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§0. Introduction.

Takahashi proved that (i) in order for a submanifold M™ of an m-
diimensional euclidean space E™ to be a minimal submanifold it is necessary
and sufficient that the radius vector X satisfies 4X =0, where 4 denotes the
Laplacian in the submanifold M?", i.e. all the (natural) coordinate functions
are harmonic, and (ii) in order that a submanifold of a hypersphere with
radius 7 of a euclidean space is minimal, it is necessary and sufficient that
the radius vector X satisfies 4 X =(—n/r®)X, where n denotes the dimension

of the submanifold.
The main purpose of the present paper is to study, a submanifold M" of

a submanifold M™ of a Riemannian manifold M’ being given, the conditions
that M™ is minimal in M™ or that M" is minimal in M! and to obtain a
theorem which generalizes two results above of Takahashi.

§ 1. Submanifold M" of a submanifold M/™ of a Riemannian manifold M°‘.

Let M*' be an /[-dimensional Reimannian manifold of class C= covered by
a system of coordinate neighborhoods {U; x4} where here and in the sequel
the indices A, B, C, --- run over the range {1, 2, ---,/}. We denote the com-

ponents of the metric tensor of M‘ by g¢s.
Let M™ be an m-dimensional differentiable submanifold of class C* of M!

covered by a system of coordinate neighborhoods {V ; y*} where here and in
the sequel the indices h,1i,j, - run over the range {I,2, ---,m} (m <[) and
the local expression of M™ be

1.1) x4 =x40y").
We put
(1.2) BiA:aixA , 3,23/6_))’

and denote by C,4(u, v, w, ---=m~+1, ---, ) [—m mutually orthogonal unit nor-
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mal vectors of M™ in M’. Then the components of the metric tensor of M™
are given by

L3 gji=8cpB;°B®.
Since C,* satisfy
(1.4 8o8B;C.2=0,  gcpCoPCu®=0pu,
we have
(1.5 g% =g’"B, Bs+C,°C,*,

g°% and g7 being contravariant components of the metric tensors of M! and
M™ respectively.

Now the so-called van der Waerden-Bortolotti covariant derivative of
B4 is given by

(1.6) VjBiA:ajBiA_}_{C‘%}BjCBiB_{Jhi}BhA

. A h .
and is orthogonal to M™, where { CB} and {ji} are Christoffel symbols
formed with gcp and g;; respectively. The vector field

1

a.mn HAM™, Ml):—m

'gjiVjBiA
of M*' defined along M™ and normal to M™ is called the mean curvature vec-
tor of M™ in M* If H4(M™, M") vanishes, M™ is called a minimal submani-
fold of M’

We now consider an n-dimensional differentiable submanifold M™ of class
C= of M™ covered by a system of coordinate neighborhoods {W, z%} where

here and in the sequel the indices g, b, ¢, --- run over the range {i, 2, <o, 11}
(n<m=1I) and let the local expression of M" be
(1.8 Y= y(2%)..
We put
1.9 By =0d,y", 0,=0/02°
and denote by C,* (p,q,7, ---=n+1, -+, m) m—n mutually orthogonal unit

normal vectors of M™ in M™. Then the components of the metric tensor of
M™ are given by

1.10 ‘ ev = gjchiji .
Since C," satisfy

(1.11) gjchiji - 0 y gjicqiji - 5(11) y
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we have
(1.12) g3t =g®B/B,'+C,'C,t,

g% being contravariant components of the metric tensor of M™.
The so-called van der Waerden-Bortolotti covariant derivative of B,

along M” is given by
h a
(1.13) V. .By*= acBbh‘*‘{ji}Bchbt_ {cb } B.*

R

and is orthogonal to M”, where {cab} are Christoffel symbols formed with
Z.. The vector field

(1.14) H"(M™, MM)=-711 2O By

of M™ defined along M" and normal to M" is the mean curvature vector of
M™ in M™. 1f H*(M™, M™) vanishes along M®, M" is a minimal submanifold
of M™,

