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Let G be the free group on two generators, and L? the Hilbert space of
square summable complex valued functions on G. Let £ and R be the C*-
algebras generated respectively by the left and right regular representations
of G on L? and let % be the C*-algebra generated by £ and R jointly. In
the authors provided a formula for computing the norm of certain opera-
tors in L. In this paper the results of are applied to the study of ¥,
which may be regarded as a C*-tensor product. (See the remark preceding
Lemma 4) We prove that 9 contains the compact operators C in L?
1) as its only closed two-sided ideal (Theorem 3)), and that there is a derivation
of U into € which is not inner (Example 5). This investigation was suggested
by Jun Tomiyama and Masamichi Takesaki at the Japan-U.S. Seminar on C*-
Algebras and Applications to Physics in Kyoto in May of 1974. Some related
papers are listed in the references.

§1. Notation and Terminology.

Let S be a non-empty set. By L%*S) we mean the vector space of square
summable complex valued functions on S. We prefer, however, to write the
elements of L*S) as (generally) infinite linear combinations, identifying the
complex valued function f on S with the vector wéls f(w)w. Thus we have

L(S)=1{ 2 dww | 5| 20|*< o0} .

L*S) is a Hilbert space with inner product
(wé wa, wgsﬂww) - wgszw/"w ’
and resulting [, norm
1
| 2 Apwll,=( 3 | 2,2,
weS weSs

By L(S) we mean the subspace of L*S) spanned by S; i.e., L(S) consists of

1 Partially supported by National Science Foundation grant GP-19101.



590 C. A. AXEMANN and P.A. OSTRAND

n

all finite linear combinations X a;x; with x; in S.

i=1

Let G be the free group on two generators. For simplicity of reference
we will abbreviate L*G) to L* and L(G) to L. G acts on L? from either the
left or right. For x in G and A= Zalww in L?% let

L= Z‘,lexw , R (D= ;}} Apwxt,

These are the left and right regular representations of G on L?. Each extends

by linearity to an action of L on L’. For A= > a;x; in L,
1=1

LA - {2 aiin y RA: i aini .
i=1 =1

For each A:ﬁ a;x; in L, L, and R, are bounded operators on L? with
1=1

operator norm satisfying

1Ll =IRA S 2 e

L and R denote the completions in operator norm of {L,| AL} and {R,|AcsL}
respectively, and U is the closed subalgebra of 4, the bounded operators on
L?, generated by L\JR. U is the principal object of study in this paper.
In L? we have a convolution operation. For A= ;axx and A= Z()}Zuu,
Ad= 2 ( Z a.rzx-lw)w .

wEG xEG

AA is always well defined in the sense that each coefficient is finite (in fact
<|All,ll4l, by the Schwarz inequality). But A/ is not generally in L% When
AAdeL* for every A= L? we say that A is a convolver of L%

Clearly each AL is a convolver and

LA(A)::fQA

for each 4 in L% More generally, if ¢=.L, then A=¢(e) is a convolver (e is
the identity of G), and
(A= AA

for each 4 in L% This follows from [7, p. 783-9] but may easily be verified
directly. Let

U={ele)lopsL}.

For each A= let L, be the linear operator given by
I;A(/1>::1411.

For A=vU define the operator norm of A by
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[Al =Ll .
Then
L={L4|Ae U},

and the mapping A— L, is an isometry of U (with operator norm) onto L.
U represents R in a similar manner. For A= Zgazx in L? let A= EGaxx‘l.
A3 r<
For A= U define the operator R, on L? by

R M= AA.
Then
R={R,4|Aes U}

and the mapping A— R, is an isometry of U onto R. (For =R, =R, where
A=6(0).

Thus in a sense U is an abstract formulation of either regular representa-
tion of G on L2 It also provides a convenient way to describe the algebra ¥,
namely, as the closure in # of

{ i LaRg | Ay Bi€e U}
i=1

Tensor product spaces play an important role in our study of 2. Let
L@ L denote the usual algebraic tensor product of L with itself. Each element
of L®QL can be expressed uniquely in the form

ﬁl Aixi QY
with x;, ¥; < G. In particular for A-—-é} a;x; and B:é‘i B;¥;in L,
A®B=3 S afx®y;.
In LQL we have the usual /, norm. For A= é}llixi@)yi,

1= (3 1192

We note that |AQB|.=|Al.|B|, for each A, Be L.
~ L*®L? denotes the completion of L®L in the I/, norm. This may be
formally represented

LPQL*={ X 2,,xQy | X |A,|* <0},
= x,yEG
with
1
I 2 2px@y:=( 2 24192,
z,y€CG z,YyEG
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LQL acts on L*QL® from the left. For u,v€G, and A= 3 2,,2xRQY in
L2®L2, x,YyeCG
W@VA=_ 3 2 (un) @),

This leads to the usual operator norm on L& L which we call the a-norm.
IAla=sup {IlA4l, | 4€ L*QL", | 4l,=1}.
This is a cross-norm on L) L, meaning that
AR Bll.< | AllIIB]

for each A, Be L. (See [9, p. 111].) Thus we may extend by continuity to an
action of URU on L*QL: (UQU is the algebraic tensor product of U with
itself.) U®,U denotes the closure of U XU in the algebra of all bounded
operators on L*Q L2

We are now prepared to prove some theorems.

