective. So, in $S^{2}(\Gamma(L^{7}))$,

$\langle\{Q_{uu.u}^{(\alpha)_{(\alpha)(-\alpha)_{vv^{(\alpha)}.v^{(-\alpha)}}}}.|u, v\in\Gamma(L^{3}), u^{(\alpha)}, v^{(\alpha)}\in\Gamma(L^{3}\otimes P_{\alpha}), u^{(-\alpha)}, v^{(-\alpha)}\in\Gamma(L^{2}\otimes P_{-\alpha})\}\rangle$

$=\langle\{Q_{s_{1},c_{1,s_{2}},t_{2}}^{(\alpha)}|s_{1}, s_{2}\in\Gamma(L^{5}\otimes P_{\alpha}), t_{1}, t_{2}\in\Gamma(L^{2}\otimes P_{-\alpha})\}\rangle$ .

Hence, by virtue of Theorem 2.1 and the inclusion (9), we obtain the converse
relation

$P(\tau)^{-1}(\zeta(P(\Gamma(L^{3})\times\psi_{4}(X)))\subset\psi_{7}(X)$ .
This implies the required equality. Q. E. D.

For any point $\alpha\in\hat{X}$, we put

(10) $\mathfrak{Q}_{a}=\{Q_{s1,t_{1},s2^{t}2}^{(\alpha)}|s_{1}, s_{2}\in\Gamma(L^{2}\otimes P_{\alpha}), t_{1}, t_{2}\in\Gamma(L\otimes P_{-\alpha})\}\subset S^{2}(\Gamma(L^{3}))$ .

Note that if $L$ is principal, $Sb_{\alpha}=\{0\}$ . The next lemma can be seen by easy
calculation.

LEMMA 3.2. For a point [1] in $P(\Gamma(L^{3}))$ , the following two conditions are
equivalent:

$(\mathfrak{Q}_{\alpha})$ [1] is a common zero of all forms in $\mathfrak{Q}_{\alpha}$ .
$(\mathfrak{Q}_{\alpha}^{\prime})$ There exist linear maps $m_{\alpha}$ : $\Gamma(L^{2}\otimes P_{\alpha})\rightarrow k$ and $n_{-\alpha}$ : $\Gamma(L\otimes P_{-\alpha})\rightarrow k$ such

that the diagram
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commutes.
Moreover, if $\alpha$ satisfies the condition
$(C1_{t})$ $l$ is non-trivial on the image of $\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L\otimes P_{-\alpha})$ in $\Gamma(L^{3})$ , then

$m_{\alpha}$ and $n_{-\alpha}$ are uniquely determined by 1 up to constant multiPles.
REMARK. For any positive integer $n$ and any point $[l]$ in $P(\Gamma(L^{n}))$ , also

true is the same type of assertion as in the above lemma.
Note that if a point $[l]\in P(\Gamma(L^{3}))$ satisfies the condition
$(\mathfrak{K})$ [1] is a common zero of all forms in $\mathfrak{K}$,

then obviously it satisfies the conditions $(\mathfrak{Q}_{\alpha})$ for any $\alpha\in\hat{X}$.
LEMMA 3.3. Let [1] be a point in $P(\Gamma(L^{3}))$ satisfying the condition $(\mathfrak{K})$ and

$\alpha$ be a Point in $\hat{X}$ satisfying the condition
(C2) $\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{-\alpha})\rightarrow\Gamma(L^{4})$ is surjective.

Moreover, we assume that $\alpha$ and $-\alpha$ satisfy the condition $(C1_{t})$ . Then $l$ defines,
uniquely $uP$ to constant multiples, non-trivial linear maps $z_{\alpha}$ : $\Gamma(L^{4})\rightarrow k$ and $y_{a}$ :
$\Gamma(L^{7})\rightarrow k$, by the commutative diagrams

and

where $m_{a}$ and $m_{-\alpha}$ are linear maps given in Lemma 3.2.
PROOF. Since [1] satisPes the condition $(\mathfrak{K})$, there exists a linear map $x$ :