Now the submanifold M™ of M™ can be regarded as a submanifold of
M and its local expression is

(1.15) x4 = x4(y"(z*)
and consequently
(1.16) B,4=B,"B,4,

the fundamental tensors being related by

a.17) v =g;iBIBy' = g¢pB,°Bi®B/B,* = gcsB.CB,® .
The mutually orthogonal unit normals of M™ in M'® are

(1.18) C,*=C,'B# and C,4,

C,* being tangent to M™ and C,* being normal to M™.
The van der Waerden-Bortolotti covariant derivative of B,4 is given by

(1.19) P .ByA=03.ByA+{ C’%}BCOB,,B—{ 4 1B,

and is orthogonal to M™. The mean curvature vector of M™ in M’ is given
by

(1.20) HAM®, M= g .By*

and normal to M*. If HA(M", M"Y vanishes, then M™ is minimal in M



Submanifolds of submanifolds 551

§2. Relations between mean curvature vectors.

Now taking the van der Waerden-Bortolotti covariant derivative of [(1.16),
we find [2]

@1 VByA = (7B ByA+ BB,V ;B A,
from which

(2.2) g ByA = g*7.B)Ba+( L g@BIB) 34,
or

2.3) H4AM™ MY =H"(M™, M™BA+HA4(M", M™, M),

where we have put
2.4 HAM®, M™, MY = (- g”BJB, )V ;B4

We call HA(M™, M™, M) the relative mean curvature vector of M™ with respect
to M™ and M' HAM™ M™, MY is a vector field normal to M™,
The relative mean curvature vector H4(M™, M™, M") can be written as

2.5) HAM®, M™, MY =" HAM™, MY~ C,)C,'7 ;B#,
since
g”BJIBy' = g —C,C,’.

From we have

THEOREM 2.1. The mean curvature vector of M™ in M" is the sum of the
mean curvature vector of M™ in M™ and the relative mean curvature vector of
M™ with respect to M™ and M-

COROLLARY 2.2. In order that M™ be minimal in M™, it is necessary and
sufficient that the mean curvature vector of M™ in M' be normal to M™.

THEOREM 2.3. In order for M™ to be minimal in M, it is necessary and
sufficient that M™ is minimal in M™ and the relative mean curvature of M™"
with respect to M™ and M' vanishes.

§ 3. Concurrent vector field [3]

We consider a vector field v4 of M! defined along M™ and assume that
v4 is concurrent along M?", that is,

3.D ByA+V,v4=0.
From this equation, we have

(32) VcBbA+VchvA=O ’
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and consequently

(3.3) HAM™, MY+ --i—g“’VJ,,v‘ =0
or, by [2.3),
(3.4) HMM™, M™)BA+HAM™, M™, M%)+ 711 W P A=0.

Thus, HAM", M™, M*) being normal to M™, if »—i-Agc”VchUA is normal to
M™, we have H"M", M™)=0. Conversely, if HM" M™ =0, then

—51—1— g7 Vv is normal to M™ Hence we have

THEOREM 3.1. Suppose that there exists a vector field v4 of M* defined
along M™ and concurrent along M™. In order for M™ to be minimal in M™,
it is necessary and sufficient that dv*= gV V,v4 is normal to M™.

In particular, if M™ = M!, then we have

THEOREM 3.2. Suppose that there exists a vector field v* of M™ defined
along M™ and concurrent along M™. In order for M™ to be minimal in M™,
it is necessary and sufficient that gV V,o*=0, i.e. 4v* =0, where 4 denotes
the Laplacian operator in M™.

COROLLARY 3.3. (Takahashi) Suppose that M™ is a submanifold of a hyper-
sphere S™ in a euclidean space E™'., Then the radius vector X of S™ con-
sitdered along M™ is concurrent. Thus in order for M™ to be minimal, it is
necessary and sufficient that 4X=g®V V,X be normal to S™, that is, propor-
tional to X.

COROLLARY 3.4. (Takahashi) Suppose that M™ is a submanifold of a
euclidean space E™. Then M"™ is minimal in E™ if and only if each (natural)
coordinate function of M™ in E™ is harmonic.