§2. Results.

Recall that C denotes the algebra of compact operators on L%

THEOREM 1. CC¥.

To prove it is sufficient to show that % is irreducible and that
CNUA+#{0}. (See [2, 4.1.10].) The irreducibility of A is a consequence of [7,
pp. 788-9]. To complete the proof we will show that U contains the orthogonal
projection P of L? onto the one-dimensional subspace of L? spanned by e, the
identity of G. To that end fix an integer n=3 and let X be a free subset of
G of cardinality n (meaning that X freely generates a subgroup of G). Define
Aes U by

A= % S L3Ry,

IEX YEX

We shall show |A—P| <4/n. Since n=3 is arbitrary, it follows that P .
The short proof of the following lemma was suggested to us by Marek Borejko.
We first establish some notation.

Let D={x""y:x,y= X} and let S be the subgroup of G generated by D.
Let T be an abelian subgroup of S and let S/T denote the left coset space.
Let ¢ be the representation of S on L*(S/T) defined by left multiplication and
extend ¢ to L(S). Let B=3 X x'y and B=¢(B).

reEX yeX
LEMMA 2. | B| £4(n—1).
PrRoOOF OF LEMMA 2. Since T is abelian, the trivial representation on 7 is
weakly contained (in the sense of [3]) in the left regular representation of 7.
By Theorem 4.2 of and [6, p. 121] ¢ is weakly contained in the left
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regular representation of S. Thus IlElléll%}Y ngLx—lyll=4(n—l), where the
last equality is Theorem IV. J of [1].

ProOOF OF THEROEM 1. For each word w of G let G, = {zwz*|z€S} and
let H,=L(G,). It is apparent that L is the direct sum of the distinct ortho-
gonal subspaces H,, each of which is invariant under A—P. Thus it suffices
to show that A—P restricted to H, is of norm < 4+/3/n for each weG. Since
(A—P)(e)=0 we need only consider w # e, in which case A—P=A on H,,.

Fix w+#e in G, and let T={zeS|zwz'=w}. In any free group elements
which commute with a given non-trivial element also commute with each other.
Thus T is an abelian subgroup of S. For each y, zeS, ywy '=zwz" if and
only if yT'=2T. Thus the mapping 6: H,— L(S/T) defined by 6(zwz ')=2zT
is an isometry. Moreover,

1

AlH,=—; 67'B6.

Thus by we have

1Al Hyll =5 1Bl < 4/n,

and is proved.
THEOREM 3. C is the only proper non-zero closed two-sided ideal in .
We first need some notation and a lemma.
Define a linear mapping 6 : UQU —A by

03 A:®B)= 3 LuRa,.
It is clear that
ﬁ((A1+Az)®B_A1®B_A2®B)

=0(AQ(B,+B,)—AQB,—AQB;)
=0(AAQB)—(AA)RJ B)
=0(MAQB)—AR(1B))

=0

for all appropriate A, A,, A, B, B,, B,, 2. Thus 6 is well defined. Moreover
U is central simple and therefore UQRU is simple [4, p. 91]. Then 0 is
an isomorphism. Thus # induces a norm on U®U given by

| 3 A@Bd =1 X LaRal -

This is a C*-cross norm on UQ®U. But the a-norm on UV is the minimal
C*-cross norm on URU [9, p. 116]. Thus
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| 3 A@Bi.<10(E A®B) -

Let ¢ be the inverse mapping of §. Then ¢ is a *-isomorphism of a dense
*-subalgebra of U onto a dense *-subalgebra of U®,U, and |¢|=1. By [2,
p. 18] ¢ extends to a *-homomorphism of % onto UK,U.

REMARK. Via the isomorphism @, % can be regarded as a C*-tensor pro-
duct of U with itself; i.e., U is the completion of UQ U with respect to a
C*-.cross norm on URU.

We now come to the heart of the argument.

LEMMA 4. The kernel of ¢ is C.

PROOF OF LEMMA 4. C has no non-trivial closed ideals [2, 4.1] so either
@(C)=0 or ¢ is 1-1 on C. U is simple and therefore UK,V is simple [9, p.
117]. Since ¢(C) is an ideal of U®,U and contains no unit, ¢(C)=0.