$\Gamma(L^{9})\rightarrow k$ such that the diagram

commutes. Hence we obtain a commutative diagram

Therefore there exists a linear map $y_{\alpha}^{\prime}$ : $\Gamma(L\otimes P_{-\alpha})\otimes\Gamma(L\otimes P_{\alpha})\otimes\Gamma(L^{7})\rightarrow k$ which
makes the diagram
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commute. From our assumption, there exist elements $\theta^{(-\alpha)}\in\Gamma(L\otimes P_{-\alpha})$ and
$\theta^{(\alpha)}\in\Gamma(L\otimes P_{\alpha})$ such that $n_{-\alpha}(\theta^{(-\alpha)})n_{\alpha}(\theta^{(\alpha)})\neq 0$ . Here we can define a linear map
$y_{\alpha}$ : $\Gamma(L^{7})\rightarrow k$ by

$y_{\alpha}(v)=\frac{y_{\alpha}^{\prime}(\theta^{(-a)}\otimes\theta^{(\alpha)}\otimes v)}{n_{-\zeta f}(\theta^{(-\alpha)})n_{\alpha}(\theta^{(\alpha)})}$

Then, since $n_{-\alpha}(\theta^{(-\alpha)})n_{\alpha}(\theta^{(ct)})l(u)m_{\alpha}(u^{(\alpha)})m_{-\alpha}(u^{(-\alpha)})=y_{\alpha}^{\prime}(\theta^{(-\alpha)}\otimes\theta^{(\alpha)}\otimes uu^{(\alpha)}u^{(-\alpha)})$ for
every $u\otimes u^{(\alpha)}\otimes u^{(-\alpha)}\in\Gamma(L^{3})\otimes\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{-a})$ , we obtain the equality

$y_{\alpha}(uu^{(a)}u^{(-a)})=l(u)m_{\alpha}(u^{(\alpha)})m_{-a}(u^{(-\alpha)})$ ,
$i$ . $e.$ , the diagram

commutes. Moreover, obviously there exists a linear map $z_{\alpha}^{\prime}$ : $\Gamma(L^{3})\otimes\Gamma(L^{4})-k$

which makes the diagram

commute. Since $l$ is non-trivial, there exists an element $u_{0}\in\Gamma(L^{3})$ such that
$l(u_{0})\neq 0$ . We define $z_{\alpha}$ : $\Gamma(L^{4})\rightarrow k$ by

$z_{\alpha}(w)=\frac{z_{\alpha}^{\prime}(u_{0}\otimes w)}{l(u_{0})}$

Then, since $1(u_{0})m_{\alpha}(u^{(\alpha)})m_{-\alpha}(u^{(-\alpha)})=z_{\alpha}^{\prime}(u_{0}\otimes u^{(\alpha)}u^{(-\alpha)})$ for every $ u^{(\alpha)}\otimes u^{(-a)}\in$

$\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{-\alpha})$ , we have the equality

$z_{\alpha}(u^{(\alpha)}u^{(-\alpha)})=m_{\alpha}(u^{(\alpha)})m_{-a}(u^{(-a)})$ ,
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$i.e.$ , the diagram

commutes. Moreover, since $\alpha$ satisfies (C2), these $y_{\alpha}$ and $2_{c\iota}$ are those which
we searched for. Q. E. D.

Here, for a point $\hat{x}$ in $\hat{X}$, we consider a condition

1 does not vanish on the image of $\Gamma(L)\otimes\Gamma(L\otimes P_{\hat{x}})\otimes\Gamma(L\otimes P_{-x^{A}})$

$(C3_{\iota})$ $\{$

in $\Gamma(L^{3})$ .

Since the diagram

commutes, $\hat{x}$ and $-\hat{x}$ satisfy the condition $(C1_{t})$ , providing that $\hat{x}$ satisfies $(C3_{t})$ .
Therefore, in Lemma 3.3, the condition on $\alpha$ can be replaced by $(C3_{l})$ .

LEMMA 3.4. If a point $[l]$ in $P(\Gamma(L^{3}))$ satisfies $(\mathfrak{K})$ , and $\alpha,$ $\beta$ in $\hat{X}$ satisfy
(C2) and $(C3_{t})$ , then the $z_{\alpha}$ and $Z_{(3}$ (a fortiori, $y_{\alpha}$ and $y_{\beta}$) in Lemma 3.3 differ
possibly only by a scalar.