§4. Submanifolds umbilical with respect to a normal.

We consider a unit vector field ¢4 of M' defined along M™ and normal

to M™ and assume that M" is umbilical with mean curvature 8 with respect
to e4. We choose ¢4 as the first normal C,,,.,4 to M™, then we have equations
of Gauss of M™ in M':

(41) VcBbA = hcprpA+ﬁgcbcm+14+hcbm+2cm+24+ M +hcblClA ’

hevpr BGecvs Pcomsar ** » hery Deing second fundamental forms with respect to C,4,
Cnsi?, -+, C4 respectively, from which

42  HAM® M= 1 g®h,,Cot 4 BCps*

1
+’717g°bhcbm+zcm+z“+ +—n“ g%h.pCi* .
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We denote by a the mean curvature of M™ in M’ then from equation
(4.2), we see that if «®=< % then we have a®*= $? and

gwhcbp =0, nghcbm-!-z == gwhcbl =0 s

which show that M" is minimal in M™ and M™ is minimal in M"® if and only
if §=0. Thus we have

THEOREM 4.1. Let e* be a unit vector field of M' defined along M™ and
normal to M™ and assume that M™ is umbilical with mean curvature B with
respect to e4. If the mean curvature a of M™ in M' satisfies a? < B then
M™ is minimal in M™ and is minimal in M* if and only if =0.

We now assume that M™ is totally umbilical in M’ Then we have’

@43 V;BA=gja,Cu*,
where a, 4is a vector field in the normal bundle of M™ in M! and
(4.4) : VijA= _‘C(ijA'l’ljvu.cu‘4 s

wheré l;vy is the third fundamental tensor of M™ in M* and skew symmetrié
in v and u.

From [(4.3), we have

4.5) HAM™, MY=—1 g9 ;B A= a,C.4

and _

(4.6) HAM™, M™, M%) = (—i—gchchbf) V,BA=a,CoA.
Consequently we see that

[C%)) HA4M™, MY = HAM", M™, MY = a,,C,*

and

4.8 HAM™, MY = H"M"*, M™)By4+a,C,4.
Thus, for the covariant derivative of H4(M", M"), we have

4.9 V(HAM™, MY) = {V (HYM", M™)—a’B."} By

+{0cau+lpuBla,}Cu*,
where « is the length of H4(M™, M"), that is,
(4.10) a=+a,a, .

We also assume that H4(M", MY) is parallelb in the normal bundle, and
then we have, from il

@.11) eaty+1ljpuBlot, =0,

from which
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@, 0.0,=0

and consequently the length a of H4(M™, M) is constant on M™.
Then, from [(4.7) and [(4.11), we have

“4.12) Vy(HAM™, M) = —a*B,"Bx*,

from which

(4.13) VoV o(HAM™ M) = —a*(V.B,")By*—a*B/By'V ;B
and consequently

4.14) AHAM™, MY) =gV V (HAM™, MY)

‘ = —na*H"(M™, M™)ByA—na*HA(M™, M™, MY).

Thus we have

THEOREM 4.2. Assume that M™ is totally umbilical in M', then the mean
curvature vector HAM™, MY of M™ in M' coincides with the relative mean
curvature vector of M™ with respect to M™ and M*'. Moreover assume that the
mean curvature vector HAM™ MY of M™ in M' is parallel in the normal
bundle, then the length a of the mean curvature vector HAM™, MY of M™ in
M?' is constant and in the case in which « is different from zero, in order for
M?™ to be minimal in M™, it is necessary and sufficient that

AHAM™, MH) = —na*H4(M™, M™, M")
on M™. v )

COROLLARY 4.3. Let M™ be totally umbilical in M™* with non-zero mean
curvature or be totally umbilical in M™% of constant sectional curvature, then
in order that M™ is minimal in M™, it 1s necessary and sufficient that the
normal C to M™ in M™* satisfies AC=gV . V,C= fC, f being a constant.
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