Conversely, fix A in the kernel of ¢ and ¢ >0. There is a B= i BiLly Ry,
i=1

in %A with ||A—B| <e. Since ¢(A)=0 and |¢|=1, we have |¢(B)ll.<e. To
complete the proof we will find CeC such that |[B—C|<+v2[¢(B)l. Because
C is closed and ¢ >0 is arbitrary, this implies that A<C.

Before proceeding we must introduce some special notation associated with
G as the free group on two generators, say a and b. Each element w=#¢ in
G can be written uniquely in the form w = w{w§? --- wit where w,, -+, w,<{aq, b},
and &, -+, e,{—1, 1}, and for each 1=i<t either w;#w;y,; or ;=¢;4;. We
call any such product a reduced product. If w=wi!--- wit is a reduced product
then ¢ is the length of w, denoted |w|. In particular |e|=0. For each integer
=1, let

Si={weG||lw|<i} and T,={weCG||lw|=1}.

Let w=wst .- wit be a reduced product. For each 01t let

flw)=wiws? - wit  (f(w)=¢e)
and
gi(w) =w™ fi(w) = wiw,Z§t-1 - wsiH (gw)y=¢e).

We note that f;, g;: T;—G and for each weT,; we have
flw)gw)'=w.
Returning now to the problem at hand, we must find a C=C such that
|B—Cl< /2] ¢(B)|la where B= 3 f;L,,R,,. Let
1=1
p=max {|x;], |3:| | 1=si=n}.

Let P be the orthogonal projection of L* onto L*S;,), and let C=BP. Then
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C is certainly in C. Note that B—C=0 on L*S;,) and B—C=2B on L¥Tp).
Thus
IB—Cll=sup {|BA|. | 4€ L(Tep), | 4l.=1}.

Now fix 4= ﬁ] Aw, in L(Te,) with |4],=1. We may presume that the w;,
1=1

are distinct. For each z€G, let
[(2)={@GN11=i=n, 1SSt w07 =2),
and let H={ze G | I(z)#0}. H is finite. For each ze H let

= 2 Pid;.

=
Then
n i
BA: 2 .Bi 2 ijiwj.yi—lz Z U2y
i1=1 J=1 z2eH
S0

1B A= (| el )%

We will now construct a '€ L® L with |I'||,=1 such that | BA|,=<v2|oB)|,.

It will then follow that [|B—C| =+/2[l¢(B)l. as desired.

For each zeG let K, be the subspace of LQ L spanned by {u@v|uv-'=z}.
Note that the K, constitute a decomposition of L& L into orthogonal subspaces.
For each 1=j=<t define I';€K,; by

Iy=—j & fiw)®8iw)
and define I'eL®L by

F: éljpj.

Jj=1

Clearly |I',ll;=1 for each j. Since the subspaces K, are orthogonal, |I'|,

t 1
= (3 12,197 =41, =1
Let zeH and (1, j)e1(z). Then

7

(@@20l= g & (G fiw )@ (igaw,)

Note that x;w;¥;'=2z and |w;|=6p. Thus for each p=<k=<5p—1, x;f(w,) is
an “initial portion” of z whose length depends only on the amount of cancella-
tion in the product x;w, when x; and w; are written as reduced products.
This is independent of %2 for all 2=p. Thus there exists an integer r(i, j)
with |7(i, /)| =<p such that

X fe(wy) :fk+r(i,j)(z)
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for all p<k<5p—1. Also

yigk(wj) = gk+r(i,j)(z)
for each %, since

YVigw;) =yw5i' fr(w;)
=(ywix ) (x; fo(wy))
=2 psra,n(2)

:gk+r(i,j)(z> .
Then

1 sP—1tG

(xi®yi)1“j=7—;5k=p2 f(2)Rgi(2).

+r(, 5

In particular we note that (x;®Qy)I;€ K, for each (i, )€ I(z). Now let Q,
denote the orthogonal projection of K, onto the subspace spanned by
{f:(2)Rgu2)|2p = k=<4p—1}, and let

1 e
4,= «/Ekgpfk(z)@gk(z)'

Then [ 4,]3=-5 and Q(x:®y)I")=4, for each (i, j)< Iz).
Finally we estimate [¢o(B)I|,.

oBL = 3 b 3 2,(x: @300
=>2( X )ﬁiljxi(g)yirj)-

z€H A,5)el(z

Since x;Qy:I" ;€ K, for each (i, ) I(z),
||‘P(B)F”§: > || > ﬁizjxi®yi[‘j“g
z€H (1,7

el

EZEZH HQZ((L]E BiA;x; Q0 )

jHEI(2)

=2 X ,81‘2;'42”3

zed (4,))el(@)
J— 2
_ZEEH “ﬂzdz“z
_ 1 2
=5 2l

=5 1BAJ3.
Thus
|BA1 V2B .,
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and the lemma is proved.