PROOF. By the condition $(C3_{l})$ on $\alpha,$ $\beta$ , there exists a section $\theta\in\Gamma(L)$ such
that $n_{0}(\theta)\neq 0$, where $m_{0}$ : $\Gamma(L^{2})\rightarrow k$ and $n_{0}$ : $\Gamma(L)\rightarrow k$ are linear maps given in
Lemma 3.2. Moreover, in view of the diagram (12) for $\hat{x}=\alpha$ and $\beta,$ $m_{0}$ is non-
trivial on the images of $\Gamma(L\otimes P_{\alpha})\otimes\Gamma(L\otimes P_{-\alpha})$ and of $\Gamma(L\otimes P_{\beta})\otimes\Gamma(L\otimes P_{-\beta})$ in
$\Gamma(L^{2})$ . Therefore we can choose elements $\theta^{(\alpha)}\in\Gamma(L\otimes P_{\alpha}),$ $\theta^{(-\alpha)}\in\Gamma(L\otimes P_{-a})$ ,
$\theta^{(\beta)}\in\Gamma(L\otimes P_{\beta})$ , and $\theta^{(-\beta)}\in\Gamma(L\otimes P_{-\beta})$ such that

$l(\theta\theta^{(\alpha)}\theta^{(-a)})=m_{\alpha}(\theta\theta^{(\alpha)})n_{-\alpha}(\theta^{(-\alpha)})$

$=m_{-\alpha}(\theta\theta^{(-\alpha)})n_{\alpha}(\theta^{(a)})$

$=n_{0}(\theta)m_{0}(\theta^{(\alpha)}\theta^{(-a)})\neq 0$

and
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$l(\theta\theta^{(3)}\theta^{(-\beta)})=m_{\beta}(\theta\theta^{(\beta)})n_{-\beta}(\theta^{(-\beta)})$

$=m_{-\beta}(\theta\theta^{(-\beta)})n_{\beta}(\theta^{(\beta)})$

$=n_{0}(\theta)m_{0}(\theta^{(\beta)}\theta^{(-\beta)})\neq 0$ .
Let $w$ be any element of $\Gamma(L^{4})$ . Since $\alpha$ and $\beta$ satisfy the condition (C2), there
exist elements $\sum_{l}u_{t}^{(\alpha)}\otimes u_{i}^{(-\alpha)}\in\Gamma(L^{2}\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{-\alpha})$ and $\sum_{j}v_{j}^{(\beta)}\otimes v_{j}^{(-\beta)}\in\Gamma(L^{2}\otimes P_{\beta})$

$\otimes\Gamma(L^{2}\otimes P_{-\beta})$ , whose images in $\Gamma(L^{4})$ are $w$ . So, the cubic

$\theta\theta^{(9)}\theta^{(-\beta)}\copyright(\sum_{J}\theta^{(-a)}u_{t}^{(\alpha)}\copyright\theta^{(\alpha)}u_{t}^{(-\alpha)})$

$-\theta\theta^{(\alpha)}\theta^{(-\alpha)}\copyright(\sum_{J}\theta^{(-\beta)}v_{j}^{(\beta)}\copyright\theta^{(\beta)}v_{j}^{(-\beta)})$

is contained in $\mathfrak{K}$ . Hence we have

$l(\theta\theta^{(\beta)}\theta^{(-\beta})\{\sum_{l}l(\theta^{(-\alpha)}u_{t}^{(\alpha)})l(\theta^{(\alpha)}u_{\iota^{(-\alpha)}})\}$

$-l(\theta\theta^{(a)}\theta^{(-\alpha)})\{\sum_{j}l(\theta^{(-\beta)}v_{j}^{(\beta)})l(\theta^{(3)}v_{j}^{(-\beta)})\}$

$=l(\theta\theta^{(\beta)}\theta^{(-\beta)})n_{-\alpha}(\theta^{(-\alpha)})n_{\alpha}(\theta^{(\alpha)})z_{\alpha}(w)$

$-l(\theta\theta^{(\alpha)}\theta^{(-\alpha)})n_{-\beta}(\theta^{(-\beta)})n_{\beta}(\theta^{(\beta)})z_{\beta}(w)=0$ .

This completes the proof. Q. E. D.
Of course, there exists [1] in $P(\Gamma(L^{3}))$ having no points satisfying the con-

dition $(C3_{l})$ . So, in our proof, we must soonsider the isomorphisms $U_{z}$ : $\Gamma(L^{3})$

$T_{z}^{*}$

$\overline{\sim}\Gamma(T_{z}^{*}L^{3})\rightarrow^{\sim}\Gamma(L^{3})$ for any closed points $z\in K(L^{3})$ . These $U_{z}$ induce ca-
nonically automorphisms $S^{*}(U_{z})$ of the symmetric algebra $S^{*}(\Gamma(L^{3}))$ . Obviously,
$\mathfrak{K}=S^{3}(U_{z})(\mathfrak{K})$ . Therefore, if a point [1] in $P(\Gamma(L^{s}))$ satisfies the condition $(\mathfrak{K})$ ,
so does the point $[l\circ U_{z}]$ .

LEMMA 3.5. For any p0int $[l]\in P(\Gamma(L^{3}))$ , there exists a closed point $z$ in
$K(L^{3})$ such that $l\circ U_{z}$ does not vanish identically on the image of $\Gamma(L)\otimes\Gamma(L^{2})$ in
$\Gamma(L^{3})$ .

PROOF. By virtue of Lemma 1.4,

$\sum_{\alpha\in\hat{X}_{3}}\Gamma(L\otimes P_{a})\otimes\Gamma(L^{2}\otimes P_{-\alpha})\rightarrow\Gamma(L^{3})$

is surjective. Therefore there exists a point $\alpha\in\hat{X}_{3}$ such that $l$ does not vanish
identically on the image of $\Gamma(L\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{-\alpha})$ in $\Gamma(L^{3})$ . Here we take a
closed point $z\in K(L^{3})$ with $\phi_{L}(z)=\alpha$ . Then, since the diagram
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$\Gamma(L)\otimes\Gamma(L^{2})$ $\Gamma(L^{3})$

$T_{z}^{*}\otimes T_{z}^{*[}$

$\Gamma$

}

$(1_{T_{z}^{*}L^{3}}^{T_{z}^{*}}\downarrow))U_{z}$

$\Gamma(T_{z}^{*}L)\otimes\Gamma(T_{z}^{*}L^{2})|\downarrow$

$\Gamma(L\otimes P_{\alpha})\otimes\Gamma(L^{2}\otimes P_{-a})$
$\Gamma(L^{3})$

commutes, $l\circ U_{z}$ is non-trivial on the image of $\Gamma(L)\otimes\Gamma(L^{2})$ in $\Gamma(L^{3})$ . Q. E. D.
For completing the proof of our theorem, we need the following Lemma

whose proof is a modification of Mumford’s proof in [5, p. 83 and p. 88].

LEMMA 3.6. Let $p,$ $q$ be pOsitive integers and $n=p+q$ . Then for a non-trivial
linear map $l:\Gamma(L^{n})\rightarrow k$ , there exists an open subset $V$ in $\hat{X}$ such that $l$ does not
vanish identically on the image of $\Gamma(L^{p}\otimes P_{a})\otimes\Gamma(L^{q}\otimes P_{-a})$ in $\Gamma(L^{n})$ for every
$P^{oint}\alpha\in V$ .

PROOF. In the same way as in the proof of Corollary 1.3, we have locally
free sheaves $\mathcal{L}_{1}=q_{*}(p^{*}L^{p}\otimes P)$ and $X_{2}=q_{*}(p^{*}L^{q}\otimes P^{-1})$ on $\hat{X}$ such that $\mathcal{L}_{1}\otimes k(\alpha)$

$\cong\Gamma(L^{p}\otimes P_{\alpha})$ and $\mathcal{L}_{2}\otimes k(\alpha)\cong\Gamma(L^{q}\otimes P_{-\alpha})$ , and the canonical pairing

$\phi:\mathcal{L}_{1}\otimes_{\mathcal{O}j}\mathcal{L}_{2}\rightarrow q_{*}(p^{*}L^{n})\cong\Gamma(L^{n})\otimes_{k}0_{X}$ .