The proof of is now a triviality.

PROOF OF THEOREM 3. As noted earlier, UQ,U is simple. The kernel
of ¢ is simple and U is irreducible. Thus the kernel of ¢ is the only non-
trivial two-sided closed ideal of .

Our final result is an example associated with the algebra .

EXAMPLE 5. U has a derivation which is not inner.

To construct this derivation we need an auxiliary operator on L% For
each weG define the real number 8, as follows. B.=1. For w+#e there is a
unique non-negative integer i such that 2° <|w|<2'*!, where |w] is the length
of w as previously defined. Define

lg}il —1 if 7 is even

2— “2‘1.‘— if iis odd.

The numbers 5, have these properties.
1) 0=8,=1 for all wed.
(2) B,=0if |w|=2" for some even I.

(3) Bn,=1if |w|=2" for some odd i.

(4) 18Pl = if wl, [v]=2° and |w|—|v]|=1.

Now define the linear operator B on L? by
B(wé)glww)———wéalwﬁww .

Clearly B is a bounded operator on L* with |B||=1, and B¥*=DB. To complete
the construction we need two key facts about B which we present as lemmas.
LEMMA 6. Be& Y.

PrROOF. Let A= i a;L,;R,,. We may presume without loss of generality
i=1
that the pairs (x;, ¥;) are distinct and that x;, =y,=e¢ (with «, possibly 0). We
shall show that |A—B| = %, thus establishing that B & .

Let 2<1<n. If either x; or ¥; is e then the other is not ¢ and clearly
xwyit+w for every weG. Suppose x;, ¥;#e. Then there are at most two
words w of any given length such that x,wy;'=w. To see this, suppose that
xwyil=w and x;vy;i'=w. Then x;,=wyw '=wvy,v~'. Then v 'w commutes
with y;,. If H={zeG|zy;=y,z} then v'we H so vH=wH. Conversely if
xwy;'=w and vH=wH then x,vy;i'=v. Thus {weG|xwy;'=w} is either
empty or is a coset of the abelian subgroup H, and every such coset contains
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at most two words of any given length.

For each t=1 there are 4-3‘! words of length ¢. For all but at most 2n
words w of length ¢, x,wy;'+w for all 2<i<n. Thus we can choose words
v, w such that 8,=0, B,=1 and x;vy;'#v, x;wyi'+w for all 2<1<n. Then

IA=Bl =z [(A=Bw|. = |a;— 8| = ay]
and
|A—=B| z I(A=Bwl|l,= |a;— Bu| =] a;—1].

Thus [A—B|= 1.

LEMMA 7. BA—ABeC for all A .

PROOF. Recall that ¢ and b denote the free generators of G. Let D=
L,-1BL,—B. Recall that S, denotes the finite dimensional subspace of L?
spanned by {z€G | |z| <k}, and T, is its orthogonal complement. Let P,
denote the orthogonal projection of L? onto S,. Then DP,<=C.

Let ¢ be a positive integer and £=2°+1. Note that D—DP,=0 on S, and
D—DP,=D on T,. Thus

ID—DPy|=sup {[DAl, | A€ T, [4],=1}.

For each weT;, Dw=L,-1BL,w—Bw=B4,—Bw)w. Moreover |w|, |aw|=2*
and ||w|—]aw||=1. Thus |Bsw—pBw|<1/2". Then for each AT,

DA, = 1 4]./2¢,
S0

ID—DP,| =1/2¢.
Thus DeC. Then

BL,—L,B=L,DecC
and
BLa-1—La-1B = _DLa—l eC.
Proceeding in similar fashion we can show that BL,.—L_ B and BR,.—R_.B€C
for x=a,b and ¢e=1, —1. For any u,vEq,
BLyy—LywB=(BL,—L,B)Ly+L,(BL,—L,B).

Thus by the obvious induction on |w|, BL,—L,B&C for every we G. Simi-
larly BR,—R,B<C for all w. Finally

BL,R,—L,R,B=(BL,—L,B)R,+L,BR,—R,B).
Thus BL,R,—L,R,B<C for every 4, ve G. Then

B( 3 ;L Ry)—( 3 at;Ly;Ro))B
i=1 i=1

is in C for all u;, v;G. By continuity, BA—AB is in C for all A= .
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PROOF OF EXAMPLE 5. Define ¢: A—C by
gD(A) =BA—AB.

¢ is clearly a derivation and ¢(%)CC by Lemma 7. Suppose ¢ were an inner
derivation. Then there would be a C& U such that ¢(A)=CA—AC for all
AU, This would imply that B—C commutes with each A= . Since U is

irreducible, B—C would be a multiple of the identity, which is in ¥, and there-
fore B Y, contradicting [Lemma 6. Thus ¢ is not inner.
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