Let $D=Ker(l)\subset\Gamma(L^{n})$ , which is a proper subspace. We put $\overline{\phi}$ the composite
homomorphism

$\phi$

$\overline{\phi}:\mathcal{L}_{1}\otimes_{c_{R}}\mathcal{L}_{2}\rightarrow\Gamma(L^{n})\otimes_{k}\mathcal{O}_{X}\rightarrow(\Gamma(L^{n})/D)\otimes_{k}Op$ .

Then $\overline{\phi}$ is a non-zero section of the locally free sheaf $\mathcal{H}_{om_{C}}x(\mathcal{L}_{1}\otimes_{\mathcal{O}}x\mathcal{L}_{2}$ ,
$(\Gamma(L^{n})/D)\otimes_{k}O_{2})$ on $\hat{X}$. Therefore the set

$V=\{\alpha\in\hat{X}|\overline{\phi}(\alpha)\neq 0\}$

$=\{\alpha\in\hat{X}|_{of\Gamma(L^{p}\otimes P_{\alpha})\otimes\Gamma(L^{q}\otimes P_{-\alpha})in\Gamma(L^{n})}^{ldoesnotvanishidentica11yonthe}image\}$

is a non-empty open set and we are done. Q. E. D.
Under these preliminaries, we now prove our main theorem. In the main

theorem, the inclusion relation $\subset$ is obvious. Conversely, let $[l]$ be a point
$of\bigcap_{F\in K}F$.
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The diagram
$\psi_{3}$

$X-P(\Gamma(L^{3}))$

$T_{z}|$ $I^{P(U_{z})}$

$\psi_{3}$

$X-P(\Gamma(L^{3}))$

is commutative for any closed point $z$ in $K(L^{3})$ . Therefore, if we prove that
$[l\circ U_{z}]$ is contained in $\psi_{3}(X)$ for some $z\in K(L^{3})$ , we see that $[l]$ is also contained
in $\psi_{3}(X)$ . Hence, to prove our assertion, by virtue of Lemma 3.5, we may assume
that $l$ does not vanish identically on the image of $\Gamma(L)\otimes\Gamma(L^{2})$ in $\Gamma(L^{3})$ . Since
[1] satisfies $(\mathfrak{K})$ , a fortiori $(\mathfrak{Q}_{\alpha})$ for any $\alpha\in\hat{X}$, there exist linear maps $m_{\alpha},$ $n_{-\alpha}$

such that the diagram

commutes for any $\alpha\in\hat{X}$. In particular, there exist non-trivial linear maps, $m,$ $n$

which make the diagram:

commute. Applying Lemma 3.6 to $m$ , there exists an open subset $U_{1}$ in $\hat{X}$ such
that $m$ does not vanish identically on the image of $\Gamma(L\otimes P_{\alpha})\otimes\Gamma(L\otimes P_{-\alpha})$ in
$\Gamma(L^{2})$ for every point $\alpha$ in $U_{1}$ . Moreover, by virtue of Proposition 1.5, there
exists an open set $U_{2}$ in $\hat{X}$ every point of which satisfies the condition (C2).

Here we put $U=U_{1}\cap U_{2}$ which is a non-empty subset of $\hat{X}$. Then every point
of $U$ satisfies the conditions (C2) and $(C3_{l})$ . Therefore, in view of Lemma 3.4,
$z_{\alpha}$ (resp. $y_{\alpha}$) for all $\alpha\in U$, in Lemma 3.3, define a same point in $P(\Gamma(L^{4}))$ (resp.

in $P(\Gamma(L^{7})))$ , which is independent of $\alpha$ and is denoted by $[z]$ (resp. $[y]$ ). More-
over, Lemma 3.3 implies that $([l], [z])=P(\tau)([y])$ . On the other hand, in view
of the remark to Lemma 3.2 and Corollary 2.2, we see that $[z]$ is contained in
$\psi_{4}(X)$ . Hence, by virtue of Lemma 3.1, $([l], [z])\in{\rm Im}(\psi_{3}, \psi_{4}),$ $i$ . $e.,$ $[l]$ is con-
tained in $\psi_{3}(X)$ . These arguments are true for $(k[X]/(X^{2}))$ -valued points instead
of k-valued points. So we complete the proof of our main theorem. Q. E. D.
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